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Abstract. We define the extremal length of vector measures. We show the reciprocal relation
between extremal distance and extremal width of vector measures.

1. Introduction

The notion of extremal length and modulus of curve families has been studied
extensively and gives a lot of applications to complex analysis and potential theory.
In particular, the coincidence between modulus and p-capacity plays an important
role. On the other hand, the interest on degenerate elliptic equations is increasing
in these years (see e.g. [6]). As far as we know, however, there has been no such
result for a modulus and a capacity associated with degenerate elliptic equations.
The main aim of this paper is to define a modulus of vector measures and to
establish a coincidence as before for a certain degenerate elliptic operator.

Throughout this paper we work with the Euclidean space R" with n > 2.
Let 1 <p<ooand 1/p+1/p' =1. Let Q be a domain in R™ and let &/ = o/ (x)
be a positive definite symmetric n X n-matrix with measurable components a;;
such that

co Pw(@) PP <Y ag(@)6ig; < cqw(x)*/PIE
i,J
for any vector £ = (&1,...,&,) € R™ and z € Q, where ¢y > 1 is a constant and
0 < w < oo is a weight which indicates the degeneracy of <. It is natural to

define the capacity by
Ou Ou \*?
inf i e— — dx,
;rel@/g(;ajawi 6%) v

where & is a certain class of smooth functions, or more generally precise functions.
If {a;;} is the identity matrix, then the above capacity coincides with the classical
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p-capacity. We shall define a generalized modulus closely related to the above
capacity. In particular, we shall generalize the classical extremal distance and
width so that the reciprocal relationship between them remains in force.

First we recall the definition of the modulus of a system of measures developed
by Fuglede [4, Chapter I|. Let f be a nonnegative Borel measurable function and
let p be a nonnegative Borel measure. If [ fdu > 1, then we write f Ap. Let &
be a system of nonnegative Borel measures. If f A u for all u € &, then we write
f A &. We define the modulus M,(&) of & by

Mp(cg’):inf{/fpd:l::fzo, f/\cg’},

where the infimum is understood to be infinity if there is no feasible f.
We generalize the above notions in connection with weights in the Mucken-
houpt A, class. Hereafter let w be a weight in the Muckenhoupt A, class and

let [Ifll,. = ([ frwdz) VP Let LP () be the space of all functions f on
such that | f|| pw < 00. The Aj,-condition will be required for many properties
analogous to those for the unweighted case, e.g. approximation of f € LP (Q2) by a

smooth function (see Propositions 3-5 in Section 2). See also Kilpelédinen [7]. We
define the weighted modulus M, (&) by

M, (&) :inf{/fpwdx:fz 0, f/\cg’},

where the infimum is understood to be infinity if there is no feasible f. Observe
that if w = w’ a.e., then M) (&) = Mp.(&). Hereafter, we assume that w
is defined everywhere and 0 < w < oco. Let w /P& = {w VP : p € &Y.
Then, by definition, M, (&) = M,(w™/?&) and M,(&) = M,.,(w'/P&). In
particular, M, .,(&) = 0 if and only if M,(w™'/?&) = 0. Note that if w = w’
a.e., then the systems w~'/?& and w' HPE may differ, though M,(w=/P&) =

My (&) = My o (&) = M, (w,71/p£). It is essential that w is defined everywhere
and 0 < w < oo. (If w could be oo on some set, then w~/P& might include
a zero measure and M,(w™'/?&) = o0.) If M, (&) = 0, then we say that
&y is (p,w)-exceptional (abbreviated to (p,w)-exc.). If a statement concerning
nonnegative Borel measures fails to hold only for (p,w)-exc. set of measures in
&y, then we say that it holds (p,w)-a.e

Fuglede [4, Chapter I| proved several fundamental properties of M, .. By
|E| we denote the Lebesgue measure of E'.
(i) Mpw(cg’) < M, (&) if & C &
) Myl8) < 3 Myol() i 6 = U5
i) If ,u is the completion of 1 and |E| =0, then n(E) =0 for (p,w)-a.e. u.
) If fe Ll (R"™), then f is fi-integrable for (p,w)-a.e. .

(i
(i

(iv
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(v) If || fi = fll,., — O, there exists a subsequence f;; such that [|f;, —f|dg — 0
for (p,w)-a.e. p.

(vi) Mp,w(&) = 0 if and only if there is f > 0 with [[f]|,, < oo such that
[ fdu=oo forall peé.

(vii) Thereis f > 0 such that fApu for (p,w)-a.e. p€ & and My (&) = || £} .-

In view of the property (vii) we have

My, (&) :inf{/fpwd:v >0, fAE (p,w)—a,.e.}.

Now we define the modulus of a system of vector measures. Let v be a vector
measure whose components v; are signed measures. The total variation |v| of v

is defined by

1=

n 1/2
lV|(E) = supZ(Z I/i(Ej)Q) for Borel sets E,
j 1

where the supremum is taken over all finite partitions {E;} of E into Borel sets.
The total variation |v| is a nonnegative measure. Let £ = (£1,...,&,) be a vector
valued function. If [|&|d|v;| < oo for @ = 1,...,n, then we define [£- dv =
Sor .y [&dv;. Tt is known that | [&-dv| < [|¢|d|v|. See [9, Chapter 13] for
details. We give the notion of exceptional sets of vector measures.

Definition. Let .%y be a set of vector measures v. We put | Fy| = {|v|: v €
Fo}. I M, (| F0|) =0, then we say that %, is (p, w)-exceptional (abbreviated
to (p,w)-exc.). If a statement concerning vector measures v fails to hold only for
(p, w)-exc. system %, then we say that it holds (p,w)-a.e.

Let o/ = <o/ (x) be a positive definite symmetric nxn-matrix with measurable
components a;; such that

o tw(@)?PIEP <Y ay(@)&i& < Gw(x)*PIE
i

for any vector & = (&1,...,&,) € R™ and = € Q, where ¢y > 1 is a constant. Let
B = HB(x) = {bi;} be the inverse matrix of o7 . It is easy to see that # satisfies

co tw(@) PP < bij ()68 < cqw(x) TP IE.
I

For simplicity we let «7/[¢] = (*6/€)Y/? = (Z” az'j(l’)fz‘fj)l/Q for £ € R"; and
if € = &(x) is a vector valued measurable function on €, then we let @7,(¢) =

(fo [P d:z;)l/p. Similarly, #[¢] and Z,({) are defined. Observe that &/
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and # can be written as & = V.72 and B = VA2 with positive symmet-
ric matrices V.o and V% . Then &[¢] = [V E|, BlE] = [V BE|, 4, (€) =

|V P dx Y7 and By(&) = IV BEP du Y7 We remark that
Q Q

cg 'w(@)'PIE] < VA €] < cow() P,

(1.1)
cg tw(@)"PIEl < [VBE| < cowla) TP

In the same way as in the remark on M, (w~/P&), we emphasize that the matrices
o/ and A are defined everywhere and satisfy the above inequalities. If .o is not
defined for some set of measure 0, then &7 should be defined to be the identity
matrix on that set.

Definition. Let & = (£1,...,£,) be a vector valued function and let v =
(V1,...,v,) be a vector measure defined on . We write EAv if [£-dv > 1. Let
Z be a set of complete vector measures. We write { A .F# (p,w)-a.e. if £ Av for
(p,w)-a.e. v € .F. We define

My (F) = inf{ (&) : €A F (p, w20},
Mo (F) = inf{By (€)' : ENF (p,w' P )-ae},
where the infima are understood to be infinity if there is no feasible &.

Remark. In general we cannot remove * (p, w)-a.e.” and *(p/, w*~?")-a.e.’ in
the above definition. In fact, let us consider the line segment L between (0,...,0)
and (1,0,...,0). Let .# = {dz1|r,—dx1|r}. Then there is no vector valued
function £ such that £ A.%. On the other hand, |.#| = {ds|.} and it is easy to
see that M, ., (|.F|) = My (%) = 0. For a special .# we can remove ‘ (p, w)-a.e.’
and ‘(p’,wlfp/)—a,.e.’ See (1.2) below.

The monotonicity of M. , and Mg ) is clear from the definition. However,
some of the known properties for M, ,, do not directly extend to M , and Mg, .
For example, the classical proof of the countable subadditivity does not apply to
Mg, and Mg, . The following proposition can be proved in a way common to
the classical case and the present case. For completeness the proof will be given
in Section 2.

Proposition 1. Let .#; be an increasing sequence of vector measures such
that 7 =J; #;. Then
My p(F5) T Mey p(F).

Definition. Let Ko and K; be disjoint compact subsets of R" such that
KoﬂQ#@ and KlﬂQ#Q) We let

I = [(Ko, K1,9)
= {v: curves in Q) starting from Ko N Q and terminating at K; N Q}.
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We know that the family of all non-rectifiable curves is (p,w)-exc. Thus for
(p, w)-a.e. v € I' we have naturally a vector measure dz|, = (dz1,...,dz,)|y and
a measure ds|y = |dz||,. We write dI" = {dz|, : v € '} and |dT'| = {ds|y : v €
I'}. More generally, for a positive definite symmetric matrix valued measurable
function @ = {q;; } welet |Qdx| |, = \/Z” qij dz; dz; }7 and |QdT| = {|Qdx| |5 :
veTl}.

Hereafter, Ky and K; will denote disjoint compact sets such that Ky N
Q # 0 and K; NQ # (0, unless otherwise specified. We can consider moduli
M, (|dT]), M.y ,(dT) and M,(|v/ % dT|). The reciprocals of these quantities are
called generalized extremal distances. By definition we may assume that Ky, K1 C
Q by taking the intersection with Q.

We introduce a generalized capacity of condenser. A real function u on 2
is called a (p,w)-precise function if u is absolutely continuous on a (p,w)-a.e.
curve in 2 and Vu € LP (). (From the first requirement Vu exists a.e. in ).
For details see Proposition 2 in Section 2.) Let Z(Ky, K1,2) be the family of all
(p, w)-precise functions u on € such that u(x) tends to 0 as * — Ky N Q along
(p,w)-a.e. curve in Q and that u(z) tends to 1 as z — K; N Q along (p,w)-a.e.
curve in €2. We define the capacity

Cor (Ko, K1, @) = inf - (V)

Let 2% = 9*(Ky, K1,2) be the family of all (p, w)-precise functions u on € such
that © = 0 on the intersection of 2 and a neighborhood of Ky and v =1 on the
intersection of ) and a neighborhood of K. Similarly, we define the capacity

CorpH0, K1, 1) = ue@*(ilr(lf K1,9) Vu)-

By definition 2(Ko, K1,Q) D 2*(Ko, K1,9) # () and so
Corp(Ko, K1,9) < C%y (Ko, K1, Q) < 0.
We shall show that the capacity Cgr (Ko, K1,€2) agrees with the modulus M,y .
Theorem 1.
Cor p(Ko, K1,Q) = My ,(dT) = M, (|VZdT|) < 0.

Remark. Let 7/ be another matrix function such that &/ = & a.e. and
let %' be the inverse matrix of it. Then Cy (Ko, K1,Q) = Cor (Ko, K1,9Q)
and Mg ,(dT') = My ,(dT) by definition. In general, the systems \/@dl“} and
}@ dF} may differ. However, the above theorem says that their moduli always
coincide. A similar remark will apply to Theorem 3 below.
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We shall show that the capacity C;jp(Ko,Kl,Q) is related to the modu-
lus Mg, . Let

Vo* = V@*(Ko,Kl,Q) = {Vu Tu e 9*(K0,K1,Q)}

and consider Mg, (VZ*). We observe that (p/,w'~?')-a.e.’ in the definition of
Mg, can be removed for .# = VZ*. In view of Holder’s inequality,

/Q F19uldz < [Vl o 1] e < 00

for u € 2* and f € LZ}/ ,_, - Hence the property (vi) of M, ,, implies that only
the empty set in VZ* is (p’,wlfp/)—exc. Therefore

(1.2) Mo (VT*) = inf{ By ()Y : EAVD*)}.

With the aid of (1.2) and the minimax theorem of Ky Fan [3] (see also [1, Theo-
rem 2.4.1]), we shall prove the following theorem.

Theorem 2. If C}, (Ko, K1,Q2) =0, then we have Mg (V") = oo; if
C;{’p(Ko,Kl,Q) > 0, then

Cy (Ko, K1y, )P Mg (VI)P = 1.

In particular, 0 < Mg, (VZ*) < 0o in any case.

Let us consider families of sets separating Ky and K;. More generally, we
consider functions separating Ky and K;. For this purpose we let BV () be
the space of functions u on 2 of bounded variation. Here, a function u is said
to be of bounded variation if u is locally integrable on ) and its distributional
derivative Vu is a finite vector measure on Q (see [8, Chapter 6], [5, Chapter 1],
[12, Chapter 5] and [2, Chapter 5]). The total variation of Vu is denoted by
|ullpyv and is calculated by

fully = sup{ [ waivede: €€ Criam, jd <1},
Q

The perimeter of a set E relative to Q is defined by Po(E) = |xenallsv if
Xena € BV(Q) and Po(F) = oo if xgna ¢ BV (Q).

Definition. Let  be bounded. We let S = S(Ky, K1,£2) be the family of
functions u € BV (2) such that u = 0 on the intersection of 2 and a neighborhood
of Ko and v = 1 on the intersection of {2 and a neighborhood of Kj. Let
Y = X(Ko, K1,Q) be the family of characteristic functions xg of sets E C  such
that Po(E) < oo and E = U N for some open set U C R™ with KoNU =0
and K; CU.
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Remark. If € is unbounded, then unbounded sets “separating” Ky and K3
in 2 may be considered. In general, unbounded sets can have infinite perimeter.
Thus the above definition of S(Ky, K1,) and X(Ky, K1,Q) has to be general-
ized. Such a generalization may be done by using the notions of “locally bounded
variation” and “locally bounded perimeter” (see [2, Chapter 5]). For simplicity we
shall restrict ourselves to a bounded domain €2 in this paper.

We define the following families:

VS =VS(Ky, K1,Q) ={Vu:uec S(Ky, Ki1,Q)},
VS| =|VS(Ko, K1,Q)| = {|Vu|: u e S(Ko, K1,Q)},
VE = VE(Ko, K1,Q) = {Vxs : x5 € (Ko, K1,Q)},
IVE| = |VE(Ko, K1,Q)| = {|VxE| : xg € 2(Ko, K1,Q)}.

More generally, we let

Ve VS| = {|Ve/ Vu|:ue S},
Vet VS| = {|Ve VxE| : x& € T}
We consider Mg (VS), Mg (VE), My ( ), My ( ). The

reciprocals of these quantities are called generalized extremal widths. Obviously,
VX C VS, so that

Mgy (VS) > Mg, (VE) and M,y (

\/ﬂ_{VSD 2> Mp’(

Vel V).

There is a relationship between S and Z* in Theorem 2. Since () is bounded and
w € A, it follows that fQ w'™P dx < oo, so that by Holder’s inequality

1/p ) 1/p'
(1.3) / \Vu|dz < (/ ]Vu]pwd:v) (/ w'™P d:z;) < 0o
Q Q Q

for any (p,w)-precise functions uw. Hence 2* C S and 0 < Mg, (VZ*) <
Mg, (VS). Moreover, we have the following theorem.

Theorem 3. Let 2 be bounded. Then

Mggypl(VS) = M@p (VZ) = (
My (

We are interested in whether or not

)

) M V.@)

Cor p(Ko, K1,Q) = O (Ko, K1,).
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If this is true, then Theorems 1-3 give a relationship between generalized extremal
distances and extremal widths. We shall reduce this question to the problem of
continuity of extremal distances. For this purpose we need the uniform continuity
of w(x)/P\/%(x), i.e., for any ¢ > 0, there exists § > 0 such that if z,y € Q
and |z —y| < 6, then

() /7B () —w(y) 7 B) | <.

We remark that this continuity implies neither the continuity of /%(z) nor w(z).

Theorem 4. Suppose that w(z)'/?\/%(x) is uniformly continuous on €.
Then Mp(}\/@df}) has the continuity property. That is, let Kg and K{ be
sequences of compact sets such that KJNK? =0, KJ c int K~', KI c int K77 ',
Ko =N Kj, and Ky = (2, Ki. If T; = T(K},K{,Q), then

My ([V#dT;|) | My(|V#dr]).

As a result of Theorems 1-4 we obtain the following reciprocal relation be-
tween extremal distance and extremal width.

Theorem 5. Suppose that w(z)'/?\/%(x) is uniformly continuous on €.
Then
Cor p(Ko, K1,9Q) = C (Ko, K1,9).

Moreover, suppose §) is bounded. If Mg ,(dT') = 0, then Mg, (VY) = oo; if
Mg »(dT') > 0, then

Mo p(dT)Y? Mg (VE)V/P' = 1.

The above theorem yields the classical reciprocal relation. Let o/ = w?/PE
with the identity matrix E. Then v.&/ = w'PE, B =w2/?E, V# = w '/PE,
M, (|V#dT|) = My (|dT|) and My (|vV'«/ VE[) = M,, 1 (VE]). Hence we
obtain

Corollary. Let 2 be bounded. If M, .,(|dL'|) =0, then M, .- (|VX]) =
00; if My ., (|dT|) > 0, then

Myw(|dT) P M, - (IVENP = 1.

Acknowledgment. The authors would like to thank the referee for valuable
comments.
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2. Preliminaries

Proof of Proposition 1. Since M , is monotone, we may assume that
lim Moy (%) = a < o0,

and we have only to show that Mg ,(.#) < a. By definition there is &; such that
& NZ; (p,w)-a.e. such that

1
My p(F5) < A (§5)P < Moy p(F5) + =

Let 7 <i. We have %(fi—kfj)/\gfj (p,w)-a.e. Hence %(%(fi—i—fj)) > Mgy p(F5).
Let us invoke the Clarkson inequalities. Suppose p > 2. Then

(36 = &))" S 376 + 35(&) — F(3(6 + &))"

The first two terms on the right hand side tend to « and the limit of the last term
is not less than « as 7,7 — oco. Hence

13 = &), < cod(3(& &))" — 0.

Hence there is ¢ such that ||1(¢ —fj)pr — 0 and #,(§)? = a. The same is

true of the case 1 < p < 2. By the property (v) of M, ., taking a subsequence, if
necessary, we obtain

/’f_fj’d’V’ — 0 for (p,w)-a.e. v € .F.
Hence

/fdu = /§j~d1/+/(§—§j)~d1/ > liminf/fjdl/ >1 for (p,w)-a.e. v e F,

so that
Mgy p(F) < @ (§)P = a.

The proposition is proved.

Let us clarify the meaning of Vu for a (p,w)-precise function. To this end
we introduce ACL (=absolutely continuous on lines) functions. We say that u is
ACL if u is absolutely continuous on each component of the part in € of a.e. (=
almost every with respect to (n — 1)-dimensional measure) line parallel to each
coordinate axis. By definition a (p,w)-precise function u is ACL.
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Proposition 2. Let u be an ACL function on ). Then the Dini derivatives
Ou/0x; exist a.e. in ) and are measurable for i = 1,...,n. Moreover, if Ou/0x;
are locally integrable, then they coincide with the distributional derivatives of .

Proof. In view of Nikodym [10, Lemme on p. 133], we see that u is measurable
on (). For the first assertion it suffices to prove the existence and the measurability
of Ou/0x; on a closed cube @ C 2. We may assume that i = 1. We find § > 0
such that (x1 + h,z2,...,x,) € @ whenever x = (z1,...,2,) € Q and |h| < 4.
Let

u(xy +hyzo, ..., xn) —u(xy, ..., Tp)
un(x) = .
for |h| < . Since u(-,x2,...,x,) is absolutely continuous for a.e. (z2,...,2,),

it follows that limp_.oup exists a.e. on ) and is measurable.
Now suppose that du/dx; is locally integrable on 2. Take ¢ € C§°(2). Then
pu is ACL on  and

2 9 (pu) teo o dp
0—/00 6:1;1 d.fl?z—/oo (@axz—i—uaxz)d.ﬁ?z,

ou Op
dr = — dz.
/sfaxz- ! /Q“axz- !

This means Ou/0z; is the distributional derivative of w.

whence

Observe that the last assertion of the proposition applies to a (p,w)-precise
function u since w € A,, and so LP(Q) C LL (). See [2, Section 4.9] for
another proof of differentiability of a precise function. Note that a precise function
is defined as a quasicontinuous function in [2].

In the rest of this section we shall deal with approximation. Let 1 be a
nonnegative, radially symmetric smooth function supported in the unit ball {|y| <
1} such that [+ dy =1. Let ¢, (z) = r "¢ (x/r) and consider f=1, for a locally
integrable function f on R™. It is well known that fx,(x) — f(x) as r — 0 and
|f *x i (z)| < cMf(x) for a.e. z € R™, where M f is the maximal function of f
and c is a positive constant depending only on . Hence, if f € L2 (R"), then the
maximal inequality ||Mf]|, , < ¢[/f],,, and the dominated convergence theorem
imply that [|f * ¢, — f[|,, — 0 as r— 0. Thus f € L% (R") is approximated by
smooth functions.

We would like to establish such an approximation property for functions de-
fined only on an open set G # R". To this end we use a positive smooth function
a on G which vanishes on 0G'.

Lemma 2.1. There exists a = ag € C*°(G) such that
i) 0<a<1,
(i) Vol < 1,
(iii) a(z) < 5dist(z, 0G).
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Proof. Let {G;}52, be an increasing sequence of open sets such that G, e
Gj+1 and G; 1T G. For each j > 1 we find a nonnegative function 8; € C§°(G)
such that §; >0 on G; \ Gj_; and B; =0 on (G \ G,+1)U G,_2, where we put
Go = G_1 = () conventionally. Multiplying by a positive constant, if necessary,
we may assume that (; < %, V3| < % and (;(x) < %dist(x,@G). Then the
function a = Z;’il B; has the required properties.

Lemma 2.2. Let |y| <1 and 0 < r < 1. Then the mapping Ty ,: v —
x +ra(zx)y gives a C°° homeomorphism of G onto itself.

Proof. 1If y = 0, then there is nothing to prove. Suppose y # 0. In view
of (ili) of Lemma 2.1 we see that T}, is a mapping from G to G. Suppose
Tyr(x) =Ty (') for z,2' € G. Then z — 2’ = r(a(z) — a(2’))y, so that by (ii)
of Lemma 2.1 |z — /| < 3r|z — 2’|, and hence x = 2. Thus T, is injective.
Let [ be a component of the intersection of G and a line in the direction of y.
Then, by the definition of 7}, , and (iii) of Lemma 2.1, [ is invariant under Ty, , .
In particular, T}, is a surjection onto G. Observe that the Jacobian of T, , is
equal to 1 +rVa -y > 1 — %7“ > 0 by (ii) of Lemma 2.1. Therefore, the inverse
mapping T} is C™ too.

As before Lemma 2.1, let 1) be a nonnegative, radially symmetric smooth
function supported in the unit ball {|y| < 1} such that [t dy = 1. For a locally
integrable function f on G we define

= €T ro(x = # M
(2.1) (f)r(g;)_/|y|<1f( +ra(z)y)v(y) dy ()" Jun f(y)zb(m(x))dy

for € G. Observe that (f), € C*°(G). It is easy to see that (f),(z) — f(z) as
r— 0 and |(f)r(2)] < cMf(x) for a.e. x € G. Hence the dominated convergence
theorem yields

Proposition 3. Let f € L} (G). Then ||(f)r — fll,., — 0 asr— 0.

With some calculation we can show the following proposition (cf. [9, Theo-
rem 4.6]).

Proposition 4. Let u be a (p,w)-precise function over G. Then
IV (u)r — Vull, , — 0 asr — 0.

Let G = Q and apply Proposition 4 to CZ{J,(KO, K1,8). Suppose u € * =
7% (Ko, K1,9Q). By definition, if » > 0 is sufficiently small, then (u), € Z*.
Hence, by Proposition 4 and truncation, we have

Proposition 5.

C‘:{’p(KO’ Kl’ Q) - ue_@*irglcfoo(ﬂ) %(Vu)p
0<u<1
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3. Proof of Theorem 1

The proof of Theorem 1 will be based on the following three lemmas. Let
us recall I' = TI'(Ko, K1,9Q). Without loss of generality we may assume that
Ko, K1 C Q.

Lemma 3.1.
Mﬂzp(dr) < Cﬂ;P(KovKva) < 0.

Proof. Clearly 2(Ko, K1,) # 0 so that Cg (Ko, K1,) < co. Take u €
D (Ko, K1,9Q). It is known (cf. [9, §§4.3-4]) that

/Vu dz =u(e(y)) —u(s(y)) =1 for (p,w)-a.e. curve =,

where s(7y) and e(7y) denote the starting point and the end point of v, respectively.
Hence Vu AdD (p,w)-a.e., so that <o7,(Vu)? > My, ,(dI"). Taking the infimum
with respect to u, we obtain the lemma.

Lemma 3.2.
M, (|VBAT|) < My ,(dT) < occ.

Proof. By Lemma 3.1 My ,(dI') < oco. Let £ AdI' (p,w)-a.e. Then for
(p,w)-a.e. v €' we have

1§/§~d:1::/\/sz_fﬁ@dxg/}\/ﬂ_%f}}@dx}.

Thus }\/%5} A }\/@df} (p,w)-a.e. Taking the infimum with respect to £, we
obtain

My »(dT) = inf o7,(£)P = inf/ﬂ}\/gg}p dz > M, (|V#dT|).

The lemma follows.

Lemma 3.3.
Cor p(Ko, K1,Q) < M, (|V#dT|) < co.
Proof. As was observed in the introduction,
My, (w'P|V B dT|) = M, (|VBdT|) < cc.

Let o be a nonnegative function in L? (£2) such that

(3.1) /le/p}\/@ d:l:} >1 for every curve v € I'.
gl
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For each = € Q) we let I'§j be the family of curves starting in Ky and ending at x.

Define
u(x) = inf /le/p}\/@ dz|.

very J,
We claim
(i) w is (p,w)-precise in €;
(ii) for a.e. x € Q

(3.2) Ve (x) Vu(z)| < o(z)w(x)'/?;

(iii) limu(x) =0 as x — K a,long (p, w)-a.e. curve v € I';
(iv) liminfu(z) > 1 as x — K; along (p,w)-a.e. curve v € I'.
By (iv) of the properties of modulus stated in Section 1 and (1.1) we have

(3.3) /le/p}\/@ dx| gco/gds<oo

~

for (p,w)-a.e. curve 7 in Q. Hence for (p,w)-a.e. curve ~
(3.4) |u(b) —u(a)| < /~ le/p}\/@ dz| < Co/y ods for any points a,b € v,
ab ab

where ab is the arc on ~v connecting a and b. This implies that u is absolutely
continuous on v for (p,w)-a.e. curve v. We know that (p,w)-a.e. segment v in
parallel to one of the coordinate axes satisfies (3.4) and hence by Fubini’s theorem
|Ou/0x;| < cpo a.e. in Q for each i = 1,...,n. Hence Vu € L () and u is a
(p, w)-precise function on .

In order to show (3.2) we take a countable dense set {{;} in the unit sphere
{z : |x| = 1}. Then we see that (3.4) is satisfied along (p,w)-a.e. segment v in 2
parallel to one of £;. Hence

u(a + hé;) — u(a)| < /h o(a + t&;)w(a + tgj)l/p)w | Ba+ te)) gj) dt

0
for a.e. a € Q. Divide by h and let h — 0. We have

(3.5) & - Vu(a)| < o(a 1/?’}\/ a) & for a.e. a € Q.

If |Vu(a)| = 0, then (3.2) is true at * = a. Suppose |Vu(a)] > 0. Then
|/ (a)Vu(a)| > 0. Take a sequence {¢;,} tending to & (a)Vu(a)/|« (a)Vu(a)].

Then by (3.5)
AT VUD| < y(aun(a) 7| yﬂ/;% T

[ a)Vala)
— 1/p}\/ Vu )}
= elajwla) rm) (@)
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Since |7 (a)Vu(a) - Vu(a)| = |/ (a) Vu(a)}g, we have (3.2) for z = a.

We have observed that a (p,w)-a.e. curve satisfies (3.3). For the proof of
(iii) and (iv) take v € I' satisfying (3.3) and express it in parameter: x(t),
to <t < tp, such that x,(t) — Ko as t — tp and z,(t) — K; as t — t;. By the
definition of u(x) and (3.3)

t t
0< u(xv(t)) g/ le/p}@ d:l:} < co/ ods — 0
to to

as t — tg. Thus limu(z) =0 as x — Ky along . We have (iii). Let us prove (iv)
by contradiction. Suppose a = liminf;_, u(xv(t)) <landlet e=1—-a>0.
By definition there is ¢, to < t < t1, such that

€ h €
lu(z4(t) — ] < 3 and /t ods < 30

By the definition of wu(z) there is v/ € I'f with = = x,(t) such that
/ le/p}@ dz| < u(x) + %
’y/

Let ~” be the subcurve of = corresponding to (¢,t1). Then 4" ++” € T' and
by (3.3)

t1
€ E € ¢
/ le/p}\/:%’d:v}<u(x)+§+co/ st<a+§+§+§:1,
v A t

which contradicts (3.1). Thus (iv) follows.

Now let @ = min{u,1}. Then 4 € Z(Ky, K1,2). Hence by the definition of
Cy.p we have

Cor p(Ko, K1,9Q) < (VAP < o,(Vu)? = / |Vt Vul” dr < / 0w dz,
Q Q

where (3.2) is used in the last inequality. Taking the infimum with respect to o,
we obtain

Cor p(Ko, K1,Q) < My, o, (w/P|VBdAT|) = M, (V£ dT)).

The lemma follows.

Combining Lemmas 3.1-3, we obtain Theorem 1.
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4. Proof of Theorem 2

Proof of Theorem 2. We observe that * is a convex set, = = {£ : Z,/(§) < 1}
is a weakly compact convex set and
— / Vu-&dr
Q

is a bilinear functional on 2* x E such that ®(u,-) is continuous with respect to
the weak topology of =. Hence the minimax theorem ([3]) yields

sup inf ®(u, &) = inf sup ®(u, &),
Sup Inf (u, &) inf sup (u, &)

in other words

(4.1) inf sup Vu &dxr = sup inf /Vu~§dx.
UED* ¢c= ceZUED* Jq

Observe that

(4.2) sup/ Vu-E&dx = a,(Vu).

EEEJQ

In fact, Holder’s inequality yields

/vu.gdx:/ Vil Vu- VB Ede <y (Vu) By (§) < (V)

for £ € E. Conversely, let & = o7, (V )1’p}\/_Vu}p72AVu. Then %, (§) =1
and [, Vu-&dx = o,(Vu). Thus (4.2) follows, and (4.1) becomes
(4.3) C (Ko, K1,Q)"? = sup inf /vu ¢ da.

’ ceZ UED*

Suppose C}y (Ko, K1,Q) = 0. Then inf,cg- [, Vu-{dr =0 for any £ € Z,
so that there is no & with %,/ () < oo and (A Z2*. Thus Mg, (VZ*) = oo, and
the theorem follows in this case. Now suppose C}, (Ko, K1,(2) > 0. We claim

(4.4) sup inf /Vufdx:sup{%p/(f : inf /Vu Edx > 1}

é‘eH ueEPD* uEPD*

Let a and [ be the left hand side and the right hand side of (4.4), respectively.
By definition

By (€) <1 = inf /Vu~§dx§a.
ueP* Q



76 Hiroaki Aikawa and Makoto Ohtsuka

By homogeneity this is equivalent to

1
inf . 1 / —.
ulen@*/QVu Edx > — By (&) > >

This means that § < «. Similarly we can prove a <  and we have (4.4). By
definition the right hand side of (4.4) is equal to

ueEPD*

-1
(it int, [ Vuganz1}) = aap(van)
Q
where (1.2) is used. Hence (4.3) and (4.4) yield
C2y (Ko, K1, Q)P = Mg, (V2*) 7MY
which yields the theorem.

5. Proof of Theorem 3

In this section we let €2 be bounded. The proof of Theorem 3 will be done by
the following three lemmas.

Lemma 5.1.

(5.1) Mg (VS) > My (|Ve/ VS|) > My (|Ver VE|),
(5.2) Mg (VS) > Mg,y (VE) > My (|Va/ VE]).

Proof. Let us prove the first inequality of (5.1). We may assume that
Mgz, (VS) < oco. Let & A Vu for (p’,wl’p/)—a,.e. Vu € VS. Then there
is a (p’,wlfp/)—exc. subsystem % of V.S such that £ A Vu holds for every
Vu € VS\ %. We have M, ,,1—» (|%]) = 0. We claim that Mp/({}\/sz_%Vu} :
Vu € 62/0}) = 0. In fact, for a given € > 0, there is ¢ > 0 such that o A |%| and
[ 0" w' P dx <. By (1.1)

1< /Q’Vu! :/le/pwl/pwu] gco/gwl/p}\/ﬂ_%Vu}

for Vu € %,. Hence
My ({|V Vu| : Vu e %)) < /(Cogwl/p)p, Gt / Pl g < e

The arbitrariness of ¢ gives M, ({}\/EVu} :Vu e 62/0}) = 0. For Vu e VS\ %

we have

1§/Q§~Vu:/9\/§§~@VUS/{J@SH@VU}
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so that |V Z¢| A }\/szf VS} p’-a.e. Taking the infimum with respect to &, we
obtain

)-

Thus the first inequality of (5.1) follows. The second inequality of (5.1) and the
first inequality of (5.2) are trivial. In the same way as above, we have the second
inequality of (5.2). The lemma follows.

Mg, (VS) = inf B, P’ mf/}\/_f}p dx > My (

Lemma 5.2.

My (

Proof. We may assume that M, (
is sufficient to show that C;{’p(Ko, K1,92) >0 and

) > Mg, (VZ*) > 0.

(5.3) 2y (Ko, K1, Q)7 M, ( )1

Let u e 2°NC*®(Q) and 0 < u < 1. Put Ny ={z € Q:u(x) > t}. We claim
that yn, € ¥ for a.e. t, 0 <t < 1. By the Sard theorem {z € Q : u(z) =t} is a
smooth manifold for a.e. ¢t. For such ¢ Gauss’ divergence theorem yields

[ divpds=— [ oomas  forpeCr@RY),
N, u=t

where n = Vu/|Vu| is the normal to {u = t} directed into N;. By definition
the above identity implies Vyn, = ndS|,—¢. By the coarea formula (see e.g. [8,

Theorem 1.2.4])
/HXNtHBth /dt/ ds = /ywydx

The last integral is convergent by (1.3) and hence yy, € ¥ for a.e. t.
Since M, ( ) < 00, there is o > 0 such that o A }\/ VZ} and
ol < oc. Ta,ke such a . Then

/ Q}\/gn} s >1 for a.e. t.
u=t

Hence the coarea formula yields

1§/01 dt/u:tg}\/sz_%n}dS:/ol dt/u:t N’;X“}

_ / o[V V| dx < A,(Vu) el

Taking the infimum with respect to ¢ and u, we obtain C;{’p(Ko, K1,9) >0 and
(5.3) by Proposition 5. The lemma is proved.
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The proof of Theorem 3 is completed by the following lemma.

Lemma 5.3.
Mg (N2*) > Mg, (VS).

This is the most difficult part and the proof will be divided into several steps.
In these steps, we shall vary the compact sets Ky, K7 and the open set €2, so we

shall write
Mg (Ko, K1,Q) = Mg, (VS(Ko, K1,9Q)),

My (Ko, K1,Q) = Magp (V2* (Ko, K1,9Q)).

The outline of the proof is as follows: We prove, in Lemma 5.4, the monotonicity
of M B! (Ko, K1,Q) with respect to 2 and introduce an approximation property
with respect to 2. Lemma 5.5 shows the existence of an open subset of ) with this
approximation property. The approximation with respect to Ko and K; stated
in Lemma 5.6 is rather straightforward from Proposition 1. Lemma 5.7 includes
the crucial part of the proof of Lemma 5.3, which deals with the case Ky, K1 C €2
under an additional assumption. The proof uses the approximation property of
BV functions. Finally, by enlarging 2, we reduce the general case Ky, K; C § to
Lemma 5.7 and complete the proof of Lemma 5.3.

Lemma 5.4. Let €, be an open subset of Q0 such that Ko, K; C Q. Then
M{*@yp,(Ko,Kl,Ql) > M{*@ip,(Ko,Kl,Q).

Proof. We may assume My (Ko, K1,01) < 0o. Let £ A VI (Ko, K1,(h)
and set £ =¢ on Q; and £ =0 on 2\ ;. Then

/EVud:v: €-Vulg, dz > 1
Q 0
for uw € 2*(Ko, K1,) since u|q, € Z* (Ko, K1,€1). Hence
[ Bl o= 2@ 2 05, (R K1),
0

Taking the infimum with respect to &, we obtain the lemma.
In view of the above monotonicity we introduce the following definition.

Definition. Let Ky, Ki; C Q. We say that {2 can be approximated from
inside with respect to M{*@yp,(Ko, K1,9Q) if for each € > 0 there is an open set
such that Ko, K1 C ' C @ C Q and My, (Ko, K1,9Q) < M}, (Ko, K1,Q') <
M%7p,(K0, Kl, Q) +e.
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Lemma 5.5. Let Ko, Ki € 1 C O C_Q. Suppose that
M{*@yp,(Ko,Kl,Ql) < oo. Then there is Qo such that Q1 C Qs C Q and Qo
can be approximated from inside with respect to M{*@yp,(Ko, K1,99).

Proof. For small r > 0 we let
Q(r) = {x € Q: dist(z,0Q) > r}.
Observe that Q(r) T Q as r | 0. There is an r; > 0 such that Q; C Q(r1). Put
p(r) = Mz, (Ko, K1,9(r)) . By Lemma 5.4 ¢(r) is a nondecreasing function
with 0 < (r) < ¢(r) < Mz (Ko, K1,$1) < oo for 0 <r <71, whence o(r) is
continuous from the right at r outside a countable set of r. Hence, there is ro,
0 < re <y, such that lim,|,, p(r) = p(r2), i.e.,
Mg (Ko, K1,Q(r)) | Mg, (Ko, K1,Q(r2))  asr | 7o

If Qo = Q(r2), we observe that Q1 C Qy C Q and Qs can be approximated from
inside with respect to M7 , (Ko, K1,$s2).

Lemma 5.6. Let Ko, K1 C 2 and let (K]} and {K{} be decreasing se-
quences of compact sets such that Q D K} | Ko and Q D K{ | K1. Then

Mﬂyp’(ng Kfv Q) T M@m’(KOv K, Q)
Proof. 1t is easy to see that
VS(K], K1,Q) 1 VS(Ko, K1,9).

Hence the lemma follows from Proposition 1.

Lemma 5.7. Let Ky, Ki C 0 and suppose ) can be approximated from
inside with respect to Mz, (Ko, K1,€2). Then

M{@}p/(K(), Kl? Q) < M;k@,p’ (K07 K17 Q)

o Proof. Let € > 0. By assumption there exists €27 such that Ky, K1 C ; C
O C Q and

(54) M%7p/(K0,K1,Ql) SM%7P/(K0,K1,Q)+€.

By Lemma 5.6 there are compact sets K and K{ such that Ky C int K} € K} C
Q, Ky CintK{ c K{ Cc Q, and

(5~5) M@m’(KOvKva) < M@,p’(K(%vKlva) +e.
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We claim
(5.6) M, (Ky, K1,Q) < M, (Ko, K1, ).

Then the required inequality follows from (5.4), (5.5), (5.6) and the arbitrariness
of £ >0.
Let us prove (5.6). We may assume that M{*@ip,(Ko,Kl,Ql) < oo. Let

EAVD* (Ko, K1,Q1). We extend € by € =¢ on ©; and £ = 0 elsewhere. Let &,
be the symmetric mollification, i.e.,

a@)=/]ﬂs@+www@ww

where 1 is a nonnegative, radially symmetric smooth function supported in the
unit ball {|y| < 1} such that [ dy=1. Let

Oy = {x € Q: dist(z,0Q) > %dist(Q_l,aQ)}

and ro = min{dist(Ko, dKg),dist(K1,0K]), 3 dist(©21,0Q)} > 0. Let 0 <r <
ro. We shall see that

(5.7) & € C5°(Q2; R™) and & AVZ*(KL KL Q).

The first assertion of (5.7) follows from the definition. Suppose u € 2* (K3, Ki,Q).
Then

/ & - Vudr = Y(y) dy/ E(x +ry) - Vu(z)dr
Q ly|<1 Q

= vy)dy | E(x) - Vulz —ry)de.
lyl<1 Qq
Observe that u(x—ry)|q, € 2* (Ko, K1,$1) for |y| < 1. As EAVZ* (Ko, K1,1),
it follows that le &(z)-Vu(z —ry)de > 1, so that [, & -Vudz > 1. Hence (5.7)
follows.
Next we claim that

(5.8) & AVS(KY, KT, Q).

It is well known that a BV function is approximated by smooth functions (see
e.g. [8, Theorem 6.1.2]). Let u € S(K},K{,Q). Then we find a sequence of
smooth functions u; € C*(Q) such that u; = 0 on a neighborhood of K},
uj = 1 on a neighborhood of K}, u; — w in LY(Q), ||ujlpv — |lu|lpv and

Vu; — Vu weakly, i.e.,
/g0~Vujd:1;—>/g0~Vu
Q Q
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for any ¢ € C§°(Q2; R™). Note that the sign ‘dx’ does not appear on the right hand
side, since Vu is a measure which need not be absolutely continuous with respect
to the Lebesgue measure. Observe that it may happen that fQ |Vu;[Pwdr = co.
To avoid this difficulty, take f € C5°(2) such that 0 < f <1 on 2 and f =1
on Qy. Then we see that fu; € C§°(Q) and hence fu; € 2*(Kg, K{,9Q). Hence
(5.7) yields

1g/§2§T~V(fuj)d:v:/ﬁfr~Vujdx—>/§2§T~Vu.

Thus (5.8) follows.

By (5.8) we have Mg, (K}, KI,Q) < B,(£)P", and by the approximation
property, the right hand side tends to %, (f)p/ as r | 0. Hence, taking the
infimum with respect to £ we obtain (5.6). Thus the lemma is proved.

Proof of Lemma 5.3. We may assume that
M%7p/(K0, Kl, Q) = M@7p/(v.@*) < 0.

If necessary, taking the intersection with Q, we may assume that Ko, K1 C ﬁ.' Let
us take decreasing sequences {Kj} and {Kj} of compact sets such that K(J)H‘C
int K7, KJ™' cint K7, K} | Ko and K7 | K;. Let Q/ = QU (int K7) U (int K7).
We claim

(5.9) VS(KI, KI,Q) 1 VS (Ko, K1,Q).

Take u € S(KJ, K{,Q7). By Vgsu we denote the distributional derivative of
u over Q7. By definition Vgsu is concentrated on Q7 \ (KJ U K7) ¢ Q and
Vaiu = Vi (u|gi+1) = Va(ulg). Hence VS(KJ, KI,Q7) is increasing and
UVS(K], K, Q) ¢ VS(Ko, K1,9Q). Conversely, take u € S(Ko, K1,Q). By
definition if j is sufficiently large, then u = 0 on the intersection of (2 and a
neighborhood of Kg and v = 1 on the intersection of {2 and a neighborhood
of KJ. Let

u onf,
u=1< 0 onint K,
1 onint K7.

Then @ € S(KJ, K],07), Vi is concentrated on €2\ (K] UKY), and VT =
Vau. Hence Vou € VS(K}, K{,Q7). Thus (5.9) follows.
With the aid of Proposition 1 and (5.9) we have

(5'10) Mﬂyp’(ngKvaj) 7 M@m’(KOvKva)'
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Since Q C 7, it follows from Lemma 5.4 that
My (Ko, K1,) < M, (Ko, K1,9),

where the right hand side has been assumed to be finite. Hence, in view of
Lemma 5.5, we can modify the above Kg , K f and ©/ so that )/ can be approxi-
mated from inside with respect to Mz (Ko, K1, /). Obviously S(Kg, Kf, V) C
S(Ko, K1,97) and so Mg (K}, K, Q) < Mg, (Ko, Ki,Q7). Now by (5.10)
and Lemmas 5.4 and 5.7 we have

Mg, (Ko, K1,Q) = lim Mg, (K], K, Q%) < lim Mg, (Ko, K1, )
< lim M, (Ko, K1,) < M3 (Ko, K1,9).

Thus the lemma follows.

Combining all the Lemmas 5.1-5.3, we obtain Theorem 3.

6. Proof of Theorems 4 and 5

As was observed in the introduction, we have

M,(|[V#dT|) = M, ., (w'/?|VZdT)).

Moreover, by (1.1)
cal ds < w(x)l/p}@ d:l:} < cpds

for a rectifiable curve v, dx = dz|, and ds = |dz|. Throughout this section we let
do = w(z)'/P|\/% dz| for each rectifiable curve. We have ¢y ' < do/ds < cy. The
following lemma depends on the ingenious idea of Shlyk ([11]) which was digested
by Ohtsuka ([9, Chapter 2]).

Lemma 6.1 (Shlyk-Ohtsuka). Let o € LY (R"™) be a positive lower semi-
continuous function which is continuous on Q\ (Ko U K;). Let K} and Kj
be sequences of compact sets such that Kg C intKgfl, K cintK)™', Koy =
Nj—o K3, and K1 = ;2 K{. Then for each ¢ > 0 we can construct a function
o' on €, o > o, with the following properties

(i) [, wdz < [, Pwdzr +¢.
(ii) Suppose for each j there is v; € I'; = F(Kg, Kf, Q) such that f%’ o' do < «.

Then there exists 7 € I'(Ky, K1,) such that f;gda <a+te.

Remark. The most difficult part of the lemma is the existence of 7 inside 2.

It is rather easy to find a curve in the closure of €2 with the integral inequality
of (ii). However, such a curve need not belong to I'(Ko, K1,().
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Proof of Lemma 6.1. The construction of o’ is as follows. Let K7 = Kg UK f ,

Wi = KI='\int K7 and d; = dist(0K7~1,0K7) > 0. By assumption infy,;~q 0 >
0 and so we can find €; | 0 such that

(6.1) Z )P pH <&,

Jj=1

(6.2) cooej < dj inf p.
WingQ

We can find a sequence of compact subsets §2; of () increasing to €2 such that

/ oPw dx <5p+1.
Q\Q,

Let VI =(Q\Q;) N W/ and set
(1+ &:;1)@(&:) if x € VI,
o(z) if 7€ Q\ (UV7).

It is easy to see that (i) holds. In fact, observe from (6.1) that

/P
o wdr = / pwd:z:+/ oPw dx
/ Z Q\(uv7)
<Z )P p+1+/gpwdx<5+/gpwd:v.
Q Q

Now let us show (ii). For a moment we fix j > 1. By definition v, € I'; =
F(K(J),Kf,Q) for k> j. Hence ~; includes arcs ’yk and ~y; such that ~; connects
OK] and oK), Yy connects OKJ and 0K!~". We claim that v, and v} are
not 1ncluded in V7. In fact, if v, C V7, then we Would have from (6.2)

az/ Q’daZ/ Q’dazsjl/ odo >e;'cy'd; inf o> a,
Y Vi 7, winQ

a contradiction. Therefore
Vi N (Qjﬂ(Kgfl\intKg)) # 0 and Vi N (Qjﬂ(Kf;l\inth)) # 0

for k > j. Observe that €; N (K]7" \ int K) is compact. We can find a point
z) € Q;N(KJ " \int K7) such that for some subsequence {’yk}k there is a point in
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’yk converging to 3’50 Hence, if we place a small closed ball B] C ) with center at
z}, then we may assume that the subsequence vj eventually intersects B] Since
o is continuous at 7, € Q\ K7, we can choose B] so small that

(6.3) /g do < /2713 for any segment [ C BJ.
!

In the same way we can choose a small closed ball B C Q with center at 2 €

Q; N (K] " \int K7) so that 4] intersects B]. We start this process from j = 1

and choose subsequences {’yk}k inductively such that ’yk intersects B] and BJ.

See Figure 1.

Figure 1.

Now let us consider the diagonal ’y’,j. Then ’y’,j intersects Bg and B{ for
1 <j<k. To~F we add two suitable radii of sz for each ¢ = 0,1 and for
< j < k so that we have a connected curve 3 € T'(K§, KF, Q) crossing over
{af, ]} . By (6.3) we have

k

€ €

/~ gdag/deJ—FQZQHS §a+1.
Yk Vi j=1

Let T'g be the totality of all curves in Q\ (Ko U K;) connecting z{ and zi.
For ¢ = 0,1 let I'} be the totality of all curves in Q \ (Ko U K3) connecting a7

and xf“ . Then

€
inf d E f d E f do < do < —.
vlgl“o/g o+ in /Q o+ in LQ a_/;kg a_a+4

= 1’761"7 = 1’761"7

—_

Therefore we can choose Cy € T'y and CZ-] c Fg such that
/ odo < inf /Qda+ E,
Co 7€l Y 2

d inf d
/CZQ a<7121“§'/g a+2j+3
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Let

Y=-+Ci+Co+Ci+---.

See Figure 2.

Figure 2.
Then 7 € T'(Ky, K1,Q) and
€ g > g
Agda§a+i+§+2;ﬁza+5.

The lemma is proved.

Proof of Theorem 4. Since Mpyw(wl/p}\/@ dFD = Mp(}\/@ dFD, it is
sufficient to show that

(6.4) My (w'/?|V B dT;|) | My (w'/?|V B dT)|).

Let M be the right hand side and let 0 < ¢ < % By definition there is a

nonnegative function g such that g A wl/p}\/@ dT| and lelly., < M +e. If
necessary, adding a positive function on R"™, we may assume that 0 is strictly
positive on R". Moreover, by the Vitali-Carathéodry theorem, we may assume
that o is lower semicontinuous on R™. Let

(@), (x) = /| ol et v dy

be as in (2.1) with G = Q\ (Ko U K1). We observe that (g), is C*°(G) and in
particular continuous on G. If r is sufficiently small, then [[(2)[; , < M +¢.

By the uniform continuity of w(x)/?\/%(x), we can take ¢ > 0 such that if
xz,z € Q and |xr — z| < J, then

(6.5) }w(x)l/p\/%(x) —w(2)YP\/B(z) | < cole,

where ¢( is the constant in (1.1). Let 0 < r < §. We claim

(6.6) (1 +¢)(8)r Aw/P|V 2 dT|.
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Let v € I'. We have

L @edr= | vy / 3(z + ro(e)y) do(z)

(6.7)
= [y / 6(2) do (T1(2)).
|y|<1 Ty,r(’Y)

where T, ,(z) = 2+ ra(z)y. For a moment we fix y, |y| < 1. By the property of
a(x) we see that T, .(y) € I' and so ¢ A dolr, () Since |x —z| < r < § with
z =T, ,(z), it follows from (1.1) and (6.5) that

[w(2) /P B(2) €| < |w(@) P B@) €| + [ (w(@) PV Blz) —w(=)!7VB(2) )¢
< |w(@)'?/B(x) €] + ¢y tele] < (1 +¢)|w(z) P/ B(x) ¢

for any vectors £ € R™. Hence
(1+¢)do(T, ) (2)) > do(z) for z € Ty » (7)),
so that by (6.7) and ¢ Adolr,  (+),

(1+9) / @rdrz [ vy / IRCLLCESS

Thus (6.6) is proved.
Now let ¢ = (1 +¢)(0), with sufficiently small » > 0. Then

(6.8) / odo >1 for any v € T,
¥
(6.9) /Qgpwd:v < (1+e)P(M +e¢).
Let ¢’ be as in Lemma 6.1. We show that
/Q’da>1—25 for v € T
-

with sufficiently large j. In fact, suppose the contrary. Then there would be a
sequence {jx} and curves v, € I'j, such that

/ o do<1-—2e.
Vi
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By Lemma 6.1 we would find 7 € I" such that

/vgda§1—25+5:1—5,
S

a contradiction to (6.8).
Now the proof is easy. We have (1 —2¢)7 1o’ A wl/p}\/@dl“j} for sufficiently
large j and so

My (0P| B dT|) < /Q[u_zg)lgqudx <(1—26)P((14+e)P (M +e)+e)

by (6.9). Hence, letting j — oo and then ¢ — 0, we obtain
lim sup M) (wl/p}@dfj}) < M,
j—o0
which yields (6.4). The theorem is proved.

For the proof of Theorem 5 we prepare two lemmas. With a slight abuse of
notation, we say that a set X C Q is (p,w)-exc. if M ,(I'x) = 0, where I'x is
the family of curves in 2 which terminate at X . We say that a property holds
(p, w)-a.e. if the set of points where the property fails to hold is (p, w)-exc. We
shall employ the following lemmas given by Ohtsuka [9, Chapter 4].

Lemma 6.2. Let u be a (p,w)-precise function in €} and let I' be a family
of curves in 2 whose end points lie in ). Then u tends to the value of u at the
end point along (p,w)-a.e. curve of T'.

Lemma 6.3. Let u be a (p,w)-precise function in Q. Then any function
equal to u (p,w)-a.e. in Q is (p,w)-precise in §.

Proof of Theorem 5. Let Kg and K be as in Theorem 4. Take u €
2(K},K{,Q). We put

0 on Kg N,
u=4 1 on K{ N,

u on Q\ (K UKY).
By the definition of (K], K?,Q) and Lemma 6.2 we have u = 0 (p, w)-a.e. on
KINQ and u =1 (p,w)-a.e. on KJNQ. Hence u =T (p,w)-a.e. in Q and hence @
is a (p, w)-precise function in 2 by Lemma 6.3. By definition w € 2*(Ky, K1,{2).
Hence C7, (Ko, K1,Q?) < #(Vu) = #,(Vu), and taking the infimum with
respect to u, we obtain C7}, (Ko, K1,Q) < Cdyp(Kg,Kf,Q). By Theorem 1
we have Co (K3, K{,Q) = M,(|[V#dT (K}, K{,9Q)|) and Cu (Ko, K1,Q) =
Mp(}\/@df}) . By Theorem 4 the first quantity tends to the second as j — oo.
Hence C7, (Ko, K1,Q) < Cu (Ko, K1,€2). The opposite inequality is obvious
and we have C;{’p(Ko,Kl,Q) = Cu p(Ko, K1,9). The second assertion of the
theorem readily follows from Theorems 1-3.
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