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Abstract. The string-theoretic E-functions EstrðX ; u; vÞ of normal complex varieties X having at
most log-terminal singularities are defined by means of snc-resolutions. We give a direct com-
putation of them in the case in which X is the underlying space of the three-dimensional A-D-E
singularities by making use of a canonical resolution process. Moreover, we compute the
string-theoretic Euler number for several compact complex threefolds with prescribed A-D-E
singularities.
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1 Introduction

The string-theoretic (or stringy)Hodge numbers h
p;q
str ðX Þ of normal, projective complex

varieties X with at most Gorenstein quotient or toroidal singularities were introduced
in [7] in an attempt to determine a suitable mathematical formulation (and general-
ization) for the numbers which are encoded into the Poincaré polynomial of the
chiral and antichiral rings of the physical ‘‘integer charge orbifold theory’’, due to
the LG/CY-correspondence of Vafa, Witten, Zaslow and others. (See [47], [49, O3–5],
[50, O4]). These numbers are generated by the so-called Estr-polynomials and, as it was
shown in [7] and [6], they are the right quantities to establish several mirror-symmetry
identities for Calabi–Yau varieties. In fact, as long as a stratification (separating
singularity types) for such an X is available, the key-point is how one defines the
Estr-polynomial locally at these special Gorenstein singular points (by ‘‘measuring’’,
in a sense, how far they are from admitting of crepant resolutions).
Recently Batyrev [4] generalized this definition and made it work also for the case

in which one allows X to have at most log-terminal singularities. In this general
framework, ones has to introduce appropriate Estr-functions EstrðX ; u; vÞ instead
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which may be not even rational. The treatment of varieties X with estrðXÞ ¼
limu; v!1 EstrðX ; u; vÞ B Z is therefore unavoidable. Nevertheless, as it turned out, this
new language is a very important tool as it unifies the considerations of certain
invariants associated to a wide palette of ‘‘MMP-singularities’’ and leads to the use
of more flexible manipulations, as for example in the study of the behaviour of log-
flips, and in the proof of the cohomological McKay correspondence—both on the
level of counting dimensions and on the level of determining the motivic Gorenstein
volume. (See [5, 1.6, 4.11 and 8.4] and [13, Thm. 5.1]).
In the present paper we deal with the evaluation of the Estr-functions and string-

theoretic Euler numbers for the three-dimensional A-D-E singularities, and emphasize
some distinctive features of the computational methodology.

(a) Log-terminal singularities. Let X be a normal complex variety, i.e., a normal,
integral, separated scheme of finite type over C. Suppose that X is Q-Gorenstein, i.e.,
that a positive integer multiple of its canonical Weil divisor KX is a Cartier divisor. X
is said to have at most log-terminal (respectively, canonical/terminal ) singularities if
there exists an snc-desingularization j : ~XX ! X , i.e., a desingularization of X whose
exceptional locus ExðjÞ ¼ 6 r

i¼1Di consists of smooth prime divisors D1;D2; . . . ;Dr

with only normal crossings, such that the ‘‘discrepancy’’ with respect to j, which is
the di¤erence between the canonical divisor of ~XX and the pull-back of the canonical
divisor of X, is of the form

K ~XX � j�ðKX Þ ¼
Xr
i¼1

aiDi

with all the ai’s > �1 (respectively,d0=>0).

Examples 1.1. (i) The quotients C2=G, for G a linearly acting finite subgroup of
GLð2;CÞ (resp. of SLð2;CÞÞ, have at most log-terminal (resp. canonical) isolated
singularities.
(ii) All Q-Gorenstein toric varieties have at most log-terminal (but not necessarily

isolated) singularities.

(b) E-polynomials. As it was shown by Deligne in [12, O8], the cohomology groups
HiðX ;QÞ of any complex variety X are equipped with a functorial mixed Hodge

structure (MHS). The same remains true if one works with cohomologies Hi
cðX ;QÞ

with compact supports. Namely, there exists an increasing weight-filtration

W. : 0 ¼ W�1HW0HW1H � � � HW2i�1HW2i ¼ Hi
c ðX ;QÞ

and a decreasing Hodge-filtration

F
.
: Hi

c ðX ;CÞ ¼ F 0IF 1I � � � IF i IF iþ1 ¼ 0;
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such that F
.
induces a natural filtration

F pðGrW.k ðHi
c ðX ;CÞÞÞ ¼ ðWkðHi

c ðX ;CÞÞVF pðHi
c ðX ;CÞÞ

þWk�1ðHi
c ðX ;CÞÞÞ=Wk�1ðHi

c ðX ;CÞÞ

(denoted again by F
.
) on the complexification of the graded pieces

GrW.k ðHi
c ðX ;QÞÞ ¼ Wk=Wk�1:

Let now

h p;qðHi
c ðX ;CÞÞ :¼ dimC Gr

p
F
.GrW.pþqðHi

c ðX ;CÞÞ

denote the corresponding Hodge numbers by means of which one defines the so-called
E-polynomial of X:

EðX ; u; vÞ :¼
X
p;q

e p;qðX Þupvq A Z½u; v
;

where

e p;qðXÞ :¼
X
id0

ð�1Þ ih p;qðHi
c ðX ;CÞÞ:

The E-polynomials are to be viewed as ‘‘generating functions’’ encoding our in-
variants. For instance, the topological Euler characteristic eðXÞ is EðX ; 1; 1Þ. In fact,
the E-polynomial behaves similarly; e.g., for locally closed subvarieties Y ;Y1;Y2 of X,

EðXnY ; u; vÞ ¼ EðX ; u; vÞ � EðY ; u; vÞ; ð1:1Þ

EðY1 UY2; u; vÞ ¼ EðY1; u; vÞ þ EðY2; u; vÞ � EðY1 VY2; u; vÞ ð1:2Þ

and

EðX ; u; vÞ ¼ EðF ; u; vÞ � EðZ; u; vÞ ð1:3Þ

whenever F denotes the fiber of a Zariski locally trivial fibration X ! Z.

Example 1.2. If Y ! X is the blow-up of a d-dimensional complex manifold X at a
point x A X and DGPd�1

C the exceptional divisor, then EðY ; u; vÞ equals

EðXnfxg; u; vÞ þ EðD; u; vÞ ¼ EðX ; u; vÞ þ uvþ ðuvÞ2 þ � � � þ ðuvÞd�1 ð1:4Þ

(c) Estr-functions. Allowing the existence of log-terminal singularities in order to pass
to stringy invariants, one takes essentially into account the ‘‘discrepancy coe‰cients’’.
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Definition 1.3. Let X be a normal complex variety with at most log-terminal singu-
larities, j : ~XX ! X an snc-desingularization of X as in (a), D1;D2; . . . ;Dr the prime
divisors of the exceptional locus, and I :¼ f1; 2; . . . ; rg. For any subset JJ I define

DJ :¼
~XX ; if J ¼ q

7
j A J Dj; if J0q

(
and D�

J :¼ DJn 6
j A InJ

Dj:

The algebraic function

EstrðX ; u; vÞ :¼
X
JJI

EðD�
J ; u; vÞ

Y
j A J

uv� 1

ðuvÞajþ1 � 1
ð1:5Þ

(under the convention for
Q

j A J to be 1, if J ¼ q, and Eðq; u; vÞ :¼ 0) is called the

string-theoretic E-function of X.

The main result of [4] says that:

Theorem 1.4. The string-theoretic E-function EstrðX ; u; vÞ is independent of the choice
of the snc-desingularization j : ~XX ! X .

Remark 1.5. (i) The proof of 1.4 relies on ideas of Kontsevich [30], Denef and Loeser
by making use of the interpretation of the defining formula (1.5) as some kind of
‘‘motivic non-Archimedean integral’’ over the space of arcs of ~XX . (For an introduc-
tion to motivic integration and measures, we refer to Craw [11] and Looijenga [31]).
(ii) To define (1.5) it is su‰cient for j : ~XX ! X to fulfil the snc-condition only for

those Di’s for which ai 0 0.
(iii) If X admits a crepant desingularization p : X̂X ! X , i.e., KX̂X ¼ p�KX with X̂X

smooth, then EstrðX ; u; vÞ ¼ EðX̂X ; u; vÞ.
(iv) In general EstrðX ; u; vÞ may be not a rational function in the two variables

u; v. Nevertheless, if X has at most Gorenstein singularities, then the discrepancy
coe‰cients a1; . . . ; ar are non-negative integers and

EstrðX ; u; vÞ A Zwu; vxVQðu; vÞ:

(Of course, for X projective, stringy Hodge numbers hp;q
str ðXÞ can be defined only if

EstrðX ; u; vÞ A Z½u; v
).
(v) The existence of snc-desingularizations of any X is guaranteed by Hironaka’s

main theorems [24]. But since definition 1.3 is intrinsic in its nature, it is practically
fairly di‰cult to compute EstrðX ; u; vÞ precisely without having at least one snc-
desingularization of X at hand, accompanied firstly with the intersection graph of
D1; . . . ;Dr and secondly with the knowledge of their analytic structure.
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Definition 1.6. One defines the rational number

estrðX Þ :¼ lim
u; v!1

EstrðX ; u; vÞ ¼
X
JJI

eðD�
J Þ
Y
j A J

1

aj þ 1
ð1:6Þ

as the string-theoretic Euler number of X. Moreover, the string-theoretic index

indstrðXÞ of X is defined to be the positive integer

indstrðXÞ :¼ min l A Zd1

���� estrðXÞ A 1

l
Z

� �
:

Examples 1.7. (i) For Q-Gorenstein toric varieties X, indstrðX Þ ¼ 1, and estrðXÞ is
equal to the normalized volume of the defining fan. Moreover, for Gorenstein toric
varieties X, EstrðX ; u; vÞ is a polynomial.
(ii) Normal algebraic surfaces X with at most log-terminal singularities have

indstrðXÞ ¼ 1. There exist, however, normal complex varieties X of dimension dd 3
with at most Gorenstein canonical singularities having indstrðX Þ > 1.

Batyrev formulated in [4, 5.9] the following conjecture:

Conjecture 1.8 (On the range of the string-theoretic index). Let X be a d-dimensional

normal complex variety having at most Gorenstein canonical singularities. Then

indstrðXÞ is bounded by a constant CðdÞ depending only on d.

Remark 1.9. As it will be clear by Theorem 1.11, Conjecture 1.8 is not true in general.
Nevertheless, there exist several classes of examples of such X ’s with string-theoretic
index bounded by a constant which depends exclusively on the dimension. (See e.g.
[4, 5.1, 5.10] for the case in which X is the cone over a ðd � 1Þ-dimensional smooth
projective Fano variety being equipped with a projective embedding defined by a suit-
able very ample line bundle). The problem of chacterizing those X ’s having bounded
indstrðXÞ is still open.

(d) The A-D-E’s. The d-dimensional analogues of the classical hypersurface A-D-E
singularities [16] have underlying spaces of the form

Xf :¼ X
ðdÞ
f :¼ SpecðC½x1; . . . ; xdþ1
=ð f ÞÞ; dd 2;

with f ðx1; . . . ; xdþ1Þ :¼ gðx1; x2Þ þ g 0ðx3; . . . ; xdþ1Þ
ð1:7Þ

where gðx1; x2Þ is the defining polynomial of a simple curve singularity

Xg :¼ SpecðC½x1; x2
=ðgÞÞ
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in the a‰ne plane with

Types gðx1; x2Þ

An xnþ1
1 þ x22, nd 1

Dn xn�1
1 þ x1x

2
2, nd 4

E6 x31 þ x42

E7 x31 þ x1x
3
2

E8 x31 þ x52

and g 0ðx3; . . . ; xdþ1Þ :¼
Pdþ1

j¼3 x2j is nothing but the defining quadratic polynomial of
the a‰ne ðd � 2Þ-dimensional quadric

Xg 0 :¼ X
ðd�2Þ
g 0 :¼ SpecðC½x3; . . . ; xdþ1
=ðg 0ÞÞ:

Remark 1.10. The d-dimensional A-D-E singularities have lots of interesting
properties:
(i) Herszberg [23] and Treger [46, Thm. 1] proved that they are absolutely isolated,

i.e., that they can be resolved by blowing up successively a finite number of closed
points; in fact, up to analytic isomorphism, they are the only absolutely isolated sin-
gularities of multiplicity 2.
(ii) Generalizing the classical result of Artin [2], Burns [9, 3.3–3.4] showed that

they are rational, i.e., that for any desingularization p : Y ! X
ðdÞ
f in dimension dd 2,

we have ðRip�OY Þ0 ¼ 0 for all id 1. In particular, this means that they have to be
canonical (resp. terminal) of index 1 for dd 2 (resp. for dd 3); cf. Reid [33].
(iii) Finally, Arnold’s results [1] (see also [14, 8.26–8.27]) imply that they are the

only simple (i.e., ‘‘0-modular’’) hypersurface singularities.

These properties lead us to the conclusion that X
ðdÞ
f ’s might belong to the class of

the best possible candidates for performing concrete computations for the string-
theoretic invariants. On the other hand, we should stress that none of the above general
techniques mentioned in 1.10(i)–(ii) are ‘‘constructive’’ enough in the sense of 1.5(v).
That’s why we restrict ourselves in this paper to the three-dimensional case, and based
on a canonical snc-resolution being constructed by Giblin [18] and independently by
the second-named author in [34], [35], we work out the needed details to prove the
following:

Theorem 1.11. The rational, string-theoretic E-functions of the underlying spaces

X ¼ X
ð3Þ
f of the 3-dimensional A-D-E-singularities are functions in w ¼ uv given

by the following formulae:
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(i) Type An, n even.

EstrðX ; u; vÞ ¼ w3 þ w� 1þ
Xn=2
i¼2

ðw� 1Þðw2 � 1Þ
wiþ1 � 1

þ ðw� 1Þw2

wnþ3 � 1

þ ðw� 1Þðw2 � 1Þ
" Xðn=2Þ�1

i¼1

1

ðwiþ1 � 1Þðwiþ2 � 1Þ þ
1

ðwðn=2Þþ1 � 1Þðwnþ3 � 1Þ

#

(ii) Type An, n odd.

EstrðX ; u; vÞ ¼ ðw� 1Þðwþ 1Þ2 þ wþ
�
1

n

�

þ ðw2�1Þ
" Xðn�1Þ=2

i¼2

ðw� 1Þ
wiþ1 � 1

þ w

wðnþ3Þ=2 � 1
þ
Xðn�1Þ=2
i¼1

ðw� 1Þ
ðwiþ1 � 1Þðwiþ2 � 1Þ

#
�

n� 1

n

�

(iii) Type Dn, n even.

EstrðX ; u; vÞ ¼ ðw� 1Þðw2 þ 3wþ 1Þ

þ ðw� 1Þðwþ 1Þ2
"

2

wn � 1
þ
Xðn=2Þþ1
i¼3

1

w2ðnþ4�2iÞ � 1

#

þ 2ðw� 1Þð1þ 4wþ w2Þ
" Xðn=2Þ�1

i¼1

1

wððn=2Þ�iþ1Þ � 1

#

þ ð1þ wÞ

"
4

w� wn

wn � 1

� ��
w� wn=2

wn=2 � 1

�
þ
Xðn=2Þ�1
i¼1

�
w� wððn=2Þ�iþ1Þ

wððn=2Þ�iþ1Þ � 1

�2#

þ ð1þ wÞ
"
2
X
ðk;lÞ

�
w� wkþ1

wkþ1 � 1

��
w� wlþ1

wlþ1 � 1

�
� 7

n

2
� 1

� �#

þ
X

ðk;l;mÞ

�
w� wkþ1

wkþ1 � 1

��
w� wlþ1

wlþ1 � 1

��
w� wmþ1

wmþ1 � 1

�

þ 2
X

ðk 0;l 0;m 0Þ

�
w� wk 0þ1

wk 0þ1 � 1

��
w� wl 0þ1

wl 0þ1 � 1

��
w� wm 0þ1

wm 0þ1 � 1

�
þ 2n� 5

where the pairs ðk; lÞ of the fourth sum are taken from the set
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n

2
� i;

n

2
�ði þ 1Þ

� � ���� 1c ic
n

2
� 2

� �
U

n

2
� i; 2ðn� 2iÞ � 1

� � ���� 1c ic
n

2
� 1

� �
U

n

2
�ði þ1Þ; 2ðn� 2iÞ�1

� � ���� 1c ic
n

2
� 2

� �
;

the triples ðk; l; mÞ of the fifth sum from the set

n

2
� i;

n

2
� i; 2ðn� 2iÞ � 1

� � ���� 1c ic
n

2
� 1

� �
U

n

2
� ði þ 1Þ; n

2
� ði þ 1Þ; 2ðn� 2iÞ � 1

� � ���� 1c ic
n

2
� 2

� �
;

and the triples ðk 0; l 0; m 0Þ of the sixth sum from the set

n

2
� i;

n

2
� ði þ 1Þ; 2ðn� 2iÞ � 1

� � ���� 1c ic
n

2
� 2

� �
U n� 1;

n

2
� 1;

n

2
� 1

� �� �
:

(iv) Type Dn, n odd.

EstrðX ; u; vÞ ¼ ðw� 1Þðwþ 1Þ2

þ ðw� 1Þðwþ 1Þ2
"

1

wn�1 � 1
þ 1

wn � 1
þ
Xðnþ1Þ=2
i¼3

1

w2ðnþ3�2iÞ � 1

#

þ 2ðw� 1Þð1þ 4wþ w2Þ
" Xðn�3Þ=2

i¼1

1

wðððn�1Þ=2Þ�iþ1Þ � 1

#

þ 2ð1þ wÞ
�
w� wðn�1Þ=2

wðn�1Þ=2 � 1

��
w� wn

wn � 1
þ w� wn�1

wn�1 � 1

�

þ ð1þ wÞ

"
w� wn

wn � 1

� ��
w� wn�1

wn�1 � 1

�
þ
Xðn�3Þ=2
i¼1

�
w� wðððn�1Þ=2Þ�iþ1Þ

wðððn�1Þ=2Þ�iþ1Þ � 1

�2#

þ ð1þ wÞ
"
2
X
ðk;lÞ

�
w� wkþ1

wkþ1 � 1

��
w� wlþ1

wlþ1 � 1

�
� 7

2
ðn� 1Þ þ 6

#

þ
X

ðk;l;mÞ

�
w� wkþ1

wkþ1 � 1

��
w� wlþ1

wlþ1 � 1

��
w� wmþ1

wmþ1 � 1

�

þ 2
X

ðk 0;l 0;m 0Þ

�
w� wk 0þ1

wk 0þ1 � 1

��
w� wl 0þ1

wl 0þ1 � 1

��
w� wm 0þ1

wm 0þ1 � 1

�
þ 2ðn� 1Þ � 4
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where the pairs ðk; lÞ are taken from the set

n� 1

2
� i;

n� 1

2
� ði þ 1Þ

� � ���� 1c ic
n� 5

2

� �
U

n� 1

2
� i; 2ðn� 2iÞ � 3

� � ���� 1c ic
n� 3

2

� �
U

n� 1

2
� ði þ 1Þ; 2ðn� 2iÞ � 3

� � ���� 1c ic
n� 5

2

� �
;

the triples ðk; l; mÞ from the set

n� 1;
n� 3

2
;
n� 3

2

� �� �
U

n� 1

2
� i;

n� 1

2
� i; 2ðn� 2iÞ � 3

� � ���� 1c ic
n� 3

2

� �
U

n� 1

2
� ði þ 1Þ; n� 1

2
� ði þ 1Þ; 2ðn� 2iÞ � 3Þ

���� 1c ic
n� 5

2

� �
;

�
and the triples ðk 0; l 0; m 0Þ from the set

n� 1

2
� i;

n� 1

2
� ði þ 1Þ; 2ðn� 2iÞ � 3

� � ���� 1c ic
n� 5

2

� �
U n� 1; n� 2;

n� 3

2

� �� �
:

(v) Type E6.

EstrðX ; u; vÞ ¼ w3 � 1þ wþ 1

w2 þ 1
þ ðwþ 1Þ2ðw� 1Þ

w7 � 1
þ ðwþ 1Þ2ðw� 1Þ

w10 � 1

þ 2ð1þ 4wþ w2Þ
wþ 1

þ ð1þ wÞ
"X

ðk;lÞ

�
w� wkþ1

wkþ1 � 1

��
w� wlþ1

wlþ1 � 1

�
� 9

#

þ
X

ðk;l;mÞ

�
w� wkþ1

wkþ1 � 1

��
w� wlþ1

wlþ1 � 1

��
w� wmþ1

wmþ1 � 1

�
þ 5

where the pairs ðk; lÞ of the first sum are taken from the set

fð1; 1Þ; ð1; 3Þ; ð3; 1Þ; ð1; 6Þ; ð6; 1Þ; ð1; 9Þ; ð9; 1Þ; ð3; 6Þ; ð6; 9Þg

and the triples ðk; l; mÞ of the second sum from the set

fð1; 1; 9Þ; ð1; 6; 9Þ; ð1; 9; 6Þ; ð1; 3; 6Þ; ð1; 6; 3Þg:
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(vi) Type E7.

EstrðX ; u; vÞ ¼ ðw� 1Þðwþ 1Þ2 1þ 1

w6 � 1
þ 1

w10 � 1
þ 1

w12 � 1
þ 1

w14 � 1

� �
þ 2ðw� 1Þð1þ 4wþ w2Þ 1

w2 � 1
þ 1

w3 � 1
þ 1

w5 � 1

� �

þ ð1þ wÞ
"X

ðk;lÞ

�
w� wkþ1

wkþ1 � 1

��
w� wlþ1

wlþ1 � 1

�
� 21

#

þ
X

ðk;l;mÞ

�
w� wkþ1

wkþ1 � 1

��
w� wlþ1

wlþ1 � 1

��
w� wmþ1

wmþ1 � 1

�
þ 12

where the pairs ðk; lÞ are taken from the set

fð4; 9Þ; ð9; 4Þ; ð4; 11Þ; ð11; 4Þ; ð1; 11Þ; ð11; 1Þ; ð4; 4Þ

ð1; 4Þ; ð4; 1Þ; ð4; 13Þ; ð13; 4Þ; ð2; 13Þ; ð13; 2Þ; ð2; 2Þ

ð2; 5Þ; ð5; 2Þ; ð1; 2Þ; ð2; 1Þ; ð4; 2Þ; ð2; 4Þ; ð1; 1Þg:

and the triples ðk; l; mÞ from the set

fð1; 1; 11Þ; ð1; 2; 4Þ; ð1; 4; 2Þ; ð1; 4; 11Þ; ð1; 11; 4Þ; ð2; 2; 5Þ;

ð2; 2; 13Þ; ð2; 4; 13Þ; ð2; 13; 4Þ; ð4; 4; 9Þ; ð4; 4; 11Þ; ð4; 4; 13Þg:

(vii) Type E8.

EstrðX ; u; vÞ ¼ w3 � 1þ ðw� 1Þðwþ 1Þ2 1

w12 � 1
þ 1

w16 � 1
þ 1

w20 � 1
þ 1

w24 � 1

� �
þ 2ðw� 1Þð1þ 4wþ w2Þ 1

w2 � 1
þ 1

w3 � 1
þ 1

w5 � 1
þ 1

w8 � 1

� �

þ ð1þ wÞ
"X

ðk;lÞ

�
w� wkþ1

wkþ1 � 1

��
w� wlþ1

wlþ1 � 1

�
� 28

#

þ
X

ðk;l;mÞ

�
w� wkþ1

wkþ1 � 1

��
w� wlþ1

wlþ1 � 1

��
w� wmþ1

wmþ1 � 1

�
þ 17

Dimitrios I. Dais and Marko Roczen382



where the pairs ðk; lÞ are taken from the set

fð1; 1Þ; ð1; 2Þ; ð2; 1Þ; ð1; 4Þ; ð4; 1Þ; ð1; 11Þ; ð11; 1Þ;

ð2; 2Þ; ð2; 4Þ; ð4; 2Þ; ð2; 7Þ; ð7; 2Þ; ð2; 19Þ; ð19; 2Þ;

ð4; 4Þ; ð4; 7Þ; ð7; 4Þ; ð4; 11Þ; ð11; 4Þ; ð4; 23Þ; ð23; 4Þ;

ð7; 7Þ; ð7; 15Þ; ð15; 7Þ; ð7; 19Þ; ð19; 7Þ; ð7; 23Þ; ð23; 7Þg

and the triples ðk; l; mÞ from the set

fð1; 1; 11Þ; ð1; 2; 4Þ; ð1; 4; 2Þ; ð1; 4; 11Þ; ð1; 11; 4Þ; ð2; 2; 19Þ;

ð2; 4; 7Þ; ð2; 7; 4Þ; ð2; 7; 19Þ; ð2; 19; 7Þ; ð4; 4; 11Þ; ð4; 4; 23Þ;

ð4; 7; 23Þ; ð4; 23; 7Þ; ð7; 7; 15Þ; ð7; 7; 19Þ; ð7; 7; 23Þg:

In particular, the values of the corresponding string-theoretic Euler numbers (1.6) are
equal to

Types estrðXÞ

An, n even 2� 3

nþ 3

An, n odd 2

Dn, n even

� 80n4 � 381n3 þ 96n2 � 128

16n3

þ
Xðn=2Þ�2
i¼1

2ð372� 492n2 � 32i � 184n3 þ 20n4 þ 688in� 160in3 þ 304in2 þ 208nþ 5n5 � 50in4Þ
ðn� 2iÞ3ðn� 2i þ 2Þ2

Dn, n odd

�96n3 þ 765n2 � 1562nþ 1085

16ðn� 1Þ2

þ
Xðn�5Þ=2
i¼1

2ð585n� 129þ 130n2 � 306i � 214n3 � 5n4 � 200inþ 40in3 þ 484in2 þ 5n5 � 50in4Þ
ðnþ 1� 2iÞ2ðn� 1� 2iÞ3

E6
67

40
¼ 1:675

E7
609 851

189 000
A 3:226 7

E8
315 467

230 400
A 1:369 2

and the string-theoretic indices take the following values:
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Types indstrðXÞ

An

1; if n1 1 ðmod 2Þ
nþ 3; if n1 2 or 4 ðmod 6Þ
n

3
þ 1; if n1 0 ðmod 6Þ

8>><>>:

Dn

It belongs to the intervall

n; n3
Qðn=2Þ�2

i¼1
ðn� 2iÞ3ðn� 2i þ 2Þ2

 #
VZ; if n even

n; 16ðn� 1Þ2
Qðn�5Þ=2

i¼1
ðnþ 1� 2iÞ2ðn� 1� 2iÞ3

 #
VZ; if n odd

8>>>>><>>>>>:
E6 235

E7 2333537

E8 2103252

2 The canonical desingularization procedure

Throughout this section we shall omit the superscript d ð¼3Þ, use the notation (1.7),
and write the defining equation as:

Xf ¼ fðx1; x2; x3; x4Þ A C4 j f ðx1; x2; x3; x4Þ ¼ gðx1; x2Þ þ x23 þ x24 ¼ 0g:

Let p : Bl0ðC4Þ ! C4 be the blow up of C4 at the origin, with

Bl0ðC4Þ ¼ ððx1; x2; x3; x4Þ; ðt1 : t2 : t3 : t4ÞÞ A C4 � P3
C

����� xitj ¼ xjti;

Ei; j; 1c i; jc 4

( )
;

E ¼ p�1ð0Þ ¼ f0g � P3
C, and let Ui HBl0ðC4Þ denote the open set given by ðti 0 0Þ.

In terms of analytic coordinates we may write for i A f1; 2; 3; 4g

Ui ¼ ððx1; x2; x3; x4Þ; ðx1; . . . ; bxixi; . . . ; x4ÞÞ A C4 � C3

����� xj ¼ xixj ;

Ej; j A f1; 2; 3; 4gnfig

( )
;

where xj ¼
tj

ti
, and bxixi means that we omit xi. Moreover, we may identify Ui with a C4

with respect to the coordinates xi; x1; . . . ; bxixi; . . . ; x4. The restriction pjUi
is therefore

given by the mapping
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C4 C ðxi; x1; . . . ; bxixi; . . . ; x4Þ???yG

ððxix1; . . . ; xixi�1; xi; xixiþ1; . . . ; xix4Þ; ðx1 : � � � : 1|{z}
i-th pos:

: � � � : x4ÞÞ A Ui???ypjUi

ðxix1; . . . ; xixi�1; xi; xixiþ1; . . . ; xix4Þ

Note that Ei :¼ EVUi is described as the coordinate hyperplane ðxi ¼ 0Þ; i.e., the
open cover fUig1cic4 of Bl0ðC4Þ restricts to E to provide the standard open cover of

P3
C by a‰ne spaces C3, with fxjgj A f1;2;3;4gnfig being the analytic coordinates of Ei.

Notation. To work with a more convenient notation we define

Bl0ðC4Þ ¼ 6
4

i¼1
Ui; Ui ¼ SpecðC½yi;1; yi;2; yi;3; yi;4
Þ;

by setting as coordinates for Ui’s:

yi;k :¼
xk; for i ¼ k

xk; for i0 k

�
Step 1. The first blow-up. Blowing up Xf at the origin, we take the diagram

E H Bl0ðC4Þ    !p C4

U U U

EVBl0ðXf Þ H Bl0ðXf Þ    !pjrestr:
Xf

and consider the strict transform

Bl0ðXf Þ ¼ p�1ðXf V ðC4nf0gÞÞ ¼ p�1ðXf ÞV ðBl0ðC4ÞnEÞÞ

of Xf in C4 under p, and the corresponding exceptional (not necessarily prime) divisor
Ef :¼ EVBl0ðXf Þ with respect to pjrestr::

f Local description of Bl0(Xf ) and Ef . After pulling back f by p and restricting
ourselves onto Ui, we get

p�ð f ÞjUi
¼ x2i

~ffi ¼ y2i; i
~ffi;

with ~ffi A C½yi;1; yi;2; yi;3; yi;4
. More precisely, we obtain
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Types ~ff1
~ff2

An yn�11;1 þ y21;2 þ y21;3 þ y21;4 ynþ12;1 yn�12;2 þ 1þ y22;3 þ y22;4

Dn yn�31;1 þ y1;1 y
2
1;2 þ y21;3 þ y21;4 yn�12;1 yn�32;2 þ y2;1 y2;2 þ y22;3 þ y22;4

E6 y1;1 þ y21;1 y
4
1;2 þ y21;3 þ y21;4 y32;1 y2;2 þ y22;2 þ y22;3 þ y22;4

E7 y1;1 þ y21;1 y
3
1;2 þ y21;3 þ y21;4 y32;1 y2;2 þ y2;1 y

2
2;2 þ y22;3 þ y22;4

E8 y1;1 þ y31;1 y
5
1;2 þ y21;3 þ y21;4 y32;1 y2;2 þ y32;2 þ y22;3 þ y22;4

and

Types ~ff3
~ff4

An ynþ13;1 yn�13;3 þ y23;2 þ 1þ y23;4 ynþ14;1 yn�14;4 þ y24;2 þ y24;3 þ 1

Dn yn�13;1 yn�33;3 þ y3;1 y
2
3;2 y3;3 þ 1þ y23;4 yn�14;1 yn�34;4 þ y4;1 y

2
4;2 y4;4 þ y24;3 þ 1

E6 y33;1 y3;3 þ y43;2 y
2
3;3 þ 1þ y23;4 y34;1 y4;4 þ y44;4 y

2
4;4 þ y24;3 þ 1

E7 y33;1 y3;3 þ y3;1 y
2
3;2 y

2
3;3 þ 1þ y23;4 y34;1 y4;4 þ y4;1 y

2
4;2 y

2
4;4 þ y24;3 þ 1

E8 y33;1 y3;3 þ y53;2 y
3
3;3 þ 1þ y23;4 y34;1 y4;4 þ y54;2 y

3
4;4 þ y24;3 þ 1

Locally,

Bl0ðXf ÞjUi
!G fðyi;1; yi;2; yi;3; yi;4Þ A C4 j ~ffiðyi;1; yi;2; yi;3; yi;4Þ ¼ 0g;

and using the restrictions of ~ffi’s on the Ei’s, i ¼ 1; 2; 3; 4, we get the equations for
Ef jUi

:

Bl0ðXf ÞVEi ¼ Ef jUi
!G fðyi;1; yi;2; yi;3; yi;4Þ A C4 j yi; i ¼ ~ffiðyi;1; yi;2; yi;3; yi;4Þ ¼ 0g:

Lemma 2.1 (Local Reduction). The types of the singularities of Bl0ðXf Þ are given by

the following table:
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Initial types

of singularities
of Xf

New singularities

(and their types)
on Bl0(Xf )

located in the

a‰ne pieces

A1;A2 — —

An, nd 3 An�2 U1

D4 A1, A1, A1 U2;U1 VU2;U1 VU2

D5 A3, A1 U1;U2

Dn, nd 6 Dn�2, A1 U1;U2

E6 A5 U2

E7 D6 U2

E8 E7 U2

Proof. The a‰ne pieces in which the singularities of Bl0ðXf Þ are located are obviously
those of the above table (simply by partial derivative checking). Let us now examine
the types of the appearing singularities in each case separately.
Blowing up singularity An; nd 3, we obtain an An�2-singularity in its normal

form ~ff1.
Blowing up Dn’s, and working first with the patch U1, we get a Dn�2-singularity in

its normal form ~ff1 whenever nd 6, no singularity for n ¼ 4, and an A3-singularity for
n ¼ 5, just by utilizing the analytic coordinate change

y1; i ¼
y 0
1; i; i A f2; 3; 4g

y 0
1;1 �

1

2
ðy 0

1;2Þ
2; i ¼ 1

8<:
and writing the corresponding defining polynomial as

y21;1 þ y1;1 y
2
1;2 þ y21;3 þ y21;4 ¼ � 1

4
ðy 0

1;2Þ
4 þ ðy 0

1;1Þ
2 þ ðy 0

1;3Þ
2 þ ðy 0

1;4Þ
2:

Passing to U2, we have

Bl0ðXf ÞjU2

¼ fðy2;1; . . . ; y2;4Þ A C4 j yðy2;1; . . . ; y2;4Þ :¼ yn�12;1 yn�32;2 þ y2;1 y2;2 þ y22;3 þ y22;4 ¼ 0g

with partial derivatives w.r.t. y ¼ yðy2;1; . . . ; y2;4Þ:
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qy

qy2;1
¼ ðn� 1Þyn�22;1 yn�32;2 þ y2;2 ¼ y2;2ððn� 1Þyn�22;1 yn�42;2 þ 1Þ

qy

qy2;2
¼ ðn� 3Þyn�12;1 yn�42;2 þ y2;1 ¼ y2;1ððn� 3Þyn�22;1 yn�42;2 þ 1Þ

qy

qy2;3
¼ 2y2;3 and

qy

qy2;4
¼ 2y2;4:

8>>>>>>>><>>>>>>>>:
Clearly, for n ¼ 4, the singular locus of Bl0ðXf ÞjU2

consists of the points

ð0; 0; 0; 0Þ; ð
ffiffiffiffiffiffiffi
�1

p
; 0; 0; 0Þ and ð�

ffiffiffiffiffiffiffi
�1

p
; 0; 0; 0Þ

which can be expressed as the singularities at the origin 0 of C4 for

y32;1 y2;2 þ y2;1 y2;2 þ y22;3 þ y22;4 ¼ 0

y 0
2;2ðy 0

2;1Þ
3G 3

ffiffiffiffiffiffiffi
�1

p
y 0
2;2ðy 0

2;1Þ
2 � 2y 0

2;2 y
0
2;1 þ ðy 0

2;3Þ
2 þ ðy 0

2;4Þ
2 ¼ 0

(
ð2:1Þ

(just by setting y2;1 ¼ y 0
2;1G

ffiffiffiffiffiffiffi
�1

p
and y2; i ¼ y 0

2; i, for i A f2; 3; 4g). Next, applying a

result of Bădescu (in a very special case of it, [3, Thm. 1, p. 209]), we see that all normal
isolated singularities which can be fully resolved after a single blow-up and have ex-
ceptional divisor EGP1

C � P1
C with conormal bundle N4

E isomorphic to OEð1; 1Þ are
analytically isomorphic to each other. It is easy to verify that this is valid for all sin-
gularities (2.1). Hence, they are all analytically isomorphic to an A1-singularity (which
has the same property). Alternatively, one can show that these are analytically iso-
morphic to A1-singularities by exploiting the fact that they are semiquasihomogeneous
of weight ð12 ; 12 ; 12 ; 12Þ and by using [36, Corollary 3.3]. (The completions are isomorphic
to the singularities defined by that polynomial part consisting of all terms of weight 1,
which is obviously equal to y2;1 y2;2 þ y22;3 þ y22;4 and �2y 0

2;2 y
0
2;1 þ ðy 0

2;3Þ
2 þ ðy 0

2;4Þ
2,

respectively). On the other hand, for nd 5, the only singular point of Bl0ðXf ÞjU2
is

ð0; 0; 0; 0Þ, which again turns out to be an A1-singularity (by the same reasoning).

Now the singularity E6 passes after blowing up to an A5-singularity, because using
the analytic coordinate change

y2; i ¼
y 0
2; i; i A f1; 3; 4g

y 0
2;2 �

1

2
ðy 0

2;1Þ
3; i ¼ 2

8<:
we get

y32;1 y2;2 þ y22;2 þ y22;3 þ y22;4 ¼ �1
4
ðy 0

2;1Þ
6 þ ðy 0

2;2Þ
2 þ ðy 0

2;3Þ
2 þ ðy 0

2;4Þ
2:

Starting with E7 we obtain aD6-singularity, because the analytic coordinate change

y2; i ¼
y 0
2; i; i A f1; 3; 4g

y 0
2;2 �

1

2
ðy 0

2;1Þ
2; i ¼ 2

8<:
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implies

y32;1 y2;2 þ y2;1 y
2
2;2 þ y22;3 þ y22;4 ¼ �1

4
ðy 0

2;1Þ
5 þ y 0

2;1ðy 0
2;2Þ

2 þ ðy 0
2;3Þ

2 þ ðy 0
2;4Þ

2:

Finally, blowing up singularity E8, we acquire an E7-singularity in its normal
form ~ff2.

f Global description of Bl0(Xf ) and Ef . This can be realized after coming back to
our global coordinates:

Types Bl0ðXf Þ ¼ all ððx1; . . . ; x4Þ; ðt1 : t2 : t3 : t4ÞÞ A Bl0ðC4Þ with:

An xn�1
1 t21 þ t22 þ t23 þ t24 ¼ 0

Dn xn�3
1 t21 þ x1t

2
2 þ t23 þ t24 ¼ 0

E6 x1t
2
1 þ x22t

2
2 þ t23 þ t24 ¼ 0

E7 x1t
2
1 þ x1x2t

2
2 þ t23 þ t24 ¼ 0

E8 x1t
2
1 þ x32t

2
2 þ t23 þ t24 ¼ 0

In particular, this means that the exceptional locus Ef is given globally by

Types of Xf ’s Ef ¼ all ð0; ðt1 : t2 : t3 : t4ÞÞ A f0g � P3
C with:

A1 t21 þ t22 þ t23 þ t24 ¼ 0

An; nd 2 t22 þ t23 þ t24 ¼ 0

Dn;E6;E7;E8 t23 þ t24 ¼ ðt3 þ
ffiffiffiffiffiffiffi
�1

p
t4Þðt3 �

ffiffiffiffiffiffiffi
�1

p
t4Þ ¼ 0

In the latter four cases Ef consists of two exceptional prime divisors, say E 0
f and E 00

f

(which areGP2
C). Moreover, taking into account the above local description of sin-

gularities of Bl0ðXf Þ, we may rewrite them in homogeneous coordinates on f0g � P3
C

as follows:

Types of Xf ’s Singular points of Bl0ðXf Þ

A1, A2 —

An; nd 3 ð0; ð1 : 0 : 0 : 0ÞÞ A Ef

D4 ð0; ð0 : 1 : 0 : 0ÞÞ, ð0; ðG
ffiffiffiffiffiffiffi
�1

p
: 1 : 0 : 0ÞÞ A E 0

f VE
00

f

Dn; nd 5 ð0; ð1 : 0 : 0 : 0ÞÞ, ð0; ð0 : 1 : 0 : 0ÞÞ A E 0
f VE

00

f

E6, E7, E8 ð0; ð0 : 1 : 0 : 0ÞÞ A E 0
f VE

00

f
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Step 2. The next blow-ups. The desired snc-desingularizations of Xf ’s, say j : ~XX ! Xf ,
will be constructed by blowing up the possibly new singular points again and again

until we reach a smooth threefold ~XX with exceptional locus ExðjÞ consisting of
smooth prime divisors with normal crossings. We give a complete characterization
of j’s by the following data:

j the local resolution diagrams (abbreviated LR-diagrams) which are constructed
after repeated applications of Lemma 2.1 (with each arrow indicating a local

blow-up at a single closed point),

j the intersection (plane) graphs whose vertices represent the exceptional prime
divisors w.r.t. the j’s and their edges insinuate that the corresponding vertices
are divisors which have non-empty intersection,

j the structure of the exceptional prime divisors up to biregular isomorphism (which
turn out to be certain compact rational surfaces of Picard number either 2 or 4),
and finally

j the intersection cycles of all intersecting pairs of exceptional prime divisors
ðDi �DjÞjDk

, k A fi; jg, as divisors on Dk (cf. [34], [35]), though we are primarily
interested in their underlying topological spaces (see below Lemma 2.3).

The interplay of local and global data (simultaneous blow-ups, strict transforms
after each step etc.) will be explained explicitly only for types An;D4;E6. (For reasons
of economy, further details—in this connection—about the other types will be omitted.
The not so di‰cult verification of the way one builds the corresponding intersection
graphs step by step is left to the reader).

(i) Type A1. Blowing up the origin once, we achieve immediately the required de-
singularization. The exceptional prime divisor

Ef G fðt1 : t2 : t3 : t4Þ A P3
C j t21 þ t22 þ t23 þ t24 ¼ 0g

is biregularly isomorphic to fðt 01 : t 02 : t 03 : t 04Þ A P3
C j t 01t 02 � t 03t

0
4 ¼ 0g ¼ ImðgÞ, where g

denotes the Segre embedding

P1
C � P1

C C ðð$1 : $2Þ; ð$ 0
1 : $

0
2ÞÞ 7!

g ðz1 : z2 : z3 : z4Þ A P3
C

with

z1 ¼ $1$
0
1; z2 ¼ $1$

0
2; z3 ¼ $2$

0
1; z4 ¼ $2$

0
2;

t 01 ¼ z1; t
0
2 ¼ z4; t

0
3 ¼ z2; t

0
4 ¼ z3:

�
Indeed, defining d to be the biregular isomorphism

ðt 01 : t 02 : t 03 : t 04Þ 7!
d ðt1 �

ffiffiffiffiffiffiffi
�1

p
t2 : t1 þ

ffiffiffiffiffiffiffi
�1

p
t2 : t3 �

ffiffiffiffiffiffiffi
�1

p
t4 : �ðt3 þ

ffiffiffiffiffiffiffi
�1

p
t4ÞÞ;

we obtain dðImðgÞÞ ¼ Ef . Consequently, Ef GP1
C � P1

C and has conormal bundle
OEf ð1; 1Þ.
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(ii) Type A2. Blowing up the origin once, Bl0ðXf Þ is smooth (as threefold), though

Ef ¼ fð0; ðt1 : t2 : t3 : t4ÞÞ A f0g � P3
C j t22 þ t23 þ t24 ¼ 0gHBl0ðXf Þ

ðas surface on the threefold Bl0ðXf ÞÞ has a singular, ordinary double point at q ¼
ð0; ð1 : 0 : 0 : 0ÞÞ in Ef jU1

. For this reason, in order to form an snc-resolution of the
original singularity, we have to blow-up once more our threefold at q and consider

j : ~XX ¼ BlqðBl0ðXf ÞÞ ! Xf :

The new exceptional prime divisor is obviously a P2
C, while the strict transform of

the old one is nothing but the (2-dimensional) blow-up of Ef at q. Since Ef can be
viewed as the projective coneHP3

C over the smooth quadratic hypersurface V ¼
fðt2 : t3 : t4Þ A P2

C j t22 þ t23 þ t24 ¼ 0g with ð1 : 0 : 0 : 0Þ as its vertex, blowing up
ð1 : 0 : 0 : 0Þ, we obtain a ruled (compact) surface over V GP1

C having the inverse
image of ð1 : 0 : 0 : 0Þ as a section C0 with self-intersection C2

0 ¼ �2 (see Hartshorne
[21, V.2.11.4, pp. 374–375]). Hence, the strict transform of Ef under j has to be the
rational ruled surface F2 :¼ PðOP1

C
lOP1

C
ð�2ÞÞ (because F2 is the unique P1

C-bundle

over P1
C having an irreducible curve of self-intersection �2, cf. [19, p. 519]).

Remark 2.2. Among the three-dimensional A-D-E’s, type A2, and, in general, type
An; n even, constitutes the only exception in which one has to blow up a smooth

threefold point at the last step to ensure an snc-resolution. In all the other cases the
snc-condition will be present immediately after the last blow-ups of singular points
(becoming clear from the LR-diagrams which have only A1’s at their last but one
ends).

(iii) Types An, nd 3. The LR-diagram for these types depends on the (mod 2)-

behaviour of n, and the number of the required blow-ups equals m :¼ nþ 2

2

� �
.

An ! An�2 ! An�4 ! � � � ! A3 ! A1 ! A0 ðif n1 1 ðmod 2ÞÞ

An ! An�2 ! An�4 ! � � � ! A2 ! A0 ! A0 ðif n1 0 ðmod 2ÞÞ

(A0 stands for a ‘‘smooth chart’’ on the threefold). But j : ~XX ! Xf is decomposed
also globally into m blow-ups

~XX ¼ BlqmðBlqm�1ð� � � ðBlq1ðXf ÞÞÞÞ  !pm � � �  !p3 Blq2ðBlq1ðXf ÞÞ  !p2 Blq1 ðXf Þ
p1¼p

?y
Xf

of m points q1 ¼ 0, q2 ¼ ð0; ð1 : 0 : 0 : 0ÞÞ; . . . ; qm, and is endowed with the ‘‘separa-
tion property’’. By this we mean that, if E1 ¼ Ef ;E2; . . . ;Em are the exceptional loci
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of p1; p2; . . . ; pm, respectively, then for id 2 a singular point qi is resolved by pi and
the (possibly existing) new singular point qiþ1 is not contained in the strict transforms
of E1;E2; . . . ;Ei�1 under pi. Thus, defining Di to be the strict transform of Ei under

piþ1 � piþ2 � � � � � pm�1 � pm on ~XX , we obtain an intersection graph of the form:
It is clear by (i) and (ii) that DmGP1

C � P1
C, for n1 1 ðmod 2Þ, and DmGP2

C,
for n1 0 ðmod 2Þ, while Dj GF2 for all j, 1c jcm� 1. The Picard group
PicðF2ÞGZ2 of each F2 is generated by two projective lines: a fiber f and a section
C0 with C2

0 ¼ �2. The intersection cycles read as follows:

ðDj �Djþ1ÞjDj
¼ C0; ðDj �Djþ1ÞjDjþ1 @C0 þ 2f; Ej; 1c jcm� 2;

and

ðDm�1 �DmÞjDm�1 ¼ C0; ðDm�1 �DmÞjDm
@

H1 þ H2; if n1 1 (mod 2)

2H; if n1 0 (mod 2)

�
where OP2

C
ðHÞ ¼ OP2

C
ð1Þ in PicðP2

CÞ, and

OP1
C�P1

C
ðH1Þ ¼ OP1

C�P1
C
ð1; 0Þ; OP1

C�P1
C
ðH2Þ ¼ OP1

C�P1
C
ð0; 1Þ

in PicðP1
C � P1

CÞ. (We shall keep the notation below whenever the arising exceptional
prime divisors are biregularly isomorphic to F2 or to P1

C � P1
C). Obviously, ðH � HÞjP2

C¼ ðH1 � H2ÞjP1
C�P1

C
¼ 1 and ðH1 � H1ÞjP1

C�P1
C
¼ ðH2 � H2ÞjP1

C�P1
C
¼ 0.

f Three characteristic rational surfaces. The remaining types D-E of singularities
ðXf ; 0Þ are more complicated as the j’s under construction will not fulfil the above
‘‘separation property’’. Furthermore, since the exceptional locus after the first blow-
up consists of two irreducible components E 0

f and E 00
f , and the appearing new singular

points (3 in case D4, 2 in case Dn, nd 5, and 1 in cases E6, E7, E8) lie on the line
G ¼ E 0

f VE 00
f , the strict transforms of G together with their intersections with other

components (due to the next desingularization steps) will accompany us until we
arrive at ~XX . In addition, to ensure a uniform resolution procedure from the ‘‘global’’
point of view, one has to blow up the new singularities simultaneously (in each step)
and take into account the related intrinsic geometry. That’s why, before proceeding
to the examination of the remaining cases, we define three rational compact complex
surfaces which will appear in a natural way as exceptional prime divisors of our j’s.
(In fact, they will be inherited from the strict transforms of the original E 0

f and E 00
f

as well as from the other intermediate components which arise on one’s way on the
‘‘surface level’’.)
Let P2

C½3
 be the surface resulting after the blow-up Blfq0;q1;q2gðP2
CÞ of P2

C simulta-

Case An
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neously at three di¤erent points q0; q1; q2 of a line GHP2
C. (This surface is unique up

to biregular isomorphism, because for any other triple q 0
0, q

0
1, q

0
2 of di¤erent points

of a line G 0 HP2
C the linear isomorphism G !G G 0 mapping qi to q 0

i , i ¼ 1; 2; 3, can

be extended to an isomorphism P2
C !G P2

C). If we denote by Ci the inverse image of
qi in P2

C½3
, then PicðP2
C½3
ÞGZ4 with fC0;C1;C2;Gg as generating system, where

G is the strict transform of the original line G. Topologically fC0;C1;C2;Gg looks
like:

The intersection numbers of these generators on P2
C½3
 are the following:

C2
0 ¼ C2

1 ¼ C2
2 ¼ �1;G2 ¼ �2;

ðG � C0Þ ¼ ðG � C1Þ ¼ ðG � C2Þ ¼ 1

ðand ¼ 0 otherwiseÞ

8><>:
Let nowP2

C½�33
 be the surface Blfq2gðBlfq0;q1gðP2
CÞÞ being constructed by simultaneously

blowing-up of P2
C at two di¤erent points q0; q1, followed by the blow-up at the inter-

section point q2 of the strict transform of q0q1 and the blow-up of q1 on Blfq0;q1gðP2
CÞ.

(The isomorphism type of P2
C½�33
 is unique, and one can use arbitrary points q00 q1

for the construction). If we denote by G the strict transform of q0q1, by Ci the strict

transform of qi; i A f0; 1g, and by C2 the blow-up of q2 within P2
C½�33
, then PicðP2

C½�33
Þ
GZ4 with fC0;C1;C2;Gg as generating system

and intersection numbers

C2
0 ¼ C2

2 ¼ �1;C2
1 ¼ G2 ¼ �2;

ðG � C0Þ ¼ ðG � C2Þ ¼ ðC1 � C2Þ ¼ 1

ðand ¼ 0 otherwiseÞ

8><>:
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Finally, let P2
C½��33�33
 denote the surface Blfq2gðBlfq1gðBlfq0gðP2

CÞÞÞ determined by blow-

ing up a point q0 of P2
C, taking a line GHP2

C, with q0 A G, such that ðstrict
transform of GÞVBlfq0gðP2

CÞ ¼ fq1g, blowing up in turn q1, and blowing up (at
the last step) q2, where (strict transform of GÞVBlfq1gðBlfq0gðP2

CÞÞ ¼ fq2g. The

isomorphism type of P2
C½��33�33
 is again unique, PicðP2

C½��33�33
ÞGZ4 is generated by
fC0;C1;C2;Gg, where G is the (final) strict transform of G, Ci the strict transform
of qi; i A f0; 1g, and C2 the blow-up of q2 within P2

C½��33�33
. Topologically fC0;C1;C2;Gg
looks like

and the corresponding intersection numbers are

C2
2 ¼ �1;C2

0 ¼ C2
1 ¼ G2 ¼ �2;

ðG � C2Þ ¼ ðC0 � C1Þ ¼ ðC1 � C2Þ ¼ 1

ðand ¼ 0 otherwiseÞ

8><>:
(iv) Types Dn for nF 2k, kd 2. Let us first explain what happens in the D4-case.
Blowing up the origin 0 A Xf we get

Bl0ðXf Þ ¼ fððx1; . . . ; x4Þ; ðt1 : � � � : t4ÞÞ A Bl0ðC4Þ j x1t21 þ x1t
2
2 þ t23 þ t24 ¼ 0g

with Ef ¼ E 0
f UE 00

f as exceptional locus. As we have already mentioned above,

Bl0ðXf Þ possess the three A1-singularities

q0 ¼ ð0; ð0 : 1 : 0 : 0ÞÞ; q1 ¼ ð0; ð
ffiffiffiffiffiffiffi
�1

p
: 1 : 0 : 0ÞÞ; q2 ¼ ð0; ð�

ffiffiffiffiffiffiffi
�1

p
: 1 : 0 : 0ÞÞ;

which belong to the lineG¼E 0
f VE

00

f . To obtain our global desingularization j :
~XX!Xf

it is enough to blow up once more all three points q0; q1; q2 simultaneously:

~XX ¼ Blfq0;q1;q2gðBl0ðXf ÞÞ   !p2 Bl0ðXf Þ   !p1¼p
Xf :

Let us denote by D 0
1 (resp. D 00

2 ) the strict transform of E 0
f (resp. E 00

f Þ under p2,
D3 ¼ p�12 ðq0Þ, Dj ¼ p�12 ðqjÞ, for j A f1; 2g, and define

Ci :¼ p�12 jD 0
1
ðresp: D 00

1
ÞðqiÞ; i A f0; 1; 2g:
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Then obviously D1G D2GD3GP1
C � P1

C and D 0
1GD 00

1 GP2
C½3
 with Picard group

generated by C0;C1;C2 and G, where G is the strict transform of G under p2. The
intersection graph of these five exceptional divisors is illustrated as follows:

Generalizing to D2k, the LR-diagram has the form

A0

"
A1

"
D2k ! D2ðk�1Þ ! � � � ! D6 ! D4 ! A1 ! A0

# # # #
A1 A1 A1 A1

# # # #
A0 A0 A0 A0

with a D4 at its right-hand side and the intersection graph looks like

Case Dn
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(The dotted line from D2 to D1 will be used only for the case of odd n’s and it
should be ignored for the time being). The ordering of the subscripts of the divisors
of the top and the bottom row is 1, 2; . . . ; k � 2, k � 1, whereas that of the divisors of
the middle row is 2, 1, 3, 4; . . . ; k, k þ 1. In this general case one needs altogether
k þ 1 global (¼ simultaneous) blow-ups to construct j : ~XX ! Xf . The exceptional

prime divisors which occur are Dj GP1
C � P1

C with 1c jc k þ 1, and

D 0
1GD 00

1 GP2
C½3
; D 0

j GD 00
j GP2

C½�33
; Ej; 2c jc k � 1;

with the k þ 1 P1
C � P1

C’s coming from the A1’s of the LR-diagram, and the k � 2
pairs of P2

C½�33
’s inherited from the strict transforms of the E 0
f and E 00

f with respect to
the first k � 2 global blow-ups (where in each step the singularities appear pairwise).
The corresponding intersection cycles are:

ðD1 �D 0
1ÞjD1

¼ H2; ðD1 �D 0
1ÞjD 0

1
¼ C1;

ðD1 �D 00
1 ÞjD1

¼ H1; ðD1 �D 00
1 ÞjD 00

1
¼ C1;

ðD2 �D 0
1ÞjD2

¼ H2; ðD2 �D 0
1ÞjD 0

1
¼ C2;

ðD2 �D 00
1 ÞjD2

¼ H1; ðD2 �D 00
1 ÞjD 00

1
¼ C2;

ðDkþ1 �D 0
k�1ÞjDkþ1 ¼ H1; ðDkþ1 �D 0

k�1ÞjD 0
k�1

¼ C0;

ðDkþ1 �D 00
k�1ÞjDkþ1 ¼ H2; ðDkþ1 �D 00

k�1ÞjD 00
k�1

¼ C0;

while for kd 3, and all j, 3c jc k,

ðDj �D 0
j�1ÞjDj

¼ H2; ðDj �D 0
j�1ÞjD 0

j�1
¼ C2;

ðDj �D 0
j�2ÞjDj

¼ H1; ðDj �D 0
j�2ÞjD 0

j�2
¼ C0;

ðDj �D 00
j�1ÞjDj

¼ H1; ðDj �D 00
j�1ÞjD 00

j�1
¼ C2;

ðDj �D 00
j�2ÞjDj

¼ H2; ðDj �D 00
j�2ÞjD 00

j�2
¼ C0;

ðD 0
1 �D 0

2ÞjD 0
1
@Gþ C1 þ C2; ðD 0

1 �D 0
2ÞjD 0

2
¼ C1;

ðD 00
1 �D 00

2 ÞjD 00
1
@Gþ C1 þ C2; ðD 00

1 �D 00
2 ÞjD 00

2
¼ C1;

and for all j, 2c jc k � 2,

ðD 0ð00Þ
j �D 0ð00Þ

jþ1 ÞjD 0ð00Þ
j

@Gþ C1 þ 2C2; ðD 0ð00Þ
j �D 0ð00Þ

jþ1 ÞjD 0ð00Þ
jþ1

¼ C1:

and finally, for all j, 1c jc k � 1,

ðD 0
j �D 00

j ÞjD 0
j
¼ G; ðD 0

j �D 00
j ÞjD 00

j
¼ G:

(v) Types Dn for nF 2kB 1. The LR-diagram in this case reads as follows:
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D2kþ1 ! D2ðk�1Þþ1 ! � � � ! D5 ! A3 ! A1 ! A0

# # #
A1 A1 A1

# # #
A0 A0 A0

Up to the introduction of the extra dotted edge into the game, the intersection
diagram remains the same, and the exceptional prime divisors are

D1GF2; Dj GP1
C � P1

C; Ej; 2c jc k þ 1;

and

D 0
j GD 00

j GP2
C½�33
; Ej; 1c jc k � 1:

Moreover, the intersection cycles are identical with those we have encountered before
in (iv), up to the following ones:

ðD1 �D2ÞjD1
¼ C0; ðD1 �D2ÞjD2

@H1 þ H2; ðD1 �D 0
1ÞjD1

¼ f; ðD1 �D 0
1ÞjD 0

1
¼ C1;

ðD1 �D 00
1 ÞjD1

¼ f 0; ðD1 �D 00
1 ÞjD 00

1
¼ C1; ðf 0

set th:
f 0 fibers of F2Þ

ðD 0ð00Þ
1 �D 0ð00Þ

2 Þj
D

0ð00Þ
1

@Gþ C1 þ 2C2; ðD 0ð00Þ
1 �D 0ð00Þ

2 Þj
D

0ð00Þ
2

¼ C1;

(vi) Type E6. The LR-diagram in this case reads as:

E6 ! A5 ! A3 ! A1 ! A0

Globally, the desingularization procedure is described as follows. To obtain j : ~XX!Xf ,
we need 3 additional blow-ups at three points q0; q1; q2 after Bl0ðXf Þ !

p
Xf , i.e.,

Blq1ðBlq0ðBl0ðXf ÞÞÞ    !p2
Blq0ðBl0ðXf ÞÞ    !p1

Bl0ðXf Þ    !p0¼p
Xfx???p3

~XX ¼ Blq2ðBlq1ðBlq0ðBl0ðXf ÞÞÞÞ

where q0 ¼ ð0; ð0 : 1 : 0 : 0ÞÞ A U2 on

Bl0ðXf Þ ¼ fððx1; . . . ; x4Þ; ðt1 : t2 : t3 : t4ÞÞ A Bl0ðC4Þ j x1t21 þ x22 t
2
2 þ t23 þ t24 ¼ 0g:

Analogously, one gets q1 ¼ ð0; ð0 : 1 : 0 : 0ÞÞ on Blq0ðBl0ðXf ÞjU2
Þ, which equals

fððy2;1; . . . ; y2;4Þ; ðl1 : � � � : l4ÞÞ A U2 � P3
C j ðy2;1Þ

2
l1l2 þ l22 þ l23 þ l24 ¼ 0g

(and similarly for q2 A Blq1ðBlq0ðBl0ðXf ÞjU2
ÞÞ in the last step). The point q0 belongs

to the line G ¼ E 0
f VE 00

f (where, as usual, p�1ð0Þ ¼ E 0
f UE 00

f ) and ðBl0ðXf Þ; q0Þ is an
A5-singularity. According to (iii), this will be resolved by p1 � p2 � p3 to give two F2’s
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and one P1
C � P1

C as exceptional divisors. More precisely, q1 A (strict transform of G
under p1ÞV (exceptional locus of p1Þ is the new A3-singularity, while

q2 A ðstrict transform of G under p1 � p2Þn
strict transform
of the exceptional

locus of p1 under p2

0@ 1A
is the final A1-singularity. Let us denote by D1 the strict transform of the exceptional
locus of p1 under p2 � p3, by D2 the strict transform of the exceptional locus of p2
under p3, by D3 the exceptional locus of p3, and finally by D4 (resp. D

0
4;G) the strict

transform of the original E 0
f (resp. E

00
f ;G) under p1 � p2 � p3, and define

C0 :¼ ðstrict transform of q0 under p1 � p2 � p3 on D4 ðresp: D 0
4ÞÞ

C1 :¼ ðstrict transform of q1 under p2 � p3 on D4 ðresp: D 0
4ÞÞ

C2 :¼ ðthe blow-up of q2 by p3 on D4 ðresp: D 0
4ÞÞ:

8><>:
Then

D1GD2GF2; D3GP1
C � P1

C; D4GD 0
4GP2

C½��33�33
;

with PicðD4) (resp. PicðD 0
4Þ) generated by C0;C1;C2;G, intersection graph and inter-

sections cycles

ðD1 �D2ÞjD1
¼ C0; ðD1 �D2ÞjD2

@C0 þ 2f;

ðD1 �D4ÞjD1
¼ f; ðD1 �D4ÞjD4

¼ C0;

ðD1 �D 0
4ÞjD1

¼ f 0; ðD1 �D 0
4ÞjD 0

4
¼ C0;

ðD2 �D3ÞjD2
¼ C0; ðD2 �D3ÞjD3

@H1 þ H2;

ðD2 �D4ÞjD2
¼ f; ðD2 �D4ÞjD4

¼ C1;

ðD2 �D 0
4ÞjD2

¼ f 0; ðD2 �D 0
4ÞjD 0

4
¼ C1;

ðD3 �D4ÞjD3
¼ H1; ðD3 �D4ÞjD4

¼ C2;

Case E6
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ðD3 �D 0
4ÞjD3

¼ H2; ðD3 �D 0
4ÞjD 0

4
¼ C2;

ðD4 �D 0
4ÞjD4

¼ G; ðD4 �D 0
4ÞjD 0

4
¼ G:

(where f 0
set th:

f 0 fibers of F2).

(vii) The cases E7 and E8. Since E8 passes to an E7 after the first blow-up, the LR-
diagram looks like

A0

"
A1

"
E8 d E7 ! D6 ! D4 ! A1 ! A0

# #
A1 A1

# #
A0 A0

Globally, for the resolution of an E7- (resp. E8-) singularity, we need 4 (resp. 5) blow-
ups. The intersection graph contains 10 (resp. 12) vertices (with the dotted edges only
in the E8-case)

Cases E7 and E8
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corresponding to the 12 exceptional prime divisors

D1GD2GD3GD4GP1
C � P1

C;

D 0
1GD 00

1 GP2
C½3
; D 0

2GD 00
2 GP2

C½�33
;

D 0
3GD 00

3 GD 0
4GD 00

4 GP2
C½��33�33
:

The ‘‘central’’ four P1
C � P1

C’s come from the four lastly appearing A1’s, and the four
top P2

C½��33�33
’s are due to the last three successive blow-ups of E 0
f and E 00

f . The two

P2
C½3
’s (resp. the two P2

C½�33
’s) are in turn inherited from the strict transforms of E 0
f

and E 00
f after passing from D4 to the three A1’s (resp. from D6 to D4). Making use of

the previously introduced notation, the intersection cycles read as follows:

ðD1 �D 0
1ÞjD1

¼ H1; ðD1 �D 0
1ÞjD 0

1
¼ C1;

ðD1 �D 00
1 ÞjD1

¼ H2; ðD1 �D 00
1 ÞjD 00

1
¼ C2;

ðD1 �D 0
3ÞjD1

¼ H2; ðD1 �D 0
3ÞjD 0

3
¼ C2;

ðD1 �D 00
3 ÞjD1

¼ H1; ðD1 �D 00
3 ÞjD 00

3
¼ C2;

ðD 0
1 �D 00

1 ÞjD 0
1
¼ G; ðD 0

1 �D 00
1 ÞjD 00

1
¼ G;

ðD 0
1 �D2ÞjD 0

1
¼ C2; ðD 0

1 �D2ÞjD2
¼ H1;

ðD 0
1 �D 0

2ÞjD 0
1
@Gþ C1 þ 2C2; ðD 0

1 �D 0
2ÞjD 0

2
¼ C1;

ðD 0
1 �D3ÞjD 0

1
¼ C0; ðD 0

1 �D3ÞjD3
¼ H2;

ðD 0
1 �D 0

3ÞjD 0
1
@Gþ C0 þ C2; ðD 0

1 �D 0
3ÞjD 0

3
¼ C1;

ðD 00
1 �D2ÞjD 00

1
¼ C2; ðD 00

1 �D2ÞjD2
¼ H2;

ðD 00
1 �D 00

2 ÞjD 00
1
@Gþ C1 þ 2C2; ðD 00

1 �D 00
2 ÞjD 00

2
¼ C1;

ðD 00
1 �D3ÞjD 00

1
¼ C0; ðD 00

1 �D3ÞjD3
¼ H1;

ðD 00
1 �D 00

3 ÞjD 00
1
@Gþ C0 þ C2; ðD 00

1 �D 00
3 ÞjD 00

3
¼ C1;

ðD 0
2 �D 00

2 ÞjD 0
2
¼ G; ðD 0

2 �D 00
2 ÞjD 00

2
¼ G;

ðD 0
2 �D 0

3ÞjD 0
2
@Gþ C0 þ C2; ðD 0

2 �D 0
3ÞjD 0

3
¼ C0;

ðD 0
2 �D3ÞjD 0

2
¼ C2; ðD 0

2 �D3ÞjD3
¼ H1;

ðD 00
2 �D 00

3 ÞjD 00
2
@Gþ C0 þ C2; ðD 00

2 �D 00
3 ÞjD 00

3
¼ C0;

ðD 00
2 �D3ÞjD 00

2
¼ C2; ðD 00

2 �D3ÞjD3
¼ H1;

ðD 0
2 �D4ÞjD 0

2
¼ H1; ðD 0

2 �D4ÞjD4
¼ C0;

ðD 00
2 �D4ÞjD 00

2
¼ C0; ðD 00

2 �D4ÞjD4
¼ H1;
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with ðD 0
3 �D 00

3 ÞjD 0
3
¼ G, ðD 0

3 �D 00
3 ÞjD 00

3
¼ G, and

ðD 0
2 �D 0

4ÞjD 0
2
@Gþ C1 þ 2C2; ðD 0

2 �D 0
4ÞjD 0

4
¼ C1;

ðD4 �D 00
4 ÞjD4

¼ H1; ðD4 �D 00
4 ÞjD 00

4
¼ C2;

ðD 00
2 �D 00

4 ÞjD 00
2
@Gþ C1 þ 2C2; ðD 00

2 �D 00
4 ÞjD 00

4
¼ C1;

ðD4 �D 0
4ÞjD4

¼ H2; ðD4 �D 0
4ÞjD 0

4
¼ C2;

ðD 0
3 �D 0

4ÞjD 0
3
@Gþ C1 þ 2C2; ðD 0

3 �D 0
4ÞjD 0

4
¼ C0;

ðD 0
4 �D 00

4 ÞjD 0
4
¼ G; ðD 0

4 �D 00
4 ÞjD 00

4
¼ G;

ðD 00
3 �D 00

4 ÞjD 00
3
@Gþ C1 þ 2C2; ðD 00

3 �D 00
4 ÞjD 00

4
¼ C0;

where these last 2 � 7 intersections concern only the snc-resolution of the E8-type
singularity.

Lemma 2.3. (i) All the edges of the intersection graphs represent smooth, irreducible,
rational compact complex curves.
(ii) Let bðXÞ denote the total number of the edges of the intersection graph asso-

ciated to the desingularization j : ~XX ! Xf ¼ X , and let tðXÞ be the number of those
triangles of the graph for which the corresponding three exceptional prime divisors have

non-empty intersection in common. Then each of the tðXÞ triple non-empty inter-

sections consists topologically of exactly one point. In addition, bðX Þ and tðXÞ take the
following values:

Types bðXÞ tðX Þ

An (n odd) m� 1 ¼ n� 1

2

� �
0

An (n even) m� 1 ¼ n

2

' (
0

D2k 7ðk � 1Þ 3þ 4ðk � 2Þ

D2kþ1 7k � 6 4þ 4ðk � 2Þ

E6 9 5

E7 21 12

E8 28 17

(iii) In all the cases, there are no four exceptional prime divisors having non-empty

intersection in common.
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Proof. (i) The underlying topological spaces of all divisors H, H1, H2, f, f
0, C0, C1, C2,

G are in all the cases homeomorphic to P1
C. But also all the other divisors ðDi �DjÞjDk

,
k A fi; jg, for which we gave (just for geometric reasons and completeness’ sake)
certain expressions in terms of the generators of PicðDkÞ up to linear equivalence ‘@’,
are actually lines (living on Dk and being strict transforms of other lines which are
intersections of the exceptional divisors with a‰ne patches in the previous steps).
Therefore they have underlying topological spaces homeomorphic to P1

C. (It is better
to compare with the corresponding intersections ðDi �DjÞjDfi; jgnfkg : for a quick check!)
(ii) We find bðX Þ by simply counting all the edges of each of our graphs. The

graph for type An contains no triangles. For the remaining types D2k, D2kþ1, E6, E7,
E8, the intersection graphs contain 3þ 4ðk � 2Þ, 5þ 4ðk � 2Þ, 7, 12 and 17 triangles,
respectively, whose vertices are the only graph-vertices lying on their boundaries.
Using the just explicitly described behaviour of the intersections between the corre-
sponding exceptional prime divisors, one verifies easily that the number tðX Þ equals
3þ 4ðk � 2Þ, 4þ 4ðk � 2Þ, 5, 12 and 17, respectively. The only triangles which have
to be excluded are those associated to D1 VD 0

1 VD 00
1 ¼ q (for type D2kþ1) and to

D1 VD4 VD 0
4 ¼ D2 VD4 VD 0

4 ¼ q (for type E6), and each triple non-empty inter-
section consists obviously of exactly one point.
(iii) Examining each (not necessarily convex or non-degenerate) quadrilateral of

the intersection graphs (with no interior points in its edges), we obtain by the above
given data: Di VDj VDk VDl ¼ q, for all possible pairwise distinct i, j, k, l.

Lemma 2.4. (i) The E-polynomials of F2 and P1
C � P1

C are equal:

EðF2; u; vÞ ¼ EðP1
C � P1

C; u; vÞ ¼ 1þ 2uvþ ðuvÞ2 ¼ ð1þ uvÞ2 ð2:2Þ

(ii) P2
C½3
, P2

C½�33
 and P2
C½��33�33
 have identical E-polynomials, with

EðP2
C½3
; u; vÞ ¼ EðP2

C½�33
; u; vÞ ¼ EðP2
C½��33�33
; u; vÞ ¼ 1þ 4uvþ ðuvÞ2 ð2:3Þ

Proof. (i) is obvious. (For the fibration F2 ! P1
C one may use directly (1.3)). (ii)

follows easily from the fact that the E-polynomial of a non-singular surface increases
by uv after a blow-up (cf. (1.4)).

3 Computing the discrepancy coe‰cients

This section is devoted to the exact computation of the discrepancy coe‰cients

with respect to the above snc-desingularizations j : ~XX ! X ¼ X
ð3Þ
f of 3-dimensional

A-D-E’s and to a subsequent simplification of applying formula (1.5).

Proposition 3.1. The discrepancies of the snc-desingularizations

j : ~XX ! X

of the underlying spaces X ¼ X
ð3Þ
f of the three-dimensional A-D-E singularities (dis-

cussed in O2) are given by the following table:
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Types Discrepancy K ~XX � j�ðKXÞ

An, n even
Xn=2
i¼1

iDi þ ðnþ 2ÞDðn=2Þþ1

An, n odd
Xðnþ1Þ=2
i¼1

iDi

Dn, n even

ðn� 1ÞD1 þ ðn� 1ÞD2 þ
Xðn=2Þþ1
i¼3

ð2ðn� 2iÞ þ 7ÞDi

þ
Xðn=2Þ�1
i¼1

n

2
� i

� �
ðD 0

i þD 00
i Þ

Dn, n odd

ðn� 2ÞD1 þ ðn� 1ÞD2 þ
Xðnþ1Þ=2
i¼3

ð2ðn� 2i � 1Þ þ 7ÞDi

þ
Xðn�3Þ=2
i¼1

n� 1

2
� i

� �
ðD 0

i þD 00
i Þ

E6 3D1 þ 6D2 þ 9D3 þD4 þD 0
4

E7

11D1 þ 9D2 þ 13D3 þ 5D4 þ 4D 0
1 þ 4D 00

1

þ2D 0
2 þ 2D 00

2 þD 0
3 þD 00

3

E8

19D1 þ 15D2 þ 23D3 þ 11D4 þ 7D 0
1 þ 7D 00

1

þ4D 0
2 þ 4D 00

2 þ 2D 0
3 þ 2D 00

3 þD 0
4 þD 00

4

Proof. By construction, j : ~XX ! X is composed of ‘‘partial’’ resolution morphisms. To
use a uniform notation (from a global point of view) in what follows, we shall write
j ¼ j1 � j2 � � � � � jn and

~XX ¼ Xn   !jn Xn�1   !jn�1 � � �   !j3 X2   !j2 X1   !j1 X0 ¼ X ð3:1Þ

for these partial resolutions (where n ¼ nþ 2

2

� �
;
nþ 1

2

� �
; 4; 4; 5 for types An, Dn,

E6, E7, and E8, respectively, as one deduces from O2). The discrepancy w.r.t. j equals:

K ~XX � j�ðKX Þ

¼
Xn�1
i¼1

ðjiþ1 � jiþ2 � � � � � jnÞ
�ðKXi

� j�
i ðKXi�1ÞÞ þ KXn

� j�
n ðKXn�1Þ ð3:2Þ
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Therefore, for its computation, it su‰ces to determine the discrepancies w.r.t. each of
the ji’s, and then to specify the pull-backs which are involved in (3.2).

I) Computation of the intermediate discrepancies. Since the arising singularities are
isolated, we may investigate the zeros of canonical di¤erentials locally around them.

(i) Type An. The defining polynomial of the singularity is

f ðx1; . . . ; x4Þ ¼ xnþ1
1 þ x22 þ x23 þ x24 : ð3:3Þ

Let nd 2, and consider the rational canonical di¤erential

s :¼ ResX
dx15dx25dx35dx4

f

� �
¼ dx25dx35dx4

ðqf =qx1Þ
A W3

CðX Þ=C:

s is a basis of the dualizing sheaf oX ¼ OX ðKX Þ ¼ ðW3
X Þ

44 whose sections are
defined by

open sets
of X

� �
C V 7! GðV ;oX Þ :¼ y A W3

CðX Þ=C

���� y is a regular canonical
di¤erential on V V ðXnf0gÞ

� �
:

Blow up X at 0 and consider the a‰ne piece U1 VBl0ðXÞ, with

U1 ¼ SpecðC½y1;1; y1;2; y1;3; y1;4
Þ:

The restriction of the exceptional locus Ef on U1 is nothing but

Bl0ðXÞVE1 ¼ Ef jU1
¼ fðy1;1; . . . ; y1;4Þ A C4 j y1;1 ¼ ~ff1ðy1;1; . . . ; y1;4Þ ¼ 0g

where

~ff1ðy1;1; y1;2; y1;3; y1;4Þ ¼ yn�11;1 þ y21;2 þ y21;3 þ y21;4:

(As we explained before, the possibly existing new (An�2-) singularity on Bl0ðXÞ lies
in Ef jU1

). To find the discrepancy coe‰cient w.r.t. Bl0ðX Þ ! X , it su‰ces to compare
s with the rational canonical di¤erential

s :¼ dy1;25dy1;35dy1;4

ðq~ff1=qy1;1Þ
A W3

CðU1Þ=C:

(U1 is non-singular with local coordinates y1;2; y1;3; y1;4 at any point q for which
q~ff1ðqÞ=qy1;100). InU1 we have x1 ¼ y1;1 and xj ¼ x1xj ¼ y1;1 y1; j, for all j A f2; 3; 4g.
Hence,
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dx25dx35dx4

¼ ðy1;1 dy1;2 þ y1;2 dy1;1Þ5ðy1;1 dy1;3 þ y1;3 dy1;1Þ5ðy1;1 dy1;4 þ y1;4 dy1;1Þ

¼ y21;1ðy1;2 dy1;15dy1;35dy1;4 � y1;3 dy1;15dy1;25dy1;4

þ y1;4 dy1;15dy1;25dy1;3 þ y1;1 dy1;25dy1;35dy1;4Þ ð3:4Þ

and

qf =qx1 ¼ ðnþ 1Þxn
1 ¼ ðnþ 1Þyn1;1 ¼

nþ 1

n� 1

� �
y21;1ðq~ff1=qy1;1Þ ð3:5Þ

On the other hand, note that

d ~ff1 ¼ ðn� 1Þyn�21;1 dy1;1 þ 2ðy1;2 dy1;2 þ y1;3 dy1;3 þ y1;4 dy1;4Þ ¼ 0

if and only if

dy1;1 ¼ � 2

n� 1
y2�n1;1 ðy1;2 dy1;2 þ y1;3 dy1;3 þ y1;4 dy1;4Þ ð3:6Þ

Substituting the expression (3.6) for dy1;1 into the right-hand side of (3.4), we obtain
easily

dx25dx35dx4

¼ � 2

n� 1
y4�n1;1 ðy21;2þ y21;3þ y21;4Þþ y31;1

� �
dy1;25dy1;35dy1;4 ð3:7Þ

Combining now (3.7) with y21;2 þ y21;3 þ y21;4 ¼ �yn�11;1 and (3.5), we get

s ¼

nþ 1

n� 1
y31;1

� �
dy1;25dy1;35dy1;4

nþ 1

n� 1

� �
y21;1ðq~ff1=qy1;1Þ

¼ y1;1s ð3:8Þ

The equality (3.8) shows that the discrepancy coe‰cient of the exceptional prime
divisor Ef w.r.t. Bl0ðX Þ ! X equals 1.
If n ¼ 1, then we compare

s ¼ dx15dx25dx3

ðqf =qx4Þ
with s ¼ dy1;15dy1;25dy1;3

ðq~ff1=qy1;4Þ
:

Since
qf

qx4
¼ 2x4 ¼ 2y1;1y1;4,

q~ff1
qy1;4

¼ 2y1;4, and

dx15dx25dx3 ¼ y21;1 dy1;15dy1;25dy1;3;
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we conclude again s ¼ y1;1s. In fact, this kind of argumentation covers all but one
steps of the resolution procedure for An’s. The indicated ‘‘special’’ case occurs only in
the last step and only for n even, where we blow-up once more to get rid of the
singularity of the exceptional locus for the purpose of ensuring the snc-condition for
j : ~XX ! X (‘‘n ¼ 0’’-case). But since we blow-up a point which is smooth on the
3-fold, the discrepancy coe‰cient of the lastly created exceptional prime divisor
Dðn=2Þþ1 equals 2 (see remark 2.2 and Gri‰ths & Harris [19, Lemma of p. 187]).

(ii) Type Dn. For this type we proceed analogously by making use of the a‰ne piece
U1. The only di¤erence here is that the exceptional divisor Ef under the first blow-up
has two irreducible components E 0

f and E 00
f . Nevertheless, the corresponding local

computation with rational canonical di¤erentials gives again

dx25dx35dx4

ðqf =qx1Þ
¼ y1;1

dy1;25dy1;35dy1;4

ðq~ff1=qy1;1Þ

and the discrepancy coe‰cient for both of them equals 1. As it is clear from Lemma
2.1 and (i), the discrepancy coe‰cients in all resolution steps will be again 1.

(iii) Types E6;E7;E8. For these types one may work along the same lines with
respect to the a‰ne piece U2 ¼ SpecðC½y2;1; y2;2; y2;3; y2;4
Þ. The exceptional divisor
Ef w.r.t. Bl0ðXÞ ! X consists again of two prime ones. Each of them has discrep-
ancy coe‰cient equal to 1. This property remains also valid for all other composites
(3.1) of j, exactly as in the case of type Dn. Further details will be omitted.

Recapitulating, we should stress that in (i), (ii), (iii), the discrepancy coe‰cient for
each of the prime divisors of the exceptional locus of the ji’s in (3.1) equals 1, up to
the last resolution morphism for type An, n even, which has discrepancy 2. This fact
will be used below in an essential way.

II) Computation of the pull-backs. To determine the required pullbacks of our dis-

crepancies (see (3.1), (3.2)), we shall denote by Ej (resp., E
0ð00Þ
j ) those exceptional

prime divisors which are created (for the first time) after the application of a ji (i.e.,
actually the members of ExðjiÞ), so that their strict transforms (on ~XX ) are exactly the
exceptional prime divisors (w.r.t. j) which are denoted by Dj (resp., D

0ð00Þ
j ) in O2.

(i) Type An. Defining m ¼ nþ 2

2

� �
, as in O2, j is decomposed into m birational

morphisms:

~XX ¼ Xm   !jm Xm�1   !jm�1 � � �   !j3 X2   !j2 X1   !j1 X0 ¼ X :

Each ji (¼ pi of O2) gives rise to an exceptional prime divisor Ei. By I) we get

KXi
� j�

i ðKXi�1Þ ¼ Ei; Ei; 1c icm� 1; ð3:9Þ
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and

KXm
� j�

mðKXm�1Þ ¼
Dm; if n is odd,

2Dm; if n is even.

�
ð3:10Þ

We claim that for all i, 1c icm� 1,

ðjiþ1 � jiþ2 � � � � � jmÞ
�ðEiÞ ¼

Pm
j¼i

Dj; if n is odd,

Pm
j¼i

Dj þ 2Dm; if n is even.

8>>><>>>: ð3:11Þ

To prove (3.11) we shall work with local equations for the corresponding divisors.
Consider two successive blow-ups

Xjþ1   !jjþ1 Xj   !jj Xj�1

and assume that Xj has a singularity of type An, nd 1, (with equation (3.3)), where jj
denotes the blow-up of the Anþ2-singularity of Xj�1. The local equation ð ~ff2 ¼ 0Þ is
the equation of Xjþ1 on the a‰ne chart U2 ¼ SpecðC½y2;1; . . . ; y2;4
Þ, where

~ff2ðy2;1; y2;2; y2;3; y2;4Þ ¼ ynþ12;1 yn�12;2 þ 1þ y22;3 þ y22;4

(cf. O2). The new exceptional locus Ejþ1 of jjþ1 on U2 VXjþ1 is given by the local equa-
tion ðy2;1 ¼ 0Þ. On the other hand, ðx1 ¼ 0Þ and ðy2;2 ¼ 0Þ express the local equations
for Ej on Xj and for its strict transform Ej; st on U2 VXjþ1, respectively. Since the pre-
image of ðx1 ¼ 0Þ under jjþ1 equals ðy2;1 � y2;2 ¼ 0Þ, we have:

j�
jþ1ðEjÞ ¼ Ejþ1 þ Ej; st: ð3:12Þ

It remains to see what happens in the case in which jjþ1 is the blow up of a (regular)A0-
point, i.e., whenever j ¼ m� 1 ¼ k and Xkþ1 is the last step of the resolution process
for a singularity of type A2k. For n ¼ 0, we get equations

x1 þ x22 þ x23 þ x24 ¼ 0 and z2;1 þ z2;2ð1þ z22;3 þ z22;4Þ ¼ 0;

on Xk and U2 VXkþ1, respectively. The divisors Dkþ1;Ek;Ek; st have local equations
ðz2;2 ¼ 0Þ; ðx1 ¼ 0Þ and ðz2;1 ¼ 0Þ, respectively. Since

x1 ¼ z2;1z2;2 ¼ z22;2ð1þ z22;3 þ z22;4Þ;

we deduce

j�
kþ1ðEkÞ ¼ 2Dkþ1 þ Ek; st ¼ 2Dm þ Em�1; st: ð3:13Þ
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(3.11) follows after repeated application of equations like (3.12) and (3.13). Now
inserting the data of (3.9), (3.10), (3.11) into (3.2) we obtain:

K ~XX � j�ðKX Þ ¼

8>>>><>>>>:
Pðnþ1Þ=2

i¼1
iDi; if n is odd;

Pn=2
i¼1

iDi þ ðnþ 2ÞDðn=2Þþ1; if n is even:

(ii) Type Dn, nF 2k. In this case j is decomposed into k birational morphisms:

~XX ¼ Xk   !jk Xk�1   !jk�1 � � �   !j3 X2   !j2 X1   !j1 X0 ¼ X :

By construction, Exðj1Þ ¼ fE 0
k�1;E

00
k�1g,

Exðjiþ1Þ ¼ fE 0
k�i�1;E

00
k�i�1;Ek�iþ2g; Ei; 1c ic k � 2;

and ExðjkÞ ¼ fD1;D2;D3g. By I) we have

KX1
� j�

1 ðKX0
Þ ¼ E 0

k�1 þ E 00
k�1;

KXiþ1 � j�
iþ1ðKXi

Þ ¼ E 0
k�i�1 þ E 00

k�i�1 þ Ek�iþ2; Ei; 1c ic k � 2;

KXk
� j�

kðKXk�1Þ ¼ D1 þD2 þD3:

We shall prove that

K ~XX � j�ðKX Þ ¼ ð2k � 1ÞðD1 þD2Þ þ
Xk�1
i¼1

iðD 0
k�i þD 00

k�iÞ þ
Xk�1
j¼1

ð4j � 1ÞDk�jþ2:

ð3:14Þ

For k ¼ 2 this can be shown easily. Suppose that kd 3. Then

j�
iþ1ðE

0ð00Þ
k�i Þ ¼ E

0ð00Þ
k�i�1 þ Ek�iþ2 þ E

0ð00Þ
k�i; st; Ei; 1c ic k � 2;

j�
kðE

0ð00Þ
1 Þ ¼ D1 þD2 þD3 þD

0ð00Þ
1 ;

and for all i, 1c ic k � 2,

ðjiþ1 � jiþ2Þ
�ðE 0ð00Þ

k�i Þ ¼ Ek�iþ1 þ Ek�iþ2 þ E
0ð00Þ
k�i�1; st þ E

0ð00Þ
k�i; st; st:

This means that

ðj2 � j3 � � � � � jkÞ
�ðE 0

k�1 þ E 00
k�1Þ

¼
Xk�1
j¼1

ðD 0
k�j þD 00

k�jÞ þ 2ðD1 þD2 þD3Þ þ 2 D3 þ 2
Xk�2
j¼2

Dk�jþ2 þDkþ1

 !
;
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and that for all i, 2c ic k � 2,

ðjiþ1 � jiþ2 � � � � � jkÞ
�ðE 0

k�i þ E 00
k�i þ Ek�iþ3Þ

¼
Xk�1
j¼i

ðD 0
k�j þD 00

k�jÞ þ 2ðD1 þD2 þD3Þ

þ 2 D3 þ 2
Xk�2
j¼iþ1

Dk�jþ2 þDk�iþ2

 !
þDk�iþ3

and

j�
kðE 0

1 þ E 00
1 þ E4Þ ¼ ðD 0

1 þD 00
1 Þ þ 2ðD1 þD2 þD3Þ þD4:

Thus, (3.2) implies (3.14).

(iii) Type Dn, nF 2kB 1. Here j is decomposed into k þ 1 birational morphisms:

~XX ¼ Xkþ1   !jkþ1
Xk   !jk � � �   !j3 X2   !j2 X1   !j1 X0 ¼ X :

Computing the total discrepancy, we find analogously:

K ~XX � j�ðKX Þ ¼ ð2k � 1ÞD1 þ 2kD2 þ
Xk�1
i¼1

iðD 0
k�i þD 00

k�iÞ þ
Xk�1
j¼1

ð4j � 1ÞDk�jþ2:

(iv) Type E6. In this case j is decomposed into 4 birational morphisms:

~XX ¼ X4 !
j4

X3 !
j3

X2 !
j2

X1 ¼ Bl0ðXÞ !j1 X0 ¼ X

By construction,

Exðj1Þ ¼ fE4;E
0
4g; Exðj2Þ ¼ fE1g; Exðj3Þ ¼ fE2g;

and Exðj4Þ ¼ fD3g (where ji ¼ pi�1 of O2). By I) we have

KX1
� j�

1 ðKX0
Þ ¼ E4 þ E 0

4; KX2
� j�

2 ðKX1
Þ ¼ E1;

KX3
� j�

3 ðKX2
Þ ¼ E2; KX4

� j�
4 ðKX3

Þ ¼ D3:

The intersection diagrams imply

ðj2 � j3 � j4Þ
�ðE4 þ E 0

4Þ ¼ 2D1 þ 4D2 þ 6D3 þD4 þD 0
4;

ðj3 � j4Þ
�ðE1Þ ¼ D1 þD2 þD3;

j�
4 ðE2Þ ¼ D2 þD3:

Hence, by (3.2), the discrepancy w.r.t. j equals 3D1 þ 6D2 þ 9D3 þD4 þD 0
4.
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(v) Type E7. Here j is decomposed into 4 birational morphisms:

~XX ¼ X4 !
j4

X3 !
j3

X2 !
j2

X1 ¼ Bl0ðXÞ !j1 X0 ¼ X

By construction,

Exðj1Þ ¼ fE 0
3;E

00
3 g; Exðj2Þ ¼ fE 0

2;E
00
2 g; Exðj3Þ ¼ fE 0

1;E
00
1 ;E4g;

and Exðj4Þ ¼ fD1;D2;D3g. By I) we obtain

KX1
� j�

1 ðKX0
Þ ¼ E 0

3 þ E 00
3 ; KX2

� j�
2 ðKX1

Þ ¼ E 0
2 þ E 00

2 ;

KX3
� j�

3 ðKX2
Þ ¼ E 0

1 þ E 00
1 þ E4; KX4

� j�
4 ðKX3

Þ ¼ D1 þD2 þD3:

The computation of the pull-backs gives

ðj2 � j3 � j4Þ
�ðE 0

3 þ E 00
3 Þ

¼ 6D1 þ 4D2 þ 6D3 þ 2D4 þ 2ðD 0
1 þD 00

1 Þ þD 0
2 þD 00

2 þD 0
3 þD 00

3 ;

ðj3 � j4Þ
�ðE 0

2 þ E 00
2 Þ ¼ 2D1 þ 2D2 þ 4D3 þ 2D4 þD 0

1 þD 00
1 þD 0

2 þD 00
2 ;

j�
4 ðE 0

1 þ E 00
1 þ E4Þ ¼ 2D1 þ 2D2 þ 2D3 þD4 þD 0

1 þD 00
1 :

Now apply (3.2).

(vi) Type E8. In this case j is decomposed into 5 birational morphisms:

~XX ¼ X5 !
j5

X4 !
j4

X3 !
j3

X2 !
j2

X1 !
j1

X0 ¼ X

By construction, Exðj1Þ ¼ fE 0
4;E

00
4 g,

Exðj2Þ ¼ fE 0
3;E

00
3 g; Exðj3Þ ¼ fE 0

2;E
00
2 g; Exðj4Þ ¼ fE 0

1;E
00
1 ;E4g;

and Exðj5Þ ¼ fD1;D2;D3g. By I) we have

KX1
� j�

1 ðKX0
Þ ¼ E 0

4 þ E 00
4 ; KX2

� j�
2 ðKX1

Þ ¼ E 0
3 þ E 00

3 ;

KX3
� j�

3 ðKX2
Þ ¼ E 0

2 þ E 00
2 ; KX4

� j�
4 ðKX3

Þ ¼ E 0
1 þ E 00

1 þ E4;

and KX5
� j�

5 ðKX4
Þ ¼ D1 þD2 þD3. We obtain

ðj2 � j3 � j4 � j5Þ
�ðE 0

4 þ E 00
4 Þ ¼ 8D1 þ 6D2 þ 10D3 þ 6D4 þ 3ðD 0

1 þD 00
1 Þ

þ 2ðD 0
2 þD 00

2 Þ þD 0
3 þD 00

3 þD 0
4 þD 00

4 :

The remaining inverse images ðj3 � j4 � j5Þ
�ðE 0

3 þ E 00
3 Þ, ðj4 � j5Þ

�ðE 0
2 þ E 00

2 Þ and
j�
5 ðE 0

1 þ E 00
1 þ E4Þ coincide with (v), where in each case ji � � � � � j4 has to be replaced

by jiþ1 � � � � � j5. Finally, apply again (3.2).
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Proposition 3.2. Suppose that X ¼ X
ð3Þ
f is the underlying space of anA-D-E-singularity,

j : ~XX ! X its snc-desingularization, ExðjÞ ¼ fD1; . . . ;Drg the corresponding excep-

tional set with discrepacy coe‰cients a1; . . . ; ar, I :¼ f1; 2; . . . ; rg, and

Rj :¼ fði; jÞ A I 2 jDfi; jg 0qg; Qj :¼ fði; j; kÞ A I 3 jDfi; j;kg 0qg:

Then the string-theoretic E-function of X satisfies the following equality:

EstrðX ; u; vÞ ¼ EðD�
q; u; vÞ þ

Xr
i¼1

EðDi; u; vÞðuv� 1Þ
ðuvÞaiþ1 � 1

þ ð1þ uvÞ
X

ði; jÞ ARj

uv� ðuvÞaiþ1

ðuvÞaiþ1 � 1

 !
uv� ðuvÞajþ1

ðuvÞajþ1 � 1

 !
� bðXÞ

24 35
þ

X
ði; j;kÞ AQj

uv� ðuvÞaiþ1

ðuvÞaiþ1 � 1

 !
uv� ðuvÞajþ1

ðuvÞajþ1 � 1

 !
uv� ðuvÞakþ1

ðuvÞakþ1 � 1

 !

þ tðXÞ ð3:15Þ

with bðXÞ; tðXÞ as defined in 2.3 (ii). In particular,

estrðXÞ � eðD�
qÞ ¼

Xr
i¼1

eðDiÞ
ai þ 1

þ 2

" X
ði; jÞ ARj

ai

ai þ 1

� ��
aj

aj þ 1

�
� bðX Þ

#

�
X

ði; j;kÞ AQj

ai

ai þ 1

� ��
aj

aj þ 1

�
ak

ak þ 1

� �
þ tðXÞ ð3:16Þ

(As we shall see below in 4.3, eðD�
qÞ ¼ 0).

Proof. Using the inclusion-exclusion principle (1.2) for the E-polynomial of D�
J , we

obtain

EðD�
J ; u; vÞ ¼ EðDJ ; u; vÞ �

X
q0J 0JInJ

ð�1ÞjJ
0j�1

EðDJ 0 ; u; vÞ ð3:17Þ

Formula (1.5) can be rewritten via (3.17) as follows:

EstrðX ; u; vÞ

¼
X
JJI

�
EðDJ ; u; vÞ �

X
q0J 0JInJ

ð�1ÞjJ
0 j�1

EðDJ 0UJ ; u; vÞ
�Y

j A J

�
uv� 1

ðuvÞajþ1 � 1

�

¼
X
JJI

EðDJ ; u; vÞ
Y
j A J

�
uv� 1

ðuvÞajþ1 � 1
� 1

�

¼
X
JJI

EðDJ ; u; vÞ
Y
j A J

�
uv� ðuvÞajþ1

ðuvÞajþ1 � 1

�
:
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Hence,

EstrðX ; u; vÞ � EðD�
q; u; vÞ

¼ E
�
6
i A I

Di; u; v
�
þ

X
q0JJI

EðDJ ; u; vÞ
Y
j A J

uv� ðuvÞajþ1

ðuvÞajþ1 � 1

 !

¼
Xr
i¼1

EðDi; u; vÞ �
X

ði; jÞ ARj

EðDfi; jg; u; vÞ þ
X

ði; j;kÞ AQj

EðDfi; j;kg; u; vÞ

þ
Xr
i¼1

EðDj; u; vÞ
uv� ðuvÞajþ1

ðuvÞajþ1 � 1

 !

þ
X
JJI

jJj A f2;3g

EðDJ ; u; vÞ
Y
j A J

uv� ðuvÞajþ1

ðuvÞajþ1 � 1

 !
ð3:18Þ

Since jRjj ¼ bðX Þ, jQjj ¼ tðXÞ, and

EðDfi; jg; u; vÞ ¼ 1þ uv; Eði; jÞ A Rj; EðDfi; j;kg; u; vÞ ¼ 1; Eði; j; kÞ A Qj;

Formula (3.15) follows from (3.18), and (3.16) from (3.15) by passing to the limit
u; v ! 1.

4 Proof of the theorem

Theorem 1.11 will be proved by direct evaluation of formula (3.15). For this it is
obviously enough to determine the coe‰cients of the E-polynomials of all excep-
tional prime divisors, on the one hand, and those of EðD�

q; u; vÞ, on the other. Hence,
in view of lemma 2.4 and of our explicit description of a canonical desingularization,
what remains to be done is the study of the coe‰cients of this ‘‘first summand’’
EðD�

q; u; vÞ which depend exclusively on the intrinsic geometry around the singular-
ities. We begin with a general proposition being valid in all dimensions.

Proposition 4.1. Let ðX ; xÞ be an isolated complete intersection singularity of pure

dimension dd 2 and ð ~XX ;ExðjÞÞ !j ðX ; xÞ a resolution with exceptional locus ExðjÞ ¼
6r

i¼1Di. Then the coe‰cients of the E-polynomial

Eð ~XXnExðjÞ; u; vÞ ¼ EðD�
q; u; vÞ ¼ EðXnfxg; u; vÞ ¼ ðuvÞdEðL; u�1; v�1Þ ð4:1Þ

of ~XXnExðjÞ depend on those of the E-polynomial of its link L, and, in fact, only on the
Hodge numbers of the ðd � 1Þ-cohomology group of L.
If ðX ; xÞ is, in addition, a rational singularity, then
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Eð ~XXnExðjÞ; u; vÞ ¼ EðXnfxg; u; vÞ

¼ ðuvÞd � 1þ ð�1Þd
24 X

1cp;qcd�1
2cpþqcd�1

h p;qðHd�1ðL;CÞÞupvq
35

þ ð�1Þd�1
24 X

1cp;qcd�1
dþ1cpþqc2d�2

hd�p;d�qðHd�1ðL;CÞÞupvq
35

8>>>>>>>>><>>>>>>>>>:
ð4:2Þ

Proof. Let L ¼ LðX ; xÞ denote the link of the singularity ðX ; xÞ, i.e., the intersection
of a closed neighbourhood of x containing it with a small sphere. L is a di¤erentiable,
compact, oriented manifold of dimension 2d � 1, and there are isomorphisms:

Hiþ1ðX ;Xnfxg;QÞGHiðXnfxg;QÞGHiðL;QÞ:

For this reason it is su‰cient to consider the natural MHS on the cohomologies of L.
Note that

h p;qðHiðL;CÞÞ ¼ hq;pðHiðL;CÞÞ ð4:3Þ

while Poincaré duality implies (4.1) because

h p;qðHiðL;CÞÞ ¼ hd�p;d�qðH 2d�i�1ðL;CÞÞ

equals

h p;qðHiðL;CÞÞ ¼ h p;qðHiðXnfxg;CÞÞ ¼ hd�p;d�qðH 2d�i
c ðXnfxg;CÞÞ ð4:4Þ

For the computation of these dimensions it is therefore enough to assume, from now
on, that ic d. According to [44, Cor. (15.9)], the restriction map

Hið ~XX ;QÞ ! Hið ~XXnExðjÞ;QÞGHiðL;QÞ

is surjective for i < d and equals the zero-map for i ¼ d. From the induced exact
MHS-sequences

0 ! Hi
ExðjÞð ~XX ;QÞ ! HiðExðjÞ;QÞ ! HiðL;QÞ ! 0 ði < dÞ

0 ! Hd
ExðjÞð ~XX ;QÞ ! HdðExðjÞ;QÞ ! 0 ði ¼ dÞ

one gets the vanishing of GrW.j ðHi
ExðjÞð ~XX ;QÞÞ, j0 i, and of GrW.j ðHiðL;QÞÞ, for

jd i � 1 (cf. [42, Cor. 1.12]), and consequently, for i < d, h p;qðHiðL;CÞÞ equals

h p;qðHiðExðjÞ;CÞÞ; if pþ q < i

h p;qðHiðExðjÞ;CÞÞ � hd�p;d�qðH 2d�iðExðjÞ;CÞÞ; if pþ q ¼ i

0; if pþ q > i

8<: ð4:5Þ
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(The right-hand side of (4.5) is therefore independent of the choice of the resolution).
Since X is also a complete intersection, L is ðd � 2Þ-connected (cf. [20, Kor. 1.3]), and
the local Lefschetz theorem gives:

HiðL;CÞGC; for i A f0; 2d � 1g;

HiðL;CÞ ¼ 0; for i B f0; d � 1; d; 2d � 1g:
ð4:6Þ

Thus, for i A f0; 2d � 1g, the only non-zero Hodge numbers are

h0;0ðH 0ðL;CÞÞ ¼ hd;dðH 2d�1ðL;CÞÞ ¼ 1: ð4:7Þ

By (4.5), (4.6) and (4.7) we deduce

EðL; u; vÞ ¼
X

0cp;qcd

e p;qðLÞupvq

¼
X

0cp;qcd

½ðh p;qðH 0ðL;CÞÞ � h p;qðH 2d�1ðL;CÞÞÞ
upvq

þ
X

0cp;qcd

½ð�1Þd�1ðh p;qðHd�1ðL;CÞÞ � h p;qðHdðL;CÞÞÞ
upvq

¼
X

0cp;qcd

½ðh p;qðH 0ðL;CÞÞ � h p;qðH 2d�1ðL;CÞÞÞ
upvq

þ
X

0cp;qcd

½ð�1Þd�1ðh p;qðHd�1ðL;CÞÞ � hd�p;d�qðHd�1ðL;CÞÞÞ
upvq

¼ 1� ðuvÞd þ ð�1Þd�1
X

0cp;qcd

h p;qðHd�1ðL;CÞÞupvq

" #

þ ð�1Þd �
X

0cp;qcd

hd�p;d�qðHd�1ðL;CÞÞupvq

" #

¼ 1� ðuvÞd þ ð�1Þd�1
24 X

0cp;qcd�1
0cpþqcd�1

h p;qðHd�1ðL;CÞÞupvq
35

þ ð�1Þd
24 X

1cp;qcd
dþ1cpþqc2d�1

hd�p;d�qðHd�1ðL;CÞÞupvq
35

which proves the first assertion. Now setting

l p;qðLÞ :¼ dimC Gr
p
F
.ðH pþqðL;CÞÞ;

one has

l p;qðLÞ ¼ dimC HqðExðjÞ;W p
~XX
ðlogExðjÞÞnOExðjÞÞ
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(cf. [42, O1] and [45, O3]). Obviously,

l p; i�pðLÞ ¼
Xd
q¼0

h p;qðHiðL;CÞÞ

for id p. If ðX ; xÞ is, in addition, a rational singularity, then for all id 1 we have

l0; iðLÞ ¼ dimC HiðExðjÞ;OExðjÞÞ ¼ 0 ¼ l i;0ðLÞ ð4:8Þ

because l i;0ðLÞc l0; iðLÞ, Hið ~XX ;O~XX Þ ¼ 0 and

Hið ~XX ;O~XX Þ ! HiðExðjÞ;OExðjÞÞ

is surjective by [42, Lemma 2.14]. Hence,

h j;0ðHiðL;CÞÞ ¼ð4:3Þ h0; jðHiðL;CÞÞ ¼ð4:8Þ 0; for 0c jc d and id 1: ð4:9Þ

This means that the E-polynomial of L can be written as

EðL; u; vÞ

¼ 1� ðuvÞd þ ð�1Þd�1
24 X

1cp;qcd�1
2cpþqcd�1

h p;qðHd�1ðL;CÞÞupvq
35

þ ð�1Þd
24 X

1cp;qcd�1
dþ1cpþqc2d�2

hd�p;d�qðHd�1ðL;CÞÞupvq
35

8>>>>>>>>><>>>>>>>>>:
ð4:10Þ

and formula (4.2) follows from (4.10) and (4.1).

Remark 4.2. (i) Let us now denote by Ff theMilnor fiber being associated to the A-D-E

singularity ðX ðdÞ
f ; 0Þ. As it is known (cf. [32, Thm. 6.5]), Ff has the homotopy type of

a bouquet of d-spheres, and its Milnor number

mð f Þ :¼ mðFf Þ :¼afof these spheresg ¼ dimC Odþ1=
qf

qx
; . . . ;

qf

qxdþ1

� �� �
is in each case equal to the subscript of the type under consideration. According to
the Sebastiani–Thom theorem [39] (see also [15, pp. 86–88]), the splitting f ¼ gþ g 0

(as in (1.7)) gives rise to the construction of an homotopy equivalence between the
Milnor fiber Ff and the join Fg � Fg 0 of the corresponding Milnor fibers Fg and Fg 0 . In
particular, this implies

mð f Þ ¼ mðgÞ � mðg 0Þ ¼ mðgÞ ð4:11Þ
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(ii) For any isolated complete intersection singularity ðX ; xÞ of pure dimension d,
with link L, Milnor fiber F and Milnor number mðF Þ, Steenbrink’s invariant

sjðX ; xÞ; 0c jc d;

is defined in [43] by regarding any 1-parameter smoothing c : ðX; xÞ ! ðC; 0Þ of
ðX ; xÞ (with X0 ¼ c�1ð0ÞGX ) and setting

sjðX ; xÞ :¼ dimC Gr
j
F
.HdðF.cðCÞÞ;

where F� denotes here the Hodge-filtration of the highest hypercohomology group
of the complex F�

cðCÞ of sheaves of vanishing cycles associated to c. (For all q,

the direct image sheaves F
q
cðCÞ ¼ RqðQtÞ�CX are defined on X0, with Qt : Xt ! X0

denoting the restriction of the retraction Q : X ! X0 onto a fiber Xt. In fact, the def-
inition of Fq

cðCÞ can be made independent of the choice of the fiber Xt by passing
to the ‘‘canonical’’ fiber Xy of c. In this setting, the fiber of the sheaf Fq

cðCÞ over
x is isomorphic to ~HHqðXt;x;CÞ, where Xt;x is di¤eomorphic to the Milnor fiber F ).
sjðX ; xÞ is an upper semicontinuous invariant under deformations of ðX ; xÞ, does not
depend on the particular choice of c (cf. [43, (1.8)–(1.10), and (2.6)]), and

mðFÞ ¼ s0ðX ; xÞ þ s1ðX ; xÞ þ � � � þ sd�1ðX ; xÞ þ sdðX ; xÞ ð4:12Þ

On the other hand, taking into account the Qð�dÞ-duality between HdðF ;L;CÞ and
HdðF ;CÞ, and the exact MHS-sequence

0 ! Hd�1ðL;CÞ ! HdðF ;L;CÞ ! HdðF ;CÞ ! HdðL;CÞ ! 0;

one deduces the equalities

sjðX ; xÞ � sd�jðX ; xÞ ¼ l j;d�jðLÞ � l j;d�j�1ðLÞ ¼ ld�j; j�1ðLÞ � l j;d�j�1ðLÞ ð4:13Þ

Corollary 4.3. Let X ¼ X
ð3Þ
f be the underlying spaces of the three-dimensional A-D-E

singularities. Then we have

EðXnf0g; u; vÞ ¼ ðuv� 1Þ½1þ ð1þ h1;1ðH 2ðL;CÞÞÞuvþ ðuvÞ2
 ð4:14Þ

where

Types An Dn E6 E7 E8

h1;1ðH 2ðL;CÞÞ 1; for n odd

0; for n even

�
1; for n odd

2; for n even

�
0 1 0
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Proof. Formula (4.14) is nothing but (4.2) for d ¼ 3. So it remains to compute
h1;1ðH 2ðL;CÞÞ. Using the notation mð f Þ :¼ mðFf Þ and sjð f Þ :¼ sjðX ; 0Þ for the sin-
gularity ðX ; 0Þ, the equalities (4.8), (4.9) and (4.13) give

l1;1ðLÞ ¼ h1;1ðH 2ðL;CÞÞ ¼ s2ð f Þ � s1ð f Þ ð4:15Þ

and s0ð f Þ ¼ s3ð f Þ. Furthermore, by (4.12),

mð f Þ ¼ s0ð f Þ þ s1ð f Þ þ s2ð f Þ þ s3ð f Þ ¼ s1ð f Þ þ s2ð f Þ þ 2s3ð f Þ:

In fact, since ðX ; 0Þ is a Du Bois singularity (as it is a rational isolated singularity), or
equivalently, since s3ð f Þ equals the geometric genus of ðX ; 0Þ (see [45, O4], [42, (2.17)
and (3.7)]), we have s0ð f Þ ¼ s3ð f Þ ¼ 0, i.e., mð f Þ ¼ s0ð f Þ þ s1ð f Þ. Now the splitting
f ¼ gþ g 0 (as in (1.7)) leads to a ‘‘Sebastiani–Thom formula’’ for Steenbrink’s in-
variant; namely,

sjð f Þ ¼ sj�1ðgÞ ð4:16Þ

Applying Milnor’s formula [32, Thm. 10.5] for the curve singularity ðXg; 0Þ, we obtain

mðgÞ ¼ 2dðgÞ � rðgÞ þ 1 ð4:17Þ

where

rðgÞ :¼afbranches of the curve Xg passing through the origing

and

dðgÞ :¼af‘‘virtual’’ double points w:r:t: Xgg ¼ dimCðn�Oe =OXg
Þ

Xg

with n : ~XXg ! Xg the normalization of Xg. Note that this first number rðgÞ is directly
computable because the only types for which gðx1; x2Þ’s are reducible, are An’s, for n
odd, with

gðx1; x2Þ ¼ ðxðnþ1Þ=2
1 þ

ffiffiffiffiffiffiffi
�1

p
x2Þðxðnþ1Þ=2

1 �
ffiffiffiffiffiffiffi
�1

p
x2Þ;

Dn’s with

gðx1; x2Þ ¼
x1ðxn�2

1 þ x22Þ; if n is odd

x1ðxn=2�1
1 þ

ffiffiffiffiffiffiffi
�1

p
x2Þðxn=2�1

1 �
ffiffiffiffiffiffiffi
�1

p
x2Þ; if n is even

(

and E7 with

gðx1; x2Þ ¼ x1ðx21 þ x32Þ;
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while dðgÞ can be read o¤ from (4.17) via the Milnor number. Finally, since

s1ð f Þ ¼ð4:16Þ s0ðgÞ ¼ dðgÞ � rðgÞ þ 1; s2ð f Þ ¼ð4:16Þ s1ðgÞ ¼ dðgÞ; ð4:18Þ

(cf. [42, (2.17), p. 526]), we may form the following table:

Types mð f Þ ¼ mðgÞ rðgÞ s1ð f Þ ¼ s0ðgÞ s2ð f Þ ¼ s1ðgÞ ¼ dðgÞ

An, n odd n 2
n� 1

2

nþ 1

2

An, n even n 1
n

2

n

2

Dn, n odd n 2
n� 1

2

nþ 1

2

Dn, n even n 3
n� 2

2

nþ 2

2

E6 6 1 3 3

E7 7 2 3 4

E8 8 1 4 4

This table allows us to evaluate h1;1ðH 2ðL;CÞÞ for all possible types via (4.18) and
(4.15).

Proof of Theorem 1.11. It follows directly from the explicit arithmetical data for each
of the canonical resolutions given in Lemma 2.3 and Proposition 3.1, and from for-
mulae (3.15), (3.16), in combination with the formula (4.14) of Corollary 4.3. r

Final remarks and questions 4.4 (i) Is the resolution algorithm (or a slight modifica-
tion of it) extendible to a wider class of three-dimensional Gorenstein terminal (or
canonical) singularities?
(ii) The d-dimensional generalization of Theorem 1.11 seems to be feasible as the

pattern of the local reduction of simple singularities remains invariant (after all,
adding quadratic terms does not cause very crucial changes in the desingularization
procedure), though the investigation of the structure of the corresponding exceptional
prime divisors and of their intersections for the D-E’s might be rather complicated.
(iii) Since the string-theoretic ‘‘adjusting property’’ of Estr-functions is of local

nature and focuses solely on the singular loci of the varieties being under consider-
ation, it is clear how to treat of Estr and estr in global geometric constructions with
prescribed A-D-E singularities. We close the paper by giving some examples of this
sort.
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5 Global geometric applications

In view of Theorem 1.11, the Estr-function of a complex threefold Y having only
A-D-E singularities q1; q2; . . . ; qk is computable provided that one knows how to
determine the Hodge numbers h p;qðHi

cðY ;CÞÞ of Y, as we obtain:

EstrðY ; u; vÞ ¼ EðY nfq1; q2; . . . ; qkg; u; vÞ þ
Xk
i¼1

EstrððY ; qiÞ; u; vÞ

¼ EðY ; u; vÞ þ
Xk
i¼1

ðEstrððY ; qiÞ; u; vÞ � 1Þ ð5:1Þ

(a) Complete intersections in projective spaces. A very simple closed formula for estr
can be built whenever Y is a (global) complete intersection in a projective space.

Proposition 5.1. Let Y ¼ Yðd1;d2;...;dr�3Þ be a three-dimensional complete intersection of

multidegree ðd1; d2; . . . ; dr�3Þ in Pr
C having only k isolated singularities q1; q2; . . . ; qk

of type A-D-E. Then its string-theoretic Euler number equals

estrðY Þ ¼ rþ 1

3

� �
þ
X3
n¼1

ð�1Þn rþ 1

3� n

� � X
1c j1c���c jncr�3

dj1 . . . djn

 !" # Yr�3
j¼1

dj

 !

þ
Xk
i¼1

½estrðY ; qiÞ þ mðY ; qiÞ � 1
 ð5:2Þ

where mðY; qiÞ is the Milnor number of the singularity ðY; qiÞ and estrðY; qiÞ can be read
o¤ from the Theorem 1.11.

Proof. Considering a small deformation of Y one can always obtain a non-singular
complete intersection Y 0 in Pr

C having multidegree ðd1; d2; . . . ; dr�3Þ. If we take a
ball Bi in Pr

C centered at the point qi, then, choosing Bi small enough, Bi VY is
contractible and Bi VY 0 can be identified with the (closed) Milnor fiber of the
singularity ðY; qiÞ. ŶY :¼ Y nð6k

i¼1 BiÞ and ŶY 0 :¼ Y 0nð6k

i¼1 BiÞ are homeomorphic.
Therefore eðŶYÞ ¼ eðŶY 0Þ. Using the Mayer–Vietoris sequence for the splitting Y ¼
ŶY U6k

i¼1ðBi VYÞ, on the one hand, and for the splitting Y 0 ¼ ŶY 0 U6k

i¼1ðBi VY 0Þ,
on the other, we get eðYÞ ¼ eðŶYÞ þ k and

eðY 0Þ ¼ eðŶY 0Þ þ k �
Xk
i¼1

mðY; qiÞ;

respectively (see [15, Ch. 5, Cor. 4.4 (ii), p. 162]). Hence,

eðYÞ ¼ eðY 0Þ þ
Xk
i¼1

mðY ; qiÞ:
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The Euler number of Y 0 can be computed in terms of its multidegree data either
by determining the wy-characteristic of Y 0 via the Riemann–Roch Theorem (see
Hirzebruch [25, O2]) or directly by the Gauss–Bonnet Theorem, i.e., by evaluating
the highest Chern class of Y 0 at its fundamental cycle (cf. [19, p. 416] and Chen–
Ogiue [10, Thm. 2.1]), and is expressible by the closed formula

eðY 0Þ ¼ rþ 1

3

� �
þ
X3
n¼1

ð�1Þn rþ 1

3� n

� � X
1c j1c���c jncr�3

dj1 . . . djn

 !" # Yr�3
j¼1

dj

 !
:

Now (5.2) follows clearly from (5.1).

Example 5.2. (i) If Y possesses only A1-singularities (i.e., ‘‘ordinary double points’’ or
‘‘nodes’’), then the second summand in (5.2) equals 2aðnodes of Y ). Let us apply
(5.2) for some well-known hypersurfaces Y in P4

C with many nodes. [estrðYÞ is nothing
but the Euler number of the overlying spaces of the so-called (simultaneous) ‘‘small
resolutions’’ of the nodes of Y ’s.]

f Schoen’s quintic [37]. This is the quintic

Y ¼ ðz1 : � � � : z5Þ A P4
C

���� X5
i¼1

z5i � 5
Y5
i¼1

zi ¼ 0:

( )

having 125 nodes, namely the members of the orbit of the point ð1 : 1 : 1 : 1 : 1Þ under
the action of the group which is generated by the coordinate transformations

ðz1 : � � � : z5Þ 7! ðz1 : za15 z2 : � � � : za45 z5Þ;

where z5 ¼ eð2p
ffiffiffiffiffi
�1

p
Þ=5,

P4
j¼1 aj 1 0 ðmod 5Þ. Hence, estrðYÞ ¼ �200þ 2 � 125 ¼ 50.

f Hirzebruch’s quintic [26]. Let fFðx; yÞ ¼
Q5

i¼1Fiðx; yÞ ¼ 0g be the equation of
the curve of degree 5 in the real ðx; yÞ-plane constructed by the five lines Fiðx; yÞ ¼ 0,
1c ic 5, of a regular pentagon:
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This real picture shows that both partial derivatives of F vanish at the 10 points of
line intersections, as well as at one point ti at every triangle Ti and at the center of the
pentagon. Moreover, by symmetry, one has FðtiÞ ¼ FðtjÞ for all 1c ic jc 5. The

hypersurface Y HP4
C obtained after homogenization of the three-dimensional a‰ne

complex variety

fðz1; z2; z3; z4Þ A C4 jFðz1; z2Þ �Fðz3; z4Þ ¼ 0g

has 102 þ 52 þ 12 ¼ 126 nodes. This means that estrðY Þ ¼ �200þ 2 � 126 ¼ 52.

f Symmetric Hypersurfaces. In P5
C with ðz1 : � � � : z6Þ as homogeneous coordinates

we define the threefolds

Y1 :¼ fðz1 : � � � : z6Þ A P5
C j s1ðz1; . . . ; z6Þ ¼

P6
i¼1 z

3
i ¼ 0g;

Y2 :¼ fðz1 : � � � : z6Þ A P5
C j s1ðz1; . . . ; z6Þ ¼ s4ðz1; . . . ; z6Þ ¼ 0g;

Y3 :¼ ðz1 : � � � : z6Þ A P5
C

���� s1ðz1; . . . ; z6Þ ¼ s5ðz1; . . . ; z6Þ
þ s2ðz1; . . . ; z6Þs3ðz1; . . . ; z6Þ ¼ 0

� �
;

8>>><>>>:
where

sjðz1; . . . ; z6Þ ¼
X

1ck1<k2<���<kjc6

zk1 � zk2 � . . . � zkj ; 1c jc 6;

denote the elementary symmetric polynomials with respect to the variables z1; . . . ; z6.
Obviously, the Yi’s are invariant under the symmetry group S6 acting on P5

C by
permuting coordinates. Moreover, since the first equation

s1ðz1; . . . ; z6Þ ¼ z1 þ z2 þ z3 þ z4 þ z5 þ z6 ¼ 0

is linear, the Yi’s can be thought of as hypersurfaces in

P4
C ¼ fðz1 : � � � : z6Þ A P5

C j s1ðz1; . . . ; z6Þ ¼ 0g:

The threefold Y1 has 10 nodes, namely the points of P5
C for which three of

their coordinates are 1 and the other three are �1 (i.e., just the members of the
S6-orbit of ð1 : 1 : 1 : �1 : �1 : �1Þ). Correspondingly, Y2 has 45 nodes, and Y3

has 130 nodes, 10 constituting the S6-orbit of ð1 : 1 : 1 : �1 : �1 : �1Þ, 90 in
the S6-orbit of ð1 : 1 : �1 : �1 :

ffiffiffiffiffiffiffi
�3

p
: �

ffiffiffiffiffiffiffi
�3

p
Þ and 30 more in the S6-orbit of

ð1 : 1 : 1 : 1 :
ffiffiffiffiffiffiffi
�3

p
� 2 : �

ffiffiffiffiffiffiffi
�3

p
� 2Þ. The following table gives their special names,

their string-theoretic Euler numbers, as well as the main references for further reading
about their geometric properties. (Note that Y1 and Y2 attain exactly the upper
bound for the cardinality of nodes for cubics and quartics in P4

C, respectively. Y3 is,
to the best of our knowledge, the quintic in P4

C with the largest known number of
nodes).
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Threefolds Name Ref. estr

Y1 Segre’s cubic [41] �6þ 2 � 10 ¼ 14

Y2 Burkhart’s quartic [8], [17] �56þ 2 � 45 ¼ 34

Y3 van Straten’s quintic [48] �200þ 2 � 130 ¼ 60

(ii) Let now Y1;Y2 be the three-dimensional complete intersections of two quadrics

Yi :¼ fz ¼ ðz1 : z2 : � � � : z6Þ A P5
C j tzMiz ¼ tzM 0

i z ¼ 0g; i ¼ 1; 2;

where

M1 ¼

0 0 0 0 0 1

0 0 0 0 1 0

0 0 0 1 0 0

0 0 1 0 0 0

0 1 0 0 0 0

1 0 0 0 0 0

0BBBBBBBB@

1CCCCCCCCA
; M 0

1 ¼

0 0 0 0 0 0

0 0 0 0 0 1

0 0 0 0 1 0

0 0 0 1 0 0

0 0 1 0 0 0

0 1 0 0 0 0

0BBBBBBBB@

1CCCCCCCCA
;

M2 ¼

0 0 0 0 1 0

0 0 0 1 0 0

0 0 1 0 0 0

0 1 0 0 0 0

1 0 0 0 0 0

0 0 0 0 0 1

0BBBBBBBB@

1CCCCCCCCA
; M 0

2 ¼

0 0 0 0 0 0

0 0 0 0 1 0

0 0 0 1 0 0

0 0 1 0 0 0

0 1 0 0 0 0

0 0 0 0 0 0

0BBBBBBBB@

1CCCCCCCCA
:

Y1 and Y2 have q ¼ ð1 : 0 : 0 : 0 : 0 : 0Þ as single isolated point and belong to a family
of complete intersections which have been studied extensively by Segre [40] and
Knörrer [28, pp. 38–51]. ðY1; qÞ turns out to be an A5-singularity and ðY2; qÞ a
D6-singularity. For both Y1 and Y2 the first summand in (5.2) equals

6

3

� �
� 2 � 2 � 6

2

� �
þ 3 � 22 � 6

1

� �
� 4 � 23

� �
ð22Þ ¼ 0:

Hence, estrðY1Þ ¼ 2þ 5� 1 ¼ 6 A Z, whereas

estrðY2Þ ¼
2633

864
þ 6� 1 ¼ 8þ 41

864
A QnZ:

(b) Fiber products of elliptic surfaces over P1
C. Another kind of compact complex

threefolds having both A1 and A2-singularities arises from a slight generalization of

Dimitrios I. Dais and Marko Roczen422



Schoen’s construction [38]. Let Z ! P1
C and Z 0 ! P1

C denote two relatively minimal,
rational elliptic surfaces with global sections, and let S (resp. S 0Þ be the images of the
exceptional fibers of Y (resp. of Y 0) in P1

C. The fiber product

Y :¼ Z �P1
C
Z 0 !p P1

C

is a complex threefold with singularities located only in the fibers

Ys ¼ p�1ðsÞ ¼ Zs � Z 0
s

lying over points s A S 00 :¼ S VS 0. Since the Euler number of any smooth fiber is zero,
we have obviously

eðY Þ ¼
X
s AS 00

eðZsÞeðZ 0
sÞ: ð5:3Þ

We shall henceforth assume that S 00 ¼ fs1; s2; . . . ; skg, where for 1c ic k, Zsi is of
Kodaira type Ibi (i.e., a rational curve with an ordinary double point, if bi ¼ 1,
and a cycle of bi smooth rational curves, if bi d 2), while Z 0

sj
is of Kodaira type

Ib 0
j
, for all j with 1c jc n, ðn < k < 12Þ, and of Kodaira type II (i.e., a rational

curve with one cusp), for all j with nþ 1c jc k. (See [29, Thm. 6.2] for the classi-
fication and Kodaira’s notation of exceptional fibers). Under this assumption, Y is
a 3-dimensional Calabi–Yau variety with b1b

0
1 þ � � � þ bnb

0
n A1-singularities (each of

which contributing a 2 as string-theoretic Euler number) and bnþ1 þ � � � þ bk A2-
singularities (each of which contributing a 7

5 as string-theoretic Euler number). Since
eðZsiÞ ¼ bi for all i with 1c ic k, eðZ 0

sj
Þ ¼ b 0

j for all j with 1c jc n, and eðZ 0
sj
Þ ¼ 2

for all j with nþ 1c jc k, the string-theoretic Euler number of Y can be computed
by (5.1) and (5.3), and can be written as follows:

estrðY Þ ¼ 2
Xn
i¼1

bib
0
i

 !
þ 12

5

Xk
i¼nþ1

bi

 !
ð5:4Þ

Example 5.3. Using Kodaira’s homological and functional invariants (cf. [29, O8]),
as well as the normal forms of the corresponding Weierstrass models (due to Kas
[27]), Herfurtner has shown in detail in [22, cf. Table 3, pp. 336–337] the existence
of relatively minimal, rational elliptic surfaces Z1 (resp. Z2;Z3) with sections which
possess exactly four exceptional fibers having types I1; I1; I5; I5 over the ordered 4-

tuple of points

 �
1þ

ffiffiffi
5

p

2

�5
;

�
1�

ffiffiffi
5

p

2

�5
; 0;y

!
A ðP1

CÞ
4 (resp. types I1; I1; I2; I8 over

ð�1; 1; 0;yÞ A ðP1
CÞ

4, resp. types I1; I2; II ; I7 over ð� 9
4 ;� 8

9 ; 0;yÞ A ðP1
CÞ

4). Hence,

Y1 :¼ Z1 �P1
C
Z3; ðresp: Y2 :¼ Z2 �P1

C
Z3Þ;

has singularities only in the fibers over 0 and y; more precisely, it has five A2-
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singularities over 0 and 35 A1-singularities over y (resp., two A2-singularities over 0
and 56 A1-singularities over y). Consequently, (5.4) gives:

estrðY1Þ ¼ 2 � 35þ 12

5
� 5 ¼ 82 A Z

whereas

estrðY2Þ ¼ 2 � 56þ 12

5
� 2 ¼ 116þ 4

5
A QnZ:
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