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Preface

The Colloquium on Differential and Difference Equations - CDDE 2000 - was
held in Brno, September 5-8, 2000. It was organized by the Faculty of Science,
Masaryk University and the Mathematical Institute of the Academy of Science of
the Czech Republic in cooperation with the Union of Czech Mathematicians and
Physicists and the Union of Slovak Mathematicians and Physicists.

Due to the growing interest in the relationship between qualitative theory of
differential and difference equations it was decided to organize a meeting in Brno
which would have brought together various people working in these areas. The
topic of this meeting was ”Qualitative theory of differential and difference equa-
tions and their applications”. It followed the tradition of the previous conferences
and seminars on differential equations held in Brno, as there were Equadiff 3
(1972), Equadiff 6 (1985), Equadiff 9 (1997), Workshop on Qualitative Theory of
Differential Equations (1998) and Boruvka Mathematical Symposium (1999). We
hope it will be possible to continue in the tradition like this.

The Colloquium was prepared by the Organizing Committee consisting of
Miroslav Bartusek (chairman), Zuzana Dogla, Ondfej Dosly, Alexander Lomtatidze
and Jaromir Vosmansky. The help of the Honorary and Advisory Board was very
appreciated as well. There were 92 participants at the conference from 14 coun-
tries. The scientific program consisted of 5 survey plenary lectures (O. Dosly, L.
Gérniewitz, I. Gyori, T. Kusano and S. Schwabik), 56 communications, 10 posters
and 9 extended abstracts.

The social program which took an advantage of the nice surroundings of the
Brno dam lake, where the conference site was situated, was organized, too.

The CDDE 2000 Proceedings is published as the supplementary issue of To-
mus 36 (2000) of Archivum mathematicum journal and will be distributed to all
subscribers of this journal as well as to the participants of CDDE 2000. Additional
orders of this Proceedings ($ 35) should be sent to the Managing Editor of AM.

In this volume there are published all submitted papers which have passed
an usual AM reviewing process and were accepted for publication. Volume starts
with 3 survey papers by invited speakers and other 26 contributions are ordered
alphabetically.

The edition of the Proceedings was partly supported by the grant of the Grant
Agency of the Czech Republic no. 201/99/0295 and the Research Project no.
J07/98:143100001 of the Ministry of Education of the Czech Republic.



The electronic edition of the CDDE 2000 Proceedings is available in PDF
format on http://www.emis.de/journals/.

We would like to thank our colleagues for their help which enabled us to publish
this volume in short time, the editors of Archivum mathematicum for their kind
agreements to publish this Proceedings in the frame of the journal, the referees
for their good work and quick responses and, last but not least, to Jiff Sremr,
our PhD student, for the TEX adaptation of the great number of papers and for
preparing the electronic version of this volume.

Brno, February 2001 Editors
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ABSTRACT. The survey of the basic results of oscillation theory of various
linear differential equations and systems is presented. It is shown that the
discrete oscillation theory is in many aspects very similar to its continuous
counterpart. Some open problem are discussed.
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1. INTRODUCTION

The aim of this paper is to present a brief survey of the basic results of the discrete
oscillation theory, to compare these results with their continuous counterparts, and
to formulate some open problems in this area.

Let us start, as a motivation for our investigation, with the very famous second
order linear difference equation, namely the equation

(1) Tryo = Th41 + Tk

which determines the Fibonacci numbers. The characteristic equation of (1) is
A2 -\ —1=0, hence

k k
n 1+5 2] 1-+5
=l ) wm T

is a pair of linearly independent solutions of (1). Obviously, the solution z!Y is a
monotonically increasing sequence, whereas z2 is an oscillatory sequence. From
this point of view, it seems that the Sturmian separation theorem concerning the

1
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zero points of the linearly independent solutions of the Sturm-Liouville differential
equation
(2) (r(t)z") +c(t)z =0, r(t) >0,

has no discrete analogue.

To show that this is not the case, let us return to the motivation for the
investigation of oscillatory properties of (2) (more precisely, distribution of zero
points of its solutions). One of these motivations consists in the investigation of
positivity of the quadratic functional

b
3) Fily) = [ [rte® - elt?] de

over the class of (nontrivial, sufficiently smooth) functions y satisfying y(a) = 0 =
y(b). The functional F is (upon a certain transformation) the functional of the
second variation of the fixed end points variational problem

b
(@) / F(t 2(t), ' (£)) dt — min,  3(a) = A, 2(b) = B.

and its positivity is a sufficient condition for an extremal to be a local minimum
of (4), for a more detailed treatment of this topic see [19].

The important role in the investigation of positivity of the functional F. is
played by the so-called Picone identity. This identity relates the quadratic func-
tional F, to the Riccati equation

(5) w/—l—c(t)—i-rw—:O

which is related to (2) by the substitution w := T(’;)‘T,. This identity reads as

follows; let w be a solution of (5) which exists on the whole interval [a, b], then

b
(6) Foly) = w(t) v*|" + / % (r(t)y’ — w(t)y)® dt,

in particular, if y(a) = 0 = y(b), this formula shows that the existence of a solution
x of (2) without zero in [a,b] (and hence the existence of w solving (5) on [a, b])
implies that F, can be “completed to the square” (compare the integral term on
the right-hand-side of (6)) and hence F. is positive over the class of y satisfying
y(a) = 0= y(b).

If we replace the integral in (4) by its partial Riemann sum, after some rela-
beling of variables in this extremal problem, its discrete version is

N
(7) Z f(k,zpy1, Axg) — min, x0= A, zy41 = B,
k=0
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for a more detailed description of this discretization process we refer to [2,22]. The
investigation of sufficient conditions for a local minimum of (7) leads (using essen-
tially the same arguments as in the continuous case) to the problem of positivity
of the discrete quadratic functional

N

(8) Fa) =Y [re(Aye)® = cutiia] » - Atk == Yrs1 — Uk,
k=0

in the class of nontrivial sequences y = {yk}kNibl satisfying yo = 0 = yny41. This
functional is connected with the Sturm-Liouville difference equation

(9) A(rpAzg) + g1 =0, 1 # 0,

in the same way as (3) and (2) in the continuous case. The discrete analogue of

(5) is the equation
2

Wi
(10) Awk+0k+7'k+wk =0
and this equation is related to (9) by the substitution wy, = T’“TA—:" Here one can see
already a certain difference between the discrete and continuous case, namely the
presence of w in the denominator of the last expression of (10), we will return to
this phenomenon later in this paper. Following the same idea as in the continuous
case we reveal the discrete Picone identity

N
N+1 1 2
11 Faly) = wiy? S (g — ,
(11) a(y) wkyk‘o +k_0 —— (riAyr — wrYr)

where w is a solution of (10) defined for every k € [0, N + 1]. In particular, the
term r+w plays the same role as the term r in the continuous case and hence Fj is
positive (for nontrivial y satisfying yo = 0 = yn41) provided there exists a solution
w of (10) defined for k € [0, N + 1] and satisfying wg + . > 0 for k € [0, N].
Substituting for w = Tﬁw, the last inequality is equivalent to ryxpaxr+1 > 0.

Consequently, this leads to the following definition.

Definition 1. We say that an interval (m,m + 1], m € Z, contains a generalized
zero of a solution x of (9) if 2, # 0 and Zp, Ty 17 < 0.

The Fibonacci equation (1) can be rewritten into the (self-adjoint) form
A ((—1)kA$k) + (—1)kxk+1 =0,

see [2, Chap. I]. Applying the above definition (with 7, = (—1)F) to this equa-
tion we easily see that both solutions z[!l, z[2 are actually oscillatory, they have
infinitely many generalized zeros.

Finally note that the discrepancies between discrete and continuous oscillation
theories are mostly caused by differences between continuous calculus (differential
and integral calculus) and its discrete counterpart (the calculus of differences and
sums).
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2. OSCILLATION THEORY OF STURM-LIOUVILLE DIFFERENCE EQUATIONS

Using the definition of a generalized zero from the previous section we can now
formulate the main statement of the oscillation theory of Sturm-Liouville difference
equations (9), the so-called Roundabout theorem, see e.g. [2].

Theorem 1. The following statements are equivalent:

(i) Equation (9) is disconjugate on [0, N, i.e., the solution & given by the initial
condition &g =0, o1 = 1 has no generalized zero in (0, N + 1].
(i) There exists a solution of (9) having no generalized zero in [0, N + 1].
(iii) There exists a solution w of (10) which is defined for every k € [0, N + 1] and
satisfies v, +wy, > 0 for k € [0, N].
(iv) The quadratic functional fd(y) is positive for every nontrivial y satisfying
Yo =0=yn+1.

This theorems shows that the Sturmian separation and comparison theory does
extend to (9). Indeed, the separation theorem is given by the equivalence (i) <=
(ii) and the comparison theorem is “hidden” in the equivalence (i) <= (iv). Let
us also remind the main ideas used in the proof of Theorem 1. The implication
(i) = (ii) follows from the continuous dependence of solutions of (9) on a
parameter. More precisely, if the solution Z given in (i) has no generalized zero in
(0, N + 1], then the solution z[¥! given by the initial condition JZBE] =, roa:[f] =1
has no generalized zero in [0, N + 1] if € > 0 is sufficiently small. The implication
(i) = (iii) is just the Riccati substitution and the already mentioned fact that
ri +wy > 0 if and only if rpapzrr1 > 0. The implication (ili) = (iv) follows
immediately from Picone’s identity. Finally, the implication (iv) = (i) is proved
by contradiction. If  would have a generalized zero in (0, N +1], one can construct
a nontrivial y = {yk}g;f with yo = 0 = yn4+1 such that Fy(y) < 0. More details
concerning this proof can be found e.g. in [5].

The Roundabout theorem (observe that this name for the theorem comes from
its proof) immediately suggests two main methods of the discrete oscillation theory.
The first one consists in the equivalence (i) <= (iv) and is called the variational
method, whereas the second method, leaned on the equivalence (i) <= (iii), is
usually referred as the Riccati technique. Recall that equation (9) is said to be
nonoscillatory if there exists N € N such that (9) is disconjugate on [N, M] for
every M > N, in the opposite case (9) is said to be oscillatory.

To prove (via the variational method) that (9) is oscillatory, it suffices to con-
struct for every N € N a sequence y = {yx}32 v, such that yx = 0, only finitely
many y, are nonzero (this class of sequence we will denote by D(N)) and

o0

Faly; N, 0) Z Tk Ayk cky,%ﬂ} < 0.
k=N

On the other hand, to prove nonoscillation of (9) we need to show that there
exists N € N such that for every nontrivial y € D(N) we have F4(y; N, 00) > 0.
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A typical example of the oscillation criterion proved using the variational method
is the discrete version of the Leighton-Wintner oscillation criterion.

Theorem 2. Suppose that v, > 0 for large k and

(12) Zr;l =00 = ch.

Then equation (9) is oscillatory.

Proof. Let N € N be arbitrary. Define for N < n < m < M (which will be
determined later) a sequence y € D(N) as follows

-1
SeaT ) (Siarrt) L N+l<k<n,
, n+1<k<m-1,

—1
S rj—l) (Zj”i;} rj—l) ,m<k<M-—1,

) k> M.
Then we have
%) M-—1
Fa(y; N, o00) = Z [ (Ayr)? — eryiq] = Z [ (Ayr)? = cryis]

k=N k=N
n—1 m—1 M—1

= > +> + Z) [ (Ayr)® = crYieq]
k=N k=n k=m
n—1 -1 h m—2 M—1
= ( Tk1> - cky2+1—z Cl— Z
k=N k=N k=n =m—

Now, using the discrete version of the second mean value theorem of the sum

M-1 -1
2 -1
Ckyk+1+ Z Tk .
k=m

k 1

calculus (see, e.g. [11]), there exists m € [m — 1, M — 1] such that
M—1 n
Z Ckyl%Jrl < Z Ck-
k=m—1 k=m—1

Let n > N be fixed. Since (12) holds, for every € > 0 there exist M > m > n such

- -1
that >°)" cx > Fa(y; N,n — 1) + & whenever m > m and ( i, r,f) <e.
Consequently, we have

" M-1 -1
fd(y;N,OO)=fd(y;N,n—1)—ZCk+<Z7“k1> <0
k=n k=m

what we needed to prove.
A more sophisticated application of the construction of the sequence y leads to
a discrete versions of Nehari-type oscillation criteria, for more details we refer to
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[11], where the variational method is used to derive oscillation criteria for 2n-order
Sturm-Liouville difference equations.

In proving nonoscillation criteria using the variational method, the following
discrete version of the Wirtinger-type inequality is a very useful tool, see [23].

Theorem 3. Let My, be a positive sequence such that AMy, # 0 for k > N. Then
for every y € D(N) we have

> N My My 5
AM 2., < — (A
kg]:v| k|yk+1 = ¢N ];V |AMk| ( yk) )

where

2
M, ) ( | AM,| )1/2

13 = | su 1+ (sup ———

(13) e <k21r\)/ My 14 { kzg |AMj,_1|

A typical example of the application of the Wirtinger inequality is the next
Nehari-type nonoscillation criterion which is proved for higher order equations in
[23].

Theorem 4. Suppose that there exists a positive sequence My, such that AMj is
eventually nonzero and satisfies 0 < 1 := limsupy_. ., ¥Un < 00, where PN is
defined by (13). If

, 1 1
hiris;pm ch’ < v ¢ == max{0, cx},
j=k

then equation (9) is nonoscillatory.

We finish this section with a Hille-Nehari type nonoscillation criterion proved
using the Riccati technique. This criterion is presented in [16] for the half-linear
second order difference equation

Alrp®(Axg)) + cxP(xp41) =0, P(x) := |x|p*2x, p>1,

but for the sake of simplicity we formulate it for linear equation (9).

Observe that according to the Sturm comparison theorem for (9), to prove
nonoscillation of (9), it actually suffices to find N € N and a sequence wy, defined
for k > N, satisfying wy + r and the inequality

2

w
14 Awy, + ¢ + —E— <0
(14) F F Wi + Tk

Theorem 5. Suppose that v, > 0 for large k, . ¢, is convergent and

r,;l
15 lim —-%—— =0.
( ) b o0 Zk71 Tj_l
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k—1 00 k—1 00
1 3
. 1 s -1
(16) limsup ( g T ) g ij <7 hknig;f ( E T ) E ij > =7
= =

k—o0

then (9) is nonoscillatory.

Note that assumption (15) has no analogue in the continuous version of Theo-
rem 5 (see e.g. [12]) and necessity of this assumption in Theorem 5 is caused by the
term 7y + wy, in the denominator of the last term in (10). We define the sequence

1 k—1 -1 00
Wy = 1 (Z ’/‘j1> + ch
j=k

and in order to show that (16) imply that w is a solution of (14) satisfying wg+r, >
0 we need just assumption (15). In the continuous case, the denominator of the
last term in the Riccati equation (5) is r, i.e. does not contain the function w and
no analogue of (15) is needed in the continuous modification of this proof.

Finally note that the oscillation theory of (9) is now deeply developed and many
oscillation and nonoscillation criteria for (2) have their continuous counterparts,
see e.g. [1, Chap. VI].

3. TRANSFORMATION AND OSCILLATION THEORY OF SYMPLECTIC
DIFFERENCE SYSTEMS

Denote uy = rpAxy in (9). Then we can write this equation as the 2-dimensional
first order system

an 2= (e ) ()

and expanding the difference operator as recurrence system

1 1
<$k+1) =S <$k>’ Sk = ( o {k o ) .
Uk+1 Uk T Ty

By a direct computation it is not difficult to verify that the matrix in the last
system is symplectic, i.e., it satisfies the identity S,{j&'k =J, 7= (21 0> .
Consider now the general 2n x 2n symplectic difference system

(18) 21 = Sk2k,

where z = (ﬁ), Si = (éf g’; > is a symplectic matrix, i.e., it satisfies

SIS =3, J= (21 é)
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z,u € R* and A,B,C,D € R*" ™. Symplectic difference systems cover a large
variety of difference equations and systems. For example, the linear Hamiltonian
difference system

T
Az = Aptpy1 + Brug,  Aup = Craper — Apup

with symmetric n X n matrices B, C' and the matrix (I — A) invertible is a special
case of (18), see [2]. Since the 2n-order Sturm-Liouville equation

(19) zn: A (TLV]A”yk+n_y) —0, A=A
v=0

can be written as (3) with special matrices A, B, C (see, e.g. [2]), symplectic dif-
ference systems cover Sturm-Liouville equations as well.

Let Z = (3}), Z = (;) be 2n x n solutions of (18), then A(ZFTZy) =0, i.e.,
Z,CTjZk = M, where M is a constant n X n matrix. This identity can be regarded
as the extension of the classical Casoratian identity to (18). If Z = Z, M = 0 and
rank Zj = n, then Z is called a conjoined basis of (18). Oscillatory properties of
solutions of (18) are defined using the concept of a focal point in the same way as
oscillatory properties of (9) via the concept of generalized zero.

Recall that an interval (m,m + 1] contains a focal point of a 2n x n solution
Z = (3) of (18) if

Ker X,41 C Ker X,, and Dy, = X,n X By 20

fail to hold. Here Ker, T and > mean kernel, Moore-Penrose generalized inverse

and nonnegative definiteness of the matrix indicated.

Let Ry = (Kk Nk) be symplectic 2n x 2n matrices (H, K, M, N being
k k

n X n matrices) and consider the transformation

(20) Zk = Rkék.

This transformation transforms (18) into the system Z;1 = Sk, Sk = R,:ilSkRk
and this new system is again symplectic as can be verified by a direct computa-
tion. Moreover, if My, = 0 in Ry, then transformation (20) preserves focal points
of transformed systems and hence also their oscillatory behavior as it is shown in
[6]. In that paper the Roundabout theorem for (18) is presented, in particular, it
is proved that the quadratic functional

N
F(z) ;:Zz,{{S,{KSk—K}Zk» k= <9 8>

k=0

over the class of sequences satisfying Kzp11 = KSkz2k, Kzo = 0 = Kzn41, and the
Riccati matrix difference equation

Qi+1 = (C + DQr)(Ar + BQy) ™"
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play the same role as (8) and (10) in the oscillation theory of (9).

In the remaining part of this section we present two particular transformations
of (18) where the so-called trigonometric difference system appears. A trigono-
metric difference systems (introduced by Anderson [3]) is the symplectic difference
system whose matrix satisfies the additional condition J7S,J = Si. This means
that transformation (20) with Ry = J (the so-called reciprocity transformation,
see [0]) transforms system (18) into itself. Hence, trigonometric system can be
written in the form

s s
e ()= e ) C)
where the matrices P, Q satisfy the identities
(22) PiQr=QiPr, PiPi+QiQu=1.
In particular, if n = 1, then (22) implies the existence of ¢ € [0, 27) such that

(23) sinpp = Q, cospr = Pk

B-CED C)-CE)

form the basis of the solution solution space of (21).

and then

Theorem 6. (Trigonometric transformation, [7]) There exist n x n matrices H
and K such that H is nonsingular, HTK = KT H, and the transformation

o ()= Cer ) ()

transforms the symplectic system (18) into trigonometric system (21) without
changing the oscillatory behavior. Moreover, the matrices P and Q from (21) may
be explicitly given by

(25) Pr = H, ! (AHy + BeKy) and Q= H '\ BpHI ™"

The previous statement is a discrete version of the trigonometric transformation
of linear Hamiltonian differential systems established in [10], where it is proved
that any linear Hamiltonian differential system

(26) v = A(t)r + B(t)u, u =C{t)r— AT (t)u

with B, C symmetric, can be transformed by a transformation preserving oscilla-
tory nature of transformed systems into the trigonometric differential system

(27) s =Qt)e, =-Q)s
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with a symmetric matrix ). The terminology trigonometric system is again justi-
fied by the scalar case n = 1 since sin (ft Q(s) ds) , COS (ft Q(s) ds) is a solution
of this system. It is known (see [26, Chap. VII] that (27) with Q(¢t) > 0 is os-

cillatory (i.e., there exists a conjoined basis () and a sequence t, — oo such

that det S(t,) = 0) if and only if [~ TrQ(t)dt = oo, Tr stands for the trace of
the matrix indicated. In the discrete case a necessary and sufficient condition for
oscillation of (21) is known only in case when Q is nonsingular and reads

Zarccotg Al (Q,;l’Pk) = 00,

AU (.) denotes the least eigenvalue of the matrix indicated, see [7]. Since the ma-
trix Q is given by (25), nonsingularity of Q is equivalent to nonsingularity of 5.
However, symplectic systems with B nonsingular do not cover many important
cases, e.g. the higher order Sturm-Liouville equation (19). For this reason it would
be very useful to know a necessary and sufficient condition for oscillation of (21)
also in the case when @ is allowed to be singular.

We finish this section with a discrete version of the Priifer transformation.

Theorem 7. ([8]) Let Z = (};) be a 2n x n matriz conjoined basis of (18). Then

there exist nonsingular n X n matrix H and n X n matrices S, C such that (g) can
be expressed in the form

(28) X = Sng, U, = C,?Hk,

where (g) is a solution of the trigonometric system (21) satisfying S{ Si+CFCy =
I, SECy — CL Sy = 0. The matrices P, Q are given by the formulas
P = (HI%FH) 1()15;:)T81?()I§:)Hk ' — AHy,
Q= (H{) ™ () SE T (o) Hy !
and H solves the first order system
_ _ _ _ ST
AHy, = (Zi) Y (ShZk — AZy)Hy, 7 = <CT>.

In the continuous case, the Priifer transformation for linear Hamiltonian dif-
ferential systems (26) was established in [1] as a matrix extension of the classical
Priifer transformation for (2) proved in [25]. If n = 1 in Theorem 7 and (18) is
rewritten Sturm-Liouville equation (9) (compare (17)), then (28) reduces to

k—1 k—1
xr = Hp, sin (Z gpj> ,  rpAx, = Hy cos (Z @j) ,

where ¢y, is given by (23), and Theorem 7 is really a discrete version of the classical
Priifer transformation.
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4. HIGHER ORDER LINEAR DIFFERENCE EQUATIONS

Consider the n-th order linear difference equation

(29) L(y)k := Thgn + aLn_l]xk+n,1 +... ag]xk+1 + CLLO]CCk =0.

Basic facts of the qualitative theory of (29) can be found in [1,17]. One of the
motivation for the investigation of oscillatory properties of linear differential and
difference equations is the so-called Polya factorization. In the continuous case
this problem was resolved in [24] (see also [9]) and in the discrete case it is treated
in the fundamental paper of Hartman [21]. Recall now some statements of that
paper. An integer k + m is said to be the generalized zero point of multiplicity m
of a sequence xy, if xx # 0, Tpy1 =+ = Tpem_1 = 0 and (=1)" Loy o, < 0. If
m = 1 and n = 2 then this definition complies with the definition of the generalized
zero of (9) with r;, = 1. Observe also that a nontrivial solution of linear equation
(29) cannot have a generalized zero of multiplicity greater than n — 1 as can
be verified by a direct computation. Equation (29) is said to be disconjugate on
the interval [0, N] if every nontrivial solution has at most n — 1 generalized zeros
(counting multiplicity) in [0, M +n] and the solutions satisfying g = --- = z; = 0,
zjp1 #0,7 € {0,...,n—2} have at most n—j—2 generalized zeros (again counting
multiplicity) in (j +1,N +n —j — 1.

Theorem 8. Suppose that (29) is disconjugate on [0, N|. Then there exists a fun-

damental system of solutions of this equation M, ... [ such that n Casoratians
ANl
C@M by, = | >0
(1] s

Tpyj—1 - Tprj

for k € [0,N] and j = 1,...,n. Moreover, the operator L admits Polya’s factor-
1zation
Yk
()
k
(31)

SOz Gl ab T Ol e,
ET T o C % T TR, ) 0@, 2y

0] [1] [n—1] 1
(30) Ly =0y ap oy A {WA

k

where (for j=2,....n—1)

o)

Another important statement concerning Polya’s factorization is the so-called
Trench canonical factorization, see [20].

Theorem 9. Suppose that (29) is eventually disconjugate, i.e., there exists N €
N such that this equation is disconjugate on [N, M] for every M > N. Then
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the operator L can be expressed on [N,o0) in the form (30) with the sequences
ol a1 satisfying

Zag]:oo, j=1,...,n—1.

Recall that the canonical factorization for disconjugate linear differential op-
erators was established by Trench [27] and that disconjugate linear differential
operators have many properties similar to those of the simple operator of the n-th
derivative L(y) := y(™, see e.g. [18]. This book also represent a good motivation
for discretization of continuous results.

Now let us turn out attention to the higher order, two-term, Sturm-Liouville
equation

(32) (—1)"A"(rr A"yk) = @eYrin

with r # 0. The most of the next results can be extended to the general equation
(19), but to see better the similarity between the second order case (9) and higher
order equations, we consider two-term equation (32) only. Since this equation can
be written as a linear Hamiltonian difference system and hence also as a symplectic
difference system (18), oscillatory properties of (32) are defined via those of the
corresponding symplectic difference system. Denote

Dp(N)={y={vk}rin : yn=-..=Yyn+n—1=0, IM > N +n -1, y,=0, k> M}

(observe that the class of sequences D(IN) defined in Section 2 coincides with
D;(N)). The quadratic functional associated with (32) is

oo

F(y; Nyoo) = > [r(A™yk)® — axyiyn)
k=N

and equation (32) is nonoscillatory if and only if there exists N € N such that
F(y; N,00) > 0 for every nontrivial y € D,,(IN). This statement is a direct exten-
sion of the of the variational oscillation method for second order equations to (32).
Using a modified construction from Section 2, one can prove the following higher
order extension of the Leighton-Wintner criterion given in Theorem 2.

Theorem 10. ([11]) Suppose that ry > 0 for large k, Y. r. ' = oo and there
exists j € {0,...,n— 1} such that 3.°° gk = oo, where kW) :=k(k —1)--- (k —
4+ 1), kO = 1 is the so-called generalized j-th power. Then equation (32) is
oscillatory.

Concerning a higher order extension of the Hille-Nehari-type nonoscillation
criterion given in Theorem 5, the proof of this extension is essentially the same
as those of Theorem 5, only one has to apply the Wirtinger inequality n-times
(instead of once as in Theorem 5). We do not formulate the result explicitly, but
we refer to the recent papers [13,23].
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In Theorem 10 and also in its nonoscillatory counterpart given in [13], equation
(32) is viewed in a certain sense as a perturbation of the one-term (nonoscillatory)
equation (—1)"A™(r, A"y;,)™ = 0 and it is shown that if the sequence g is
“sufficiently positive”, i.e., >.°° ¢.kU) = oo, (“not too positive”) then (32) becomes
oscillatory (remains nonoscillatory).

To formulate an open problem connected with (32), consider the 2n-order
Sturm-Liouville differential equation

(n)

(33) (=1 (29™) " = altyy,
where a & {1,3,...,2n — 1} is a real constant. A typical approach when inves-
tigating oscillatory properties of (33) used e.g. in [14,15], is that this equation is

not viewed as a perturbation of the one-term equation (—1)™(t*y(™) = 0, but as
a perturbation of the Euler-type equation

(34) (1)) + 2y =0

Yry = (—4)7" H?;01(2n —a—2i—1)(2n+ «a — 2i — 1) being the so-called critical
oscillation constant. In the discrete case we also have in disposal an Euler-type
equation

v

35 —1)mA 2, =0
(35) (1) Tk + (k+2n—1)(2")xk
whose solutions are of the form ), = F}’\(',:)k), It) = [;7 e *t""!ds being the

classical I" function, and X is a solution of the characteristic equation (—1)"A(A —
1)+ (A=2n+1) 4+~ =0, see [1, Chap. ITT]. However, equation (35) (in contrast
to (34)) is not in self-adjoint form, since the second term on left-hand-side of
this equation contains « with index k instead of k + n (compare (32)). Hence the
above mentioned “continuous” idea cannot be directly applied to difference equa-
tions. This suggests the following open problem; to find a two-term self-adjoint
nonoscillatory difference equation which can be solved explicitly (like (34) in the
continuous case) and to use this equation as “perturbation equation” in the oscil-
lation theory of (32).
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1. INTRODUCTION

In 1923, H. Kneser proved that the Peano existence theorem can be formulated
in this way that the set of all solutions is not only nonempty but also compact
connected (comp. also [139], [140]). Later, in 1942 N. Aronszajn improved the
Kneser theorem by showing that the set of all solutions is even Rj-set. Evidently
the characterization of the set of fixed points for some operators implies the re-
spective result for solution sets. This paper is an attempt to give a systematic
presentation of results and methods which concern the topological structure of
fixed point sets and solution sets. In this subject there are three methods so called
Browder—Gupta method, Banach method and inverse limit method. We survey
most important results concerning the above three methods. Our considerations
concentrate on simplest cases and main ideas. We included rich literature in which
the reader can find further results.

Our paper is devoted for mathematicians and students interested in the topo-
logical fixed point theory or in the qualitative theory of differential equations and
differential inclusions.

In what follows we shall assume that all topological spaces considered in our
paper are metric.

2. BROWDER—GUPTA TYPE RESULTS

The famous Schauder Fixed Point Theorem or more generally the Lefschetz Fixed
Point Theorem says that there exists a fixed point theorem for some classes of
mappings. So, a natural question is to characterize the set of fixed points. The
first result, which is still a main one, was proved in 1969 by F. Browder and C.
Gupta (comp [21]). Below we shall present a slight generalization of the above
mentioned result.

To do this we need some topological notions (for details see: [69]).

Definition 2.1. A space X is called contractible provided there exists a (contin-
uous) homotopy h : X x [0,1] — X such that:

h(xz,0) =z for every x € X

and
h(z,1) =xzo for every z € X and some fixed x¢ € X.

Definition 2.2. A space X is called an absolute retract (written X € AR) pro-
vided that for every space Y, its closed subset B C Y and continuous map

[+ B — X there exists a continuous extension f : Y — X of f over Y, i.e.
f(x) = f(x) for every x € B.

Definition 2.3. A space X is called an Rg-set provided that there exists a se-
quence of compact nonempty contractible spaces {X,} such that:

(2.1) Xpy1 C X, for every n;
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(2.2) X = ﬁ X,.
n=1

Let us remark (comp. [69]) that a space X € AR if and only if X is a convex
subset W of a normed space F or X is homeomorphic to a retract® of a convex sub-
set W C E. So any absolute retract is contractible. If we restrict our considerations
to compact spaces then we have:

[AR|C [CONTRACTIBLE | C | Rs |

Note that any Rs-set is a compact nonempty connected space which is acyclic
with respect to the Cech homology functor (comp. again [69]), i.e. it has the same
homology as the one point space {zo}.

Definition 2.4. Let f: X — Y be a continuous function and let y € Y. We shall
say that f is proper at the point y provided that there exists € > 0 such that for
any compact set K C B(y, ¢) the set f~!(K) is compact, where B(y, €) is the open
ball in Y with the center at y € Y and radius ¢.

Recall that f: X — Y is called proper provided that for any compact K C Y
the set f~!(K) is compact. Of course any proper map f : X — Y is proper at
every point y € Y.

Now we are able to formulate our reformulation of the Browder—Gupta theorem:

Theorem 2.1. Let E be a Banach space and f : X — E be a continuous map
such that the following conditions are satisfied:

(2.1.1) f is proper at 0 € E,
(2.1.2) for every e > 0 there exists a continuous map fe : X — E for which we
have:
() I1f(@) - fo(@)| << for cveryz€ X,
(ii) the map f. : f;l(B(ng)) — B(0,¢e), fe(x) = fe(x) for every x €
f=1(B(0,¢)), is a homeomorphism.

Then the set f~1({0}) is an Rs-set.

Sketch of proof. First, we have to prove that f~1({0}) is nonempty. We take for
every e = 1/n,n=1,2... amap f, : X — E which satisfies (2.1.2). In view of
(2.1.2)(ii) for every n we can find a point x,, € X such that f,(x) = 0. It follows
that:

Hﬂ%m=wum—n@m<%.

So the sequence {f(z,)} is convergent to the point 0 € E. Since f is proper
at 0 € F, we can assume without loss of generality that the sequence {x,} is

L A space A is a retract of W if there exists a continuous function r : W — A such that
r(xz) = x for every z € A (we have assumed that A C W).
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convergent to a point € E. Now from the continuity of f it follows that f(x) =0
and consequently f~=1({0}) # 0.

Now let us denote by S the set f~({0}). It follows from (2.1.1) that S is
compact. Moreover, we have proved that S # (. For every ¢ = 1/n, n = 1,2...
let A,, = f,(S) where f, are chosen according to (2.1.2). Then from (2.1.2)(i) we
deduce that A,, C B(0,1/n). Note that {A,,} is a sequence of compact sets. We
let:

C,, = conv(A4,).
It follows from the Mazur’s Lemma (comp. [69] or [90]) that C), is a compact convex
subset of B(0,1/n). Now by using (2.1.2)(ii) we deduce that set D,, = f,,1(C,,) is
an absolute retract (because it is homeomorphic to the convex set C),). Therefore
we can proceed in the same way as in the proof of Theorem 7 ([21]) and our
theorem follows from Lemma 5 in [21].

Note that assumptions in 2.1 are analogous to Theorem 7 ([21]).

Let us remark also that Theorem 2.1 has exactly the same proof if we replace
the Banach space E by an arbitrary Fréchet space and open balls by convex sym-
metric open neighbourhoods of the zero point 0 € E. We shall show it in the
multivalued case.

Now, we are going to explain the scope of fixed point interpretation of Theorem
2.1.

Assume that X C F and F': X — F is a given mapping. We let f : X — E|
f(z) =x — F(z). Then f is called the field associated with F. We have:

F7({0)) = Fix(F) = {x € X | F(2) = x}.

Observe that if F, : X — E is an e-approximation of F then f, (f-(x) = 2 —F:(z))
is an e-approximation of f (f(z) =z — F(x)).

It is well known that if F' is a compact map or k-set contraction or condensing
map which has e-approximation of the same type then all assumptions of Theorem
5.2 are satisfied for the field f f(x) = — F(x)) associated with F.

We would like to conclude that Theorem 5.2 contains as a special case many
results, the called generalizations of the Browder—Gupta theorem (com. [21], [38],
[39], [54], [55], [56], [101], [102], [141], [147], [158], [175], [176]).

There is a natural and essential problem to formulate an appropriate multival-
ued version of the Browder—Gupta Theorem. In this order see: [6], [12], [19], [34],
[35], [61], [62], [60], [75], [84], [88], [101], [123], [124], [54]. The most general result
was obtained in 1999 by G. Gabor (see [60]). We shall present below the Gabor
result.

To do this recall some notation. In what follows the symbol ¢ : X — Y is
reserved for multivalued mappings. In this Section we shall assume that for every
x € X the set p(z) is compact nonempty.

A map ¢ : X — Y is called upper semicontinuous (u.s.c.) provided that for
every open U C Y the set {x € X | p(x) C U} is open; ¢ is called lower semicon-
tinuous (l.s.c.) provided that for every open U C Y the set:

{reX|p)nU#0}



TOPOLOGICAL STRUCTURE OF SOLUTION SETS: CURRENT RESULTS 347

is open; ¢ is continuous, if ¢ is both u.s.c. and l.s.c.
A map p: X — Y is proper provided that for every compact K C Y the set

{re X |p(@)nK #0}

is compact. In what follows for given ¢ : X —o Y and A C Y we let:

o '(A) ={z e X |p(x) C A},
e N A) ={z e X |p(x)nA#0}.

Assume that X C Y and ¢ : X — Y is a given multivalued map. We let

Fix(p) ={x € X |z € p(x)}.

Now we are able to formulate the multivalued version of the Browder—Gupta
Theorem (see: [60]).

Theorem 2.2. Let X be a metric space, E a Fréchet space, {U} a base of open
convexr symmetric neighbourhoods of the origin in E, and let ¢ : X — E be an
u.s.c. proper map with compact values. Assume that there is a sequence of compact
convez valued u.s.c. proper maps pi : X — E such that

() (@) C @(Nyyele)) + U, Jor every z € X,

(ii) if 0 € p(x), then pr(x) NTx #0,

(iii) for every k > 1 and every u € E with u € Uy, the inclusion u € pr(x) has an
acyclic set of solutions.

Then the set S = ¢~ 1(0) is compact and acyclic.

Proof. We show that S is nonempty. To this end, notice that for every k > 1 we
can find x; € X such that 0 € i (xg). Assumption (i) implies that there are z; €
Nyp(wr), yr € wr(2) and uy, € Uy such that 0 = yp +ug. Thus yp — 0. Consider
the compact set K = {y;} U {0}. Since ¢ is proper, the set gpf(K) is compact.
Moreover, {z;} C go__irl(K ). Thus we can assume, without loss of generality, that
{21} converges to some point z € X. By the upper semicontinuity of ¢, we have
0 € o(x) and, what follows, S # ().

Since  is proper, the set S is compact. We show that it is acyclic. By assump-
tion (ii), the set A; = w,:i (Uy) is nonempty. Consider the map 1 : Ay —o Uy,
() = ep(z) N Uy Since Uy, is contractible and v, is u.s.c. convex valued sur-
jection (see (iii)), we can apply Corollary 3.12 in [60] to obtain that Ay is acyclic.

Now we show that for every open neighbourhood U of § in X there exists
k > 1 such that Ay C U. Indeed, assume on the contrary that there is an open
neighbourhood U of § in X such that Ay ¢ U or every k > 1. It means that
there are xy € Ay with xp € U and, consequently, there are y € g (zx) such that

2 i.e. the Cech homology of S are the same as a singleton {z0}.
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yr € Ug. Assumption (i) implies that there are z;, € B(wk, 1/k), vi € ¢(21) and
ur € Uy such that yir = vg + ug. Therefore, vy = yr — ugx € 2Ux which implies
that vy, — 0. Consider the compact set Ko = {v}U{0}. Since ¢ is proper, we can
assume that {zx} and, consequently, {zx} converges to some point x € X. Thus
x € §. On the other hand, x ¢ U, a contradiction and our theorem follows from
Lemma 3.10 in [60].

Remark 2.1. 1t is easy to see that in the above result we can assume that X is a
subset of a Fréchet space. Then, instead of neighbourhoods, we can consider sets
x + Vi, where {V;} is the base of open convex symmetric neighbourhoods of the
origin.

As a consequence of Theorem 3.6 and properties of a topological degree of u.s.c.
compact convex valued maps (see e.g. [69] or [104]) one can obtain the following
theorem generalizing the result of Czarnowski in [39].

Theorem 2.3. Let 2 be an open subset of a Fréchet space E, {Uy} the base
of open convex symmetric neighbourhoods of the origin in E, and & : 2 — E
a compact u.s.c. map with compact convex values. Suppose that x ¢ P(z) for
every x € 012, and the topological degree deg(j — @,2,0) of (j — @) is different
from zero, where j : 2 — E is an inclusion. Assume that there exists a sequence
{Py, : 2 — E} of compact u.s.c. maps with compact convex values such that

(i) @r(z) C ®(x + Uy) + Uy, for every x € §2,

(i) if z € P(x), then x € Py(z) + Uk,

(iil) for every u € Uy, the set S of all solutions to the inclusion x — Pr(x) > u is
acyclic or empty, for every n > 0.

Then the fized point set Fix(®) of @ is compact and acyclic.

Proof. Define the maps ¢, ¢y, : 2 — E, ¢ = j — @, ¢, = j — Pp.. One can check
that ¢, ¢ are proper maps. To apply Theorem 2.2 it is sufficient to show that,
for sufficiently big k and for every u € Uy, the set S¥ is nonempty.

For each k > 1 define the map ¥ : 2 — E, ¥(x) = &k (z) +u, for every z € (2.
We prove that, for sufficiently big k, deg(j — ¥, £2,0) # 0 which implies, by the
existence property of a degree, a nonemptiness of S¥.

Since ¢ is a closed® map (see e.g. [69]), we can find, for sufficiently big k, a
neighbourhood U}, of the origin such that p(0£2) N Uy = 0.

Consider the following homotopy Hy : 2 x [0,1] — E, H(z,t) = (1 —t)®(z) +
tW,(x). We show that

Zy ={x € 002 | x € Hy(x,t) for some t € [0,1]} =0

for sufficiently big k. Suppose, on the contrary, that there are a subsequence of
{Hy} (we denote it also by {Hy}), points x € 92, and numbers t;, € [0,1]

3 is closed provided for every closed K C 2 the set #(K) = U.cx @() is a closed
subset of F.
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such that z € Hk(a:k,tk), that is xp = (1 — tk)yk + trpsg + tru, for some yi €
®(xy) and s € P(xx). Assumption (i) implies that there are zp € . + U and
vy € D(21) such that si € vr + Ug. By the compactness of @, we can assume
that y — vy and vy — wv. Therefore, s, — v. Moreover, we can assume that
ty — t € [0,1]. This implies that z; — z¢ = (1 — t)y + tv + tu or, equivalently,
that 0 = (1 — t)(xo — y) + t(xg — v) — tu. But by the upper semicontinuity of
©, we obtain that xg —y € ¢(xg) and zog — v € (xg). Since @ is convex valued,
0¢€ (1—1t)p(xo) +to(xo) — tu C @(xo) — tu. This implies that p(xo) N U # 0, a
contradiction.
Now, by the homotopy property of a topological degree, one obtains

deg(!pkv Qv 0) = deg(qﬁ, Qv 0) 7& 0
which ends the proof of the theorem.

3. ARONSZAJN TYPE RESULTS

In 1890 Peano [140] showed that the Cauchy problem
x(t) = g(t,z(t)) forte[0,al,
(3.1) 2(0) = 0,

where ¢ : [0,a] x R* — R" is continuous, has local solutions although the unique-
ness property does not hold in general.

This observation became a motivation for studying the structure of the set &
of solutions to (3.1). Peano himself showed that, in the case n = 1, all sections
S(t) = {x(t) | = € S} are nonempty, compact and connected (that is, a continuum)
in the standard topology of the real line, for ¢ in some neighbourhood of ¢(. Kneser
generalized this result in 1923 [39] into the case of arbitrary n. In 1928 Hukuhara
[80] proved that S is a continuum in the Banach space of continuous functions
with the sup norm.

A more precise characterization of S was found in 1942 by Aronszajn [10],
who showed that S is an Rs-set, i.e. it is homeomorphic to the intersection of a
decreasing sequence of compact contractible spaces (or compact absolute retracts).
This implies that S is acyclic which means that, without a lipschitzianity of the
right hand side f of (3.1), the set S of solutions (3.1) may not be a singleton but,
from the point of view of algebraic topology, it is equivalent to a point, in the sense
that it has the same homology groups as one point space {x¢}.

Aronszajn’s result was improved by several authors (see: [1], [3], [4]-[6], [9],
[14], [15], [16], [17], [19], [23], [24], [32], [34], [13], [38]-[39], [40], [42]-[44], [46]-[47],
[48]-[49], [53], [54], [60], [66], [68], [73], [75], [77]-[78], [97]-[98], [101], [121]-[138],
[156]-[168], [171]-[173], [174]-[178]) but always a main tool to do it is a version of
the Browder—Gupta theorem. We shall sketch it in the case of problem (3.1) first
for the singlevalued case and later for the multivalued case.

The singlevalued case follows immediately from the Browder—Gupta Theorem
and the Szufla’s type lemma (see [164] or [68]) which we shall present below.

The following result is a slight reformulation of Lemma 1 in [164].
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Theorem 3.1. Let E = C([0,a], R™) be the Banach space of continuous maps
with the usual maz-norm and let X = K(0,r) = {u € E | |Jul]| < r} be the closed
ball in E.

If I : X — E is a compact map and f : X — FE is a compact vector field
associated with F, i.e. f(u) = u — F(u), such that the following conditions are
satisfied:

(3.1.1) there exists an xo € R™ such that F(u)(0) = xg, for every u € K(0,r);
(3.1.2) for every e €]0,a] and for every u,v € X, if u(t) = v(t) for each t € [0,¢],
then F(u)(t) = F(v)(t) for each t € [0,¢];

then there exists a sequence f, : X — E of continuous proper mappings satisfying
conditions (2.1.1)—(2.1.2) with respect to f.

Sketch of proof. For the proof it is sufficient to define a sequence F,, : X — E of
compact maps such that:

(i) F(z) = lim F,(z), uniformlyinz € X,
and
(ii) fn: X —E, fu(x) =2 — F,(z), is a one-to-one map.

To do this we additionally define the mappings r,, : [0,a] — [0, a] by putting:

a
0, te {O,— ,
. n
ra(t) = a a
t——, tel=al.
n n

Now we are able to define the sequence {F,} as follows:
(iii) F.(z)(t) = F(z)(rn(t)), forzeX, n=12,....

It is easily seen that Fj, is a continuous and compact mapping, n = 1,2, .... Since
|rn(t) — t| < a/n we deduce from compactness of F' and (iii) that

lim F,(z) = F(z), uniformly in z € X.

n—oo

Now we shall prove that f,, is a one-to-one map. Assume that for some z,y € X
we have

fn(@) = fn(y)-
This implies that
r—y=Fu(z) — Faly)
If t € [0,a/n] then we have
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Thus, in view of (3.1.1), we obtain
x(t) = y(t), for everyt € [0,a/n].
Finally, by successively repeating the above procedure n times we infer that
x(t) = y(t), foreveryt e [0,al.
Therefore f, is a one-to-one map and the proof is complete.

Now from Theorems 2.1 and 3.1 we get:

Corollary 3.1. Assume that f and F are as in Theorem (3.1). Then f~1(0) =
Fix(F) is an Rs-set.

Now we come back to problem (3.1). We shall denote by S(g,0, o) the set of
all solutions of the Cauchy problem (3.1).

Theorem 3.2 (Aronszjan). * Let g : [0,a] x R* — R™ be a mapping such that:

(3.2.1) g(-,z) is a measurable function for every x € R",
(3.2.2) g(t, -) is a continuous function for everyt € [0, a],
(3.2.3) there exists a Lebesgue integrable function « : [0,a] — [0, +00) such that:
llg(t, z)|| < a(t) for every (t,x) € [0,a] x R™.
Then S(g,0,x0) is an R,-set.
Sketch of proof. We define the integral operator:
F:C0(0,a],R") — C([0,a], R")

by putting
t
(3.2) F(u)(t) = zo + / g(T,u(T))dr for every u and t.
0

Then Fix(F) = S(g,0,x0). It is easy to see that F' satisfies all the assumptions
of Theorem 2.1. Consequently we deduce Theorem 3.2 from 3.1 and the proof is
complete.

Now, let g be a Carathéodory map with linear growth. Assume further that
u € 8(g,0,20). Then we have (cf. (3.2.1))

u(t) = F(u)(t) = xo —i—/o g(T,u(T))dr,

* A mapping g : [0,a] x R™ — R" satisfying conditions (3.2.1) and (3.2.2) will be called
a Carathéodory function; if g satisfies (3.2.3) then it is called integrably bounded.
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and consequently

t

) < ol + [ ) dr+ [ (o)
Therefore from the well-known Gronwall inequality we get

[u@)]l < ([[zoll|v) exp(y) for every ¢,
where v = foa wu(t) dr. We let
go:[0,a] x R* — R"”
by putting

(t,z) = { 962, if ||z]| < M and t € [0, ],
90U 2) =\ b, Mz/||z])), it ||z] > M and ¢ € [0, d],

where M = (||zo|| + ) exp(7).

Proposition 3.1. If g is a Carathéodory map with linear growth, then

(3.1.a) go is Carathéodory and integrably bounded; and
(31b) 8(905 07 .’13()) = S(g) 07 .’13())-

The proof of Proposition 3.1 is straightforward (cf. [68], [69], [91]).
Now from Theorem 3.2 and Proposition 3.1 we obtain immediately:

Corollary 3.2. If g : [0,a] x R* — R™ is a Carathéodory map and has linear
growth, then S(g,0,x0) is an R,-set.

We recall the following classical result:

Theorem 3.3. If g : [0,a] x R* — R™ is a mapping which is integrably bounded
and satisfies condition (3.41) and it is locally Lipschitz with respect to the second
variable®, then S(g,0,z0) is an Rs-set.

In 1986 F. S. De Blasi and J. Myjak (see [17]) generalized Aronszajn’s result
for differential inclusions with u.s.c. convex valued right hand sides. Below we shall
show the method presented in [68] (comp. also [101], [102]). For the simplicity we
shall consider the following Cauchy problem:

o 0 ¢ stat).)

where ¢ : [0,a] x R” — R™ is an u.s.c. bounded map with compact convex values.
We shall denote by S(p;0,x0) the set of all solutions of (3.3). In what follows
we keep all assumptions on ¢ contained in (3.3).
First we have:

5 Such a mapping g is called integrably bounded measurable-locally Lipschitz.
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Proposition 3.2. If ¢ possesses a measurable-locally Lipschitz selector f : [0, a] X
R™ — R™, (written f C ¢ ), i.e. f(t,x) € p(t,x) for every (t,z) € [0,a] x R™, then
S(p;0,x0) is contractible.

Sketch of proof. Let f C ¢ be measurable-locally Lipschitz selector. By Theorem
3.3 the following Cauchy problem:

z'(t) = f(t, z(t)),
(34) z(to) = o, }

has exactly one solution for every ¢, € [0,a] and uy € R™. For the proof it is
sufficient to define a homotopy h : S(p,0,x¢) x [0,1] — S(,0,z¢) such that

_Jaz fors=1andz e S(p,0,z0),
h(a:,s)—{x for s =0,

where z = S(p, 0, z¢) is exactly one solution given for the Cauchy problem (3.4).

We put
p , B x(t), 0<t<sa,
(,5)(t) = {S(f, sa,x(sa))(t), sa<t<a.

Then h is a continuous homotopy contracting S(p,0,z¢) to the point S(y, 0, zo).

Observe that if ¢ : [0, a] xR™ — R™ is an intersection of the decreasing sequence
or 1 [0,a] x R* — R™ ie. ¢(t,2) = Ny pr(t,z) and pri1(t,z) C pi(t,x) for
almost all ¢ € [0,a] and for all z € R™, then

S(QD,O,{EO) = n S(@k707x0)~

k=1
We have (see: [102] or [69]):
Theorem 3.4. Assume that ¢ is as in (3.3). Then there exists a decreasing se-

quence @y, : [0, a]xR" — R™ of compact convex valued and bounded u.s.c. mappings
such that:

(3.4.1) o(t,z) = ey pr(t.x) for every t,x) € [0,a] x R,
(3.4.2) every @i possesses a measurable locally Lipschitz selector fr C ¢y

Now we are in the position to prove the following Aronszajn-type result:
Theorem 3.5. Under assumptions of (3.3) the set S(p;0,x0) is Rs.
Sketch of proof. Consider the sequence {py} according to (3.4). Then:

S((p7 Oa Z‘0) = ﬂ S(@ka 07 .’13()).
k=1

In view of Proposition 3.2 the set S(pg;0,x0) is contractible. Since ¢y is u.s.c.
bounded with convex compact values if follows that S(¢x;0,2z0) is compact non-
empty (see for example [69]). Therefore S(¢;0,x0) is an intersection of compact
nonempty and contractible spaces and hence S(;0,z¢) is Rs.
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Remark 3.1. Theorem (3.5) remains true for ¢ a Carathéodory map with sublinear
growth (see: [69] or [47]).

Above we have showed only an application of Browder-Gupta Theorem to the
Cauchy problem for the first order ordinary differential equations (inclusions) in
the Euclidean space R”. We would like to point out that another applications are
possible, namely:

(A) to the Cauchy problem in Banach spaces on compact or noncompact intervals
(see: [2, [4), 0], (18], [32), [34], 35, [3s], (39, [40], [49, [30]. (53], [55). [,
r()]][(El] ][()Z[]VE(])()][I[—O?])’ [77], 78], [88], [97], 98], [94]-[96], [121]-][138], [152],

|
(B) to higher order differential equations or inclusions (see: [14], [15], [22], [L6],
[

20], [34], [47), [48], [107], [108], [156}-{168], [169], [170]);
(C) to more general boundary value problems both ordinary differential equations

and inclusions (see: [5], [6], [12], [L7], [72], [13], [93], [149]-[151], [110]-[117]);
(D) to integral equations and inclusions (see: [1], [23]-[25], [87], [L71], [172]).

We shall end this section by showing you another possibility. We mean differen-
tial equations (inclusions) on compact subsets of R™ or more generally of Banach
spaces. There are only few papers devoted this problem (see: [17], [13], [54], [72],
[66], [121]-[123] [143]). For simplicity we shall restrict our considerations to subsets
of R" (for the Banach case see: [13], [72] and [54]).

Let K be a compact subset of R". For a point x € K by T, K we shall denote
the Bouligand tangent cone to K at z.

We have (see: [66] or [69]):

T,K = {ye]R”

i @+t K) 0},
t—0+ t

A compact subset K C R" is called a prozimate retract provided there exists
an open neighbourhood U of K in R” and a retraction r : U — K such that:

|| —r(z)|| = dist(z, K), for every z € U.

It is well known that the class of all proximate retracts is quite rich, in particular
it contains convex sets and C2-manifolds.

Now, let ¢ : [0,a] x K — R be an u.s.c. map which is bounded and compact
convex valued. We shall assume also the following:

(3.5) o(t, ) NT,K #0, forevery (t,x) € [0,a] x K.

For such a map ¢ we consider the following Cauchy problem:
() € o(t, x(t)),

(3.6) z(0) = o, zo € K,

where solutions are considered as absolutely continuous functions z : [0,a] — R”
such that x(t) € K for every t € [0, a].

Let Sk (¢;0,x0) denote the set of all solutions of (3.6).

In 1992 S. Plaskacz proved (see: [143])



TOPOLOGICAL STRUCTURE OF SOLUTION SETS: CURRENT RESULTS 355

Theorem 3.6. Under all of the above assumptions the set Sk (p;0,x0) is Ry.

For the proof of Theorem 3.6 we recommend [143] or [66] or [69].

Remark 8.2. There exists a recent result of R. Bader and W. Kryszewski ([13])
where Theorem 3.6 is taken up for regular sets in Hilbert spaces and Carathéodory-
type mappings.

4. FIXED POINTS OF MULTIVALUED CONTRACTIONS AND APPLICATIONS

The Banach contraction principle is one of few fixed point theorems, where, besides
the existence, some further information is included, namely how the unique fixed
point can be successively approximated with arbitrary accuracy. In the case of a
multivalued contraction we have the set of fixed points. So a natural question of its
topological characterization arises. In this section we shall review most important
results of this type. For more details we recommend: [20], [7], [37], [54], [61], [70],
[71], [105], [144], [145].

For a metric space (X,d), by C(X) we shall denote the family of all closed
nonempty subsets of X For A € C(X) and € > 0, we let

0:(A)={ze X |Fye A dxy) <c}

Let A, B € C(X). We define the Hausdorff distance dg (A, B) between A and B
as follows:

d(A,B) = inf{e > 0| A C O-(B) and B C O-(A)}.

It is well known that dy (A, B) can be equal to infinity. If we restrict our consid-
erations to the family BC(X) of all bounded closed and nonempty subsets of X,
then dy is a metric BC(X), the so called Hausdorff metric.

Let E be a Banach space and A, B, C, D € BC(E). It is easy to see that:

dy(A+ B,C + D) dr(A,C)+du(B,D), (i)

<
da({z+ A} {y}) =  du({z},{y—A}), (i)
dH(tA,tB) < dH(A, B), for t € [0, 1], (ZZZ)

where A+ B ={x+y|x € Aandy € B} is the algebraic sum of A and B and
tA={tx |z e A}.

Recall that a mapping F' : Y — BC/(X) is called Hausdorff-continuous if it is
continuous w.r.t. the metric d in Y and dy in BC(X).

F is called measurable if, for every closed U C X, the set F;l(U) is measurable.

Proposition 4.1 ([69]). A map F : Y — BC(X) is Hausdorff-continuous with
compact values if and only if F' is both u.s.c. and l.s.c.

Note that, for F' : Y — BC(X), the Hausdorff continuity implies only l.s.c.
(see again [69]). Tt is easy to see that the following proposition is true.
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Proposition 4.2. If F: Y — BC(X) is Ls.c. with connected values and F(Y) =
Uer F(y) = X, then X is connected, provided Y is connected.

If what follows we need some additional topological notions. A metric space
(X,d) is C™ (i.e. n-connected) if, for every k < n, every continuous map from the
k-sphere S* into X is null homotopic (i.e. homotopic to a constant map). Namely,

it means that every continuous map f : S¥ — X has a continuous extension
over the closed ball K", where S™ and K"*! stand for the unit sphere and the
unit closed ball in the Euclidean (n + 1)-space R, respectively.

A space X is C™ (i.e. infinitely connected), if it is C", for every n. A collection
€ c 2% is equi-LC™ if, for every y € |J{B | B € €}, every neighbourhood V of y
in X contains a neighbourhood W of y in X such that, for all B € € and k < n,
every map from S* into W N B is null-homotopic over V N E (i.e. a homotopy
taking values in V' N E). We shall also make use of the following (comp. [69]).

Theorem 4.1 (Michael’s Selection Theorem). Let X be a metric space and
Y be a complete metric space. Let F : X — BC(Y) be a l.s.c. map such that the
topological dimension dim X < n + 1 and F(x) is C™ and for all x € X with the
collection {F(x) | x € X} equi-LC™. Then F has a continuous selection.

A mapping F' : X — C(X) is called a multivalued contraction if there exists
a < 1 such that:

dy(F(x), F(y)) < ad(z,y), forevery xz,y € X.
In 1970, H. Covitz and S. B. Nadler proved:

Theorem 4.2 ([37]). If X is a complete metric space and F : X — C(X) is a
contraction, then Fix(F) ={z € X |z € F(x)} # 0.

Let F : X — C(X) be a contraction. Obviously, the set Fix(F) is not a
singleton, in general. For example, let F'(z) = A, for every z € A, be a constant
map. Evidently, F is a contraction and Fix(F') = A.

The following theorem is due to B. Ricceri ([145]).

Theorem 4.3. Let E be a Banach space and let F' : E — C(E) be a contraction
such that F(x) is convez, for every x € E. Then Fix(F) is a retract of E.

In 1991, A. Bressan, A. Cellina and A. Fryszkowski proved:

Theorem 4.4 ([20]). If E = LY(T) is the space of integrable functions on a
measure space T and F : E — BC(FE) is a contraction with decomposable® values,
then Fix(F') is a compact AR-space.

6 A c LY(T) is decomposable if, for every v, u € A and a measurable subset J C T, we
have:

(v X7+ pxr\J) € A,

where xs is the characteristic function of the subset S C T'.
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In view of [70] and [71], we would like to generalize both 4.4 and 4.5.
A simple argument shows that the following proposition [71], Proposition 1.1
is true.

Proposition 4.3. Let X be a separable metric space and let Xy be a nonempty
closed subset of X. If X € AR and, for any separable space Y and any nonempty
closed set Yo C Y, every continuous function fo : Yo — Xo admits a continuous
extension over Y, then Xy € AR.

Let (T, F, 1) be a finite, positive, nonatomic measure space and let (E, | - ||)
be a Banach space. We denote by L'(T, E) the Banach space of all (equivalent
classes of) p-measurable functions v : T'— E such that the function ¢t — |Ju(t)]| is
p-integrable, equipped with the norm

lullosz.m) = /T lu(t)| du.

We always assume that the space L'(T, E) is separable. The multifunction F' :
X — C(X) is called Lipschitzean if there exists a real number L > 0 such that
dy(F(2'),F(z")) < Ld(z',2"), for all 2/, 2" € X.If L < 1, we say that F is a mul-
tivalued contraction. It can be easily checked that any Lipschitzean multifunction
is L.s.c. The following property of Lipschitz multifunctions will play an important
role in proving the main result of this section.

Proposition 4.4. Let (X,d) be a metric space and let F : X — C(X) be a
Lipschitzean multifunction. Set, for every v € X, ¢(x) = d(x, F(x)). Then the
function ¢ : X — [0, +00) is Lipschitzean.

Proof. Let L < 0 be such that dy (F(2'), F(2")) < Ld(2',2"), for all 2/,2" € X.
Pick z/,2” € X and choose ¢ > 0. Owing to the definition of ¢, there exists
Z' € F(2') fulfilling
—p< —d(2',2) +e.
Using the inequality d(z’, F(z")) < Ld(z',2"), we can find z” € F(2") such that,
d(z',2") < Ld(2',2") + e.
Therefore,

e(z") —e(a') < d(x",F(2")) —d(2',2') + ¢
<d(2",2")—d(2', ') +e < (L+1)d(x',2") + 2e.

Since € is arbitrary, we actually have

p(z") —p(@') < (L +1)d(z",2")
and, interchanging x’ with z”,

p(a') = p(@") < (L +1)d(2",2").

This completes the proof.
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We now recall the notion of the Michael family of subsets of a metric space
[71], Definition 1.4.

Definition 4.1. Let X be a metric space and let M (X) be a family of a closed
subsets of X, satisfying the following conditions:

(4.1.1) X € M(X), {z} € M(X), for all z € X, and, if {A;}ier is any sub-class
of M(X), then (;c; Ai € M(X);
(4.1.2) for every k € N and every x1,xa,...,x; € X, the set

A(xy, 29, ... ,x)) :ﬂ{A | Ae M(X),21,29,...,2, € A}

is infinitely connected;
(4.1.3) to each € > 0, there corresponds 6 > 0 such that, for any A € M(X), any
keN, and any x1,a,... ,x, € Os(A), one has A(xy,x9,... ,x;) C O (A);
(4.1.4) AnB(z,r) € M(X), for all A e M(X), x € X, and r > 0;

then we say that M (X) is the Michael family of subsets of X.

This concept is closely related to the existence of continuous selections. Indeed,
we have the following (see [69] or GMS):

Proposition 4.5. Let X,Y be two metric spaces and let F : X — C(Y) be a l.s.c.
multifunction. If Y is complete and there exists a Michael family M(Y') of subsets
of Y such that F(x) € M(Y), for each x € X, then, for any nonempty closed set
Xo C X, every continuous selection fo from F|x, admits a continuous extension
| over X such that f(x) € F(x), for all z € X.

The proceeding result gains interest if we realize that significant classes of sets
are the examples of the Michael families.

Ezample J.1. Let X be a convex subset of a normed space and let M (X) be the
class of all sets A C X such that A = () or A is convex and closed in X. Then
M(X) is a Michael family of subsets of X.

Ezample 4.2 (comp. [70]). Let X be a metric space and let M (X) be a simplicial
convexity on X, whose elements are closed in X. Then M (X) is a Michael family
of subsets of X.

Definition 4.2. Let X be a metric space, let F': X — C(X) be ls.c., and let D
be a family of metric spaces. We say that I’ has the selection property w.r.t. D if,
for any Y € D, any pair of continuous functions f : Y — X and h: Y — (0, +00)
such that

Gly) = F() N B(f(y), h(y) #0, yeY,

and any nonempty closed set Yy C Y, every continuous selection go from Gy,
admits a continuous extension g over Y fulfilling g(y) € G(y), for all y € Y. If
D is a family of all metric spaces, then we say that F' has selection property (in
symbols, F' € SP(X)).
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Such notion has some meaningful features, as the remarks below point out.

Remark 4.1. Let X be a metric space and let F': X — C(X) be a l.s.c. m ulti-
function. If X is complete and there exists a Michael family M (X) of subsets of
X such that F(xz) € M(X), for all x € X, then F' € SP(X). This is an immediate
consequence of Proposition 3.6.

Remark 4.2. Let X be a nonempty closed subset of L'(T, E) and F : X — C(X)
be a l.s.c. multifunction with decomposable values. Then, arguing as in [71], it is
possible to see that F' has the selection property w.r.t. the family of all separable
metric spaces.

We are now in a position to prove the main result of this section (see: [70] or
[71]).

Theorem 4.5. Let X be a complete absolute retract and let F': X — C(X) be a
multivalued contraction. Suppose F € SP(X). Then the set Fix(F) is a complete
absolute retract.

Proof. Since Fix(F') is nonempty and closed in X, we only have to show that if ¥’
is a metric space, Y* is a nonempty closed subset of Y, and f*: Y* — Fix(F') is a
continuous function, then there exists a continuous extension f : Y — Fix(F) of f*
over Y. Let d be the metric of Y, let L € (0,1) be such that dg (F(z'), F(2")) <
Ld(2',2"), for all /,2” € X, and let M € (1,L~'). The assumption X € AR
yields a continuous function fy : ¥ — X fulfilling fo(y) = f*(y) in Y. We claim
that there is a sequence {f,} of continuous functions from Y into X with the
following properties:

(i) fa|Y* = f*, for every n € N,
(i) fu(y) € F(fu-1(y)),forally e Y, n €N,
(iii) d(fn(y), fa—1(y)) < L™ Y(f1(y), foly) + M, for every y € Y, n € N.

To see this, we proceed by induction on n. It follows from Proposition 3.4 that the
function hg : Y — (0, +00), defined by

ho(y) = d(fo(y), F'(fo(y))) +1, yeY,

is continuous; moreover, one clearly has F'(fo(y)) N B(fo(y), ho(y)) # 0, for all y €
Y. Having in mind that F' € SP(X), we obtain a continuous function f; : Y — X
satisfying f1(y) = f*(y) in Y* and fi(y) € F(fo(y)) in Y. Hence, conditions (i),
(ii), and (iii) are true for f;. Now, suppose that we have constructed p continuous
functions fi, fa,..., fp from Y into X in such way that (i), (ii), and (iii) hold,
whenever n = 1,2,... ,p. Since F' is Lipschitzean with the constant L, (ii) and
(iii) apply for n = p, and LM < 1, for every y € Y, we achieve

d(fo(y), F(fo(¥) < du(F(fo—1(9)), F(fp())) < Ld(fp-1(y), fp(y))
< LPd(fi(y), foly)) + LM77
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< LPd(f1(y), fo(y)) + M7,

and subsequently

F(fp(y)) N B(fp(y), LPd(f1(y), foly)) + M) # 0.

Because of the assumption F' € SP(X), this produces a continuous function fj,41 :
Y — X with the properties:

fop1Y™ =1 for(y) € F(fp(y), foreveryyeY;
d(fp1(W), fo(y)) < LPA(f1(y), fo(y)) + M P, forally €Y.

Thus, the existence of the sequence {f,} is established. We next define, for any
a>0,Y ={yeYY |dfily), fo(y) < a}. Obviously, the family of sets {Y, |
a > 0} is an open convering of Y. Moreover, due to (iii) and the completeness
of X, the sequence {f,} converges uniformly on each Y,. Let f : Y — X be the
point-wise limit of {f,}. It can be easily seen that the function f is continuous.
Furthermore, owing to (i), one has f|y~ = f*. Finally, the range of f is a subset of
Fix(F), because, by (ii), f(y) € F(f(y)), for all y € Y. This completes the proof.

The same arguments as in the proof of Theorem 4.5 actually lead to the fol-
lowing more general result.

Theorem 4.6. Let D be a family of metric spaces, let X be a complete absolute
retract, and let F': X — C(X) be a multivalued contraction having the selection
property w.r.t. D. Then, for any Y € D and any nonempty closed set Yo C Y,
every continuous function fo : Yo — Fix(F) admits a continuous extension over
Y.

Theorem 4.6 has a variety of special cases of a particular interest. As an ex-
ample, Remark 4.10 combined with Theorem 4.6 lead to

Theorem 4.7. Let X be a complete absolute retract and let F : X — C(X) be
a multivalued contraction. If there exists a Michael family M(X) of subsets of X
such that F(x) € M(X), for all x € X, then the set Fix(F') is an absolute retract.

Evidently, Theorem 4.6 generalizes earlier results formulated in (4.5) and (4.6).
For details concerning 4.6 see: [70] and [71]. Now, we would like to study the
topological dimension of the set Fix(F') for some multivalued contractions. Note
that the above mentioned problem was initiated by J. Saint Raymond [144]. At

first, we recall the following result (see: [144] or [7]).

Proposition 4.6. If F': X — BC(X) is a contraction with compact values, then
Fix(F) is compact.

The following result due to Z. Dzedzej and B. Gelman ([58]) is a generalization
of the result obtained by J. Saint Raymond ([144]).
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Theorem 4.8. Let E be a Banach space and F : E — BC(FE) be a contraction
with convexr values and a constant o < 1/2. Assume, furthermore, that the topo-

logical dimension dim F(x) of F(x) is greater or equal to n, for some n and every
x € E. If Fix(F) is compact, then dim Fix(F') > n.

Problem 1. Is it possible to prove 4.8, for £ = X, to be a complete AR-space and
F: X — CB(X) with values belonging to a Michael family M (X)?

Following D. Miklaszewski, we would like to discuss some generalizations of
4.8.

Theorem 4.9. Let X be a retract of a Banach space E, and F : X — BC(X)
be a compact continuous multivalued map with values being such elements of the
Michael family M(X) that F(z)\ {x} € C*¥~2, for every x € Fix(F). Then the set
Fix(F) has the dimension greater or equal to k.

Proof. Suppose on the contrary that dim(Fix(F)) < k. Let us consider the maps
¢ : Fix(F) — BC(FE) and ¢ : Fix(F) — E \ {0} defined by the formulae: ¥ (z) =
Flo)—o = {y—x |y € Fx)} and ¢ = $(x) \ {0} = (F(x) \ {x}) — o. We
are going to prove that the family {p(x) | © € Fix(F)} is equi-LC™. Let y €
©(zo) and r be a positive number such that 0 € Bg(y, 3r). Suppose that the set
Bg(y,r) N (x) is non-empty, for a fixed point x of F. Then Bg(y,r) N p(x) =
[(Be(y + x,7) N F(x)) — z]. Let z € Bg(y + x,7) N F(z). It is easy to show that
By +x,7) N F(x) C Be(y + =,3r) N F(x). But the second set of these three
sets being in the Michael family M (X) is C° as well as its translation, so the
inclusion of Bg(y,r) Ny(z) into the set Bg(y, 3r) N¢(x) is homotopically trivial,
and the family {p(z) | # € Fix(F)} is equi-LC>. It follows from Theorem 1.8
that ¢ has a selection f. Then the map ¢ : Fix(F) — X defined by the formula:
g(x) = f(x) + x is a selection of F. We conclude that, in view of Theorem 4.10,
there exists a selection h of F' being an extension of g. But h has a fixed point
' € Fix(F), h(z') = g(&’') = f(a') + 2’ =2/, f(x') = 0 € p(x), which is a
contradiction.

In the case when dim X < 400, by analogous considerations as in the proof of
4.9 we obtain:

Theorem 4.10. Let X be a retract of a Banach space E and F : X — BC(X) be
a continuous (i.e. both l.s.c. and u.s.c.) map such that F(X) = U{F(z) |z € X}
s a compact set. Assume that the values of F' satisfy the following conditions:

(1) F(z)\{z} is C*¥2, for every x € Fix(F),
(ii) F(z) is CF for every x € X,

(iii) {F(z) | € Fix(F)} is equi-LC*=2 in E,
(iv) {F(z) | = € X} is equi-LC* in X.

Them dim(Fix(F)) > k.
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The proof of 4.10 is quite analogous to that of 4.9. Finally, note that one can
show an example of a continuous (i.e. both Ls.c. and u.s.c.) map with contractible
values of the local dimension 2 such that (iii) and (iv) are satisfied, but the di-
mension of the set of fixed points equals 1.

It is evident that the above results can be applied directly to differential in-
clusions where the right hand side is a measurable-Lipschitz multivalued map
f :]0,a] x R* — CB(R). A very general application to the so called almost-
periodicity problem for differential inclusions in Banach spaces is presented in
Section 5 of [7].

Namely, we shall give a topological characterization of the set of solutions of
some boundary value problems for differential inclusions of order k.

Let E be a separable Banach space and let ¢ : [0, a] x E¥ — E be a multivalued
mapping, where E¥ = E x ... x E (k-times).

We shall consider the following problem

(4.1) '(

where the solution z : [0, a] — E is understood in the sense of ¢ almost everywhere
(a.e., t €[0,a]) and zg,... ,x5—1 € E.

Observe that for £ = 1 problem (4.1) reduces to the well-known Cauchy prob-
lem for differential inclusions. In what follows we shall denote by S(¢, xo, ... , Tk—1)
the set of all solutions of (4.1).

Our first application of Theorem 4.6 is the following:

Theorem 4.11. Assume that ¢ is a mapping with compact values. Assume further
that the following conditions hold:

(4.11.1) ¢ is bounded, i.e. there is an M > 0 such that ||y|| < M for every
t €10,a], z € E* and y € p(t, x),

(4.11.2) the map (-, x) is measurable for each x € E¥,

(4.11.3) ¢ is a Lipschitz map with respect to the second variable, i.e. there exists
an L > 0 such that for every t € [0,a] and for every z = (z1,...,25), Yy =
(Y1, ,yr) € E* we have:

k
du(p(t,2), 0(ty) <Lz — wil-
i=1

Then the set S(p,xo,... ,xx—1) of all solutions of the problem (4.1) is an AR-
space.
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Sketch of proof. For the proof we define (single-valued) mappings”:
h;: M([0,a],E) — ACY, j =0,... ,k— 1, by putting

(hj(z))(t):xo—i—txl—i—...—i—(tj/j!)xj—i—/o /081.../Osj z(s)dsdsj ... dsi,

where ACY = {u € C7([0,a], E) : u¥) is absolutely continuous} and for u € ACY
we put:

lull = llullcs + supess;epo,q (D @)}

Now consider a multivalued mapping ¢ : M([0,a], E) — M([0,al], E) defined
as follows:

Y(r) ={z € M([0,a],E) | 2(t) € p(t, hg—1(x)(t), ..., ho(z)(t)), for a.e. t € [0,a]}.

It follows from the Kuratowski-Ryll-Nardzewski Selection Theorem and (4.11.1)
that ¢ is well defined (with closed decomposable values in M ([0, a], E). Moreover,
it is easy to see that hy_1(Fix(v)) = S(¢, zo, - . . , xx—1). Consequently, since hx_1
is a homeomorphism onto its image, in view of Theorem 4.6, it is sufficient to show
that 1) is a contractive mapping. We shall do this by using the M ([0, a], E)-version
of Bielecki’s method and the Kuratowski-Ryll-Nardzewski Theorem. In fact it is
enough to see that for every u,z € M([0,a], E) and for every y € 1(u) there is a
v € 1(z) such that

*) ly — vl < allu— 2],

where o € [0,1) and [Jw|[1 = supess;c(o ,{e”“**Jw(t)||} is the Bielecki norm
in M([0,al], E). Observe that using Theorem 4.2 (in [66]) for ¢ and z, we get a
mapping v € ¥(z) and now (*) follows directly from 4.11.3. The proof of Theorem
4.11 is complete.

Remark 4.3. Note that if we impose more assumptions on ¢ then we are able to
get better information on = S(p, xo, ... ,zx—1) ( for details see [7], [66], [69]).

Now following [12], [61], [62] we would like to add that if we consider problem
(4.1) for k = 1 and in Theorem 4.11 we assume moreover that ¢(¢, x) is convex and
dim ¢(t, z) > n for some n and every (t,z) € [0,a] x E, then, in view of Theorem
4.9 we get that:

dim S(p, zg) > n.

Finally, let us remark that if we reject the assumption that ¢ has compact
values, then still a characterization of S(p,xo) is possible (see Theorem 3.1 in

[105]).

" here M ([0, a], E) is the Banach space of continuous essentialy bounded mappings.
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5. THE INVERSE LIMIT METHOD

The inverse limit method in differential equations and inclusions is quite new and
it was indicated in 1999 by J. Andres, G. Gabor and L. Gdrniewicz (see: [5], [0]
and [60]).

We shall start from the topological preparation. By an inverse system of topo-
logical spaces we mean a family ZS = {X,, 72, ¥}, where X is a set directed
by the relation <, X, is a topological (Hausdorff) space for every o € X and
72 X, — Xp is a continuous mapping for every two elements «, 3 € ¥ such
that o < 8. Moreover, for each a < 3 < « the following conditions should hold:
7% =idx, and wgwg =7,

A subspace of the product IT,ecx X, is called a limit of the inverse system IS
and it is denoted by lim. ZS or lim {X,, 72, X'} if

HmZS = {(v4) € MaesXo | 7 (25) = 24 for all a < 1.

An element of lim. ZS is called a thread or a fibre of the system ZS. One can
see that if we denote by 7w, : lim.ZS — X, a restriction of the projection
Po ¢ HocxXo — X, onto the a-th axis, then we obtain 7, = 7img for each
a < .

Now we summarize some useful properties of limits of inverse systems which
are well known (comp. [60]):

Proposition 5.1. Let IS = {X,, 72, X} be an inverse system.

(5.1.1) The limit lim. ZS is a closed subset of nexXa.

(5.1.2) If, for every « € X, X,, is

(i) compact, then lim._ ZS is compact;

(ii) compact and nonempty, then im._ ZS is compact and nonempty;

(iii) a continuum, then im. ZS is a continuum;

(iv) acyclic, and lim._ ZS is nonempty, lim. ZS is acyclic;

(v) metrizable, X is countable, and lim._ ZS is nonempty, then lim. ZS is
metrizable.

The following further information is useful for applications.

Proposition 5.2 ([60]). Let ZS = {X,,,7E,N} be an inverse system. If each X,
is an Rs-set, then so is lim._ S.

The following example shows that a limit of an inverse system of compact
absolute retracts does not have to be an absolute retract.

Ezample 5.1. Consider a family {X,,}°°, of subsets of R? defined as follows:

1 1 1
Xy = ([0, —} x [—1,1]> U {(x,y) ’y=sin— and — <z < 1}-
nm x nm

One can see that for each m,n > 1 such that m > n we have X,,, C X,,.
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Define the maps 7" : X,,, — X, 77"(x) = x. Therefore TS = {X,,,n",N}
is an inverse system of compact absolute retracts. It is evident that lim. 7S is

homeomorphic to the intersection of all X,,. On the other hand

X = an:{(O,y)|y6[—1,1]}U{(ac,y)‘y:Sini and0<x<1}

n=1
and X is not an absolute retract since, for instance, X is not locally connected.

Note that in [60] the following information on a limit of an inverse system of
absolute retracts has been formulated.

Proposition 5.3. Let ZS = {X,,, 72, N} be an inverse system of compact absolute
retracts such that X, C X, and ¥ is a retraction for alln < p. Then lim_ 7S
has the fized point property, i.e. every continuous map f : lim_ZS — lim._ ZS
has a fized point.

Ezample 5.2. Consider the inverse system S = {X,,, 72, N} such that X,, = [n, o)
and 72 : X, — X, are inclusion maps for n < p. It is obvious that lim. S is
homeomorphic to the intersection of all X,, which is an empty set.

Let us give important examples of inverse systems.

Ezample 5.3. Let, for every m € N, C,,, = C([0,m], R") be a Banach space of all
continuous functions of the closed interval [0,m] into R, and C' = C([0, ), R™)
be an analogous Fréchet space of continuous functions.

Consider the maps 75, : Cp, — Cy,, 7h (1) = |[g,m). It is easy to see that C
is isometrically homeomorphic to a limit of the inverse system {C,, 72,,N}. The

maps Ty, : C — Cpy, T () = |[g,m) correspond to suitable projections.

Remark 5.1. In the same manner as above we can show that Fréchet spaces C'(J,
R"), where J is an arbitrary interval, L}, .(J, R") of all locally integrable functions,
AC)oc(J,R") of all locally absolutely continuous functions and C*(J,R") of all
continuously differentiable functions up to the order k can be considered as limits
of suitable inverse systems.

More generally, every Fréchet space is a limit of some inverse system of Banach

spaces.

Now we introduce the notion of multivalued maps of inverse systems. Suppose
that two systems ZS = {X,, 72, X} and IS’ = {Ya/,wg,, X'} are given.

Definition 5.1. By a multivalued map of the system IS into the system IS’ we
mean a family {0, 9,4} consisting of a monotone function o : £" — X that
is o(a) < o(f'), and of multivalued maps Yy (/) @ Xo(a) — Yor With nonempty
values, defined for every o € X’ and such that

(5.1) T Po(a) = %w)ﬁgi/;v
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for each o/ < 3.
A map of systems {0, 9oy} induces a limit map ¢ : lim_ IS —o lim._ 7S’
defined as follows:

(1) = Harezp, o (To(ary) NHMIS.
In other words, a limit map is a map such that

(52) Ta'P = Po(a)To(a’)
for every o/ € Y.

Since a topology of a limit of an inverse system is the one generated by the base
consisting of all sets of the form m, (U, ), where o runs over an arbitrary set cofinal
in X' and U, are open subsets of the space X, it is easy to prove the following
continuity property for limit maps:

Proposition 5.4 (see [5], Proposition 2.7). Let ZS = {X,, 7%, X} and
I8 = {Ya/,ﬂgi,E’} be two inverse systems, and ¢ : lim._ IS —o lim._ ZS’ be a
limit map induced by the map {0, Ps(ar}-

If, for every o/ € X, 0g(ary is

(i) w.s.c., then @ is u.s.c.;
(ii) Ls.c., then ¢ is l.s.c.;
(iii) continuous, then @ is continuous (continuous means both u.s.c. and l.s.c.).

The following crucial result allows us to study a topological structure of fixed
point sets of limit maps.

Theorem 5.1 ([60]). Let ZS = {X,, 2, X} be an inverse system, and ¢ :
lim. ZS8 —o lim. ZS§ be a limit map induced by a map {id, o}, where pq : X, —o
Xo. If fized point sets of o are acyclic, and the fized point set of ¢ is nonempty,
then it is acyclic, too.

Theorem 5.2. Let ZS = {X,,, 72, N} be an inverse system, and ¢ : lim_ IS —o
lim. ZS8 be a limit map induced by a map {id, o, }, where ¢, : X, — X,,. If fized
point sets o, are compact Rg, then the fized point set of ¢ is Rs, too.

Corollary 5.1. Let ZS = {X,,, 72, N} be an inverse system, and ¢ : lim. ZS —o
lim. ZS be a limit map induced by a map {id, p,}, where @, : X,, — X,. If all
X,, are Fréchet spaces and all @, are contractions.

Remark 5.2. Note that, following [70], we can prove Corollary 5.1 for a little larger
class of multivalued maps (see [5], Corollary 2.9).

The inverse system approach described above gives us an easy way to study
a topological structure of solution sets of differential problems on noncompact
intervals. To illustrate it consider the following example:
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Ezample 5.4. Let F :[0,00) X R” — R™ be a Carathéodory map, i.e.

(i) values of F' are nonempty, compact and convex for all (¢,z) € [0,00) x R™,
(i) F(t, ) is us.c. for a.a. ¢t € [0, 00),
(iii) F(-,z) is measurable for all z € R",

with at most linear growth, i.e. there exists a locally integrable function o :
[0,00) — [0, 00) such that, for every z € R" and for a.a. ¢ € [0, 00),

[E(t,2)] < a(t)(+[l]),
where |F'(t,z)| = sup{|y| | y € F(t,x)}.
Consider the Cauchy problem

(5.3) z(t) € F(t,x(t)) fora.a.te [O,oo),}

x(0) = xp.

We shall show, using the inverse systems technique, that the set of solutions S of
problem (5.3) is Rs. To do it, consider the family of Cauchy problems
x(t) € F(t,x(t)) for a.a.te [0,m],
(5.4)
x(0) = o,

where m > 1. Tt is well known (see [16]) that, for every m > 1, the set S,,, of the
above problem is compact Rj.

On the other hand, §,, is a fixed point set of the following map ¥,, : C), =
C([Ov m]v ]Rn) — Cp,

U (z) = {xo + /Ot u(s) ds

u € L'([0,m],R") and u(t) € G(t,z(t)) for a.a. t € [O,m]}.

One can check that {%,,} is a map of the inverse system {C([0,m], R"),xP N},
where 7h (x) = x|[g,m) for every x € C([0,p], R"). Moreover, it induces the limit
map on C([0,00), R™)

U(z) = {xo + /Otu(s) ds

u € Li,e([0,00),R") and u(t) € G(t,z(t)) for a.a. t € [0, oo)}

with the fixed point set S. By Theorem 5.2 it follows that S is compact Rs, as
required.

Note that the above result on a topological structure of the solution set of the
Cauchy problem on a halfline can be obtained by using different techniques (see
e.g. [1] for the proof by using the Scorza-Dragoni type result).

Further applications of the inverse systems approach can be found in [5] and
[60].
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6. CONCLUDING REMARKS AND COMMENTS

Above we have presented different techniques of characterization of the set of fixed
points and consequently solution sets for differential equations and inclusions. Now,
we would like to show some consequences, which can be obtained by using the
topological structure of solution sets.

We would like to show only results connected with multivalued Poincaré oper-
ator indicated by G. Dylawerski and L. Gérniewicz in 1983 ([57]). We recommend
also the following papers: [3], [3], [66], [69], [72], [91], [143], [45].

We shall formulate the simplest version. Most general results of this type are
contained in [45].

Let f:[0,a] x R* — R™ be a continuous and bounded map. We shall consider
both the Cauchy problem:

6.1) L e

and the following periodic problem:

o' (t) = f(t, (1)),
(6.2) 2(0) = a(a). }

We shall associate with (6.2) the multivalued Poincaré operator:
P,:R" — R"
defined as a composition of the following two maps:
R+ C([0,a], R) £ R™,

where P(z) = S(f;0,z) and e, (z) = x(a). It follows from the Aronszajn Theorem
that P has Rs-values. On the other hand it is well known that P is u.s.c. (comp.
[69] or [11]). Hence P, = e, o P as a composition of u.s.c. Rs-valued map P with
a continuous map e, is admissible in the sense of [(7]. Therefore the topological
degree of the field (idg» — P) on any ball B(0,r) C R® such that® Fix(P) N
dB(0,7) = 0 is well defined (see: [67], [45] or [92]). In what follows P is called the
Poincaré operator associated with (6.2).
The following proposition is straightforward.

Proposition 6.1. If Fix(P,) # 0, then problem (6.2) has a solution.

In the terms of topological degree theory Proposition 6.3 can be expressed as
follows:

Proposition 6.2. Assume that for some r > 0 we have Fix(P)NoB(0,r) = 0. If
the topological degree deg(idrn — Py, B(0,7)) of idgrs — P, with respect to B(0,r)
is different from zero, then problem (6.2) has a solution.

8 9B(0,r) denotes the boundary of B(0,r) in R™.
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In order to calculate the topological degree of Poincaré field idg» — P, we shall
use the guiding function (or potential function) method (see: [91] or [45]).

A Cl'-map V : R® — R is called a guiding function ( potential) for f provided
that there exists r¢g > 0 such that:

(6.3) (grad V(x), f(t,z)) >0

for every t € [0,a] and x € R such that ||z|| > 7o, where grad V (x) = (g—wfl(x), ce

%(ag)) is the gradient of V' at the point « and ( , ) stands for the inner product
in R™.

It follows from (6.3) that for every r > 1y and € R" such that ||z| > ro we
have grad V' (z) # 0 so from the localization property of the topological degree it
follows that for every r > ro we have deg(grad V, B(0,r)) = deg(grad V(z), B(0,
r0)). We let:

(6.4) Ind(V) = deg(grad V(z), B(0,7)).
Finally we obtain:

Theorem 6.1. If [ has a potential V' such that Ind(V') # 0, then deg(P,, B(0,
r)) # 0 for some r > rq.
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1. INTEGRATION

The concept of a generalized ordinary differential equation is based on a special
integration process wich is interesting by itself and plays a nice and important role
in integration theory and in real analysis in general.

Assume that a bounded interval [a,b] C R is given, —oo0 < a < b < 0.
A finite set of points
D=a=ay<n<ar < <ap1<m<ap,=0>
with ap < ay < -+ < oy, is called a partition of the interval [a, b].

A positive function ¢ : [a,b] — (0,00) will be called a gauge on the interval
[a, b].

The partition D is called 6- fine (with respect to the gauge 0) if

[aj—1, 5] C [15 = 0(75), 75 + 0(75)]-
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Assume that a function U(7,t) : [a,b] X [a,b] — R is given.
For a partition D we denote by

K
S(U,D) = (Ulr,a;) = U(ry,a5-1))

Jj=1

the integral sum corresponding to the function U and the partition D. The fun-
damental definition reads as follows.

Definition 1. The function U : [a,b] x [a,b] — R" is called Kurzweil integrable
over [a,b] (shortly U € K([a,b])) if there is a J € R™ such that for every € > 0
there is a gauge ¢ on [a, b] and

1S(U, D) = J|| <e

if D is a d-fine partition of [a, b].

We use the formal notation J = f; DU (t,t) for the generalized Kurzweil
integral of U over [a, b].

Remark 1. Typical situations are for example U(7,t) = f(7) -t or U(7,t) = f(7T) -
g(t) where f,g : [a,b] = Ror f: [a,b] = R", g: [a,b] = Ror f: [a,b] — R
g:la,b] = R".

Looking for example at the sum S(U, D) if U(7,t) = f(7) - t, we can see easily

that
K

S, D)= f(m)(ej — ;1)

j=1
is the usual Riemann integral sum corresponding to the function f : [a,b] — R.

Reading the definition of the integral f: DU(t,t) = f: f(s)d(s) we can see that
it differs from the classical Darboux type definition of the Riemann integral in only
one point, namely our ¢ is a gauge, i.e. a function which need not be a constant,
instead of the positive constant gauge used for defining the Riemann integral.

Nevertheless, this slight change in the definition has dramatic consequences for
the concept of the integral and integrability of functions.

It is well known that a function f : [a,b] — R is integrable in the sense of
our definition for U(r,t) = f(7) - t if and only if it is integrable in the sense of
Perron (the narrow Denjoy integral) and this is a nonabsolutely convergent integral
including the Lebesgue integral.

The definition of the integral is based strongly on the following statement which
goes back to a paper of P. Cousin from 1895.
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Lemma 1. If § is an arbitrary gauge on [a,b], then there is a partition D of [a, b]
which is §-fine.

(See e.g. [2], [3].)

The generalized Kurzweil integral given by Definition 1 has all the good prop-
erties usual in reasonable integration theories. Among others we have the following

Theorem 1. If U,V € K([a,b]) and ¢1,c2 € R, then c1U + 2V € K([a,b]) and
b b b
/ DU (r 1) + e V(nt)] = a / DU(r,1) + & / DV(r,1).

IfU € K([a,b]), then U € K([c,d]) for every [c,d] C [a,b].
Ifc€a,b] and U € K([a,c]) and U € K([c,b]), then U € K([a,b]) and

/: DU(r,t) = /:DU(T, 0+ /cb DU(r 1).

(See Theorems 1.9, 1.10 and 1.11 in [3].)

Also a less usual result holds for the integral.

Theorem 2. IfU € K([a,c]) for every ¢ € [a,b) and
C—)b_

(1) lim (/c DU(r,t) — [U(b,¢) — Ub,b)]) = J € R,

then U € K ([a,b]) and
b
/ DU(r,t) = J.

If U € K([c,b]) for every c € (a,b] and

c—a+

b
(2) lim (/ DU(t,t)+ Ula,c) —Ula,a)) = J € R,
then U € K([a,b]) and
b
/ DU(r,t) = J.
(See Theorem 1.14 in [3].)
Remark 2. The property of the integral presented in the previous Theorem 2 is

sometimes called Hake’s Theorem and it is essential when considering generalized
ordinary differential equations.



386 STEFAN SCHWABIK

Let us mention that e.g. in the special case of U(7,t) = f(7) - ¢ the relation (1)
represents the existence of the limit

lim /Cf(s)dSZJER

c—b—

and by Theorem 2 we have the existence f; f(s)ds as well as the equality

s [ sas= [ sy

This property is not possessed by the Riemann or Lebesgue integral. This is a
typical property of the Denjoy-Perron integral.

2. GENERALIZED ORDINARY DIFFERENTIAL EQUATIONS

Let us have a function F' : R x R — R and assume that [«, 5] C R is a compact
interval.

A function x : [o, 8] — R" is called a solution of the generalized ordinary
differential equation

do _
dr

(3) DF(x,t)

on the interval [«, 5] if

2(52) — 2(s1) = / DF(a(r),1)

for every s1, 82 € [a, f]. (The integral on the right hand side of this relation is the
integral presented in Definition 1 in the previous section.)

It can be shown easily that x : [a, 5] — R™ is a solution of (3) if and only if
o(s) =a(2) + | DP(a(r),t)
gt

for every s € [a, 8] where v € [a, f] is fixed.
Theorem 2 yields the following
Proposition 1. If z : [a, 8] — R" is a solution of (3) then

lim [z(s) — [F(2(0), s) — F(2(0),0)]] = (o)

S§—0

for every o € [a, f].
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Moreover, if the limit
lier[F(x(a), s) — F(z(0),0)] = J (o) € R"

lim [F(z(0),s) — F(x(0),0)] =J (0) € R"

S—0—

exists, then
lim z(s) = z(c+) = z(0) + J " (0)

s—o+
or

lim z(s) = z(0—) = z(0) + J (0),
respectively.

This proposition shows that in the solution of the generalized ordinary differ-
ential equation (3) discontinuities can occur if J* (o) or J~ (o) is different from
zero. Consequently, a solution of (3) can be a discontinuous function in general.

Details on these concepts and properties of a solution of a generalized ordinary
differential equation (3) can be found in [3].

Let us now turn our attention to a class of functions F' : R* x R — R™ which
leads to a reasonable theory for equations of the form (3).

Assume that h: R — R is a nondecreasing function and that w : [0,00) — R is
continuous, increasing with w(0) = 0 (a modulus of continuity).

Let us define the class F(h,w) of functions F : R* x R — R" satisfying
(4) [F(x,t2) = Fa, 1) < |h(t2) = h(t1)]
and
(5)  ([F(z,t2) = F(z,t1) = [F(y, t2) = F(y, )]l < w(llz —yll) - |h(t2) = h(t1)]
for z,y € R™, t1,t2 € R. (See 3.8 Definition in [3].)
The main statement concerning the class F(h,w) is a local existence result for

a solution of (3) which has to satisfy a given initial condition.

Theorem 3. If ¥ € R*, tp € R and F € F(h,w), then there exist A=, AT >0
such that on [to — A~ to+ AT] there exists a solution x : [to — A~ ,to + AT] — R*
of the generalized ordinary differential equation (3) for which x(ty) = T.
(See 4.2 Theorem in [3].)
3.10 Lemma in [3] states the following:
If F € F(hyw) and = : [o, 8] — R™ 4is a solution of (3), then for every

s1, $2 € [, B8] we have

(6) [#(s2) —2(s1)|| < [h(s2) = h(s1)]-
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This implies immediately that if F' € F(h,w) and  : [o, 5] — R™ is a solution
of (3) on [a, 8] then = € BV (e, 3]) (2 is a function of bounded variation on [« 3])
and
var?z < h(B) — h(a) < oo

if —co<a<f<oc.

Moreover, if h is continuous from the left (i.e. lims_;— h(s) = h(t—) = h(t))
then 2(t—) = z(t) and the solution of (3) is continuous from the left. This is an
easy consequence of the inequality (6).

Concerning the uniqueness of solutions of (3) we have the following general
result.

Theorem 4. If F € F(h,w), h(t—) = h(t) and

lim/ Ldrzoo
v—0+ v w(?“)

for some uw > 0, then every solution of (3) with x(tg) = T is locally unique for
t>to.

(See 4.8 Theorem in [3].)

Remark 3. If g : R* x R — R" and g(z, -) is Lebesgue measurable for x € R and
lg(z,s)| < m(s),

lg(z,8) —g(y,8)[| < Us)w(llz —yl),
where m,l € L _(R), then for

loc
¢
G(z,t) = / g(x,8)ds : R* x R — R"
0

we have G € F(h,w) with

h(t) = /Otm(s)ds + /Ot I(s)ds.

The following result connects generalized ordinary differential equations with the
classical ordinary differential equations in the Carathéodory sense.

A function z : [, f] — R™ is a solution of
& =g(z,t)

if and only if z is a solution of the generalized ordinary differential equation

T DGt
dr
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on [a, 4.
If J; : R* — R™ satisfies

1i(z) = Ji()|| < w(llz —yl)
fori e N, x,y € R” and if Hy : R — R is given for d € R by the relations
Hy(t)=0, t<d, Hult)=1, t>d,

then define
F(z,t) = Gx,t) + Y J;(x)H,(t).
j=1

The function F': R* x R — R" is well defined, it belongs to a certain class F(h,w)
and the generalized ordinary differential equation

dx

E:

DF(x,t)

is equivalent to the so called system with impulses given by the ordinary differential
equation

&= g(z,t)
and the conditions
w(i+) = w(i) + Ji(x(i)), i€N
describing the jumps of a solution at the instants ¢ € N.

Let us now consider the function
F(x,t) =Y Ji(w)Hy(t).
i=1

with J;, H;, i € N given above and assume for simplicity that
(7) [[Ji(x)]] < K = const., x € R".

Then F € F(h,w) with h(t) = K > 2, H,(t).

Note that the assumption (7) of the uniform boundedness of the functions J;
is very strong and restrictive. We use it for simplicity only, in fact for a reasonable
theory it is sufficient to require (7) on compact subsets of R" only and moreover
the constant K need not be the same for all : € N.

Consider the generalized ordinary differential equation

dx

- = DF(x,t) = D[} _ Ji(x)Hi(1)),
i=1
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i.e. the integral equation

os) = 20 + [ DI L)), s € [0.00),
or more conveniently
®) o) = 2 + [ Y T o), 5 € 0.09)

where v € R is fixed.

Since F(z,s2) — F(x,81) = 0 for s1,82 € (j, 5+ 1], 7 € N and for s1,s2 € [0,1],
we get for a solution z of (8) on [0, 00) the relation

z(s2) = x(s1)

if s1,82 € (4,5 + 1], 5 € Nor s1,s2 € [0,1], i.e the solution z is constant on [0, 1]
and on intervals (7,7 + 1], j € N.

Moreover, we have
z(j+) = 2(j) + J;(x(j)), JjEN

If we assume that v = 0 and z(y) = 2(0) = ¥ € R", then for a solution z of
(8) on [0,00) we have
z(s) ==z, s€][0,1],

z(s) = z(1) + i(x(1), se(1,2],
x(s) = x(k) + Jp(x(k)), se(kk+1], keN

The solution of (8) is evidently a piecewise constant function defined on [0, co)
which is constant on the intervals [0,1], (k,k+ 1], k € N

3. DISCRETE EQUATIONS

Let us consider equations of the form

9) Tpy1 = Sk(zr), keN
where Si, : R" — R™ with

(10) 1Sk (2) = Sk < wi(llz = yl)

and w; : [0,00) — [0, 00) has the character of a modulus of continuity.

Givenx1 =2 € R, by (9) a sequence (xy), k € Nin R is uniquely determined.
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Also, if z~ € R™ is given for some k* € N, the values zy for k > k*, k € N can
be computed according to (9).

In this situation it is sometimes useful to know the ”ancestors” of xzy«, i.e. the
values zy, for k € N, k < k* for which (9) is satisfied and of course it is nice to
have these values determined uniquely. For this reason we require that

the inverse Slzl :R" - R" to S exists for k € N
and S !is defined on the whole R™, i.e. the range R(Sk) of Sk equals R for every
keN

Let us set
(11) Jp(z) = Sk(z) — x
for z € R*, k € N. Then by (10) we have

[Jk(2) = k@)l < wi(llz —yl) + [z =yl = w(l|z — yl])
and w : [0,00) — [0,00) has again the shape of a modulus of continuity.

Let us now consider the generalized ordinary differential equation of the form
(8) with Jj given by (11).

It can be seen immediately that given & € R the sequence (z), k € N defined
by the discrete system (9) with 2y = 7 is such that the piecewise constant function
defined by z(s) = z1 =z for s € [0,1], x(s) = x, for s € (k,k+ 1], k € Nis a
solution of the generalized ordinary differential equation (8) and vice versa: if
is a solution of the generalized ordinary differential equation (8) on [0, 00) with
x(0) = 7 then xx41 = z(s), s € (k,k + 1], k € N gives the sequence in R" defined
by (9) with z; = 7.

We conclude this section by stating that

there is a one-to-one correspondence between sequences (x), k € N given by
(9) and solutions of the generalized ordinary differential equation in the special
form (8), where Ji(x) = Sk(x) —x for x € R", k € N.

4. SOME POSSIBLE APPLICATIONS

Results known for generalized ordinary differential equations can be used for the
investigation of discrete systems of the form (9).

For example, there are many stability concepts known for discrete systems
(9) (see e.g. the book [1]). They are mostly motivated by analogous concepts for
classical ordinary differential equations.

Let us define a new stability concept for discrete equations (9)

LTe41 = Sk(xk)v ke Na
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where we assume that Si(0) = 0 for every k € N.

The sequence z, = 0 evidently satisfies (9) and we will consider stability of
this sequence.

Definition 2. z; = 0 is called wvariationally stable if for every € > 0 there is a
0 = 0(g) > 0 such that if yi,, ..., Yk+1, | € N satisfies

ko+1
kol < 6 and > [|S;(y;)ll <,

Jj=ko
then ||y;|| < e for j = ko,..., ko +1.

zr = 0 is called wvariationally attractive if there exists a dp > 0 and for every
e > 0 there exist K(g) € N, v() > 0 such that if yx,, ..., Yo+, | € N satisfy

ko—+1
kol < do and > [1S;(y;)]| < (&),

j=ko
then ||y;|| < e provided j = ko + K(¢),..., ko + 1.

zr = 0 is called asymptotically variationally stable if it is variationally stable
and variationally attractive.

Another concept is given by the following definition.

Definition 3. z; = 0 is called stable with respect to perturbations if for every
e > 0 there is a 6 = 6(g) > 0 such that if pg,, ..., Pry+1, | € N satisfies

ko+1

Z ”p]” <9, Yko € R", ”yko” <9
Jj=ko

and
Yet1 = Sk(yr) +pr.  k=ko,...,ko+1,
then |ly;|| < e for j =ko,..., ko + 1.

x, = 0 is called attractive with respect to perturbations if there exists a §g > 0
and for every e > 0 there exist K(¢) € N, v(¢) > 0 such that if

ko4l

lyko |l < Jo and > [lpsl <7,
Jj=ko

then for
Ykr1 = Sk(yx) + 0K, K =ko,... ko +1,
we have ||ly;|| <eif j =ko+ K(e),..., ko + L

zr = 01is called asymptotically stable with respect to perturbations if it is stable
and attractive with respect to perturbations.
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Similar concepts have been presented for generalized differential equations in Chap-
ter 10 of [3]. Presenting the results from [3] in terms of discrete systems we can
state e.g. the following

Theorem 5. x; = 0 is variationally stable if and only if it is stable with respect
to perturbations.

i = 0 s variationally attractive if and only if it is attractive with respect to
perturbations.

For characterizing e.g. the concept of variational stability of x; = 0 for (9)
the following Ljapunov-type result can be derived using the theory of generalized
ordinary differential equations (see Theorems 10.13 and 10.23 in [3]).

Theorem 6. z; = 0 is variationally stable if and only if there is a sequence of
functions Vi, : B4 CR* = R, d >0 (Bg = {z € R";||z|| < d} is the closed ball in
R™ centered at 0 with radius d) such that

a(lz])) < Va(z), Vi(0) =0,

[Vi(2) = Vi(y)| < Kllz -y

for x,y € Bg, K is a constant and a : [0,00) — R is a continuous increasing
function such that a(r) =0 if and only if r = 0.

There is a fairly complete theory for linear generalized ordinary differential
equations (see Chapter VI in [3]) which can be used in the above described way
for investigating linear discrete systems of the form

Tg41 = Sk + b, keEN,

where S, € L(R™) are n X n-matrices, b, € R", & € N. With the assumption
of existence of the inverse S, !k € N we get a theory of linear systems with
nice properties and the results known for linear generalized ordinary differential
equations presented in [3] lead to results for linear discrete systems like variation-
of-constant formula, periodic systems, Floquet theory, multipliers, etc.
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ABSTRACT. In the paper sufficient conditions are given under which the
equation y™ = f(t,y,...,y""D)g(y" V) has a singular solution y :
[T,7) — R, 7 < oo fulfilling lim;—._yP(t) =¢; € R,i =0,1,2,...,n — 2
and lim;—._ |y Y (¢)] = oco.
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Consider the n-th order differential equation

(1) y™ = flty sy gy D)

where n > 2, f € C°(Ry x R*" 1), g € C°(R), R} = [0,00),R = (—00, 0), there
exists a € {—1,1} such that

(2) af(t,z1,...,xp—1)x1 >0 for x1#0 and g(z) >0 for zeR

Hence, (1) fulfills the sign condition.

A solution y defined on [T,7) C Ry is called singular if 7 < oo and y cannot
be defined for ¢t = 7. A singular solution y is called nonoscillatory if y # 0 in a left
neighbourhood of 7, otherwise it is called oscillatory.

The problem of the existence of a nonoscillatory singular solution y of (1)
fulfilling

(3) yD(t)y(t) >0,i=0,1,...,n—1

* Supported by the grant no. 201/99/0295 of the Czech Republic Grant Agency.
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in a left neighbourhood of 7 is posed and studied in [5,6] (in case o = 1) for
Emden-Fowler equation

(4) y™ =r(t)|y[*sgny, r#0,

see [1] and [2], too. For Eq. (1) the results are generalized in [7,8]. The existence
of oscillatory singular solution is proved only for Eq. (4) in [3]. Note that singular
solutions of (4) (with all derivatives) are unbounded, see e.q. [9].

On the other hand singular solutions with different asymptotic behaviour than
(3) may exist. Jaros and Kusano announced that in [4] they studied a special case
of (1), the second order equation

"

y" =r(t)|y°y'|*sgny, o>0,r<0 on R;.

They proved that the necessary and sufficient condition for the existence of a
singular solution y fulfilling

(5) lim y(t) = c € [0,00), lim y'(t) = —o0

t—T7_

is A > 2; solutions fulfilling (5) are called black hole solutions.
In our paper we generalize this result for (1).
We will study the existence of a singular solution y fulfilling the conditions:

7€ (0,00), limy_.,_ yD(t)=c; €R, i=0,1,...,n—2,
limy ., [y (t)| = 0.

(6)

This solution is nonoscillatory. Moreover the sign of y("~Y a and ¢y cannot be
arbitrary.

Lemma 1. Let y be a solution of (1) fulfilling (6).
(a) If limy ., y™ D(t) =00 then acy>0.
(b) If limy_, y™ D)= —o0 then acy<D0.

Proof. (a) Let o = 1 for simplicity and suppose ¢y < 0. Then according to (1) and
(2) y™(t) < 0 for large t that contradicts lim,_,,_ 3™ (t) = co. Hence ¢y > 0.
(b) The proof is similar.

Denote by [[z]] the entire part of .

Theorem 1. Let 7 € (0,00),A > 2,¢og # 0,¢; € R fori = 1,...,n— 2 and
M € (0,00). Let B = asgney and

(7) g(z) > |z|> for Bz > M.

Then there exists a singular solution y of (1) fulfilling (6) that is defined in a left
neighbourhood of T.
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If, moreover, € > 0,

1-— .
(8) n+ Toz is odd, (=1)'c;co >0 for i=1,2,...

Be ds
(9) / =

then y is defined on [0, 7).

,n—2
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Proof. We prove the statement for a = 1 and ¢g > 0 (thus 8 = 1). For the other

cases the proof is similar.

Let N > 2max(co,|c1],...,|cn—2|). Consider the auxilliary problem

(10) y(") =f (t’ X05 (y)v X(y/), RN X(y(”—Q))) g(y(n—l))’

y (1) =¢;,i=0,1,...,n—2, yI(r)=k
where k € {ko, ko +1,...}, ko > [[2M]],
Xo(s) =s for @ <s<N,

=N for s> N,
(1) =c¢o/2 for s < cp/2,
x(s) =s for |s| <N,

=N for s> N,
=—N for s< —N.

Denote by yi a solution of (10) and by J; the penetration of its definition

interval and [0, 7]. Note, that (2), (10) and (11) yield
(12) vty >0 on .
Put

My =min{f(t,z1,...,xn_1) : t € [O,T],%O <z; <N,

|z;| <N,j=2,...,n—1} >0,

My =max{f(t,z1,...,2n_1) : t € [O,T],%O <z <N,

;| <N,j=2,...,n—1},
Ms =[(A—1)M;)”>T.
Further, let J = [T, 7] C Ji be such that T' < 7,
(13)

n—2

A—1

i=i '

n

2 e A—1 ,
(14) (=T S Ma(r =TT <
1 )

<.
Il

Z (]|c—j|l)'(7-_T)jl + )\_ 2M3(T_T)n_i_1_ﬁ S N7 7’: 0;17-~-

co
2

7n_27
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and
2M
ds
15 Mo(r—T) < / —.
o) I Ve
As (7), A > 2 and n > 2, J exists.
We prove that
(16) g () > Mt e .

Suppose, contrarily, that T} € [T, 7) exists such that y,(ﬁnfl)(Tl) = M. Then with

respect to (10) and (12) y(”fl)(t) > M for t € [Th,7]. From this and from (10)
and (11)

u () < Mg (y" V() t € [T1,7]
and hence, by the integration on [T}, 7],
oM k
ds / ds
— < —— < Mo(r —=Ty) < Ms(m—T).
/M 9(s) = Jar 9(s) 27 —T1) < Ml )
The contradiction with (15) proves that y("~1) = M for t € J. From this, from
(12) and y,(ﬁnfl)(r) =k > M (16) holds.
Further, (7), (10), (11) and (16) yield
A
u" ) = Mg (v ®) = M (" 0@0) L ted
and by the integration on [t, 7] C J we have
(" V) = B = M (A - 1) (- ),
(17) u () < My(r— )T, te [I), k> ko,

Hence, using the Taylor series formula at 7, (13), (17) and A > 2, we have

n—2 t _i_9
(4) |Cj| j—i (t — S)n ! (n—1)
)yk (t)‘ < 2.7 —z)'(T_t) + /T i) W V(s)ds| <
n-2 n—i—2 t
<3 Gl D T | [ s

<N Li=0,1,....n—2te[T,7), k> k.
Similarly, using (14) and (17)

n—2
|cj| A1 n—1—-1_ Co
yk(t)200—;7(T—T)j—mM3(T—T) 2

t e [T,T), k > ko.
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From these estimations and (11) we can see that yy is the solution of Eq. (1),

too. Moreover, the sequences {y,(;)}gf),i =0,...,n—1 are uniformly bounded and
equipotentially continuous on every segment of [T, 7). Hence according to Arzel-
Ascoli Theorem there exists a subsequence that converges uniformly to a solution
y of (1). Evidently, the conditions (6) are fulfilled with lim; ., 3" V() = co.

Let (8) and (9) be valid. Let the above given solution y be defined on (7,7) C
[0,7) and cannot be extended to ¢t = 7. Then

(18) lim sup ‘y(”fl)(t)‘ = .

t—T4
First, we prove that
(19) y" V() >0 on (7,7).

Thus, suppose that there exists 71 € (7, 7) such that ™~ (1) = 0 and y "~V (¢) >
0 on (11,7). It follows from this and from (6) that y), j = 0,1,...,n — 2 are
bounded, |yY)(t)] < K,j =0,1,...,n—2,t € [r1,7). Let 72 € (11, 7) be such that
y™=D(1y) = e. Then by the integration of (1) and by (9)

= /OE % = /Tzf(t,y(t),...,y(”fz)(t)) dt < oo.

T1

Hence, (19) is valid, and (8) and (19) yield y(¢) > 0 on (7,7). From this and
from (1) y™(t) > 0 on (7, 7), that, together with (19), contradicts (18). Thus y
is defined at t = 7 and 7 = 0.

Corollary 1. Let A > 2 and M € Ry be such that
g(z) > P for x> M.
Then (1) has a singular solution.

Remark 1. For a = 1 the conclusion of Corollary 1 is known, see, e.g., [9, Theorem
11.3].

The following result shows that for the existence of a singular solution with (6)
A cannot be equal to 2.

Theorem 2. Let M € (0,00) be such that g(z) < a2 for |x| > M. Then Eq. (1)
has no singular solution y fulfilling (6).

Proof. Let y be singular and fulfil (6). Suppose, for simplicity, & = 1 and
limy .,y Y (t) = co. From this there exists a left neighbourhood [r,7) of 7
such that |y (t)| < My < oo for i = 0,1,...,n — 2 and y~Y(t) > M on [ry,7)



400 MIROSLAV BARTUSEK

where M is a suitable constant. Hence, using the assumptions of the theorem we
have

T

P [ i [l (ot 200)

oo =In » n_l)(s)
T1

< (Cn_Q — y("_Q)(Tl)) max | f(s,x1,...,2n—1)] < 00

where the maximum is taken for s € [m,7],|x;| < My,i = 1,...,n — 1. The
contradiction proves the conclusion.

Corollary 2. Let ¢y # 0, M € (0,00) and g(x) = |z|* for |x| > M. Then (1) has
a singular solution y fulfilling (6) if and only if X > 2.

Proof. Tt follows from Theorems 1 and 2.
Remark 2. Note, that, especially, eq.

y "= fty Yy ™)
has no singular solutions satisfying (6).

In the next part of the paper the case ¢g = 0 will be investigated.

Theorem 3. Let 3 € {—1,1},0>0,e> 0,7 € (0,00), M € (0,00),c € {—1,1}

(20) A>o(n—2)+2,
(21) co=0,(-1)Bec;>0 for i=1,2,....,n—2,
and
1—«
(22) n—I—T be odd.

Let (7) hold and a continuous function r: Ry — R exist such that
ar(t)>0 on Ry,
|f(t,!171,$2, s 7xn71)| > |T(t)| |x1|g fOT’ te [07T]7
5331 S [0, 8], (—1)jﬁ$j+1 S [(—l)jﬂ(}j, (—1)jﬁcj + 6] 5 j = 1, 2, e, — 2.

Then there exists a singular solution y of (1) fulfilling (6) that is defined in a left
neighbourhood of T. If, moreover, (9) holds, then y is defined on [0, 7).

Proof. Let a =1 and 8 = 1; thus n is odd. For the other cases the proof is similar.
Put for i € {0,1,...,n— 2}

xi(s) =s for (—1)%c; < (=1)'s < (=1)ic; +¢,
(23) =c¢+ (1) for — (=1)'s > (=1)'c; +e,
=¢ for (=1)s < (-1)¢
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Consider the Cauchy problem

(24) y(n) = f (tv XO(y)v X1 (yl)v SRR Xn72(y(n72))) g (y(nil)) )
y (1) =¢;,i=0,1,...,n—2, y™D(r)=k

where k € {ko, ko+1,... }, ko > [[2M]]
Denote by yi a solution of (24) and J; the penetration of its definition interval
and [0, 7]. Note, that o = 1, (23), (24) yield

(25) y;(cn)(t)ZO and y,(cnfl) is nondecreasing on  Jj.

_ 1
Put M1 = W minte[oﬂ T(t) > O, M2 == W(A + o — )i| e y

on—1)+1

N — , M3 = max f(t,z1,...,2p-1),

[
where the maximum is given for ¢t € [0,7],0 < 21 < &,(=1)i¢; < (=1)'w41 <
(—=1)c; +¢e,i=1,...,n— 2. Then (20) yields oy € (0,1).

Further, let J = [T, 7] C J; be such that T < 7,

y |CJ| j i M2 n—t—o1—1 i
JZ:: G- ey T < (Dei+e
(26) i:0,17...,n_2
and
oM
ds
27 Ms(r—T </ as
(27) 3( ) )

Using (27), it can be proved similarly to the proof of Theorem 1, that (16)
holds. Hence, using (21) and (22) we have

(28) (1) D) > (=1)'"e; >0 on J,i=0,1,2,...,n—2.

The Taylor series formula at ¢t = 7, (16), (21), (25) and n be odd yield
n—2 t n—2 t n—2
(t—71) / (t—s) (n—1) / (t—s) (n—1)
— : A2 >
2. T g (@2 | Ty (o)

Tt ,_
> o0, e

and from (24), (16), (25), (28) and the assumptions of the theorem

y0) = () B P = M- )7 (40 0) T e s
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Hence, by the integration on [t, 7] we obtain similarly to the proof of Theorem 1

y ") < My(r —t) 70t € [T,7), k = ko, ko + 1,

From this, using the Taylor series formula at ¢t = 7, (26), (28) and o1 < 1 we have

0< (~1)fer < (~1)'y( i -ty
(_1)1/ ((tn—_52_2)! 5"V (s)ds
n—2

T — n—i—1l—oy )
(Af_(i_tz))!u oy SWete

i=0,1,...,n—2.

.|cj|. (7_ N t)jfi +

Thus, according to (23), yi is a solution of Eq. (1), too and the rest of the proof
is similar as in Theorem 1.

The following theorem shows that the condition (20) cannot be weaken.

Theorem 4. Let ¢; = 0,i = 0,1,...,n—2,0 > 0,n > 2,n + 1*7(" be odd, o €
{=1,1} and let r € CO(Ry.),ar > 0 on Ry. Then the equation

(29) y™ = r(®)yl7ly" VP sgny
has a singular solution y fulfilling (6) if, and only if A > o(n —2) 4 2.

Proof. In view of Theorem 3 we must prove the necessity only. Let A < o(n—2)+2,
y be singular and fulfilling (6). Suppose, for simplicity, that r > 0, tlim y=D(t) =

oo and thus n be odd. In the other cases the proof is similar. Then there exists
to € [0,7) such that

(30)
(1)) >0,i=0,1,....,n =2, y" V() > 1, y™(t) =0 on J=[t, 7).
Then using the Taylor series formula on [t, 7] and (6) we obtain
t n—2 n—2
(t—s) (n—1) (r—1) —2

1 t) = —y\" ds < ———|y" " “(t)|,t .

3w = [ e < Tl e g
Further,

|y(n—2) )| = / y(nfl)(s)ds > y("*)(t)(T —t),ted
t
and hence, using (31)

Pl0)

VOO0 < B

<M,teld
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where M; is a suitable number. From this,(30) and from A < o(n — 2) + 2

y(n—l)(T) . " y(n)(s) _ T o n—1 —1
y(=D(ty) _/t y(nl)(s)ds_/ r(s)y (5)[?4( )(S)]A ds <

to
< M7 / P8y ()1 oD g

to

oo =1In

< Mf/ r(s)y "V (s)ds < M7 Juax r(s) ‘y(’“?)(to)‘ < 0.
to <s<t

The contradiction proves the conclusion.

The following proposition shows that condition (22) in Theorem 3 cannot be
weaken.

Proposition 1. Let § € {—1,1}, (21), ¢ch—2 =0 and n + PTO‘ be even. Then (1)
has no singular solution fulfilling (6).

Proof. Let for the simplicity o = 1 and 8 = —1; for the other cases the proof is
similar. Hence, n is even. Let y be a singular solution of (1) fulfilling (6). Then (1)
and (21) yield y(t) < 0,51 (¢) > 0. Thus ™ (¢) > 0 in a left neighbourhood .J
of 7 that contradicts (1), (2) and « = 1.

Remark 3. The following conclusion follows from Corollary 2 and Theorem 4. Let
n = 2. Then Eq. (29) has a singular solution y, fulfilling (6) if, and only if X > 2.
Hence our results generalize the above mentioned one of Jaros and Kusano.

Open problem. It is possible to look for sufficient and (or) necessary conditions
under which there is a singular solution y of (1) satisfying

7€ (0,00), ke{0,1,...,n—2},
lim yDt)=¢ eR, i=0,1,...,k,

tlim YD) =00, j=k+1,...,n—1.

REFERENCES

1. 1. V. Astashova, On Asymptotic Behaviour of Solutions of Some Nonlinear Differential
Equations, Dokl. Raz. Zas. Sem. Ins. Prikl. Mat. Thilisi University, 1 (1985), 9-11.

2. T. A. Chanturia, On Singular Solutions of Nonlinear Systems of Ordinary Differential
Equations, Coll. Math. Soc. J. Bolyai, In: “15. Diff. Equations” (1975), 107-119.

, On Ezistence of Singular and Unbounded Oscillatory Solutions of Differential
Equations of Emden—Fowler Type, Dif. Urav. 28 (1992), 1009-1022.

4. J. Jaros, T. Kusano, On Black Hole Solutions of Second Order Differential Equations
with a Singularity in the Differential Operator, Funk. Ekv. (to appear).




404 MIROSLAV BARTUSEK

5. 1. Kiguradze, Asymptotic Properties of Solutions of a Nonlinear Differential Equation
of Embden—Fowler Type, lzvestiya Akad. Nauk SSSR. Ser. Mat. 29 (1965), 965-986.

6. , On the Oscilation of Solutions of the Equation % + a(t)|u|™ sgnu, Mat.
Sbornik 65 (1964), 172-187.
7. , Some singular Boundary Value Problems for Ordinary Differential Equations.,

Thilisi University Press, Thilisi, (1975).

8. L. Kiguradze, G. Kvinikadze, On Strongly Increasing Solutions of Nonlinear Ordinary
Differential Equations, Ann. Math. Pura ed Appl. 130 (1982), 67-87.

9. 1. Kiguradze, T. A. Chanturia, Asymptotic Properties of Solutions of Nonautonomous
Ordinary Differential Equations, Kluwer Acad. Pub., Dordrecht—Boston—London,
(1993).

10. D. Mirzov, Asymptotic Properties of Solutions of Systems of Nonlinear Nonau-
tonomous Ordinary Differential Equations, Adygea, Majkop, (1993).



ARCHIVUM MATHEMATICUM (BRNO)
Tomus 36 (2000), 405—414, CDDE 2000 issue

CONVERGENCE TESTS FOR ONE SCALAR DIFFERENTIAL
EQUATION WITH VANISHING DELAY

JAROMIR BASTINEC!, JOSEF DIBLIK2, AND ZDENEK SMARDA®

! Dept. of Math., Faculty of Electrical Engineering, Brno University of Technology
Technickd 8, 616 00 Brno, Czech Republic
Email: bastinec@dmat.fee.vutbr.cz
2 Dept. of Math., Faculty of Electrical Engineering, Brno University of Technology
Technickd 8, 616 00 Brno, Czech Republic
Email: diblik@dmat.fee.vutbr.cz
3 Dept. of Math., Faculty of Electrical Engineering, Brno University of Technology
Technickd 8, 616 00 Brno, Czech Republic
Email: smarda@dmat.fee.vutbr.cz

ABSTRACT. In the present paper the differential equation
y(t) = a(t)[y(t) — y(t — 7(1))]
with positive coefficient o and with positive bounded delay 7 (which can

have the property 7(400) = 0) is considered. Explicit tests for convergence
of all its solutions (for ¢ — +o00) are proved.

AMS SUBJECT CLASSIFICATION. 34K15, 34K25
KEYWORDS. asymptotic convergence, point test, integral test

1. INTRODUCTION

We will deal with the linear homogeneous differential equation with delay

(1) y(t) = a(t) [y(t) —y(t — 7(1))],

where o € C(I,R"), I = [tg,00), to € R, R = (0,+00), 7 € C(I,R");7(t) < 79 =
const and the difference t—7(t) is increasing on I. Let us denote Iy = [to+7(to), 00).

A function y is called a solution of Eq. (1) corresponding to initial point t* € 1
if y is defined and is continuous on [t* — 7(¢*), 00), differentiable on [t*,00) and
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satisfies (1) for ¢ > t*. By a solution of (1) we mean a solution corresponding
to some initial point t* € I. We denote y(t*,»)(t) a solution of Eq. (1) which
is generated by continuous initial function ¢ : [t* — 7(t*),t*] — R and which
corresponds to initial point ¢* € I.

In the case of the linear Eq. (1) the solution y(t*, ¢)(¢) is unique on its maximal
existence interval [t*,00) ([13]). We say that a solution of Eq. (1) corresponding
to initial point t* is convergent or asymptotically convergent if it has a finite limit
at +oo.

The main goal of this paper is to formulate and prove several explicit tests for
convergence of all solutions of Eq. (1).

Problems concerning asymptotic constancy of solutions, asymptotic convergen-
ce of solutions or existence of so called asymptotic equilibrium of various classes
of retarded functional differential equations were investigated, e.g., by O. ARINO,
I. GYORI and M. P1TUK [1], O. ARINO and M. P1TUuK [2], F.V. ATKINSON and
J.R. HADDOCK [3], R. BELLMAN and K.L. CoOKE [4], I. GYORrI and M. PITUK
[11], [12], K. MURAKAMI [17], and T. KRISZTIN [14]-[16].

So called nonconvergence case (i.e. the case when there exists a monotone
increasing divergent solution of Eq. (1)) was considered e.g. by S.N. ZHANG [1§]
and by J. DIBLIK [10]. Some closely connected questions were discussed in the
cycle of recent papers by J. CERMAK [5]-[3] as well.

In the paper [9] the equation

(2) y(t) = Zaj(t)[y(t) —y(t=7(®)],

was considered, where a; € C(I,RF), Y aj(t) > 0on I, 7; € C(I,RY),
functions ¢ — 7;(¢),j = 1,2,...,n are increasing on I and 7; are bounded on I.
The following theorem is the main result of [9]:

Theorem 1. For the convergence of all solutions of Eq. (2), corresponding to the
initial point to, a necessary and sufficient condition is that there exist functions
ki € C(I,R"),i=1,2,...,n satisfying the system of integral inequalities

t n

1+ ki(t) > exp / Zaj(s)kj(s)ds ,i=1,2,...,n
t

—Ti(t) =1
on interval 1.

In this paper the following partial case of this result with respect to Eq. (1)
will be used:

Theorem 2. All solutions of Eq. (1), corresponding to the initial point to, con-
verge if and only if there exists a function k € C(I,R"), such that

(3) 1+ k(t) > exp l /ti o a(s)k(s) ds]
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on the interval 1.

Theorem 2 serves as a source for several explicit convergence tests. In the sequel
we will prove one test which uses the values of the function «(t) itself (point test)
and two tests which use an integral weighted average of the function «(t). Note
that the case 7(+00) = 0 is not excluded from our investigation.

2. POINT TEST OF CONVERGENCE

Theorem 3. If for a sufficiently large t

1 L
4 1)< — — —
(@) o)< -

where L > 1/2 is a constant, then each solution of Eq. (1) is convergent.

Proof. Without loss of generality, let us suppose ¢ sufficiently large. Let us put

= (-5

where ¢ is a positive number (then k(t) > 0 for ¢ — +00), and verify inequality
(3). Develop the asymptotic expansion L(t) of the left hand side of (3). We get

L‘(t):1+k(t):1_|_§.<i_£)1:1+ : eT(t)

7 {i= LrD
- . 2,7_2
L (1 0 R0 )

Here and throughout this paper is the Landau symbol “small” o. The symbol
“O” used in the sequel is the Landau symbol “big” O. These symbols are used in
the neighbourhood of the point ¢ = co

Now estimate the right hand side R(¢) of (3). With the aid of (4) and (5) we
get

(5) k(1)

[13 77
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We conclude that (3) will hold (supposing ¢y sufficiently large) if

e7(t) N eLT2(t) N eL273(t)

L) =1+— 7 5 (Lo(l)) =
er(t) ele+1) 72(t)
L+ = =g - (L o(1) 2 R(1).

Comparing corresponding terms, we can see that this will hold when L > (e+1)/2.
Since ¢ is a positive number and may be chosen arbitrarily small, we get L > 1/2.
Theorem 3 is proved.

3. INTEGRAL TESTS OF CONVERGENCE

Theorem 4. If for a sufficiently large t

L t T(s)a(s)ds T r(t) -
© o /H(t) (Sals)ds <1 =7 ~ T @) G —70)
L7(t)

(t—7)In(t —7(t)) Ina(t — 7(¢)) ’

with L > 1, L = const and Inat = Inlnt, then each solution of Eq. (1) is conver-
gent.

Proof. Without loss of generality, let us suppose ¢ sufficiently large. Let us put

_ T
k(t) = tint(lng t)e”

where ¢ > 1 is a constant. Obviously, the inequality (3) will be valid if

(7) L) =1+k(t) >R(t) =exp l /ti " a(s)k(s) ds] , tel.

We estimate the expression R(t). With the aid of the inequality (6), we have
R(t) < exp(R*(t))
where

x (1) . ()
R~ (t —7(0) In(t — 7(2))(Ina(t — 7(2)))° (1 7(t)

- (

7(t) L7(t)
(t—7@O)Im(t—7(t) (¢ —7(0)(n( —7(t))(Inz(t - T(t)))) '
Let us develop the asymptotic expansion of the expression R*(t). At first, it is
trivial to verify that the following asymptotic expansions hold:

(e (),
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1 1 7(t) 72(t) 72(t)
n(t—7(t)  Int <1 T T oEme T <t2 lnt>)

1 1 7(t) T2(t) 72(t)
= 1+ + +o .
Ing(t — 7(t)) Ingt tintlnet 2t2Intlnst t2Intlny t

Thus

RA(t) = % <1+@+; (T;g >) x
<1+ <€17;)ZI%+§:(13; Jff;lg 2) ))x
tlntlngt t21ntln2t t21ntln2t
T T o (T) e (1 T e ()
V) () ) _
. (()1() (tm>)( .
it (1470 (7)) (v o (7))~
+o
(

v 0
i ﬂnﬂnﬂ))}
7(t)

and

1
< + tintlng t

2( 2
o) (-l PO (PO
tInt(lng t)s tint ln2 t 12 12
At the end we get

exp(RA (1) = 1+ T(t) <1 N er(t) — Lr(t)  73(1) ‘o <72(t))> N

tInt(lng t)e tIntlnyt 12 12
72(t) er(t) — Lt(t)  72(t) 26\’
— (1 — (14 0(1)) =
22 1112 t(lng t)25 ( + tlntlnsg t t2 o ( t2 )> ( +0( ))
2 3 t
7(t) +ET() LlT()+ TQ(t)2 Lo (T
tnt(Ingt)s  2IntIny*e 2t2 In” ¢1n3° ¢ t3

For the validity of the inequality (7) it is sufficient to suppose that (for sufficiently
large t)
L(t) > exp(R*(t)),

i.e. that

)l L (70,

tlnt(nyt)> = tlnt(lnat)® 2ty ¢ 22IntInj"t 3
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This will hold (we take into account the supposition € > 1) if L > e. Since £ may
be chosen arbitrarily close to 1 — this assumption is necessary for the asymptotic
dominance of the third term in the right-hand side in above inequality, we obtain
L > 1. Theorem 4 is proved.

Theorem 5. If for sufficiently large t
t

1 / T(s)a(s)d - 7(t) L7(t)
t

) _

N N ) R )
where m, L = const,m > 1, L > m then each solution of Eq. (1) is convergent.

Proof. Without loss of generality, let us suppose ¢ sufficiently large. Let us put

bt = 70

where p is a positive constant. Obviously, the of inequality (3) will be valid if, as
above, inequality (7) holds. Let us develop (suppposing ¢ sufficiently large) the
asymptotic expansion of R(t). We get

¢ T(s)a(s 1 ¢ T(s)a(s
R(t) = exp [ /t_f(t) 7(831; ) ds] < exp li(t—T(t))” /H(t) 7()als) S)m( )ds] <

T(t) B L2 (t) -
exp [ (t—7@)tr  (t—7(t))mtrtl ] =
7(t) L72(1) ()

1+ (1+0(1)) =

(= 7(O)m P (E—7(6)™ P 2( = 7(6)20mH8)

- (t) (1 - it))(?ﬂﬂ?) - LT2(t) <1 - ﬂ)(mﬂﬂrl) +O( 2(t) ) _

¢m+p t gmtp+1 t

1+ 20 <1+ (m+f)7(t) +0 <$)> -

tm,+p

L0 (1, 0(70)) 4o (210 -
) O L0 o (20 o (70

tm+p tm+p+1 tm+p+2

1+

Now, for

=1+ 20>
) (m+p)7*() — L7°@) ( (1) > Lo ( 22(8)

tm+tp tm+p+1 tm+p+2 t2(m+p)> z R(t)

is m 4+ p > 1 (this assumption is necessary for the asymptotic dominance of the
third term in the right-hand side in above inequality) and L > (m + p) sufficient.
Since p may be arbitrarily small positive number, we have L > m. Theorem 5 is
proved.

1+
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4. CONCLUDING REMARKS

4.1. SHARPNESS OF THEOREM 3.

Let Eq. (1) has the form

(8) gt = (= 2) () — y(t = 1/0)

t
with a > 1/2, a =const; i.e. a(t) =t — a/t and 7(t) = 1/t. Note that 7(+o00) = 0.
It is easy to see that the inequality (4) holds since the inequality
L 1 L

<t-TZ=—x-=

alt) =t~ t Tt ¢

|

is valid for 1/2 < L < a. In accordance with Theorem 3, each solution of Eq. (8)
is convergent.

In the sequel we will show that the interval a > 1/2 is the best possible. Namely,
we will show that the property of convergence of all solutions of equation (8) is not
valid for @ = 1/2. In paper [10] (see Theorem 2 in [10]), the following is proved:

Theorem 6. Equation (1) has a solution y(t) with property y(4+o00) = 400 if and

only if the inequality
w(t) < aft) [w(t) —w(t —7(t))]
has a solution w(t) with property w(4o00) = 400.

So, it is sufficient to show that, in the case of equation (8) with a = 1/2, the
inequality

1

) o(0) < (¢ 57 ) llt) — wlt = 1/0)

has a solution w(t) with the property w(+0c0) = +oo. It is easy to verify that the
function
w(t) =Int

is such solution of inequality (9).

4.2. A COMPARISON WITH ATKINSON — HADDOCK’S RESULTS.

Let us use the equation (8) as a concrete example of the equation (1) again and let
us show with its aid that our convergence results are in some sense more general
than the results given in [3].

Really, by Theorem 3.3 in [3] all solutions of equation (1) will converge if for a
sufficiently large ¢

(10) ([Ha@@g1—f—li
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with some K > r where r is a positive constant which bounds delay. In the case
of the equation (8) the left hand side of the inequality (10) equals

2

t+r t+r a 1 t+r r r
ds = — = )ds=|=s*—al =rt+——aln(1+-
/t a(s)ds /t (8 s) s [25 ans} rt + 5 an( +t)

t
and

lim a(s)ds = oo.
t—-+4o00 t

So inequality (10) does not hold for a positive r. Nevertheless in this case our
Theorem 4 holds for a > 1 since the left hand side of inequality (6)

1 i o
—/ T(s)a(s)ds:t/ —(s—g>als:1—2L
7(t) t—7(t) t—1/t S s e —1

is not greater than the right hand side of inequality (6) which equals

1 1 L
2—1 (2—1)n(t—1/t) (2 —1)In(t—1/t)Ing(t — 1/t)

1—

Note that, except this, Theorem 4 generalizes Theorem 3.3 even in the case when
the delay is constant, i.e. in the case when 7(t) = 79 > 0.

4.3. COMPARISONS WITH SUFFICIENT CONDITIONS OF CONVERGENCE GIVEN IN
[9].

Sufficient conditions of convergence given in [9] (Theorems 8 — 10 in [9]), with
respect to the equation (1), are:

Theorem 7. If for a sufficiently large t

where My > 1/2 is a constant, then each solution of Fq. (1) is convergent.

Theorem 8. If for a sufficiently large t

t+710 M
/ alsyds<1-2_ T M2
) t tlnt tlntlnot

where My > 19, Mo =const, then each solution of Eq. (1) is convergent.

Theorem 9. If for a sufficiently large t

/H—‘ro a(s)d - 1 ]\43
—as
t

sm — t_m - thrl

where m, M3 =const, m > 1, M3 > 1om, then each solution of Eq. (1) is conver-
gent.
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The Theorems 7, 8, 9 are at the same time consequences of our Theorems 3, 4,

5 if the delay is constant. Really, putting 7(¢t) = 70 > 0 and L = M; in Theorem
3; L = M3 /79 in Theorem 4, and L = M3/79 in Theorem 5 we get (after the shift
t — t 4 79), consequently, Theorems 7, 8, 9.
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ABSTRACT. In this survey paper we consider differential and integral equa-
tions in locally convex spaces (in particular, in these sequentially complete
spaces which contain a compact barrel). We present recently obtained by
us results concerning the existence and topological structure of some basic
nonlinear equations and we accent applications in our results some theo-
rems of functional analysis.

AMS SUBJECT CLASSIFICATION. 34G20

KEYWORDS. existence theorems, Kneser type theorems, locally convex spa-
ces containing a compact barrel, Sadovski measure of noncompactness.

1. INTRODUCTION

Consider the initial value problem

(1) x = f(ta Z‘), Z‘(O) = 2o,

where f is a bounded continuous function taking values in a quasicomplete locally
convex space E. The idea to consider problem (1) in these spaces goes back to
Millionséikov [13] and Hukuhara [3] who proved that (1) has a solution if the
function f is compact or it satisfies the Kamke condition. The existence of solutions
of (1) under different assumptions on E or f has been investigated later by many
authors (see e.g. [1], [12] and [18]).
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Moreover, there have appeared recently papers concerning the existence and
topological structure of solutions of nonlinear integral equations in locally convex
spaces (see e.g. [9] and [18]).

In Section 2 we present recently obtained by us Kneser type theorems for the
equation of nth order in quasicomplete locally convex spaces. The main conditions
in these results are formulated in terms of the Sadovski measure of noncompactness
(see [16] for the definition and properties).

In Section 3 we consider sequentially complete locally convex spaces. Moreover,
we assume that these spaces contain a compact barrel. In [1] Astala gave the
following characterization of these spaces.

Lemma 1. F is a sequentially complete locally convex space containing a compact
barrel iff

E= (X" 1),

where X' is the dual of a barrelled normed space X and T is a locally convex
topology of X' that is stronger than the w*-topology but weaker than the topology
of precompact convergence; briefly

o(X', X) <1 < MNX', X).

By the above lemma we can use in the space F the notion of the norm.

Moreover, in [1] Astala proved that for each continuous mapping f : [0,a] x
E — E, where F is as above, there exists a local solution of the problem (1).
Additionally, he noted that applying the method from [17] one can prove that
there exists an interval J C I such that the set of all solutions of (1), defined on .J,
and considered as a subset of the space C(J, E) of all continuous functions J — F
with the topology of uniform convergence is compact and connected; shortly: it
has the Kneser property.

Here we present results concerning the existence of continuous solutions of the
nonlinear Volterra integral equation

() 2(t) = g(t) + / F(t.s,2(s))ds,  tE A,

and the Urysohn integral equation

(3) x(t) = g(t) + )\/f(t, s,x(8))ds, te A, NeR,
A

considered in the space E, where A = [0,a1] % [0,a2] X ... x [0,a,] (a; > 0,
i=1,...,n)and A(t) ={s € R*": 0<ws; <t i =1,...,n}. In the above
equations the sign ” [” stands for the Riemann integral.

Moreover, we characterize the topological structure of the solutions of (2) and
the Darboux problem for the hyperbolic type equation.
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2. DIFFERENTIAL EQUATION OF NTH ORDER

Let F be a quasicomplete locally convex space and let P be a family of seminorms

which generate the topology of E. Moreover, let I = [0,a] be a compact interval

imnRand B={zx € F:p;j(x)<b,i=1,...,k},b >0, ke Nand py,... ,p; € P.
Consider the problem

(4) 2 = f(t,x)

290y =25, 7=0,...,n—1,

where z; € E for j =0,...,n—1, 20 =0and f: I x B — E is a bounded,
continuous function.
Denote by (8p(+))pep the Sadovski measure of noncompactness. Define

wp(t,X) = lirg+ Bp(f(Iyr x X)) fort e (0,a) and X C B,

where Iy, = (t—r,t+7)NI (cf. [14]). Moreover, let B,(0,7) = {x € E: p(x) <r}.

Theorem 1. ([3]) Assume that for every seminorm p € P there exists a contin-
uous function up, defined on I and such that uy(t) > 0 fort >0, up(0) = ... =

u,(,n_l)(O) =0, ul(j") (t) is positive , integrable in Lebesgue sense and

R0
up(1)
fort € (0,a) and for every bounded set X C B, and

: Bp(f(t, Byp(0,7))) _
(6) t—»O}*'H?—ﬂ‘*' ul™ (t) =0

(5) ‘Pp(th) < ﬁp(X)

Then there exists an interval J = [0,d] C I such that the set of all solutions of
(4), defined on J and considered as a subset of the space C(J, E) is nonempty,
compact and connected.

Note that the assumption (5) in Th. 2 is inspirated by the paper [7]. In the
case of separable spaces Th. 2 has a simpler form, namely, the following theorem
holds.

Theorem 2. ([3]) If the space E is separable, then Theorem 2 remains true, if
one replaces the assumption (5) by the following one

ug” (1)
up(t)

where X C B is any bounded set, t € (0,a] and p € P.

(7) Bp(f(t, X)) < Bp(X).
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Using another method of a proof as in the case of Th. 1 and Th. 2, namely
Reichert’s connectness principle from [15], the first author of this paper proved
the following

Theorem 3. ([2]) In the assumptions of Th.1 instead of (6) assume that

m ep(t, Bp(0,71)) _
(n) o
t—0t+ r—0+ Up (t)

Then there exists an interval J = [0,d] C I such that the set of all solutions of
(4), defined on J, is nonempty, compact and connected in C(J, E).

3. NONLINEAR INTEGRAL EQUATIONS

Consider first the equation (2). Arguing similarly as in [1] we obtain the following

Theorem 4. ([/]) Assume that the functions g : A — E and f : A2 x E — E are
continuous. Then the equation (2) has a local continuous solution.

To prove the above theorem we construct the sequence of the approximate
solutions of the problem (2) and applying generalized Ascoli’s theorem ([10], p.81)
we show that this sequence has a convergent subsequence to the solution of (2).

The following Kneser-type theorem extends Th. 4.

Theorem 5. ([5]) Under the above assumptions there exists a set
J =10,d1] x [0,d2] x ... x[0,d,] C A

such that the set S of all continuous solutions of (2), defined on J, is nonempty,
compact and connected in the space C(J, E).

To prove Th. 5 one can not apply the method from [17]. Now, we sketch the
idea of the proof of Th. 5. Let r be any positive number. Since the ball B, = {z €
E : |lz|| < r} is convex, ballanced, closed, bounded and sequentially complete,
in view of the Banach-Mackey theorem ([10], p.91) it is absorbing by the barrel
and therefore it is compact. Hence for every number r > 0 there exists a number
m,- > 0 such that

lf(t, s, 2)|| <m, for (t,s)€ A and z € B,

(cf. Lemma 1). Now, knowing that f is locally bounded we can define J = [0, d;] x
[0,d2] X ... x [0,dy] in the classical way. Denote by B the set of all continuous

functions J — By, where b is the suitably choosen number. We consider Basa
subspace of C(J, E). Set

G(z)(t) =g(t) + / f(t,s,2(s))ds, telJ x€B.
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One can easy show that G(B) C B and the family G(B) is equiuniformly continu-
ous. Moreover, in view of the Krasnoselski-Krein-type lemma (cf. [11]) we deduce
that G is continuous. B

For any € > 0 denote by S the set of all x € B such that ||z(t) — G(z)(t)]| < e
for every t € J. It can be proved (cf. [6]) that for sufficiently small e > 0, the
set S is nonempty and connected. Using this fact, the generalized Ascoli theorem
and the continuity of G we infer that S is nonempty and compact.

To prove that S is connected it is enough to apply standard arguments as e.g.
in [6].

Now, we pass to the equation (3). As in the above theorems we assume that
the functions g : A — E and f : A2 x E — E are continuous. Our next result is
the following

Theorem 6. (/5]) Under the above assumptions there exists n > 0 such that for
X € R with | X |<n, the equation (3) has a continuous solution defined on A.

Analogously as in the proof of Th. 5 we deduce that f is locally bounded, next
we define  and the subset B C C(A4, F) in the classical way. Put

G(z)(t) = g(t) + )\/f(t, s,z(s))ds, te A, zé€B.
A

The operator G maps continuously B into itself. Let V = convG(E). By the
generalized Ascoli theorem we deduce that V' is compact and we can apply the
Schauder-Tychonoff theorem for the mapping G |y/.

Now, let pass on to the Darboux problem for the hyperbolic partial differential
equation.

Let B = {z € E: |z| < b}, A =[0,a1] x [0,az2] (a1,a2 > 0) and let
f:Ax B — E be a continuous mapping. Again, by the Banach-Mackey theorem
the mapping f is norm-bounded on A x B. In view of this, we choose a subrectangle
J =[0,d1]x [0, dy] in the classical way and consider the following Darboux problem

0%z
axay - f(l',y,z), (a:,y) € ']7
(8) 2(2,0)=0, 0<z<d;, 20,9)=0, 0<y<dy.

It can be easily seen that the problem (8) is equivalent to the following integral
equation

x Y

z(z,y) = f(&n,2(&§m))dédn,  (x,y) € J,
/]
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where the sign” [ [” stands for the Riemann integral. In view of this equivalence,
as a corollary from Th. 5 we obtain the following Kneser-type characterization for
the problem (8).

Theorem 7. ([5]) Under the above assumptions the set of all solutions of (8),
defined on J, is nonempty, compact and connected in C(J, E).
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ABSTRACT. The paper is concerned with the asymptotic estimate of the
solutions of the delay differential equation

#(t) = —a(t)z(t) + b1 (t)z(11(1)) + ba()x(72(t))

with the continuous coefficients a(t), b1(¢), b2(¢) and the unbounded lags.
We derive the conditions under which each solution of this equation can be
estimated in the terms of a solution of the system of Schroder’s functional
equations.
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1. INTRODUCTION

We study the functional differential equation
(1) #(t) = —a(t)z(t) + b (t)z(n1 (1)) + b2 (D)2(72(t)), ¢ €= [to,00),

where a(t) is a positive continuous function on I, b;(¢) are continuous functions
on I, 7;(t) are continuously differentiable and unbounded functions on I such that
Ti(to) = to, Ti(t) < t for every t > tg, 7;(to) < 1 and 7;(¢) are nonincreasing on
I,i=1,2. We assume that all these conditions are fulfilled throughout the whole
paper.

* The research was supported by the grant # A101/99/02 of the Grant Agency of the
Academy of Sciences of the Czech Republic
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The investigation of these equations has been motivated by the equation
(2) z(t) = ax(t) + ba(At), 0<A<l1

arising in the problem of the motion of a pantograph head on an electric locomo-
tive. Equation (2) and its modifications has been subject of numerous investiga-
tions (for the methods and results see, e.g., G. Derfel [1] , A. Iserles [6], T. Kato
and J. B. McLeod [7], E. B. Lim [9], Y. Liu [10], G. Makay and J. Terjéki [11],
L. Pandolfi [13] and papers [2], [3]). In this paper, we wish to extend some of the
asymptotic results discussed in these papers to the case of the equation (1).

2. PRELIMINARIES

Choose any o € I and let ¢* = min{7;(0), i = 1,2}. By a solution of (1) we
understand a real valued function x(t) € C°([o*,00)) N C(]o, 00)) such that x(t)
satisfies (1) for every t > o.

The key tool in our investigations is the theory of functional equations in a
single variable. The survey of the methods and results concerning this theory can
be found in the book M. Kuczma, B. Choczewski, R. Ger [3]. In this section, we
mention the problem of the existence of the simultaneous solution of the system
of the Schroder’s equations

(3) e(11(t)) = Arp(t),
p(12(t)) = A2ep(2),
where ¢t € I, \; and A\, are suitable reals parameters. We have the following

Proposition 1. Let A\ = 71(to), A2 = T2(to) and 71 070 = 7o 071 on I. Then the
system (3) has a solution p(t) € C*(I) with a positive and bounded derivative on
1.

Proof. First we consider a single equation of the system (3), e.g.,

(4) e(ri(t)) = Mp(t), tel.

The existence of the solution ¢(t) € C1(I) having a positive derivative on I fol-
lows from the classical result of the theory of functional equations (see, e.g., [3]).
Differentiating (4) we obtain

A1
T1(t)
The inequality Ay /71(t) > 1 now implies the boundedness of ¢(t) on I.

It remains to show that o(t) defines also a solution of the latter equation of
(3). This problem has been dealt with in [1] (see also F. Neuman [12] and M.
Zdun [14]). By Proposition 3 of [1], the necessary and sufficient condition for the
existence of the simultaneous solution (t) of (3) is the commutativity of the
couple 1 (t), T2(t). O

p((t) = p(t).

Remark 1. The required solution of (3) can be given in several important cases
explicitly. These cases are discussed in Section 4.
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3. ASYMPTOTIC BEHAVIOUR OF THE SOLUTIONS

In this section, we mention the main result concerning equation (1).

Theorem 1. Let 71(t), 72(t) be commutable functions on the interval I. Let Ay =
71(to), A2 = 72(to) and let o(t) € C*(I) be a solution of (3) with a positive and
bounded derivative on I. Let x(t) be a solution of (1), where a(t) > K /(p(t))”
and 0 < by (t)|+1b2(t)| < La(t) for every t € I and suitable reals K,L >0, 8 < 1.
Then

log L
(B)  #()=0(p(®)") ast—oo, a=pEm A=max(h, )
Proof. The function ¢(t) is obviously positive for all ¢ > to. Then the substitution
(6) s=logp(t),  z(s) = (p(t))""x(t),

where ¢ > ¢, converts equation (1) into the form
2'(s) = —(a(h(s))I'(s)+a)z(s)+br(h(s) A"h' (s)2(s—c1) +ba(h(s)) Ah/ (s)2(s—c2),

where s € J = [s0,00). Here 7" means d/ds, h(s) = ¢ '(e®) on J, ¢; = log\[t,
co =log Ay ' and sg > log o(to). Then

S0

h(s)
(7) % leXP{OéS-I-/ a(u) du}z(s)] =

h(s)
by (h(s))A“h'(s) exp{as + / a(u)du}z(s —cp)

S0

h(s)
+ba(h(s))A“R'(s) exp{as + / a(u) du}z(s — c2).

S0

Due to the boundedness of ¢(t) on T

as s — OQ.

From here we get

(8) a(h(s))h'(s) > Mel' =9

for a suitable real M > 0 and every s > sy. Then we can choose dy > sp such
that o + a(h(s))h'(s) > 0 for every s > dyp. Put ¢ = min(ey,e2), di = do + ic,

J; = [di—1,d;] and M; = max{|2(s)|, s € Ui_, Jx}, i = 1,2,.... If we choose any
s* € Jiy1, then we can integrate (7) over [d;, s*] to obtain

h(s) .
exp{as +/ a(u) du}z(s)|zi =

S0

s h(s)
/ by (h(s))A“h (s) exp{as + / a(u)du}z(s —c1)ds
d;

S0

s* h(s)
+ /di ba(h(s))A“h'(s) exp{as + / a(u)dutz(s — c2) ds.

S0
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Then
h(s™)

z(s*) = exp{a(d; — s*) — /h(d : a(u) dutz(d;)

h(s™)
+exp{— / u)du — as™}
h(s)
x(/dv by (h(s))A“h'(s) exp{as —|—/ a(u)du}z(s —e1)ds

s h(s)
+/di bo(h(s)) AR (s) exp{as + /SO a(u) du}z(s — ¢z) ds).

Consequently,
h(s*)

M; exp{a(d; — s*) — /h(d.) a(u)du}

(9) [2(s7)]

IN

h(s™)
+M,; exp{— / u)du — as*}

s h(s)
X /di (|b1(h(s))] 4 ba(R(s)))A“R (s) exp{as+/so a(u)du} ds

h(s*)

M; exp{a(d; — s*) — /h(d.) a(u)du}

IN

h(s™)
+M,; exp{— / u)du — as*}

s h(s)
X /di a(h(s))N (s) exp{as + 10 a(u) du} ds.

Now we estimate the last integral as
s* h(s)
/ a(h(s))h'(s) exp{as + / a(u)du}ds <
d,; S0

h(s) . s* h(s)
exp{as + / a(u) du}}; + |af / exp{as + / a(u) du} ds.
S0 ' d; S0

Rewrite the last term as

s* h(s)
|| / exp{as + / a(u)du}lds =
d,; S0

s* o d h(s)
i S0
Notice that due to (8)

L = ex —1)s as § — o0
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Put y=1- 8> 0. Then

s* |a| d h(s)
/di —a—ka(h(s))h’(s)g[e}(p{as+/ a(u)du}]ds <

S0
N

s d h(s)
N/ e_'ysd—[exp{as +/ a(u)du}]ds <
d; s

80
h(s) x
Ne % exp{as + / a(u) du}|;
80

for a suitable N > 0. Consequently,

s h(s)
/ a(h(s))h'(s) exp{as + / a(u)du} ds <
d;

S0

h(s) .
exp{as + / a(u) du}|2‘ (1+ Ne ),

S0
Substituting this back into (9) we obtain

h(s™)

M; exp{a(d; — s*) — /h(dv) a(u)du}

|2(s™)]

IN

h(s™)
+M,; exp{— a(u)du — as*}

S0
h(s) .

x exp{as + / a(u) du}‘; (1+ Ne %)
S0 .

< M;(14 Ne ),
Consequently,
Mgy <M1+ Ne ) <My [J+ Ne %), i=1,2,....
k=1

Letting ¢ — oo we can see that the infinite product
o0
H (I1+Ne Wd’“
k=1

converges. This implies that (M) is bounded as i — oo, hence z(s) is bounded
as $ — 0o. Substituting this back into (6) we obtain the asymptotic property (5).
This completes the proof. ]

Remark 2. The validity of the previous statement can be easily generalized to the
case when equation (1) with m delayed arguments is considered.
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Remark 3. Tt is easy to verify that the function w(t) = (¢(t))” occuring in (5)
defines the solution of the functional equation

where 7(t) = max (71 (£), 72(t)), t > to.

4. APPLICATIONS
In this section, we specify delays 7(t), 72(¢) in (1) to illustrate our asymptotic
result.

Ezample 1. We consider the equation
(10) () = —a(t)z(t) + by (t)z(A1t) + ba(t)z(Aat), tel=10,00),
where 0 < A1 < A2 < 1, a(t), bi(t), ba(t) € C°(I). The corresponding system of
Schroder’s equations is

p(A1t) = Ap(t),

P(Aat) = Aapp(2)
and admits the identity function ¢(t) = ¢ as the required solution. Then we can
reformulate the main result as follows:

Let a(t) > K /t7, 0 < |b1(t)] + |b2(t)| < La(t) for every ¢ € I and suitable reals
K, L>0and 3 <1.If z(t) is a solution of (10), then

log L
x(t) = O(t) as t — oo, o= LA.
log A
This asymptotic estimate generalizes some parts of [7], [11] and [3]. Particularly,
if we consider the equation
(11) i(t) = fi(t)[x(\t) —2(@)] + Bo(t)[x(Nat) —2(t)],  tel

(i.e. L = 1), where 31(t), B2(t) > K /t° for every ¢ € I and suitable reals K > 0,
B < 1, then all the solutions of (11) are bounded. We note that equation (11) with
Bi(t) < 0 and constant delays has been investigated by J. Diblik [5].

Ezxample 2. Now we investigate the asymptotic behaviour of the solutions of the
equation

(12) z(t) = —a(t)z(t) + by (&)™) + ba(t)x(t7?), tel=][10),
where 0 < 1 < 42 < 1, and a(t), bi(t), ba(t) € CO(I). It is easy to verify that the
corresponding system of Schroder’s equations

p(t) = me(t),

p(t7?) = 7260(t)
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has the solution ¢(t) = logt. Substituting this into (5) we get that if a(t) >
K /(logt)? and 0 < |b1(t)] 4 |b2(t)] < La(t) for every t € I and suitable reals
K, L>0,0 <1, then

log L
z(t) = O((logt)®) as t — oo, a=—2 —
logy,

for all the solutions x(t) of (12).
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The systematic study of algebraic aspects of transformations of differential and
difference operators applied to investigation of differential and difference equations
is of a persistent interest. General algebraic approach to the transformation the-
ory is described in [13], more in detail see also [12] and other related papers
of Professor Neuman. This fruitful direction has been iniciated by Professor O.
Boruvka in the 1950s in the framework of his intensive research of linear differ-
ential transformations of the second order - [3]. The theory dominating by high
level of algebraization and geometrization is developing by the Boruvka’s school
and his succesors up to present times.

In contemporary investigations of algebraic and geometrical structures an im-
portant role is playing by hyperstructures, formerly called multistructures, which
occur very naturally in convexity theory, harmonic analysis, in projective and affine
geometry, in the decomposition theory of noncommutative algebraic structures and
elsewhere, cf. [2,4,6,7,8,11,14,15,16].
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In this contribution we give construction of multistructures determined by
quasi-orders defined by means of derivation operators on differential rings. Some
constructions based on results of [1], par.1 chapter IV and of paper [5] are possible
for general differential rings, the other are specialized.

Recall basic concepts overtaken e.g. from [6]. A multigroupoid or a hyper-
groupoid (in recent literature) is a pair (M, -), where M is a nonempty set and
a mapping - : M x M — P*(M) (the system of all nonempty subsets of M) is a
binary multioperation called also a hyperoperation. This multioperation is usually
extended onto the powerset P(M) by the rule A.B = [ J{a.b;a € A,b € B} for any
pair A # (0 # B, where A, B C M and moreover by 0.4 = () = A.0. It is to be
noted that operations on powersets of carriers of ternary relational structures were
used by Professor M. Novotny in a series of his papers - started by [14] - including
also investigations of relationships between ternary structures and multistructures.
If this multioperation is associative (here A.B = J{a.b;a € A,b € B} for any pair
A#0+# B, A,B C M) then (M,-) is called a semihypergroup, if (M, ), more-
over, satisfies the reproduction axiom - a.M = M = M.a for any a € M - then
(M, -) is said to be a multigroup or a hypergroup. We will use the latter terms. A
hypergroupoid satisfying the reproduction axiom is called a quasi-hypergroup.

Let (R, +,., Ar) be a commutative differential ring, i.e. (R,+,.) is a commu-
tative ring, A is a set of derivations on the set R, which means that Ap is a
subset of the endomorphism monoid End(R,+) of the additive abelian group of
the ring (R, +,.) satisfying the differentiation rule. Thus for d € Ag and any pair
of elements =,y € R we have d(z +y) = d(z) + d(y) and d(z.y) = d(x).y + z.d(y).
Moreover we suppose that any d : R — R is surjective. A differential structure Ag
of a ring can be endowed with the Lie multiplication d; ¢, do = d1ds — dady; then
(R,+, L) is a Lie ring of derivations. If Ar = {d} is a singleton we say that this
differential structure is monogeneous.

By R,R",N we denote the set of all real, positive real numbers, positive
integers, respectively.

Examples 1. Let J = (a,b) C R (possibly J = R) and C>(J) - as usually -
be the ring of real functions f : J — R with continuous derivatives of all orders.
If A={L} where % = f’ is the usual derivative of a function f € C°°(J), then
(C>=(J),+,.,A4) is a differential ring with a monogenous differential structure.

2. Let R[z1,..., 2], [21,...,2,] € R™ (for a fixed integer n) be the ring of all
polynomials with coefficients in the field (R, +,.). Denoting
A={70 )\k.a%; [A1,...,A] € R"} we obtain (R[z1,...,2,],+,.,4) as an ex-
ample of a differential ring.

Other examples can be found e.g. in [9,10] The join operation - in a hyper-
groupoid (M, -) has two inverses - right extension and left extension - defined by
a/b={z;a € x-b} and b\a = {x;a € b- x} called also right and left fractions, re-
spectively. The reproductive axiom for (M, -) is easily seen to be equivalent to the
condition that fractions a/b, b\a are nonempty for any pair a,b € M. In the case
of a commutative join operation - evidently a/b = b\a. Now, a hypergroup (M, -)
is called a join space if it is commutative and satisfies the transposition ariom: For
any quadruple a, b, ¢,d € M the implication a/bNc/d # ) = a.dNe.d # ( is valid -
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[6,7,8]. The concept of a join space has been introduced by W. Prenowitz and used
by him and afterwards by him and J. Jantosciak to build again several branches
of geometry. Recall that a self-map f of a hypergroupoid (M, .) is called a good
endomorphism of (M,.) if it satisfies these set equalities f(x,y) = f(z).f(y) for
any pair x,y € M.

Let (R, +, -, Ar) be a differential (non necessary commutative) ring, M (Agr) be
the free monoid over Ag within the full transformation monoid of R (i.e. M (AR) is
the set of all finite words dy . .. d,, dy € Ag including the empty word A, identified
with the identity operator idgr, endowed with the binary operation of concatena-
tion). We define d; ...d,(2) = d,,(...(d1(x))...) which means application of the
composition of operators dy,...,d,- in this order - to the element = € R.

Theorem 1. Let (R,+,-, Ag) be a differential ring. Let x xy = {dy ...dn(2);z €
{z,y},dr € Ag,n € N} ={(2); 2z € {z,y},d € M(ARr)}. Then we have

1° (R, %) is a commutative hypergroup such that any differential endomorphism
of the ring (R, +,-, Ar) (i.e. f € End(R,+,-) with f(dx(z)) = dx(f(x)),z € R) is
a good endomorphism of (R, ).

2° The hypergroup (R, x) satisfies the transposition law, hence it is a join space
if and only if for any pair of elements x,y € R such that there exists a pair of words
(0,0) € M(AR) x M(Ag) and a suitable element z € R with 6(z) = z,0(z) =y,
we have 7(x) = w(y) for some pair of words T € M(AR), w € M(AR).

Proof. Define a binary relation » C R x R by xry whenever there exists an m-tuple
of derivations operators di, . ..,d,, € Ag,i.e. aword d =d;...d,, € M(Ag) such
that y = §(z). The relation r is reflexive (if d; = --- = d,, = idg) and transitive:
For z,y,z € R such that zry,yrz, i.e. y = 6(z),z = o(y) for suitable words
0,0 € M(AR) we get z = do(z) = o(d(x)), with do € M(Ag), thus zrz. If for
arbitrary pair z,y € R we define
zry = {6(2);2 € {w,y},0 € M(Ap)} =
={0(z);0 € M(AR)}U{d(y);0 € M(AR)} =r(z) Ur(y)
then by the fundamental construction [4], or [5] and [16] we have that (R, *) is a
commutative hypergroup. Further, if f : R — R is a differential endomorphism
of the ring (R, +, ., Ar) which means f € End(R,+,.) and f(d(x)) = d(f(x)) for
any d € Ar and any x € R, then by the induction f(6(x)) = 6(f(x)) for any word
0 € M(AR) and each element x € R, thus for any pair z,y € R we have
F(w y) = {£(6(2)); 2 € {a,y},0 € M(Ap)} =
“(0(F(2)); 2 € Lo, yh 0 € M(An)} = f(2) * £ (1),
Hence the assertion 1° is true.

Finally, the monoid M (Ag) acts on the set R. By [5] Theorem 6 the hypergroup
(R, *) is a join space iff for every pair of elements x,y € R such that there exists a
pair of words 1,01 € M(AgR) and an element z € R with §(z) = z,0(z) =y, we
have 7(z) = w(y) for suitable words 7,w € M(Ag), thus we obtain the assertion
2°.

Remark. Using principal ideals within differential images of the carrier set R
of a differential ring (R, +,.,{d}) with a monogeneous differential structure, we
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can construct a countable set (in general) of commutative extensive hypergroups
(R, 0,,) with the same carrier R. (Extensivity of a hyperoperation o means z,y €
x oy for all ,y € R.) This construction is based on [1], chapt.IV, Theorem 2.1
which is generalized in [15] - Propositions 2,3. More in detail, for a given positive
integer m € N we define
xomy={z€ R;z.d™(R) C z.d™(R) or y.d™(R) C z.d™(R)},

where d™(R) = {d"(x);x € R}. Then by the above mentioned theorems we obtain
that (R, o,,) is a commutative extensive hypergroup.

Theorem 2. Let (R,+,-, Ar) be a commutative differential ring with a monoge-
neous differential structure Ap = {d}. Let (R, *4) be a commutative hypergroupoid
defined by the indefinite integral x %4y = d—*(x +y) for all x,y € R. Then (R, *q)
is a commutative quasi-hypergroup such that (z +y)/(u+v) = x/u+y/v for any
quadruple x,y,u,v € R and for arbitrary triad x,y,z € R we have

1°x/y =d(z) -y,

2°d(z) = (z+y)/z—y/z,

3% d(x/y) = d(z)/d(y),

4° d(x *ax +y*ay) = d(@ *ay) + d(x *qy).

Proof. We show first that the hypergroupoid (R, *4) satisfies the reproduction
axiom.

Let a € R be an arbitrary element. Since axg R C R and (R, *4) is commutative
if suffices to prove the inclusion R C a*4 R. For any x € R then d~'(x) = I(x) =
{y € R;d(y) = x} is called the indefinite integral of x. Now, for arbitrary b € R
we denote z, = d(b) — a. Then d(b) = a + xp, i.e. b € d Y a+ xp) = I(a +xp) =
a*xqxp C UweRa*dm =ax*xq R, hence a g R = R = Rx*g4a for any a € R. It is
easy to see that (R, x4) is not associative in general, thus (R, *4) is a commutative
quasi-hypergroup. Further, for z,y,u,v € R arbitrary we have

1°z/y={z € Riw € zx5y} = {z € Ryx € I(z +y)}, thus € z x4y iff
d(xz) = z+ vy, thus z = d(z) — y, hence we get that z € z/y iff z = d(z) — y
consequently x/y = d(x) — y which is a singleton.

Now @/u + /v = d(@) —u+ d(y) — v = d(w + 1) — (u+0) = (2 + )/ (u+v).

2° For any z,y,z € R we have (z+y)/z=d(x +y) —z=d(z) +d(y) — z =
d(z) + y/z, therefore d(x) = (x +y)/z — y/z. Similarly,

3% d(x/y) = d(d(z) —y) = d(d(x)) — d(y) = d(z)/d(y) and

42 d(x*qy)+dx*qy) =dd(z+y)+dd(z+y)=z+y+ta+ty=
staty+y = d(d” (z+aty+y)) = dd” (z+a)+d " (y+y)) = d7 (zrazty*ay).

Now we specialize our considerations to the classical differential rings of real
functions f € C*>(J),J = (a,b) C R (not excluding the case J = R) with the
usual differentiation. For any f € C>(J) we denote by [ f(x)dz the set of all
primitive functions to f, i.e.[ f(x)de = {F : J — R; F'(z) = f(z),x € J}. For
any pair of function ¢, 1) € C>°(J) we define a hyperoperation x on the ring C>°(.J)
by

f %y 0= / (¢ (@)f (@) + ¢ (@)g(@))dz,  f.g € C=(J).
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Evidently, (C*°(J),*(p,y)) is a hypergroupoid (noncommutative in general).

Theorem 3. Let J C R be an open interval, @, € C>(J) be a pair of strictly
monotone functions (i.e. @' (x).4'(x) # 0 for all x € J). Then the hypergroupoid
(C®(J), *(p,p)) 15 a quasi-hypergroup (i.e. it satisfies the reproduction axiom)
which is commutative if and only if the difference p — 1 on the interval J is a
constant function.

Proof. Clearly, for any pair f,g € C*(J) and any function h € f x(y, ,,) 9 We
have h € C*°(J). Suppose f € C>(J) is an arbitrary function. Then evidently

d f*(sahsaz) COO(J) - U{f *(@1,@2) 9:9 € COO('])} g COO('])
an
C%(J) *(y,00) f € C>(J), as well. We prove the opposite inclusions.
Suppose that g € C°°( ) is an arbitrary function. Define

hi(z) = Z75(9' (@) = (@) f(2), ze ]

Since ¢} (z ) H(x) # 0 for each x € J, then cpg( ) # 0 for any x € J, thus the
function ,( 5 is defined on the interval J and _-— € C*(J), ¢'(z) =1 (2)f(z) €
C(J), hence hy € C*>(J). Then

[+ I = [(&4 (@) F(2) + @b (@) (@))da = [ g'(@)da = {g(x) + c;c € R},

thus
g€ f*(samaz) hy C U{f*(samaz) h;h € COO('])}'

Similarly if we define
halw) = (o' () — eh(@) (@), w e J,
then the assumption ¢} (z) # 0 for any = € J and f,g,¢1,p2 € C*(J) implies
he € C*°(J). Further,
ha *(p1,00) | = [ (P1(@)h2(2) + 05(2) f(2))dz = [ g'(z)dz = {g(z) + c;c € R},
thus - similarly as above - we have
g € ho *(p1,02) fc U{h*(tpl,tpz) fih € COO(J)} = COO(J) *(p1,02) f

COO( ) (f *(p1,02) (J ) ( ( ) (p1,02) f)
consequently the hypergroupoid (C (J); *(1,p2)) satisfies the reproduction ax-

iom. Therefore it is a quasi-hypergroup.

Now suppose ¢1(x) —p2(x) = ¢ for some real number ¢ € R. Then ¢} = ¢} and
I *(o1,09) § = 9*(p1,05) [ for any pair of functions f,g € C>(.J). On the contrary,
if the hyperoperation (., ) is commutative then [ (¢ (z)f(x)+ 5 (z)g(x))dx =
J (@ (@)g(x) + ¢h(x) f(x))da which is equivalent to

Hence

g 4@ = @)(¢@) - g(@)do = o.

Especially for f(z) = g(x)+1,z € J the equality (1) gives [(¢](z)—¢5(x))dz =0,
which implies ¢} (z) — @h(x) = 0 thus ¢ (x) — p2(z) is a constant function.

Remark. It is easy to see that the hyperoperation
X(prypz) P CF(J) x C®(J) — P*(C>(J]))
is not associative. In a special case ¢1(x) = p2(x) = z,z € J, i.e. within the
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commutative quasi-hypergroup (C*(J),*), where f* g = [(f(z) + g(z))dz for
any pair f,g € C>®(J), we get from Theorem 2 (1°,2°,3°) the following rules:
F@)/g(x) = G — g(@), = (F(@)/g(x) = G2 /452,
G — (f(2) + 9(2)/h(x) — 9(a)/h(x)

for arbitrary f, g,h € C*°(J). Moreover, for any quadruple f, g, u,v € C*>°(J) then
we have (f(z)+g(x))/(u(z)+v(x)) = f(x)/u(z)+ g(x)/v(z). Using derivatives of
functions from C*°(.J) we can expressed certain sufficient conditions for validity of
transposition law for the quasi-hypergroup (C>(.J), * (4, 4,))- Moreover, transpo-
sition hypergroups, forming an important class of hypergroups, can be constructed
from quasi-ordered groups and monoids of some transformation operators of rings
of continuously differentiable functions. These operators yielding substitutions for
some classes of ordinary differential equations will be investigated in a forthcoming
paper.

REFERENCES

1. Beranek, J., Chvalina, J., From groups of linear functions to noncommutative trans-
position hypergroups, Dept. Math. Report Series, 7, University of South Bohemia
1999, 1 - 10.

2. Bloom, W.R., Heyer, H., Harmonic Analysis of Probability Measures on Hypergroups,
Walter de Gruyter, Berlin — New York, 1994.

3. Boruvka, O., Linear Differential Transformations of the Second Order, English Univ.
Press, London, 1971.

4. Chvalina, J., Functional Graphs, Quasi-ordered Sets and Commutative Hypergroups,
Masaryk University, Brno, 1995 (Czech).

5. Chvalina, J., Chvalinova, L., State hypergroups of automata, Acta Math. Informat.
Univ. Ostraviensis 4 (1996), 105-120.

6. Corsini, P., Prolegomena of Hypergroup Theory, Aviani Editore, Tricesimo, 1993.

7. Hort, D., Hypergroups and Ordered Sets, Thesis, Masaryk University, Brno, 1999.

8. Jantosciak, J., Transposition in hypergroups, VI. Internat. Congr. Alg. Hyperstruc-
tures and Appl., Democritus Univ. of Trace, Alexandroupolis (1966),77-84.

9. Kaplansky, 1., An Introduction to Differential Algebra, Hermann, Paris 1957.

10. Kolchin, E.R., Differential Algebraic Groups, Academic Press, London 1973.

11. Moucka, J. Hypergroups determined by Automata and Ordered Sets, Thesis, Milit.
Academy of Ground Forces, Vyskov 1997 (Czech).

12. Neuman, F., From local to global investigations of linear differential equations of the
n-th order, Jahrbuch. Uberblicke Math. 1984, 55—68.

13. Neuman, F., Algebraic aspects of transformations with an application to differential
equations, Nonlinear Analysis 40 (2000), 505-511.

14. Novotny, M., Ternary structures and groupoids, Czech. Math. J. 41 (1991),90-98.

15. Rosenberg, 1.G., Hypergroups and join spaces determined by relations, Italian J. Pure
and Appl. Math. 4 (1998), 93-101.

16. Trimeche, K., Generalized Wavelets and Hypergroups, Gordon and Breach Science
Publishers, Amsterdam 1997.



ARCHIVUM MATHEMATICUM (BRNO)
Tomus 36 (2000), 435-446, CDDE 2000 issue

EXISTENCE OF POSITIVE SOLUTIONS OF N-DIMENSIONAL
SYSTEM OF NONLINEAR DIFFERENTIAL EQUATIONS
ENTERING INTO A SINGULAR POINT

Joser DIBLIK! AND MIROSLAVA RUZICKOVAZ

! Dept. of Math., Faculty of Electrical Engineering, Brno University of Technology
Technicka 8, 616 00 Brno, Czech Republic
Email: diblik@dmat.fee.vutbr.cz
2 Department of Applied Mathematics, Faculty of Science, University of Zilina
J.M. Hurbana 15, 010 26 Zilina, Slovak Republic
Email: ruzickova@fpv.utc.sk

ABSTRACT. An n-dimensional system of nonlinear differential equations
is considered. It is shown that a singular initial problem has at least one
solution (or infinitely many solutions) with positive coordinates. Moreover,
asymptotic behaviour of these solutions is described by means of the curves
that are defined implicitly.
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1. INTRODUCTION

This paper deals with the existence of solutions of the singular initial problem,
stated for n-dimensional nonlinear systems of differential equations, entering into
a singular point. Namely, we will consider the initial problems (Sy), (IP) where

(S+) gi@)yi == |3 ayoily) —wi@)|, i=1,2,...n,
j=1
(IP) yi(0) =0, i=1,2,...,n.

Let us denote as I, an interval of the form I, = (0, zo] and I, an interval of
the form I, = (0, yo] with z¢,yo > 0. The systems (S4) will be considered under



436 J. DIBLIK AND M. RUZICKOVA

the following main assumptions:
)giEC(Im,]R ), i =1,2,. ]R*—(Ooo)
2) a; € CY(I,,,R), o >0 on Iyg, a>0on I yo, a;(07)=0,i=1,2,...,n;
3) wi € CY(I4y,R), wi >0o0n I, W) >0on I, w;(07) =0, i=1,2,...,n;
4) a;j =const, i, =1,2,...,n; a“>0 a;; <0,4,j=1,2,...,n,i#j, A=
detA > 0, A = (a;;)7;;, and cofactors Cj; = (— )”JA” > 0 where A;;
are minors of the elements a;; of the matrix A.

C1
C
C
C

ie.

We will consider the systems (S+) in the domain Q = I, X Iy, X --- X I,
—_————

n
the corresponding results will concern the existence of solutions of this problem
having positive coordinates. More precisely, we define a solution of the problems
(S+), (IP) in the sense of the following definition:

Definition 1. A function y = y(z) = (y1(2),...,yn(x)) € Ct (I«,R?) with 0 <
x* < xg is said to be a solution of the singular problem (Sy), (IP) (or (S_), (IP))
on interval I~ if:

1) (z,y(z)) € Q for © € I+
2) y satisfies (S;) (or (S_)) on I+;
3) 4:(0Y) =0, i=1,2,....n

The origin of coordinates O = (0,0,...,0) is a boundary point of introduced
domain Q. The possibility g;(07) = 0, 4 = 1,2,...,n is not excluded from our
investigation (note that, for validity of assumptions of the theorems formulated
below, this condition is often tacitly assumed). So the problems (S4), (IP), in view
of assumptions (C1)—(C4), are really the singular problems and known theorems
about existence of solution of initial problems cannot be used.

Various initial singular problems for ordinary differential equations were widely
considered (let us cite e.g. the works of K. Balla [1], J. Bastinec and J. Diblik [2],
J. Diblik [3]-[5], I.T. Kiguradze [11], N.B. Konyukhova [12], Chr. Nowak [13], D
O’Regan [14], M. Ruzickova [15]), namely after the appearance of the pioneering
work of V.A. Chechyk [10], the solvability of the considered problems (Sy), (IP)
cannot be established by using the results which are known to the authors of this
paper.

Let us explain the scheme of our investigation. We consider the implicit system
of nondifferential equations with respect to unknowns z1, ..., z, which arise if in
the systems (S1) the left-hand sides equal zero (i.e. if g;(x) =0,i =1,2,...,n):

(1) Z aijaj(z;) = wi(z), i=1,2,...,n.

Considering this system we conclude that it is equivalent to the system consisting
of separated scalar equations:
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with a(z) = (a1(21), ..., an(z)T, 2= (21,...,2)7, w = (w1,...,wn)T or
ai('zi) = Qi(x)v = 1727' -

with (see (C4))
(2) 2;(z) = L Z Ciwj(z), i=1,2,...,n.

Note that in the view of our assumptions (2;(z) > 0 on I, and £2;(0") = 0,
1 =1,2,...,n. Solving these scalar equations with respect to z;, 1 =1,2,...,n we
get

zi=o; [2(2)], i=1,2,...,n,

where a; ! is the inverse function of the function a; (existence of it follows from

the condition (C2)).

It can be expected that under appropriate conditions the asymptotic behaviour
of a solution y(z) = (y1(x),...,yn(x)) of the problem (S;), (IP) (or (S_), (IP))
for x — 0% will be in a sense similar to the asymptotic behaviour of z(x) =
(z1(2), ..., 2n(x)) for  — 0T, i.e. it can be expected that the asymptotic formulae

yi(z) = zi(x) if z—0", i=1,2,....n

will hold.

The proofs of Theorem 1 and Theorem 2 below are based on known qualitative
properties of solutions of differential equations. Besides, in the proof of Theorem 2
the topological method of T. Wazewski is used (see, e.g., [9], [10]). Except this,
properties of functions that are defined implicitly are applied in these proofs. Let
us note that one of the advantages of our results is the fact that although properties
of implicit functions are used, the assumptions of them are easily verifiable and
do not use any supposition which cannot be verified immediately. Moreover, it is
easy to get corresponding linear cases as a consequence of our results. Results of
this paper generalize previous ones, given in the work [3].

2. AUXILIARY LEMMAS

Let us state a lemma on existence and differentiability of a function given implicitly
by the equation

(3) aly) = o(x) if (x,y) € Iy X I,.
Lemma 1. Let the following assumptions be valid:

a€C'(Iy,R), @>0 onl,, & >0 onl, and &(0") =0;
©eCY Iy, R), @ >0 on I, @ >0 onl,, and &(0T) =0.
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Then there exists a unique solution

y =) =a o)
of equation (3) on an interval Is, C I, with properties:

o€ CIs,R), p€1,, and @' >0 on Is;
p(07) =0
~1
/ &' (x)
= —= Is, .
)= Sy

The proof of Lemma 1 can be made in an elementary way and is therefore omitted.

Remark 1. The next obvious property will be used in the sequel: let €1, 2 be two
positive constants and €1 < €5. Then there exists an interval I5, C Is, (determined
by the requirement o(g92) < yo on Is,, i.e. 6; = min{dpe; ', dp}) such that the
inequality ¢(e12) < @(g22) holds on Iy, .

Lemma 2. Let all assumptions of Lemma 1 be valid and, moreover, there exist a
constant M € Rt such that

a(y) < M&'(y), y e Iy,

Then the unique solution y = () of equation (3) defined on an interval Is, C I,
satisfies the inequality:

O(x) <M -—=, x€ls,.

Proof. In view of equation (3) and the affirmation of Lemma 1 we get

~/ ~/

L P ) ae@)] . @
P = T~ B dlel)] =M G
<

C4) be valid. Then the implicit equations

xr € I50~

Lemma 3. Let the assumptions (C2)

(4) ai(z) = (), i=1,2,...,n

define on an interval Is, C I, implicit functions

(5) zi = pi(r) = o H2u(x)), i=1,2,...,n

satisfying the properties

(6) i € CM(I5,,R), i €1,y and ¢, >0 on Is,, i=1,2...,m
0i(0T) =0, i=1,2,...,n;

2j(@)
ajlpi(2)]

, 1=1,2,...,n.

(7) @i()
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If, moreover, there exists a constant M € R such that
, .
O%(yz) S Mal(yl)a (/S Iyov 1= 1725 ceey Ny

then

(8) pi(x) <M -

Proof. The proof follows immediately from Lemmas 1 and 2 if in their formulations
a=o; and w =2, 1=1,2,...,n are put since all £2;, 1 =1,2,...,n, defined by
(2) satisfy necessary conditions. The value of d2 can be taken as minimal value of
all corresponding dg;, 1 = 1,2,...,n.

3. SINGULAR PROBLEM (S, ), (IP)

Let us consider the singular problem (Sy) and (IP), i.e. the problem
(S+) 9:(@) i =Y aijayy;) —wilx), i=1,2,....n,
Jj=
i

(IP) yi(01) =0, i=1,2,...,n.

Theorem 1. Suppose that conditions (C1)—(C4) are satisfied, there exist con-
stants k € RY, M € Rt, k > 1 and an interval I - with £** < min {a:ok_l,yo}
such that for x € L« :

(i) wi(kx) > wi(z) + kMg;(z) - jzl , i=1,2,...,m;
> Cjiw;(k)
=1

(ii) a;(r) < Mdi(z), i=1,2,...,n.

Then there exist infinitely many solutions of the problem (S.), (IP) on an interval
Iz* g Iz** .

Proof. Let p;(x), 1 =1,2,...,n be the implicit functions defined on the interval
I5, by means of relations (4) or (5) (see Lemma 3). Let us define a domain 29 of
the form

Q? = {(xvy) € Q HEUS (0»53)7901‘(55) <y < (pl(kx)v = 1727 .. '777‘}7

supposing, without loss of generality, that d3 < do is so small that ;(kx) < yo,
i=1,2,...,n on I,. (Note that in accordance with Remark 1, ¢;(z) < ¢;(kx),
i=1,2,...,n,x € Is,.)
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Let us define auxiliary functions

ui(z,y) = ui(z,y) = (yi — 0i(@)) (vi — i(ka)), i=1,2,....n

and
v(z,y) =v(z) =2 — Js.

Then the domain £2{ can be written as
Q) ={(z,y) € Q:ui(x,y) <0, i=1,2,...,n, v(z,y) < 0}.
In the next we will show that all points of the sets

Ui ={(z,y) € Q : ui(z,y) =0,uj(z,y) <0, j=1,2,...,n, j #1,
v(z,y) <0}, i=1,2,...,n,

are the points of strict egress of the set 29 with respect to the system (S, ). (For
the corresponding definitions of this notion and for further details here and in the
sequel we refer, e.g., to the book [9]. The notation used in the proof is taken from
this book as well. Except this, the technique used is punctually explained e.g. in
the papers [3,6,7] and [15].)

For verifying this we will compute the full derivatives of the functions w;(x,y),
i = 1,2,...,n along the trajectories of the system (S;) on corresponding sets
Uy, i=1,2,...,n. Let the index ¢ be fixed. Then

dui ({I?, y)

dr = Wi ei@) (i — wi(ka) + (y; = 0il@)) (i — kpi(ke)) =

= [gigx) . (g:l aija;(y;) —m(:c)) - ga;(x)] (i — @i(kx)) +

1
gi(z)

+(yi — @i(x)) [ : (é aijo(y;) — Wi(x)> - k@é(kx)] ~

If (z,y) € Uy, then either y; = @;(z) and ¢;(z) < y; < @,lkz), j =
1725-“7”7 .]#’Lv or y; = (Pz(kl’) and (p](x) < Yj < (p](kl’), ]: 1,2,...,7’L, ]7&1
In the first case i.e. if

(9) ($7y) S Ulia Y; = @1(‘%)7 (p](x) S Yj S (Pj(kx)v .7 = 1725 ceen, .] #Z

we have

dx

(z,y)€Uri,yi=pi(x)

n

:l ! '(aiiai(@i(x»‘f' > aijaj(yj)_wi(x)> —@2(95)1 X

J=Lj#i

X ((pi(x) — gpl(kx)) = [see (1) with z; = @;(x)] =
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,1 Nwile) = Y aailei@) + Y agaylyy) —wile) | - ¢i@) |
9i(@) j=1,ji j=1,j7#i

x (pi(z) — pi(kx)) =

9:(@) 555

= {— ! > aijlogle; @) — a;(y)] - @2(96)] (pi(2) = pilka)) >
> [due to (C2), (6) and (9)] > —¢;(x)(pi(x) — wi(kz)) > 0.

Thus, points (z,y) € Uy; if y; = ¢;(xz) are points of strict egress. In the second
case, i.e. if

(10) (a:,y) € Ulia Yi = %(k@")v @J(m) S Y S @J(kx)v ] - 1527 sy, .7 7é i)

direct computation yields:

duls.y) ~ (pulko) = i(a)
(z,y) €U, yi=pi(kx)
X lﬁ . (aiiai(api(k:c)) + j_%ﬂ aijoy(y;) — wl(x)> - kapi(k:c)] =

= [in view of (1) with z; = ¢;(), (2), (4) and (7)] = (¢;(kz) — @i(z)) X

JJFd j=1,j%#i
B Q (k)i (i (kz)) k) — o
kﬁl(kx)a; (ﬁpz(kl‘))‘| = (@1(/6 ) — @il )) X

=1,j#i
—kﬁﬁ’,ﬁiijﬁjgz g] > [in view of (C2),(2), (6), (8), (10) and (ii)] >
2": Cjiw) (k)
MMM)%@wM%%¢@M{gC@J>

> [in view of (i)] > 0.
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This means that in both of the cases considered,

- >0, i=12...,n.

(z,y)€Ur;

So, points of the sets Uy;, @ = 1,2,...,n are the points of strict egress. Inequality
(11) simultaneously says that, if orientation of the x-axis is changed into reverse
orientation, points (z,y) € Uy;, ¢ = 1,2,...,n are points of strict ingress and every
point of the set

S:{({E,y) 6Q1$:53, @l(x) <Y <§0i(kx)7 i= 1,2,...,71}

defines a unique solution y = y*(x) such that (z,y*(x)) € ¥ on interval Is,, i.e.
this solution solves the problem (S ), (IP). Put 2* = d3. Now Theorem 1 is proved.

Corollary 1. The affirmation of the Theorem 1 can be improved. Namely, as it
follows from proof above, there exist infinitely many solutions y = y*(x) of the

problem (S4), (IP), each of which satisfies, on the interval I,~, the inequalities

vi(x) <yi(z) < @i(ke), i=1,2,...,n.

4. SINGULAR PROBLEM (S_), (IP)

Now consider the singular problem (S_), (IP), i.e. the problem

(S-) gi(w)yéz—z aijo(y;) +wi(z), i=1,2,...,n,
j=1
(IP) yi(0T) =0, i=1,2,...,n.

Theorem 2. Suppose that conditions (C1)-(C4) are satisfied, there exist con-
stants k € RY, M € RY, k < 1 and an interval Iy with ** < min{zo,yo}
such that for x € Ly :

-

Cﬂw;(kx)
, 1=1,2,...,n
Cjiw; (k)

~
Il
—

(iii) wi(z) > wi(kx) + kMg;(x) -

-

~
Il
—

and the condition (ii) holds. Then there exists at least one solution y = y*(x) of
the problem (S_), (IP) on an interval I« C L.

Proof. Introduce a domain 29 of the form

Qg = {(xvy) € Q HEUS (0752)7901(]{‘%) <y < Qpi(x)v = 1727 e '777‘}7
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where 02 was defined in Lemma 3 and ¢;(x), i = 1,2,...,n are defined as in
the proof of Theorem 1. (Note that in the case considered ¢;(kz) < ;(x), i =
1,2,....,n,x €ls,.)

Let us define auxiliary functions

ui(x,y) = ui(x,y;) = (yi — gal(x)) (yi — gai(k:x)), 1=1,2,....n

and
v(z,y) =v(z) =z — d.

Then the domain 29 can be written as
29 ={(x,y) € Q:ui(w,y) <0, i =1,2,...,n, v(zr,y) < 0}.
In the following we will show that all points of the sets

Usi = {(2,y) € Q : ui(x,y) = 0,uj(z,y) <0, j=1,2,...,n, j #1,
v(z,y) <0}, i=1,2,...,n,

are the points of strict ingress of the set 29 with respect to the system (S_).
Analogously as in the proof of Theorem 1 we compute the full derivatives of

the functions w;(x,y), i = 1,2,...,n along the trajectories of the system (S_) on

corresponding sets Us;, @ = 1,2,...,n. Let the index i be fixed. Then

%ﬁ’y) = (y; — i (x)) (yi — wi(kx)) + (yi — wi(x)) (y; — kgj(kx)) =

- l_ gi(lx) . <J£:1 aij 0 (y;) = wi(a:)> - ‘Pé(l")] (yz — %‘(ka:)) +

+(yi — pi(x)) [— '1 : (i aijaj(y;) _Wi(x)> - k%(kx)] :

If (x,y) € Uy then either y; = ¢;(z) and gj(kz) < y; < ¢;(2), j =
1725' -, N, .] ;é i? or y; = (pl(kx) and cp](ka:) S y] S (P](x)7 ] = 1725' -1, .7 7é 1.
In the first case i.e. if

(12) ($,y) € U2i7 Yi = %(x)» (pj(kx) < Yj < @J(x)v ] = 1727 ceey N, ] 7é7’
we have

dx

(z,y)€U2i,yi=pi(x)

n

: (aiiai(@i(x)) + > aijoyy)) —wz'(x)> - @é(x)] X

J=Lj#i

1
B 9i(x)

X ((pi(x) — gpl(kx)) = [see (1) with z; = @;(x)] =
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[ ._1) ) (wi(fc) - Z aija;(p;(x)) + Z aijoi(y;) —wi(ac)) —%(gc)] ~

n
j=1,j7i J=1,j#i

x (i) — pi(kz)) =

- [ _ . Z ‘aij [O‘j(@j(x)) _aj(yj)} — @Q(x)] . (%(x) _ cpi(kx)) <

< [due to (C2), (6) and (12)] < —¢(z)(pi(z) — ¢i(kz)) < 0.

Thus, points (x,y) € Us; if y; = p;(x) are points of strict ingress. In the second
case, i.e. if

(13)  (z,y) € Uzi, yi = wi(kx), j(kr) <y; <wj(x), j=1,2,...,n,j # 1,

direct computation yields:

(z,y)E€V2i,yi=wi(kz)
X [——‘1 : (aiiai(<ﬁi(l€$)) + Xn: “aija;(y;) —wi(a:)> - k@é(ka:)} =
9i(2) Jj=Lj#i

= [in view of (1) with z; = ¢;(), (2), (4) and (7)] = (s (kz) — ¢i(z)) x

—k gﬁzgj Eii:g;] < [in view of (C2),(2), (6),(8), (13) and (if)] <
,Xn: Cjiwj (k)
< (pilkx) — pi(x)) {W kM- Jilc(k)] -

< [in view of (iii)] < 0.
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This means that in both of the cases considered

- <0, i=12...,n.

(z,y)€U2;

(14)

So, points of the sets Us;, i = 1,2,...,n are the points of strict ingress. Inequality
(14) simultaneously says that, if orientation of the x-axis is changed into reverse
orientation, points (x,y) € Us;, ¢ = 1,2,...,n are points of strict egress. Let us
define the set

S = {(xvy) EQIII?:(SQ, @z(kx) Syl S(pl(x)v = 1727777‘}

It is easy to show that its boundary
0S = {(x,y) S U Us; :x = 52}
i=1

n
is not a retract of S but is a retract of the set |J Us;. Then, according to Wazewski’s

i=1
principle, there is a point (d2,y*) € S\ 95 such that the graph of corresponding
solution y = y*(x) with y*(d2) = y* lies in the domain 29 for z € (0, §2]. Therefore
this solution solves simultaneously the problem (S_), (IP). Put z* = J2. The
theorem is proved.

Corollary 2. The affirmation of the Theorem 2 can be improved. The solution
y = y*(x) of the problem (S_), (IP) as it follows from the proof of Theorem 2,
satisfies the inequalities

pilka) < yi(@) < @i(), i=1,2,...,n, 7€ (0,27].
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THE GENERALIZED COINCIDENCE INDEX — APPLICATION
TO A BOUNDARY VALUE PROBLEM
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ABSTRACT. In this paper we investigate a general boundary value problem,
which can be rewritten to the coincidence problem of the form L(x) = F(z),
where L is a Fredholm operator of nonnegative index and F' is not neces-
sarily compact map. We apply a homotopy invariant called a coincidence
index.

AMS SUBJECT CLASSIFICATION. 34G20, 34B15, 47H09, 55M20

KEYWORDS. Fredholm operator, boundary value problem in Banach space,
fixed point index

1. INTRODUCTION

Let AC = AC([0,T],E) be the space of absolutely continuous functions u :
[0,7] — E defined on the unit interval [0,7] with values in a Banach space E
and let f: [0,1] x E x E — E be a Caratheodory map, what means that f(-,u,v)
is mesurable for every (u,v) € Ex E and f(t, -, -) is continuous for a.a. t € [0,7T]. If
we are to study the existence of solutions to the general boundary value problem

W (t) = F(t,u(t), (1))
@ {uu(o» + L (u(T)) = alu),

where l1,l3 : E — E’ are linear bounded maps, o : AC — E’ is a continuous
map, (E’ is a Banach space) then we reformulate it to the following:

{y(t) = f(t.z+ [y y(s)ds, y(t))

(2)
I1(2) +la(z + fOT y(s)ds) = az + [, y(s)ds).
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Obviously, if (z,y) € E x AC is a solution to the problem (2), then u(t) =
z+ fg y(s)ds is a solution to the problem (1).
Putting
z = (2,9),

L(Zay) = (y7ll(z) + 12(2»

and
. . T
Flz,y) = (f(-,z+ / y(s)ds, y()). alz + / y(s)ds)) — I / y(s)ds>>

we arrive at a coincidence problem (a generalized fixed point problem) of the form
(3) L(z) = F(x).

Such coincidence problems have been intensively studied by many authors,
especially in case when F is a compact (single- or multivalued )map and L is the
identity (the Leray-Schauder fixed point theory) or L is a Fredholm operator of
index 0 (e.g. Mawhin [9], Pruszko [10]) or of nonnegative index (Kryszewski []).
The situation when L is a Fredholm operator of nonnegative index and F' belongs
to a more general class of nonlinear (single- or multivalued) transformations, so
called L—fundamentally contractible maps was investigated in [4]. We use some
theoretical results from this paper, but not in the most general case (i.e. only for
singlevalued maps) .

Observe that in case E = E', Iy =idg, lo = —idg and « = 0, (1) becomes an
ordinary periodic boundary value problem.

In Section 1 we introduce some notions and cite a few results and in Section 2
we carefully describe and solve our problem.

Throughout the paper we will use the following notation: if U is a subset of a
Banach space E, then by clU we mean the closure of U, by bd U - the boundary
of U, conv (U) - the convex hull of U and conv (U) = clconv (U). Moreover, let
BEF(xg,7) = {z € E;||vo—2||g < r} and if E = R, then B"(zq,7) := BR"(zq,7).

2. PRELIMINARIES

Let E, E' be Banach spaces with norms || - ||g , || - ||z , respectively. A bounded
linear map L : E — E’ is a Fredholm operator if dimensions of its kernel (Ker L)
and cokernel (Coker L := E’/Im (L), where Im (L) is the image of L), are finite.
By the index of a Fredholm operator L we mean the number

i(L) := dim Ker L — dim Coker L.!

Since both Ker (L) and Im (L) are direct summands in F and E’, respectively,
we may consider continuous linear projections P : E — E and Q : E/ — E’, such

! Observe that if L : R™ — R™ is linear, then L is Fredholm and i(L) = m — n.
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that Ker L = Im (P) and Ker @ = Im (L). Clearly E, E’ split into (topological)
direct sums

Ker (P) @ Ker (L) = E, Im(Q)®Im (L) =E'.

Moreover, since Im (L) is a closed subspace of F’, L|gerp : Ker P — Im L is a

linear homeomorphism onto Im (L). Denote by Kp the inverse isomorphism for

L|ker p- Note also that L is proper when restricted to a closed bounded set.
Consider a continuous map F : X — E’, where X C E.

Definition 1. A closed convex and nonempty set K C E’ is called L-fundamental
for F, provided

(i) F(L7Y(K)N X) C K; and
(ii) if for x € X, L(z) € conv (F(z) U K), then L(z) € K.

It is clear that for any F' some L-fundamental set exists (for instance whole E’
or conv (F(X))).

Observe that if E = E' and L = idg is the identity on E, then K is nothing
else but a fundamental set for F' in the sense of e.g. [2] (see also references therein).

Some properties of L-fundamental sets are summarized in the following result

(comp. [4] or [5]).
Proposition 1.

(i) If K is an L-fundamental set for F, then {x € X | L(z) = F(x)} C
L Y(K).

(ii) If K1, Ko are L-fundamental sets for F, then the set K := Ky N Ko is
L-fundamental or empty.

(isi) If P C K and K is an L-fundamental set for F, then so is K’
=tconv (F(L"Y(K)NnX)UP).

(i) If K is the intersection of all L-fundamental sets for F, then

K =comv (F(L™Y(K) N X)).

(v) For any A C E', there exists an L-fundamental set K such that K =
conv (F(L Y K)N X)U A).

Definition 2. We say that F' is an L-fundamentally restrictible map if for any
y € E' there exists a compact L-fundamental set for F', which contains y.

Let us collect some important examples of L-fundamentally restrictible maps.
Example 1. Let L : E — E’ be an arbitrary Fredholm operator.

(i) if F: X — E'is compact (i.e. cl F(X) is compact), then K = tonv (F(X) x
{y}) is a compact L- fundamental set for F; hence F' is L-fundamentally
restrictible.
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(ii) Let p be a measure of noncompactness in E’ having usual properties (see
e.g. [1]) and let F' be L-condensing in the sense that, for any bounded set A C
X, if p(F(A)) > p(L(A)), then A is compact. If F' is bounded, then one shows
that an L-fundamental set K, satisfying K = conv (F(L~*(K) N X) U {y})
for some y € E’ (see Proposition 1) is compact; hence F' is L-fundamentally
restrictible.

(iii) If F' is an L-set contraction (i.e. there exists k € (0,1), such that for any
bounded A C X, u(F(A)) < ku(L(A))), then F is L-condensing and therefore
L-fundamentally restrictible.

Some other examples one can find in [4] and in [5].

Now we are going to sketch the construction of a generalized index of coin-
cidence between L and an L-fundamentally restrictible map F. More details (in
more general, multivalued case), one can find e.g. in [3] or in [5].

Let U be an open bounded subset of R™ and let F' : clU — R™, where m >
> n > 1 and suppose that 0 ¢ F(x) for z € bdU. It implies that there is € > 0
such that F(bdU) c R* \ B"(0,¢).

We can of course define the Brouwer degree for such map, but if m > n it is
useless, because always equal to 0. Better homotopy invariant defined Kryszewski
(comp. [8]), developing some ideas from [6]. In this definition he used cohomotopy
sets. Consider the following sequence of maps:

# i# if
" (R",R" \ B"(0,¢)) — 7"(clU,bd U) «— 7*(R™,R™ \ U) -
1-#
= 7(R™,R™ \ B™(0,7)),

where 7 > 0 is such that U ¢ B™(0,r) and i1 : (clU,bdU) — (R™,R™ \ U)
and iz : (R™,R™\ B™(0,7)) — (R™,R™ \ U) are inclusions. Arrows denote maps
between cohomotopy sets induced by respective maps (see [7]). By the excision
property zf& is a bijection. Hence we have defined the transformation

(4) K =i o (i)Lo F# . 77(5") = 77 (R",R" \ B"(0,¢)) —
— "(R™,R™\ B™(0,r)) =7"(S™).

Definition 3. By the generalized degree of the map F on U we understand the
element

deg((F,U,0) := k(1) € 7" (S™).

(1 denotes the generator of 7™(S™) = Z, i.e. the homotopy class of the identity
map id: 5" — S™.)

It is clear that this definition does not depend on the choice of € and r.
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Remark 1. One can check that if n = m, then deg(F,U,0) € 7"(S™) is nothing
else but the ordinary Brouwer degree of the map F' (comp. the Hopf theorem [7],
th.11.5).

Now we are going to define a generalized index of coincidence between a Fred-
holm operator L of index i(L) = k and an L-fundamentally restrictible map
F: X — F’, where X is open subset of E and F, E’ are Banach spaces. Suppose
that C := {x € X | L(z) € F(z)} is bounded and closed. Therefore there is
an open bounded set U such that ¢ C U C clU C X. Let Ky be any com-
pact L-fundamental set for F. In view of Proposition 1 (i), C' is contained in
L7 (Ko)NclU. Since L|.y is proper, we gather that C being obviously closed is
also compact. Now let consider a map

F-1(konx) : LK) N X — E,

According to Definition 1, the range of this map is contained in K. Hence it has
a compact extension B
F: X — Ky
It is clear that {z € X | L(z) = F(2)} = C.
There is €9 > 0 such that

{yeE' | Jzevav y=L(z)—F(x)}n BY (0,2e9) = 0.

Take ¢ € (0,g0] and let I. : cl F(U) — E’ be a Schauder projection of the
compact set ¢l F(U) into a finite dimensional subspace Z of E’, such that ||l.(y) —
y||gr < € for y € cl F(U). Denote by W’ the finite dimensional subspace of Im (L)
such that Z C W =W’ @ Im (Q). Put T := LY (W), Uy = UNT. It is clear that
the closure clUw (in T) is contained in c1U NT and its boundary bd Uy, (relative
T)in bdU NT. Further let Fyy = . o F|ayy, and Ly = L|p : T — W. Observe,
that Ly is a Fredholm operator of index

i(Lw) =dimT — dim W = k = i(L).

Enlarging W' if necessary we may assume that dimW := n > k + 2. Putting
m:=dimT = n + k we arrive in a finite dimensional situation discussed above.

Definition 4. By the generalized index of the L-fundamentally restrictible map
F we understand the element

IndL(F,X) = deg(LW —m),Uw,O) € Il;,.

By definition, deg(Lw — Fw, Uw, 0) belongs to 7™ (S™) but since m < 2n — 1
we know that 77 (S™) & I1},.

One can check (see [5] or [3]) that the definition does not depend on the choice
of a compact L-fundamental set Ky, an extension F of F|r-1(ky)nx, an open

subset U, a number ¢ € (0,¢0], a projection /. and a space W’.

2 For instance one can take any retraction r : £/ — Ko and define F:=rofF.
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Definition 5. Given L-fundamentally restrictible maps Fy, F1 we say that they
are (L, K')~homotopic (written Fy ~g F}) if there is a homotopy H : X x [0,1] —
E’ such that the set {x € X | L(x) € H(z,t)) for some ¢ € [0,1]} is bounded
and closed in F and K is a compact L-fundamental set for any map X > x +—
H(x,t) where t € [0,1].

At the first glance the above definition of homotopic pairs is enough for our
next considerations (comp. Theorem 1), but in applications we need the following
more general one.

Definition 6. Two L-fundamentally restrictible maps Fy, Fy are L-homotopic if
there is a finite number of compact convex sets K1, ..., K, and L-fundamentally
restrictible maps Gy, ..., G, 1 such that

Fo~g, Gi ~k, - ~k,_, Gno1 >k, Fi.

Theorem 1. The generalized index Indj on has the following properties (as
above, C :={x € X | L(z) € F(x)}):

(i) (Existence) If Ind ,(F, X) # 0, then there is x € X such that L(z) € F(z).

(i) (Localization) If X" C X is open and C C X', then Ind (F, X") is defined
and equal to Ind 1,(F, X).

(iii) (Homotopy Invariance) If Fy, Fy are L-homotopic, then Ind 1(Fy, X) =
Ind L(Fla X)

(iv) (Additivity) If X1, X2 are open disjoint subsets of X such that C C X1 U
Xo, then

Ind 1 (F,X) = Ind ((F,X1) + Ind 1 (F, Xa).

(v) (Restriction) If F(X)) C Y, where Y C Y’ & Im (Q) is a closed subspace
of E', then Ind 1(F, X) = Ind 1, (Fy, X NT), where T := L~(Y' & Im (Q)),
Fy = F|XﬂT) and LY = L|T

The proof can be found in [1] or in [3].

Applying the coincidence index constructed above, we present in the following
theorem conditions sufficient for the existence of solutions to the abstract coinci-
dence problem

(5) L(z) = F(x),

where L : E — E’ is a Fredholm linear operator of nonnegative index k (E, E’ are
Banach spaces) and F' is a continuous map. This result is a slight modification of
Theorem 4.1 in [1] (see Remark 4.2 therein), where the proof is included. Let P
and @ be respective projections defined for L, I’ be the identity map on E’ and

let Im @) # {0}.
Theorem 2. Let F': E — E’ be a map such that
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(i) there exists an open bounded subset V' of E such that, for any x € E\'V and
A€[0,1, 0 (1 =NT'"— Q)+ Q) o F(x), and Fl|av is an L-fundamentally
restrictible map with some L-fundamental set containing 0,

(ii) Ind o(Q © Flvamp, V N Im P) is nontrivial (O : Im(P) — Im(Q) is a
Fredholm operator such that O(v) =0 for all v € Im (P)).

Then the problem L(x) = F(z) has a solution.

3. BOUNDARY VALUE PROBLEM

Below we illustrate the above result by the boundary value problem.

Let E,E’ be Banach spaces with Hausdorff measures of noncompactness
x and x’ respectively and Z be the set of all positive numbers k such that the
Fredholm linear operator D : E — E’ is (k,x, x')-set contraction®. Following [1]
we define

3

I|D]| XX = inf Z.

Note that ||D||0X) < ||D]|.
Denote J = [0,7] C R and let £ be a Hausdorff measure of noncompactness in
the space £ = L'(J, E) of integrable functions in the sense of Bochner with the
T
norm [[uflz = [, llu(s)]z ds.
Let f:J x E x E — E be a map satisfying the following assumptions:

(f1) f(-,u,v) is a measurable map for every (u,v) € E x E, and f(¢t,-,-) is con-
tinuous for almost all t € J,

(f2) there are two continuous functions Ay, A2 : J — [0,00) such that, for any
uy, U2, v1,v2 € F and almost all t € J,

[ f(t w1, v1) = ft,uz,v2)||E < A (t)|lur — uzl|E + Xa(t) |1 — v2|E,

(f3) there are integrable functions m,n : J — [0,00) such that ||f(t,u,v)||g <
m(t) + n(t)||ul|g for any u,v € E and almost all t € J.

Let us consider the following boundary value problem

(6) {u’(t) = f(t,u(t),u'(t)) for a.a. t € J,
A1 (u(0)) + A2 (u(T)) = a(u(0)),

where f satisfies assumptions (f1)-(f3), « is a continuous compact map, and
Ai,Ay : E — E’ are linear operators such that A := A; 4+ Ay is a Fredholm
operator of nonnegative index. By a solution of problem (6) we mean an abso-
lutely continuous map satisfying the equation for a.a. t € J an the boundary
condition.

3 Recall that x is a Hausdorff measure of noncompactness on a space Banach F if for
any bounded set A C E, x(A4) = inf{e | A has a finite e-net}
% i.e. for any bounded set B € E, the set D(B) is bounded and x'(D(B)) < kx(DB).
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The problem (6) is equivalent to the following one:

(7) L(z,y) = F(2,9),

where L, F: Ex L — E' x L and

L(z,y) = (A(2),y)

T )
F(z,w:(a(z)—Az( / y(s)ds), f(-, 2+ / y(s)ds, y<->)>.

In fact, (z,y) is a solution of the coincidence problem (7) iff the map v € L,
u(t) =z + fg y(s)ds is a solution of (6).

Assume that in the spaces F x £ and E’ x £ we have the norms ||(z,y)|1 =
max(|2| . [yllc) and [|(=/,)ll2 = max(| ', |yllc), respectively. Denote by
and z’ the Hausdorff measures of noncompactness in E x £ and E’ x L, respectively,
and by prg and prg (resp. prgs and pr.) projections of the space E x L (resp.
E' x L) onto E and onto L (resp. onto E’ and £). Observe that if S is a bounded
subset of E x £, then u(S) = max(x(pre(S)),{(pre(S))).

Let N = fOT n(s)ds, M = fOT m(t)dt, Ay = fOT A1(s)ds, Ay = sup,c ; A2 and let
P4, Qa i Kp, be the respective projections and the right inverse for A.

Theorem 3. Assume that [ satisfies assumptions (f1) — (f3), the maps a and A
are as above, and Q o #Z 0. Moreover, let

(f1) A <1 and A (1 + || Kp, || XX)) <1 — Ay,
(f5) [ Azl <1,

(o) 1K p ||+ N exp(N) <1,

(f7) ImAy; CImA,

(fs) there exists R > 0 such that, for every z € E satisfying ||Pa(z)||lg > R,
Qa(a(z2)) #0 andInd o (Q a0, BE(0, R)NIm Py4) # 0, where O : Im Py — Im Q4
and O =0

Then problem (7) has a solution.

Assumptions (fy4) and (f5) will secure that F' is L-condensing, while (fs)—(fs)
will allow us to check that a generalized index of F' is nontrivial, which will imply
the existence of a solution to problem (7).

Proof. We show that L and F' satisfy assumptions of Theorem 1. For clarity we
divide the proof into some steps but first of all, notice that L is a Fredholm operator
of index i(L) = i(A) > 0. Respective projections and the right inverse of L will be
denoted in a standard way by P, (Q and K p. The following equalities hold: Ker L =
Ker A x {0}, KerP=KerPy x £, InL =ImA x £ and ImQ =Im Q4 x {0}.

STEP 1. We prove that I is continuous.
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Let (20,%0) € E x L and € > 0 be arbitrary. By the continuity of «, there is

d1 > 0 such that [[a(z0) — a(2)||p < § for [|z0 — 2[|r < d1.
Take

9 9 9

8 5 < min(sy, —— = E_
®) & 4[| Az||” 844 4/12)

and assume that for some (z,y) € E x L,

6 > [|(20,90) = (2, 9)ll Exc = max(||lz0 — z[| &, lvo — wlle) =

= max <|ZQ—Z”E7/ lyo(s) |Ed8>
0

|F (20, 50) = F (2, y)lprxc =

maX( a(z0) — Az (/OI;JO(S)C@) —a(z)+ A4z (/()I;J(S)d5>
v<ﬂwfgmﬁﬂam®>—fCZ+AQ@M&M»

and one can check, from (8), that
T T
‘ a(zg) — As (/0 yo(s)ds> —a(z)+ A (/0 y(s)ds)

Wu%+4@mmMm»—ﬂw+Ay@@woﬂ

Since

)
E’

)

IN
hoyo

IN
hoyo

we obtain

1F(20,90) — F(z,9)lErxc <&,

which implies a continuity of F'.

STEP 2. We show that for any open bounded subset V of E x L, the set F'(V)
is also bounded, and F|q v is L-condensing (so, L-fundamentally restrictible).

Let S be an arbitrary subset of V. We check that u/(F(S)) < u/(L(S)). Let
x(pre(S)) =¢e and £(pre(S)) = 6. Then

W/ (L(S)) = max [ (pre(L(S))),&(pre(L(S)))] = max [x' (prerL(S5))), 4] -

Since Ker L = Im P, is a finite dimensional space,

x(pre(S)) = x((Ug — Pa) o pre(S)) = x(Kp, o Ao prg(S)).
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One knows that
X(Ep, 0 Aoprg(S)) < |[Kp XN (A(pre(S)))

and
pre(L(S)) = A(pre(S5)),
thus
’ x(pre(5)) _ €
X (e (L)) 2 7R =670 = TR oon

This implies

"(L(S)) > 5l
J(L(S)) > max [” KPA”(X,,X),a]

Now, calculate p/(F(S)). Obviously,
T
0

' (F(S)) = max (X'({oz(z) - Az(/ y(s)ds); (z,y) € S}),
§<{f(~,z+A(.)y(s)ds,y(-));(z,y) € S})) .

Since « is a compact map, X' ({a(z)|z € pre(S)}) = 0, hence, by a suitable prop-
erty of measures of noncompactness,
T

¥ ({atz) - a5( / y(s)ds)|(z ) € 5 }) < x'({ s / (s)ds)ly € pre(s) }).

For every ¢; > 0 there is a finite (0 4 d1)—net in prs(S). Let yi be an arbitrary
element of this net. If ||y — y||z < 0 + 01 for some y € pre(S), then

T T T
Ay </0 yk(s)d8> — Ay (/0 y(s)ds) B Ay </0 yr(s) — y(s)ds)

T T
s||A2|-'| / (ue(s) — w(s))ds| < [l Aa]]- / lys(s) — y(s) | wds =
E

<
o4

= [| A2l - llyx — ylle <
< HA2||(5 + 51)-

Therefore X’(Ag({fOTy(s)ds|y € pre(S)})) < ||Az]|6 < 4, what implies that

W(F(S)) < max (5,5({f(.,z o[ vna0): G e s})) -
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Analogously, for every €1 > 0 there is a finite (¢ 4+ £1)—net in prg(S). Let z; be
its arbitrary element. If |lyr — y||z < d + 61 and ||z, — z|| < € + &1 hold for some
y € pre(S) and z € pri(S), then

/OT f <t72l + /Ot yk(s)dsyyk(t)> —f <t72+ /Oty(s)d&y(t))
< /OT <)\1(t) 21+ /Otyk(s)ds —z- /Oty(s)ds

/ T(/\l(t)<||zl . 0§k<s>ds -/ ty(s)dsnE) SAal0lln) ~ u(0)z) dr <

dt <
E

o) (1) — y<t>|E) it <

E

< /OTAl(t)(e+el+ 5+51)dt+/OTAz(t)||yk(t)—y(t)llEdt <
< Ay(e+e1+0+61) + A2(6 + 61).
Since €1 and §; was arbitrary, we have
E(prr(F(S))) < Ai(e +0) + A2,

and consequently, using (f4),

pP(S) = mx (1 (o (F(S)) € Gra(FS)) < mo (6, s ) <

< W/ (L(S)).

This implies that F|qv is L-condensing map, hence there exists a compact L-
fundamental set for F|. v containing 0.

STEP 3. We prove that, for some open bounded set V' C E x L, the map
(1 = X)(I — Q)+ Q) o F has no coincidence points with L outside V' (I denotes
the identity map in E’ x L£). Let Ig, Ig: be the identity maps on spaces E, E’
respectively

Let Z > 0 be such that o(E) ¢ B¥(0, Z). Choose R; > 0 such that

|1 Kp,s[[(Z + M exp(N) + NRexp(N))

Ry >
' 1 — [[Kp,|[N exp(N)

and let
Ry := (M 4+ N(R + Ry)) exp(N).
Define
V:={(z,y) €ExL| Pa(z)€B”(0,R) NKer 4,
(Iz — Pa)(z) € BP(0, Ri) NKer Pa, y € B*(0, Rs) }.
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Suppose, on the contrary, that there is A € [0, 1] such that

L(z,y) = (1 =N - Q)+ Q) o F(z,y).
It follows that @ o F(z,y) = 0, since L(z,y) € (I — Q)(E’ x L). Moreover,

(=N -Q)+Q)oF(z,y) =

T .
- (((1 N - Q)+ Qa) <a<z> Ay / y(s)ds>> ozt /y<s>ds, y(-») ,
0 0

so we obtain that:

9) y() = f ( - y(s)dw(-)) ,
T
(10) A(z) = (1- NI — Q) <a<z> ~ 4o y(s)ds>> ,
0
and
T
(11) Qa <a(z> Ay / y(s)ds>> 0.

The last equality and assumption (f7) imply Qa(«a(z)) =0, so by (fs),

(12) [Pa(2)]| & < R.

Consider the continuous map [0,7] > ¢ +— fo [ly(s)||ds. From equality (9) and

assumption (fs3) it follows that
t t s
[woeds = [ (s [urarus) )| ass
0 0 0 E
z—|—/ (T)dr

§/Ot<m(s)—|—n() )ds</ m(s)ds +

+/Otn<s>(||PA<z>|E+||<IE—PA> ||Eds+/ /ny )| per)ds

and, by the Gronwall inequality,

t

/O ly(s)l[zds < (M + N(|[Pa(2)lle + |(Iz — Pa)(2)]|£)) exp( ; n(s)ds) <

<M+ N([Pa(z)lle + [[(Te = Pa)(2)l|£)) exp(N).
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Combining this with (12) one obtains

(13) 1ylle < (M + N(R+ |[(Ig — Pa)(2)llg)) exp(N).

Since (Ig — Pa)(z) = Kp, 0 A(z), conditions (10), (13) and assumption (f5) imply
that

IA

[(Ig — Pa)(2)le = (1 =A)

T
Kp,o(Ip —Qa) (04(2) - A2(/0 y(S)dS)>

E

IN

T
<({- )\)<|KPAO(IE’ —Qa)(a(2)|e + | Kpso(lp — QA)OAz(/OZ/(S)dS)HE)
<(1-X) <|KPA| Ne — Qa)(e(2)) | e +

T
HEpall - e — Qall - | A2 - | /Oy(S)d8|E> =<
S (A= MIEp - (Z + (M + N(R+ [[(Ig = Pa)(2)|lg)) exp(N)) .

Now, if A = 1, then [[(Ig — Pa)(z)|]| = 0 < R; and if 0 < A < 1, then also
(using the above inequalities)

- I1Kp,||(Z 4+ Mexp(N)+ NRexp(N))

(14) (e — Pa)(?)|le < T Kn, [N oxp(N) < Ry,

which jointly with (13) implies
(15) [ylle < (M + N(R+ Ri))exp(N) = Ro.

By inequalities (12), (14) and (15) we can conclude that all coincidence points
of L and maps ((1 — X\)(I — Q) + Q) o F, where \ € [0, 1], are contained in V.

STEP 4. We use assumptions (f7) and (fs) to obtain that, for every (z,y) € V,

Qo Flvamp(z,y) = Q(a(z),0) = Qa(a(2)),

and hence, Ind o(Q o F|yamm p, V N Im P) is nontrivial.

Resuming, in succeeding steps we have proved that the Fredholm operator
L and the map F satisfy the assumptions of Theorem 1, so problem (6) has a
solution.
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1. The aim of this paper is to study the following eigenvalue problem

(a) y" +2A0)y" + [A(t) + Ab(t)]y =0

(1) y(la,\) =y(b,A) =y(c,\) =0, a<b<c< oo
as well as the boundary condition at infinity
(2) y(t, A) = o(t[kyui (t)ua(t) + kou3(t)]) for t — oo
together with the requirement that

y(t,A) # 0

in a certain neighborhood of infinity (tg, 00), where ¢ < tg < 0o, and uy, us form
a fundamental set of solutions of the second order differential equation

o %A(t)u ~0 3)
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with initial conditions Ul(to) = 1, u’l (to) = 0, Ug(to) = O, ué(to) = 1, kl, kQ are
certain positive constants.

The basic suppositions on A and b in this paper are such that A’, b are con-
tinuous on [a, 00), b(t) > 0 for (a,c0) and the differential equation (a) is strongly
nonoscilatory for each real positive A.

2. In this section we introduce certain auxiliary statements on the linear third
order differential equation, given in monograph [1].
Consider equation (@) and the third order differential equation

(a1) Y+ 2A(t)y + [A'(t) + b(t)]y = 0.

Lemma 1 (2, Theorem 2.1). Let A(t) < 0, b(t) > 0 for t € [a,00) and let
|A(t)| > fi b(t)dr for t > a. Then the differential equation (ay) is disconjugate in
the interval [a, 00).

Lemma 2. Let the suppositions of Lemma 1 be fulfilled and let faoo b(T)dT < oo.
Then to each \ € [1,00) there exists to > a such that |A(t)] > X f:o b(r)dr holds for

t > to and the differential equation (a) is disconjugate for X = X\ on the interval
[to, OO) .

The proof follows immediately from Lemma 1.

Lemma 3 (2, Theorem 2.14). Let A(t) <0, b(t) > 0 and A’'(t) +b(t) > 0 for
t € [a,00). If, moreover

7 [A'(t) +0(t) — %\/g\/T‘?(t)} dt = 400,
T

a <T < oo, then the differential equation (a1) is oscillatory in [a,c0).

Lemma 4. Let A(t) <0, b(t) >0 and |A(t)| < K, [A'(t)| < K, b(t) > K, K >0,
for t € [a,00). Then there exists A > 0 such that the differential equation (a) is
oscillatory in [a,00) for all X > \.

The proof of this lemma follows immediately from Lemma 3.
Consider, moreover, the second order differential equation

) )+ AWy =0

Lemma 5. Let A(t) < 0 for t € [a,00). Let uy, ug be independent solutions of
(3) and let uyi(to) = 1, uj(to) = 0, ua(to) = 0, uh(to) =1, a < ty < co. Then
there is ui(t) > 0, ugz(t) > 0 for t >ty and uy(t) — 0o, uz(t) — oo for t — co.

The proof follows from equation (3).
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Lemma 6. Let A(t) < 0, b(t) > 0 for t € [a,00) and let X > 0. Let y be a
solution of (a) and let for X = X be y(to,\) = 0, y'(to, ) # 0, y"(to,\) # 0 and
let y(t,\) # 0 for t > ty. Then

() o183 = ua(0)| G e) 4o/ 10 Ry 1) -

t

%x / b(r)

to

ul(t) ’LLQ(t)
up (1) ua(T)

y(7, N)dr.

where uy, uz form a fundamental set of solutions of (3) with the properties as in
the formulation of Lemma 5.

The proof of Lemma 6 is given in [2], Chap. I, §3 at the beginning of section 3
by method of variation of constants for

y" 24ty + A (t) = —\b(t)y.

Remark 1. If in (4) y(t, ) > 0 [y(t,\) < 0] for ¢ > to, then y'(to,\) > 0 [y/(to, A)
< 0] and ua(t) > 0, u(t) = y'(to, Ny (t)+ Wuﬂt} > 0 [u(t) =y (to, Nu (t) +
Y040 (1) < 0] for t > to.

Corollary 1. Let the supposition of Lemma 6 be fulfilled. Then there exist con-
stants k1 > 0, ky > 0 such that [y(t, \)| < ua(t)[k1ui(t) 4 kaua(t)] for t > to where
kl = |y/(t075‘)|7 k2 = ly (1520’)\)‘: or

y(t, \) = o(tua(t)[kru (t) + koua(t)]) for t— oo. (2)

Adaptation of oscillation theorem [2, Theorem B, or Theorem 4.5 in the same
section] to (a) in our case yields the following lemma.

Lemma 7. Suppose that |A(t)] < K, |A'(t)] < K, K >0 and b(t) > k >0
fort € [a,00). Let A € (0,00) and let y(t, \) be a nontrivial solution of (a) with
y(a, \) = 0. Then for any fized b > a, the number of zeros of y on [a,b] increases to
infinity as X — oo, and the distance between any consecutive zeros of y converges
to zero.

The continuous dependence of zeros of solutions of (a) upon the parameter A
is given in following lemma.

Lemma 8 (2, Lemma 4.2). Lety be a nontrivial solution of (a) on [a,c0) such
that y(a,\) = 0. Then, the zeros of y on (a,00) (if they exist) are continuous
functions of the parameter A € (0,00).

With the help of results given in the preceding lemmas and Corollary 1 one
can prove the following theorem regarding the singular eigenvalue problem (a),

(1), (2)-
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Theorem 1. Let A(t) < 0, b(t) > 0 and |A(t)| < K, |A(t)] < K, K > 0 for
t € [a,00). Let, further, [ b(t)dt < co and |A(t)] > f; b(T)dr fort € [a,00) and
let a < b < c < oo be arbitrary, but fized. Then there exists a natural number v,
a sequence of the values of the parameter \, {)‘Vﬂ)}:io (eigenvalues) such that
Avgp < Augpr1, p=0,1,2,... and plilgo Avgp = 00 and a corresponding sequence

of functions {yl,+p}:°:0 (eigenfunctions) such that Yy4p = y(t, Autp) s a solution
of (a) for X = \yyp, has a finite number of zeros on (a,00) with the last zero at
tSer, fulfills the boundary conditions (1), (2) and has exactly v+ p zeros in (b, c).

Proof. Let a < b < ¢ < 0. Let y = y(t,\), A > 0 be a nontrivial solution of (a)
such that y(a,A) = y(b,A) = 0 for all A > 0. Construct, now, on [a, cc) differential
equation

(A) Y+ 240)Y" + [A'(t) + AB(t)]Y =0,
where

_ Jb(t) for t € [a, ]
B(t) = {b(c) fort > c.

Let Y = Y (¢,A) be a solution of (A) on [a,00) such that Y(a,\) = Y (b,\) =0
and Y (¢, \) = y(t, \) for t € [a,c] and X € (0, 00).

By Lemma 4, there exists A such that the differential equation (A) is oscillatory in
[a,00) for all A > \. Let Y'(t,\*), A* > X have exactly v zeros in (b, c). Let t,(\)
be the v-th zero of Y (¢, A). Then there is ¢,(A*) < ¢ < t,41(\*). By Lemma 7
there exists A* such that ¢,41(A\*) < ¢ and by Lemma 8 (continuous dependence
of zeros) there exists \,, A* < )\, < A* such that ¢,41()\,) = c and Y (£, )\,)
has exactly v zeros in (b, ¢). But, we know that Y (t,\,) = y(¢,A\,) on [a,c]. By
Lemma 2 to A, there exists t§ > ¢ such that y(¢, \,) has finite numbers of zeros to
the right of c. Let t§ be its last zero on [c, 00). Then by Corollary 1 the inequality
(2) holds.

Continuing in the same manner we can find a sequence of values

)\Vv)‘u+17"'7)\u+p7"'

and the corresponding sequence of functions {yu+p};°:0 (eigenfunctions) with the
prescribed properties and the theorem is proved.

Remark 2. If we take in consideration the fact, that equation (a) is for A = 1
disconjugate on [a, 00), the oscillation Lemma 7 and Lemma 8 (continuous depen-
dence of zeros on A) then it is possible to prove Theorem 1 for v = 0.
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1. The aim of this paper is to study these two boundary value problems

(a) y" +2A()y" + [A'(t) + Ab(t)]y =0,
(1) yla, \) =y(b,\) =y(e,\) =0, a <b<c< oo
(2) Jim y(t,0) =0

and the problem (a), (1) and (2") where
(2) (&, N < K, [y'(t, )] < K, K >0, A>0,

under certain suppositions on the functions 4, A’;b on [a, 00).

The result of this paper complete those which are given in monograph [1] in
the case that equation () is oscillatory on [a, o) for each A > 0, i.e. every solution
of (a) with one zero has infinite number of zeros on [a, o).



466 MICHAL GREGUS, JR.

2. In this section we introduce certain auxiliary statements on the third order
differential equation given in [1].

In this and in the next section we will suppose that A’(t) and b(¢) are continuous
functions on [a, 00) and b(t) > 0 for all ¢ € [a, c0).

Have the linear third order differential equation

(ar) y" 4+ 2A()y + [A(t) + b(t)]y = 0,
(i.e. equation (a) with A =1).

Lemma 1 (1, Theorem 3.17). Assume that every solution of the second order
differential equation

) Y+ AWy =0

converges to zero as t — +oo and fat b(7)dt converges. Then every solution of the
differential equation (a1) converges to zero as t — oo.

This Lemma was formulated and proved by M. Rab in [2].
One of the sufficient conditions for the solutions of (3) to converge to zero as
t — oo is given in the following lemma [3].

Lemma 2. Let A(t) > 0 be non decreasing on [a,o0) and let A'(t) > 1 > 0 and

;o % = +o00. Then every solution y of (3) has the property tlim y(t) = 0.

Lemma 3 (1, Theorem 3.18). Let the following assumptions in [a,c0) hold:
1. A(t) > 0, tlim At) = 0.
2. The function A=%(t) is convex.

t
3. The integral [ %dr converges.

Then every solution of (a1) and its first derivative are bounded in [a,o0).

This lemma was formulated and proved by M.Zlamal [4].

Lemma 4 (1, Corollary 2.3). Let the second order differential equation (3) be
oscillatory in [a,00).Then (a1) s oscillatory in [a,00) too, i.e. its every solution
having a zero is oscillatory in [a, 00).

Adaptation of the oscillation theorem [1, Theorem 4.5] to (a) yields the following
lemma.

Lemma 5. Suppose that A > & for all t € [a,00), where p is a real constant and
moreover b(t) >k > 0 on [a,00) for some positive constant k.

Let X € (0,00) and let y(t,\) be a nontrivial solution of (a) with y(a,\) = 0.
Then, for any fived b > a, the number of zeros of y on [a,b] increases to infinity as
A — 00, in which case the distance between any consecutive zeros of y converges
to zero.



THIRD ORDER BVP 467

The continuous dependence of zeros of solutions of (a) upon the parameters \ is
given in following lemma.

Lemma 6 (1, Lemma 4.2). Lety be a nontrivial solution of (a) on [a,c0) such
that y(a,\) = 0. Then, the zeros of y on [a,00) (if they exist) are continuous
functions of the parameter A € (0,00).

With the help of the results given in the preceding lemmas one can prove the
following two theorems regarding the multipoint eigenvalue problems (a), (1), (2)

and (a), (1), (2').

Theorem 1. Let the suppositions on A, A’, b given in Lemma 1, be fulfilled and
let A(t) > 0 and equation (3) be oscillatory on [a,00). Let a < b < ¢ < o0
be arbitrary, but fized. Then there exists a natural number v, a sequence of the
values of parameter A {)\Vﬂj}:io (eigenvalues) such that M\pyp < Apgppt1 and

lim A\,4, = o0, and a sequence of functions {y(t,)\u+p)}zcio (eigenfunctions)
p—00 -

such that y(t, A\vtp), p=0,1,... s a solution of (a) with A = Ap4p, which fulfills the
conditions (1), (2) and has exactly v+ p — 1 zeros on (b, c).

Proof. Let a < b < ¢ < o0. Let y(t,A), A > 0 be a nontrivial solution of (a)
such that y(a,A) = y(b,\) = 0. Such a solution of (a) evidently exists (see e.g.
properties of bands of solutions of (a), [1]). Solution y(¢, A) is oscillatory on [b, 00).
Construct now on [a,00) the differential equation

(A) YY"+ 2A@)Y" + [A'(t) + AB(t)]Y =0,
where

b(t) for t € [a,c
B(t) = {b(c) Ofor t >[ c.]

On account of Lemma 4 equation (A) is oscillatory on [a, c0) for all A > 0. Let
Y (t,\) be a solution of (A) on [a,00) with the property Y(a,\) = Y (b,\) = 0.
If we denote Y'(b,\) = y/'(b,\), Y"(b,\) = y"(b,\) for all A > 0, then clearly
Y (t, ) = y(t, A) is the solution of (a) for ¢ € [a,b] and A > 0, too.

The function Y (¢, A) as a solution of (A) is oscillatory on [b, c0) for all A > 0.

Let for A = XA > 0 the solution Y (¢, \) have exactly v zeros in (b,c). Then
clearly, for the v-th zero t,(\) and the (v + 1)-st zero t,1(\) of Y(¢,A) we have
t,(\) <c <ty (N). )

It follows from Lemma 5 (oscillation lemma), that for some A > \ we have
tu+1(A < c. Since t,11()) is a continuous function of the parameter A (Lemma 6),
there exist \, € [\, \) such that for A = \, we have t,,1(\,) = ¢, i.e Y(c,\) =
y(e,\y) =0 and Y (¢, \,) has exactly v zeros in (b, c).

Continuing in this manner, we can find a sequence of values of the parameters
A>0

A <A1 <o < Agp < oy
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to which there corresponds a sequence of functions
Yo, Yogi,.oo, Youp, ...

such that Y, 1, = y(t,\o4p) is a solution of (A) satisfying conditions (1) and
Y (t, \u4p) has exactly v 4+ p — 1 zeros in (b, ¢).

But Y(t, A\v+p) = y(t, A\uyp) on [a,c] with the same initial conditions in c.
Therefore the solution y(t, \yyp) of (@) fulfills the boundary condition (1) and by
Lemma 1 (where instead of [ b(7)dr < oo we have A,4p [ b(T)dr < 00) the
solution y(t, \y4p) has the property (2), too and Theorem 1 is proved in the case
a<b<c<oo.

If a = b < ¢ < o0, the proof is similar, but for the solution y with the double zero
at a for A > 0.
By the same argument we can prove the following

Theorem 2. Let the suppositions on A, A',b given in Lemma 3 be fulfilled on
[a,00). Then the assertion of Theorem 1 holds with the exception that y(t, \y+p)
fulfills the condition (2'), (not the condition (2)).
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1. INTRODUCTION

The question of the existence and uniqueness for the solutions of ordinary differen-

tial equations is an old problem of great importance. There is an enormous amount

of literature offering various sufficient conditions for the uniqueness. We shall men-

tion here only several mathematicians that have contributed to this problem.
The first result on the uniqueness of a scalar initial value problem

(1) ¥ = f(t,x), x(to) =x0

where f = (flv f27 ey f’n)7 r = (l’l,wg, e 7$n)7 To = (fEOl,.’EQQ, e ,.’L'Qn), was given
by A. Cauchy in 1820-1830. The result was improved by R. Lipschitz in 1876, who
introduced so called Lipschitz condition of the form

(2) |f(t,x) = f(t,y)] < Lz —yl.

The Lipschitz condition was generalized by many authors such as W. F. Osgood
(1898), P. Montel (1926), L. Tonelli (1925), M. Nagumo (1926). Very general is a
condition of Perron’s type

(3) [f(t, ) = f(t,y)] < g(t, [ —yl).
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Perron’s result (1926) was improved by E. Kamke (1930). His well-known theorem
(see e. g. [, pp. 56-57]) can be formulated for vector differential equations.

Theorem 1 (Kamke). Assume that

(i) g € C(Ro,RY), where Ry = {(t,u) € R? : tg < t < tg+a,0 < u < 2b},
Rt = [0,00) and for every ty € (to,to+a), the function u(t) = 0 is the only solution
of u' = g(t,u) defined on (to,t1) and satisfying lims_q, [u(t)/(t —to)] = 0.

(ii)) f: R—R", R={(t,r) e R"* .t <t <ty +a,|z — x| < b} and

(4) [f(t,2) = [ty <g(t, e —yl)  for (t2),(ty) € R, t#to.

Then the initial value problem (1) has at most one solution in [tg,to + a].

2. THE USE OF LYAPUNOV FUNCTIONS

Kamke’s theorem was generalized in several manners. One of the fruitful ways is
the use of Lyapunov functions method. This approach allows to obtain very general
and flexible results. These results contain the most of previous results as special
cases and, by special choices, new interesting criteria for the uniqueness can be
obtained. There exists a lot of variants of criteria utilizing Lyapunov functions.
We can mention here the results of H. Okamura (1934-42), T. Sato (1936), O.
Boruvka (1956), J. Chrastina (1969), S. C. Chu and J. B. Diaz (1970), T. Roger
(1972), F. Brauer and S. Sternberg (1958), R. D. Moyer (1966), S. R. Bernfeld -
R. D. Driver - V. Lakshmikantham (1976), Z. Tesafova - O. Dosly (1980), H. A.
Antosiewicz (1962), V. Lakshmikantham - M. Samimi (1983).

The interesting and powerful uniqueness criteria for the Cauchy problem were
derived by I. Kiguradze (1965). We shall remind a criterion for a singular Cauchy
problem formulated for ty = a:

Theorem 2 (Kiguradze [6]). Let f be defined for a <t <b, |x — x| < r and
a function V(t,x) be continuous and positive definite in Ry = {(t,z) € R" : a <
t <b, x| <2r}. Assume that g(t,u) satisfies Carathéodory conditions on any set
{R. = {(t,u) € B : a <t < bJul <c}, ¢c € (0,00). Suppose that g(t,-) is
nondecreasing, g(t,0) =0 and the problem

du

S =gltw), ula)=0

has only the trivial solution. If the conditions

(5) tim V(1 2(t) — (1)) = 0,
(6) V(t,a(t) — y(t) < / g(s, V (s,2(s) — y(s))ds

hold for any two solutions x(t), y(t) of (1), then (1) has at most one solution.
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3. NONUNIQUENESS THEOREMS

In contradistinction with the problem of uniqueness criteria, there are only sev-
eral papers dealing with problem of nonuniqueness. The necessary and sufficient
conditions for the uniqueness in the scalar case was derived by T. Yosie in 1926
(see e. g. [1, pp. 81-91]). His main result is the following:

Theorem 3 (Yosie’s criterion). The scalar initial value problem has at most
one solution in the interval [to,to + a] if and only if for every € > 0 there exists
a pair of lower- and upper- functions p(t), ¥ (t) with respect to the initial value
problem (1) such that 0 < (t) — @(t) < & in the interval (to,to + a).

The first nonuniqueness criterion appeared in 1922 (see e. g. [1, p. 98]):

Theorem 4 (Tamarkine). Let f(t,x) be a scalar function continuous in R =
{(t,x) € R? : |t — to| < a, |z — 20| < b} with (to,z0) = (0,0) and for all (z,y) € R
the condition

[f(t,2) = [t 2(®)] = g(|lz — 2(@®)])

holds, where x(t) is a solution of (1), g(u) being an increasing continuous function

for w > 0, such that g(0) = 0 and f0+ % < o0. Then the initial value problem

(1) has at least two solutions in [tg — a,to + al.

The Tamarkine criterion was generalized by V. Lakshmikantham (1964). His
nonuniqueness condition formulated for {5 = 0 has a form

(7) |f(t,x) = f(t,y)] = g(t, [ = yl),

where g € C(R,RT), R = {(t,u) € R2 : 0 < t < a,0 < u < 2b}, g(t,0) = 0,
g(t,u) > 0 for u > 0, and, there exists a differentiable function u(t) # 0 for which

u'(t) = g(t,u(t), u(0) =u/(0)=0.

Lakshmikantham’s theorem was generalized by M. Samimi in 1982, however, as it
was noticed by H. Stettner and Chr. Nowak, the condition (7) should be replaced
by a stronger one: f(t,x) — f(t,y) > g(t,x — y) for z > y. Unfortunately, the last
condition cannot be fulfilled (see [9]).

The first mathematician who used Lyapunov functions to obtain nonuniqueness
criterion was H. Stettner (1974). In our paper [2] a general nonuniqueness result
employing Lyapunov functions for the nonsingular Cauchy problem was given.
A modification of this result was presented by M. Samimi [10] in 1982. Samimi
supposes the boundedness of f and uses a function B(t) for the description of
the behaviour of the solutions near the initial point ¢y in sense of the following
Theorem 5.

In 1992, Chr. Nowak [8] attempted to remove the condition on the boundedness
of f in Samimi’s theorem. In the paper [3] a general nonuniqueness criterion was
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derived, which contains as a consequence a revised form of Nowak’s nonuniqueness
criterion and the most of previous known nonuniqueness criteria. The notation

D'V (t,z) := limsup V(t+haz+hftx) -Vt
h—0+ h

is used and the criterion is given here in a simplified form formulated for ¢y = a,
where —oo < a < co:

Theorem 5 (Kalas [3]). Let t; € (a, A). Assume that f € C[R,R"], where R =
{(t,2) e R"L 1a <t < A)|lz — 20| < b}, and

(i)  there exists a function g € C[(a,t1] x RT,R] nondecreasing in the second
variable and such that a certain solution ¢(t), t € (a,t1] of

u = g(t,u)
satisfies conditions
_oe(t)
@(tl) > 07 tEIl{l—‘r (t) - 0)
where B € C[(a,t1],R] is positive;
(ii) V € C[R,R"] is such that
(8) V(ti,y0) < @(t1)  for some yo € R", |yo —x0| <b,
9) V(t,z) > ¢(t) for a <t <ty |r—ux9] =0,
(10) V(t,z) > D(t)¥(|lz — 2(t)]) for a <t <ty |x—xzo| <b,

where @ € C[(a,t1],RT], ¥ € C[[0,2b),R"], 2 € C[(a, t1], R"] satisfy

(11) htlilg{l‘_f% >0, W(0)=0, ¥(u) >0 for ue(0,2b)

and

tlim+ z(t) = xo, |2(t) —xmo| <b for t€ (a,ti];

(iii) there exists a positive function ¢ € C|(a,t1), RT] such that V(t,z) satisfies
locally the Lipschitz condition with respect to x for (t,x) € £2, and

DTV (t,x) > g(t,V(t,x)) on {2,
holds, 2, being defined by
(12) 2,={(t,z) e R*™ : o(t) < V(t,x) < @(t) +&(t),a < t < t1,|v — mo| < b}.

Then the problem (1) has at least two different solutions x(t) on (a,t1] such that

is valid.
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All the mentioned nonuniqueness criteria have the disadvantage that they can-
not be applied for the n-th order differential equations. In the following result
formulated for ty = a, where —co < a < 0o, we use Lyapunov functions that need
not be positive definite in x (in sense of the condition (10)), but only in some
components of x and thus we need the estimations only of several components of
f- Such a result is applicable to the n-order differential equation. In the result we
use the projection Pr defined by Prx = (zi,,...,2;), where i; (j = 1,...,1) are
integers such that 1 <1 <--- <4 < n.

Theorem 6 (Kalas [4]). Let f € C(R,R"), where R = {(t,z) e R" 1a <t <
A |z — x| < b}. Put pu(t) := max|,_,.<p | f(t,7)]. Suppose that

/a+ p(t)dt < oo

holds and choose t1 € (a, A) such that

/ "t < b2

is valid. Assume that
(i)  there exists a function g € C[(a,t1] x RT,R] nondecreasing in the second
variable and such that a certain solution p(t), t € (a,t1] of

u = g(t, u)
satisfies conditions
: (t)
t 1 — =
o(t1) >0, Jim 0 0,

where B € Cl(a,t1],R"] is positive;
(ii) V(t,x) € C[R,RT] and there exists yo € R, |yo — Prag| < b/2, such that

V(tlvy) <30(t1) fO'I" yE]an |y_$0| §b7 Pry:y07

and
Vt,z) > P(t)¥(|Pra — z(t)]) for a <t <ty |z —x0| <V,

where @ € C[(a,t1],R*], ¥ € C[[0,2b), R], 2z € C[(a,t1],R!] satisfy (11) and

thm+ z(t) = Prmxg, |2(t) —Pragl <b forte (a,ti];

(iii) there exists a positive function ¢ € C|(a,t1), RT] such that V(t,z) satisfies
locally the Lipschitz condition with respect to x for (t,x) € £2, and

DtV (t,z) > g(t,V(t,z)) on 2,

holds, (2, being defined by (12). Then the problem (1) has at least two different
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solutions x(t) on (a,t1] such that

Vit =(t)

Jim, B(t) 0

is valid.
Proof. For the proof see [4].

Theorem 6 is formulated for the nonsingular Cauchy problem. Recently a re-
sult which attemps to extend the last result to a singular case was published in
[5]. Moreover a vector Lyapunov function instead of a scalar one is used, which
allows to apply achieved results to a wider class of differential equations. For the

formulation of the result we need the following notation:

Holder’s 1-norm (sum of the absolute values of components);

l fixed number from the set {1,---,n};

11,02, , 1] integers 1 <41 <19 < -+ <4 <y

1 = {i17i27“' 71:1};

N ={1,2,---,nk

R’;’A ={(t,r) e Rl :a <t < A z € R}

A;A ={t,r) e R ta<t< A zeR"}

RE 4.0 ={(t,r) e R ra <t < A |z| < o)

L] Ag R class of all functions V (¢, z) 1%2 4 — R+" with following pro-
perty: V(t,-) is uniformly continuous and if a < a < < A,
then V (¢, z(t)) is absolutely continuous on [a, 8] for any abso-
lutely continuous function z : [a, 8] — R";

K [R’; 4, R?] class of all mappings R’; 4 — R which satisfy Caratheodory
conditions on R(@,A;g for any « € (a, A), o € (0,00);

No(a, A; 71, -+, 70) i={A = (Nij(t)7 =1 : Nij € Ll[a, A, R*]} such that the sys-
tem of differential inequalities |27(¢)| < 377, Aij(t)]z;(t)],
t € [a, 4], i€ N possesses no nontrivial solution z(t) = (x1(¢),
x2(t), - ,xn(t)) € AC[[a, A], R"] satisfying x;(7;) =0 (i = 1,
27 PR 7“);

Ni(a, A) :=No(a, A;m,- -+ ,7), where 7, = A for ¢ € I and 7; = a for
ie N\I

In the theorem, the initial value problem (1) with ¢y = a, where —oo < a < o0,
will be considered. We shall assume, that the vector function f = (f1,---, fn) €
K[NZA, "] is such that there are ¢; € R (i € I), A = (\i;)}';—; € Ni(a,A),
wi € L{[a, A],RT] (i € N) for which

—filt, @) sgn(zi — ;) <Y Aig(O)]ay| + mi(t) (i€ 1)
j=1
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and
filt, @) sen(zi — woi) < i)y — o+ palt) (i€ N\ 1)
j=1

hold for (¢t,z) = (t,x1,...,xp) € RZ,A

Theorem 7 (Kalas [5]). Assume that

(i) there exists a function g = (g1,...,9k) € K[]:?’;A,]Rk] such that any compo-
nent g;(t, w1, ..., uj—1,, Uj+1,...,Uux) 1§ nondecreasing for j =1,...,k and there
is a solution (t) = (1(t),...,pr(t)), t € (a, A) of

u' = g(t,u)
satisfying
o(t) >0, lim ¢(t) =0, liminf p(t) > 0;

t—a+ t—A—

(ii) V(t,z) = (Vi(t,z),..., Vi(t,x)) € L] A;A,R*k] and there exists yo € R such
that
sup{Vj(4,y) 1y € R*, Pry = yo} <liminfo;(t) (j=1,.... k)
and,
[V(t,z)] > Z(|Prx — z(t)]) fora<t<A,

where W € C[RT,RY], 2 € C[(a, A),R!] are such that

¥(0) =0, U(u) >0 foru>0, lim z(t) = Prao;

t—a+

(iii) there exist positive functions €; € C[(a, A),R"] such that

Vit x(t) > gj(t,e1(t), ..., 0-1(t), Vi(t,2(t), i1 (t), .., or(t))

holds for j = 1,2,...,k and for any solution x(t) of (1) a. e. on any interval
(a1, 2) C (a, A) for which

(13) Vi(t, z(t)) < pi(t) +ei(t) on (aq,az), (t=1,...,k),
(14) Vi(t, x(t)) > @;(t) on (a1, az).

Then the initial value problem (1) possesses at least two different solutions x(t)
on [a, A], either of which satisfies V (t,x(t)) < ¢(t) fort € (a, A).

As a consequence we easily obtain the result for the nonuniqueness for the n-th
order differential equation (for details see [5]).

Corollary 1. Let f € K[RZ’A,]R]. Suppose ¢ € R, \,u € L[[a, A], RT] are such
that

—f(t, @y, ) sgn(a, —¢) < AE)|@n| + ()
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for (t,x) € ]RZ,A' Assume that
(i) there exists a function g € K[R} 4, R] such that g(t,-) is nondecreasing and
there is a solution ¢(t), t € (a, A) of v’ = g(t,u) satisfying
p(t) >0, lim o(t) = 0;

(ii) there are z € C|la, A],R], € € Cl(a, A), RT] such that z is absolutely continu-
ous on |a, A] for any o € (a, A), z(a) = xoy, and

(f(t,2r, ... wn) = 2'() sgn(an — 2(t) = g(t, [zn — 2(2)])
holds on 2 = {(t,x1,...,2,) € RV 2 o(t) < |zn — 2(t)] < @(t) +£(t),a < t < A}
for almost all t € (a, A). Then the initial value problem
U(n) = f(t,’U,’U/, T 70(71*1))7

v(a) = zo1, v'(a) = zo2, -+, v("_l)(a) = Zon

1S monunique.

Finally, notice that very interesting results for nonuniqueness of a singular
Cauchy-Nicolletti problem were achieved by I. Kiguradze [7]. The sufficient con-
ditions are given in the form of one-sided inequalities for the components of the
right-hand side f. The estimating expression for the j-th component f; of f de-
pends on ¢ and z; and is linear in |z;|. The proofs of Theorem 6 and Theorem 7
are based on the combination of the Lyapunov function method with the modified
method of I. Kiguradze [7]. We mention also the paper [9], where the differences
between the nonsingular and the singular initial value problem are analyzed.
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ABSTRACT. Sometimes so-called cone invariance and squeezing properties
are used to show the existence of inertial manifolds for evolution equations.
We propose and motivate a modification of these properties for semiflows.
We show that the cone invariance and modified squeezing properties to-
gether with a coercivity assumption are sufficient for a general, continuous
semiflow to have an inertial manifold with exponential tracking property.
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1. INERTIAL MANIFOLDS FOR SEMIFLOWS

Let (X, ||-||) be a Banach space and let S be a semiflow on X i.e., let S: R>o x X —
X, Stx = S(t,x) satisfy

(S1) (S")iers, is a strongly continuous semigroup of (nonlinear) continuous op-
erators, i.e.,

SY=1, S'S?=5"" forall t,0 > 0,
and S(-,x) and S* = S(¢,-) are continuous for all z € X, t € R>q.
Our goal is to find a submanifold M of X with the following properties:

(M1) M is a finite-dimensional Lipschitz submanifold of X;
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(M2) M is positively invariant with respect to S, i.e.,
(1) Yue MVt>0: Stue M,

(M3) M has the exponential tracking property, i.e., there is an n > 0 such that,
for every x € X, there are 2’ € M, ¢ > 0 with S*2’ € M and

HSta: — Stx'H <ce™ forallt>0.

Obviously, such a manifold is a generalization of inertial manifolds for evolution
equations which were first introduced and studied by P. Constantin, C. Foias,
B. Nicoalenko, G.R. Sell and R. Temam [4,3,1], see also [14], and [6,12] for the
exponential tracking property.

As usual, we look for M as a trivial submanifold of X, i.e., we look for

M = graph(m) := {{+m™(€): £ € mX}

as the graph of function m over a finite-dimensional subspace X; of X, where 7 is
a continuous projector from X onto X;. Moreover, m shall belong to the Banach
space G = Cp(m X, m2X) of continuous, bounded functions and shall satisfy the
Lipschitz inequality

[m(&1) —m(&)ll < xll&r — &l forall §,6 € mX

with some fixed x > 0.

In Sect. 2, we introduce a modification of the cone invariance and squeezing
properties (called modified strong squeezing property) as a natural geometric as-
sumption on a semiflow to have an inertial manifold as graph of a bounded, globally
Lipschitz function over a finite-dimensional subspace. In Sect. 3, we show that this
property together with a coercivity property is actually sufficient for the existence
of an inertial manifold. In the both last sections, we give a short application to
evolution equations and we propose some extensions to more general results.

2. THE STRONG SQUEEZING PROPERTIES

Cone Invariance Property: If we look for m € G satisfying the Lipschitz con-
dition

(2) [m(&) — m(&)ll < x|l& — & for all §,& € mX,

and if we don’t have additional boundedness properties, we have to look for m in
M, where M is the set of all m € G with (2). Introducing the cone

Cy ={z € X: |lmz| < x|[|mz[},
we have

(3)  meMif and only if m € G and Vx € graph(m): graph(m) € z + C,.
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The required positive invariance (1) and the equivalence (3) yield
x1,m5 € graph(m), t > 0 imply S'z; — Stas € Cy.

Since we only know m € 91 and because of (3), we replace x; € graph(m) by
x1 — 22 € C and get the following relation

(CIP) x1 — x2 € C implies Sty — Sty € Cy fort >0

as a natural assumption for the existence of the manifold.
Since (CIP) means the invariance of the cone C', with respect to the difference
of two positive trajectories, (CIP) is called cone invariance property.

Squeezing Properties: In order to motivate the squeezing properties, we
consider the following situation: We assume that S satisfies a cone invariance
property (CIP) with parameter y > 0, and we assume that we have a positively
invariant manifold M = graph(m), m € 9, with exponential tracking property.
Concretely, we assume that for each x; € X\ M there is a #; € M with

(4) | Stay — 5% < exdist(wy, M)e™  for all t > 0,

i.e., we assume that the exponential decays of the difference of the trajectory and
its asymptotic phase is estimated by the initial distance of x; to the manifold.

We sharpen the assumptions on m by the additional assumption that m actu-
ally has a Lipschitz constant L < .

Then there is a constant ¢ > 0 such that
(5) Ve,y,z € Xwithe —2 ¢ Cy,y—2€Cr: |lz—z|| <cllz—y.

Let 1 € X\ M and #; € M with (4) and z1 — &1 € C, and let § > 0 and
z9 € M with Sz —S%zy ¢ C,. Then (CIP) implies Stzq —Stzs & Oy fort € [0, 6).
With x = Staq, y = St71, 2 = Stze and (5), we obtain

(6) HStasl — Stl‘QH S C2 ||Stl‘1 — StJNZlH S clchist(xl,M)e_"t
for all@ > 0, ¢ € [0,60] and all 22 € M with S%zo — S%z1 ¢ C,. Since dist(z1, M) <
|1 — 22| and ||z1 — 22| < /14 x 2 ||m2[z1 — 22]||, We obtain

||Stl‘1 — StJZQH S C3 H7T2[331 — JZQ]H e_”t

with some ¢z > 0 and for all § > 0, t € [0,6] and all z1 € X\ M, z2 € M with
59331 — 50332 ¢ CX'
For unknown M, this leads to the assumption

There are 2,7 > 0 such that § > 0, S%z; — S%x5 € C, imply

(SP) 9ty — Stas]| < v |[malzs — @a][| e~ for all £ € [0, 6]

called squeezing property.
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Let us restart with (6). Estimating dist(xzy, M) < ||me[z1 — x3]|| with 23 € M
and mx3 = ma1, replacing 3 € M by x3 — x2 € C,, and replacing SO —
SOxy & Cy by the sharper assumption m 8%z, = mS%xs, we find the following
modification of squeezing property:

There are ya1, x22,1m > 0 such that > 0, ;5% = 71.5%2, imply
(modSP)  ||m;[Stzy — Stas]|| < x2i ||7m2]z1 — x3]|| e for all ¢ € [0, 6] and
all 3 with mx3 = mx; and 3 — 25 € Cy

called modified squeezing property.

The combination of the cone invariance property (CIP) with the squeezing
property (SP) is called strong squeezing property, see [11]. Analogously, the
combination of the cone invariance property (CIP) with the modified squeezing
property (modSP) is called modified strong squeezing property.

In the next section we will see the usefullness of the modified strong squeezing
property for the existence proof of an inertial manifold. Before this, we compare
the strong squeezing property with the modified strong squeezing property.

Checking the proofs of cone invariance properties found in [2,5,6,10,11,14], one
can see that the number y usually is a solution of an inequality F'(x) > 0, where
F: ]0,00[ — R is a smooth function. Obviously, at least in these cases a second
cone invariance property is satisfied. At least in [11, Proposition 3], such a second
cone invariance property is explicitly used.

Lemma 1. Let the cone invariance property (CIP) and the squeezing property
(SP) be satisfied with the parameter x > 0. Suppose, there exists X' > x such that
we have a second cone invariance property with x' instead of x. Then the modified

squeezing property (modSP) is satisfied with x21 := %, X22 = %

Proof. Let x1, x5 € X with 7152, = m11.5%25 and w572, #+ 795%25. Then S%x; —
SOxy & Cy and S0y — S%xs ¢ C\. The cone invariance property implies Stxq —
Stay & Cy and Stz — Stzy & Cy for all ¢ € [0, 6], i.e., we have

(7)) x||mlS*z = S'z]|| < X' ||mi[STa1 — STas]|| < || ma[Star — Stas||
for all t € [0,0]. Let x5 € X with mz3 = mz1 and z3 — z9 € C), Le.,
(8) [ rolw2 — z3]l| < xl|mi[z2 — @]

Using (7) and (8), we find x/ ||71[z1 — a2]|| < ||ma]x1 — zs]|| + x |71 [z1 — 22]|| and,
hence,

1
[m1]z1 — @] || < 7 x [ r2[z1 — 23] -

By the squeezing property (SP) and (7), we have
|2 St@1 — Stas]|] < x2e™ (|| malwy — @3]l + [|m2[zs — x2]|])
< x2e ([mefey — x|l + x ||mifey — 22]]])
!
< 22X |y [y — 5]

X
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for all ¢t € [0,0], i.e., (modSP) holds.

Thus, the strong squeezing property together with a second cone invariance
property implies our modified strong squeezing property, i.e., in general, the mod-
ified strong squeezing property is the weaker assumption.

3. CONSTRUCTION OF INERTIAL MANIFOLDS

Let S be a semiflow on the Banach space X. Let X; be a finite-dimensional subspace
of X, ma continuous projector from X onto Xj and let my = I — m;. We assume
that S satisfies the cone invariance property (CIP) and the modified squeezing
property (modSP) with fixed x > 0. As technical assumptions we need

(S2) S satisfies the coercivity property ||m1Stz|| — oo as ||m1z| — oo in X for ¢ >
0.
(S3) There is a positively invariant strip > := {z € X: [|mz| < o}.

Theorem 1. Under the above assumptions, there is an inertial manifold M =
graph(m) with bounded m: mX — moX satisfying a global Lipschitz condition with
constant x. Moreover, for each x1 € X, there is a xo € M with

||7ri[Stx1 — St$2”| < x2i ||mexy — m*(mxy)||e” for all t > 0.
Proof. We devide the proof into the following three steps:

Step 1: The Graph Transformation Mapping. We wish to construct M =
graph(m*) by an graph transformation mapping, i.e., m* shall be the fixed point
of suitable mappings G: M — G, § > 0, with

graph(Gm) = S%graph(m) for all m € M.
where 9 is the set of all m € G with (2) and graph(m) C . Concretely, we wish
to define G? by (G/m)(€) := m8% if m.S% = €. For it, we have to show that,
for any ¢ € mX, 8 > 0, m € 9, the boundary value problem

9) x € graph(m), mS%z=¢

has a unique solution x = X (6,&,m).
Let 0 >0, £ e mX, m € M, and x1, 2o with

m18% = m.8%, =¢ and a9 € graph(m).

If we choose x3 := mx1 +m(m21), then the modified squeezing property (modSP)
implies

(10) ||7T1'[St331 — Sth]H < X2i ||max1 — m(ma)|| e forallte [0, 4].
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In particular, for z; € graph(m), we have mox; = m(mi21) and (10) implies
(11) VO > OV, 2o € graph(m): mS%x = m S, = 21 = 2o,

ie., for each § > 0, m € M, £ € m X there is at most one x € graph(m) with
m Sl = £.

Let 8 > 0, m € M be fixed and let H: mX —: ;X be defined by H(({) :=
1S0(C 4+ m(C)):

By the continuity of S?, H is continuous with inverse H~! given by H~1(¢) =
mX(0,§,m) on HmX. In order to show HmX = mX, we wish to show the
continuity of H~'. Suppose, there is a ¢ € m X such that H ! is not continuous
at £. Then there are ¢ > 0 and a sequence (& )ren in mX such that & — £ as
k — oo and

(12) I =Ckll>e forallkeN

where ¢ := X(0,¢,m), (x := X (0,8, m).

First we suppose that there is a subsequence of ((x)ren, denoted for shortness
again by ((x)ren, with [|(x]| — oo as k — oo. Then the coercivity property (S2)
implies ||71.5%(Cx +m((k))|| — oo in contradiction to S?(¢ + m(Cr)) — S(¢C +
m(C)).

Remains the boundedness of ((x)ken. Since 71 X is finite-dimensional space m X
there is a convergent subsequence, denoted for shortness again by ((x)ren, with a
limit (s € m1X. By the continuity of S?, we have S?((oo +m (o)) = S?(C+m(Q)),
and hence ¢ = ( in contrast to (12) and (11).

Therefore, H and H~! are continuous. Because of (S2), we have ||H(£)|| — oo
for ||€|| — oo. Thus, H is a homeomorphism from ;X onto 7 X and hence we
have Hm X = w1 X. Therefore, for each 8 > 0, m € 9, £ € m; X, we have a unique
solution X (60,£,m) of (9), and we can define the graph transformation mappings
G? by

(G'm) (&) = 28X (0,&,m) for § >0,me M, emX.

Step 2: Fixed-Points of the Graph Transformation Mapping. Let 6 > 0,
m € M, &,& € mX be arbitrary. By (S3) we have graph(G%m) C 3. By the
cone invariance property (CIP), we have

1(GPm) (&) — (G"m) (&)]| < x||m[S* X (0,1,m) — S"X (B, &2,m)]|
=x & — &,

i.e., G’ maps 9N into itself for each 6 > 0.
Now let 0 > 0, £ € m X, my, mg € M, and x1, xo with

m18%2 = m8%, = ¢ and x; € graph(m;).
If we choose x3 := mx1 + ma(miz1), then x3 — x2 € Cy and (modSP) imply

||7T2[SO$1 — Sex2]|| < x22 ||m1(7r1x1) — mg(mxl)H eine for 8 > 0.
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Thus
[(G7ma) (€)= (G"ma) (§)]| < xaz2e™™ [[ma (w1 X (0, &, m1)) —ma(m X (0,&,m))]l,
ie.,

[GOmy — GOmal|, < K(0) [m1 —mallg  for all 6 > 0 and my,my € M,

where #(60) := Y22 . Since 1 > 0, there is a 6 > 0 with x(0) < 1 for 6 > 6.
Thus, for § > 6y, GY is a contractive self-mapping on the closed subset 9t of the
Banach space G. Hence, for each 6 > 6, there is a unique fixed-point m(@ of G?
in 9.

Let p € Nog. Then m(? is a fixed-point of G*? and hence m®? = m(® for
0 > 6y and p € N5g. Let ¢ € Nyg. Because of

¢ (GHm®@) = Gi (¢'m®) = Gi¥m®

and the uniqueness of the fixed-point m® of G?, m® is the unique fixed-point
of Ga? for 0 > 0y and each ¢ € Nyg. Thus, for each > 0, there is a unique

p

fixed-point m(® of G? and we have m'«? = m® for § > 0 and all p,q € Nxg.
Hence,

Satoy e graph(m(eo)) for u € graph(m(eo)) and m,n € Nso
and the continuity of ¢ — S%u yields
S0z e graph(m(%))  for > 0 and z € graph(m ).

Thus, m* := m() = m@ for all § > 0, and M = graph(m*) is positively invariant
with respect to S.

Step 3: Existence of Asymptotic Phases. Let 1 € X and let (tx)ren be
a monotonously increasing sequence of real numbers ¢ with ¢ — oo for k — oc.
Further, let ¢ := m X (tx, St*x1, m*). By (10), we have

||7ri[Stx1 — StX(tk,St’“xl,m*)]H < x2i |m2z1 — m*(mzy)||e”™  for all ¢ € [0, t4].

In particular, we find |72 — (k|| < xo1 ||m2x1 — m*(my21)|]. If mX is finite di-
mensional, then the bounded and closed set

{¢emX: ||mzr — ¢ < xo1 ||m2z1 — m™(mi21)]]}

is compact. Thus, there is subsequence of (tx)ren, denoted again by (tx)ken, such
that (Cx)ken is converging to some ¢* € mX. Let 25 := ¢* + m*(¢*). Then

[[70i[St21 — S*as]||
< Hm[Stacl — StX(tk,Sthl,m*)]H =+ ||7T1‘[StX(tk,Stk$1,m*) — St{EQ]H
< xai [|mezy — m* (man) || e + [ S*(Ce + m* (Gr) — S+ m*(¢H)]|l
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for all @ > 0, ¢t € [0,0] and all k € N5 with ¢, > 6. By the continuity of m* and
S, and because of (; — ¢*, the second term can be made arbitrary small on [0, ]
choosing k large enough. Therefore,

||7ri[Sta:1 — St$2]|| < xai [|[maxy — m*(mizy)||e” ™ for all > 0,¢ € [0,6],

i.e., t — Stz is an asymptotic phase of t — Stz in M.

4. APPLICATION TO EVOLUTION EQUATIONS

We consider the evolution equation
(13) i+ Au = f(u)

with selfadjoint, positive definite densly defined linear operator A in the separa-
ble Hilbert space (H,| - |o). Further let f € Cp(D(A%),H) satisfy the Lipschitz
inequality

|f(u) — f(u')]o < Llu—1'|, for all u,u’ € D(A),

where a € [0, %] Let m be the orthogonal projection from H onto the N-dim-
ensional subspace of H spanned by the N eigenvectors belonging to the first N
eigenvalues A\ < Ao <--- < Ay of A, counted with their multiplicity.

Then (13) generates a semiflow S on X = D(A®%) satisfying (S1), cf. [7,9,8] for
(S1). The coercivity property (S2) follows from the variation of constant formula,
the boundedness of f and |me~4%u| > Ce V| u|. Studying the quadratic form
Qy(u) = |mul? — x?|mu|? along the difference of solutions of (13), in [3] was
shown, that there is a x > 0 with

d

Qyx (S'u1 — S'us) < A(x)Qy (S"u1 — S*uz) and A(x) < 0
if the spectral gap condition
(15) ANt+1 — AN >cL ()‘(]’<7+)‘?\7+1)

holds with ¢ = 1. Romanov showed in [13], that the spectral gap condition (15) is
sharp in the following sense: For each ¢ € [0, 1], there are two-dimensional evolution
equations (13) in X = R? without inertial manifold (i.e., here instable manifolds)
but satisfying (15).
In particular, we may choose x = xo = /A{YAN% ;. Moreover, in [8] was
shown that (14) implies the modified strong squeezing property (CIP), (modSP)
1

of S. In particular, for x = xo we may choose 1 := —Any1+ LAY, 1, X21 :=

X0
Xo—x’

Xo—Xx’

X22 = where x <Y are the positive solutions of

Avi1 —An)2 X2 = L2 (O +1) (A + xX°A%) -
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5. EXTENSIONS

Let X be densely imbedded in the Banach space Y. If the cone invariance and
modified squeezing property are required only with respect to the weaker norm
||-[ly, we need an additional smoothing property of S in the form that there is
a function ¢p: 0, 00[ — ]0, 00 with ||S*ully < ¢o(t) |ully for v € X and ¢t > 0.
This approach allows a € [0, 1 for the evolution equation (13) if Y = D(A”) with
v € [0, min{a, £}], see [3].

Another approach consists in the construction of a manifold M = graph(m)
with bounded domain D(m) C X; as an overflowing invariant manifold, see [3].
For it we need some overflowing and inflowing properties of the semiflow on the
boundary of a subset V' of X in which the manifold shall be constructed. Then
the technical assumption (S2) can be removed, since the needed bijectivity of
the corresponding mapping H can be shown by the homotopy theorem. For the
evolution equation (13), this allows to replace the global boundedness and Lipschitz
assumptions on f by corresponding assumptions on V.
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ABSTRACT. The aim of this contribution is to study properties of solutions
of the n + 1*"-order differential equation of the form

(1) [% (=™ (1) + p()2(0)) ] = f(t,z(t), - 2™ (1)

where n > 2 is a natural number. A new approach using “submersivity” of
a solution of an equation is presented, by means of it a sufficient condition
for the property A is proved. This approach can be also used to prove
necessary condition for the property A.

AMS SUBJECT CLASSIFICATION. 34C10, 34C15

KEYWORDS. Property A, oscillatory solutions.

1. PRELIMINARIES

The main goal of this paper is to study certain properties of solutions of the
differential equations, which are very appropriate for exploring the Property A. In
this paper we consider only the proper solutions of the equations.

A solution u(.) € C"[Ty, 00) is called oscillatory at +oo if it is proper, and there
exists a sequence of numbers {t;} ,k € N such that t; € [Ty, 00), u(ty) =0,k € N
and tlim tr, = +oo hold.
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A solution u(.) is called non-oscillatory proper (briefly non-oscillatory) if it is
proper and there exists a number £ € RT such that u(t) # 0 for t > £.

Briefly, we can say that the proper solution is said to be oscillatory, if it has a
sequence of zeros converging to +o0o, otherwise is said to be non-oscillatory.

We will say that an equation has the Property A, if each proper solution of this
equation is oscillatory when n is even and is either oscillatory or satisfies the
condition

lim u® (t)=0, monotonically, 1=0,1,....,n—1,

t—o0

when n is odd.

2. “SUBMERSIVITY” OF A SOLUTION OF THE EQUATION
Y™ () + ar(t) ym V) + o+ on(t) y(t) + p(t) y(t) =r(t).

One can describe “submersivity” as the ability of the function not to overcome
a certain level e for a certain time interval [tg,to + ¢]. The function having these
properties behaves as follows: from a certain ¢ > tg, it dives under a certain level
of ¢ and keeps being under this level maximally during a time interval 4.

Let us find a criterion of “submersivity” as the simplest possible conditions to
be imposed on the equations, usually to the left-hand side of the equations.

This property is of major importance for exploring the questions about the
oscillating and non-oscillating properties of a solution, and it can be directly used
to prove necessary and sufficient conditions for property A.

Similar problems were posed and solved by I. T. Kiguradze [5] for the equation
of the form u(™ + w2 = f(t,u,«’/,... ,u(» D). In his paper for the first time
was considered the case of oscillatory left-hand side operator. The results given in
it fill this gap to some extent.

Consequently the knowledge about situation in the oscillatory cases was studied
in a few papers for the third order diff. equation. The result of this kind was
presented e.g. by Cecchi, Dosld, Marini [1], Gregus, Graef [2], Gregus, Gera, Graef,
[3,4].

Similar properties of solutions were investigated by several authors, namely for
the equation of the form u(™ = f(t,u,«’,... ,u™ ). Many results also have been
obtained for the equation of the type u(™ + > pp(t)u® = f(t,u,... ,u» V), with
a disconjugated left-hand side operator.

Our aim is a little different: We consider here the case on the left-hand side
kernel operator of the equations (1) can be oscillatory. The new what we bring to
this problem was directly the assumption on the oscillatory left-hand side kernel
operator.

“Submersivity” properties can help us to explore the questions of oscillation of
solutions in the case of the oscillatory left-hand side operator. Similar theorem, as
follows, appeared in [5], but only for the case a;(t) =0, p(t) = 1.
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Theorem 1. Let n > 2 and let the functions {a;()}, p(.), r(.) € C[Tp,o0)
satisfy the assumptions

(2) (i) forallie{l,--- ,n}, tlim a;(t) =0,
(ii) there exist constants  Tuaxz, Tmin > 0 such that
(3> | p(t) |< Tmax and Tmin < T(t) < Tmaz fO'f' all t e [TQ, OO)
Then for each §g > 0 and each py € (0,1), there exist T > Ty and &€ > 0 with the

following property:
If y(.) € C* [Ty, 00) is a non-negative solution of the differential equation

(4) y () + ax(t) y ™) + A an () y(t) + () y(t) = r(t),

then for all to > T and for all 6 > &

(5) 1 ([to,to + 0] Ny~ 1[0,€]) < po 4,

where o denotes the Lebesque measure of sets.

Proof. Let the functions {a; ()}, p(.),r(.) and constants 74z, Fmin, d0,Po Sa-

tisfied the conditions (2) and (3). Let m be the least natural number satisfying
the inequality 7, < 221D (27 — 1) Let

roos roos
Qmin = ;nnlln and Qmazxz = Tmax + ;nnlln (2m - 1) .
Moreover, put
2.2 (n+1) , Fmin )
(6> Q)= ———, Emax = mln{Po 50 3 } .
dmin 2 Tmax

Let po € (0,1) be an arbitrary, but fixed number. Lemma 5.1 from [6] ensures
the existence of a constant P; > 0 such that: If z(.) € C™[0, 1] is a solution of the
differential equation

(7) 2 (8) +pi(8) 2V + -+ palt) 2(8) = - g(1),
with the property
(8) 0<z(t) <1 for all t € [0,1],

where the functions p;(.), ¢(.) satisfy conditions
(9) 0<qmzn§q(t) SQmawv P(t):Z |p1(t) |§ Pl vt € [07 1]7
i=1

< 9. gn(n+1)

dmin

then for the constant « from the equation (7) we have «
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Theorem 5.2 from [6] guaranties that for arbitrary constants gmin, ¢mazs @maz;
such that amaee > 0, 0 < Gmin < @maz, and p € (0, 1), there exist constants Py > 0
and g9 € (0,1), with the following property:

If z(.) € C™[0,1] is a solution of the differential equation (7) such that (8) and
z(0) = 1, where the constant a and functions p;(.), ¢(.) € C[0, 1] satisfy condition
(9) and

0<a<ma, PH=) [pt)|ISP  Vte0,1],
1=1

then u(2710,e2]) <p.
First we will find the required T' > Tj and € > 0. Set € = &5 52;’ and choose
T sufficiently large such that

(10) ST lai(t)] < min{Py, B}, Vt> Ty
=1

Then the required T' can be defined by T' = max{Ty,To}. It is enough to prove
that € and T chosen in this way ensure the validity of Theorem 1.

Let y € C*[T, 00) be a solution of the equation (4), such that y(t) > 0 for all ¢t €
[T, 00). For tg > T and § > &g define the set M by M = (to, to+0) Ny~ (1, =zex).
The set M is open, so it can be expressed as at most countable union of the disjoint

!
open intervals (t;,t; +96;), i. e. , M = | (ti,t; + 0;),1 <1 < o0. Note, if M is an

empty set, the assertion of Theorem 1 holds.
Let us take one of these intervals (¢;,t; 4+ 9;), j € {1,...,l} and set s = ¢; and
0 = min{1,d;}. Applying the transformation
a ~
(11) 2(t) = —— y(s+3t).

Emaw

the equation (4) can be changed into the form

2 +pu(t) 2TV(E) 4 palt) 2(H) = - q(t),

where
20 (t) = 20 5k y (M) (s 4 4t) pr(t) = 0% ap(s +ot),
(12)  q(t) =r(s +6t) —p(s +0t) y(s +ot), a= ;& 5"

It is easy to verify the fulfilling of the assumptions of Lemma 5.1 from [6] and
Theorem 5.1 from [6] by the functions z(.), pi(.), ¢(.) and the constant c.

So, summarizing, we have 0 < @nin < q(t) < Gmaz - Next, it is clear that
0 < z(t) <1, forallte[0,0]. According to (10), and the definitions of ¢ and
pi(.) we have Y | |pi(t)] < Py. Hence Lemma 5.1 from [6], whose assumptions
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are fulfilled, ensures that the constant o > 0, given by (12) satisfies the inequality

a< 22"y inequality implies

dmin
- n(n+1)
(%)) 5n S 2.2
Emax Amin
which using (6) gives
) <1
5maz
Due to (6) we have
gn< { S rmin} " g< { 5 Tmin}
= min pO 05 27‘1710‘z ) or = min pO 0 2Tmam 9
which means that
~ 3 T'min 1
0 < po do and 0 < < -
2 max 2

Clearly, for all intervals [t;, t; 4 0;], @ > 2, the assumptions of Theorem 5.1 from
[6] are fulfilled. The property y(t;) = <24« implies z(¢;) = 1. Due to Theorem 5.1

[e3%

from [6] there exists a positive constant €5 such that p (271[0,2]) < po.
From (11) we can see that

1 — Emax

(13) 5 N([ti»ti‘f'&i]my "0, 2 ]> <po.
[ (7))

This clearly forces

(14) p ([t ti + 6] Ny 0, €]) < po 6

on all intervals [t;, t; + d;], for i > 2.
It remains to prove the validity of the estimation (14) on the interval [ty, t1+01].
If, y(t1) = y(to) = =22=, then the estimation (14) is evidently true.
If, y(t1) < Sze=, then using the backward transformation z(t) = y(t1 + 01 — 1)
we obtain x(t1) = y(d1) = ==e=. Let 2(t) = ;*> w(t; + 01t). Then by similar

010'

arguments we can obtain the estimation p (271[0,82]) < pp also on the interval
[t1,t1 + 1]. Thus (compare with (13))

]. — gmaflj
5.7 ([tlvtl + 6] Na0,e2 —]> < po
1 (7))

and further

(15)  p(ft e+ naT0,e]) = p ([t t + 6] Ny ™0, €]) < pods .
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Recall that € = €2 22z, and e € (0,1). From (14) and (15) we can conclude
that

1 ([tosto + 0] Ny '[0,e]) < (M Ny '0,e]) =

l
=p ([U(ti,ti +65)] ﬂy‘l[o,s]> < > p(ltoti+ 6Ny ' 0,e]) +pody <

i=1 1<i<l
ti>to

< pob1+ Zpo 0; <po |01 + Z p(tists +6;) | =po pu(M) <po 0,

1<i<l 1<i<l
ti>to

which is the required conclusion. O

3. FORMULATION OF THE PROBLEM

The aim of this paper is to study properties of solutions of the nonlinear
n 4 1*" - order differential equation of the form

10 [ (00 p0m0) | = e w00,

where n > 2 is a natural number.
Let M7 and M5 be constants such that 0 < M; < M, .
Let the functions p(.), r1(.) and f = f(¢, zo, ..., z,) satisfy conditions:

— Let the function 71(.) € C'[0, 00) and have the property
(17) 0<M <ri(t)<My, Yt>T>0,
— Let the function p(.) € C'[0,00) have the property
(18) 0<M <plt)<My, Vt>T>0,

— Let the function f = f(¢,zo,21,...,,) be continuous on R* x R"*! and has
the sign property

(19) f(t7x07x17"'7xn)x0§0~
Moreover there exist functions po(.), and w(.) € C[0, c0) such that

(20) f(ta Lo; X1, 7$n) sign (1‘0) < —po(t)u}(|l‘0|) ’
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where the functions po(.), and w(.) have the properties

(21) w: [0,00) — [0,00) is non-decreasing function,
(22) w(0)=0

(23) w(s) >0, Vs >0,

(24) po: [0,00) — [0,00)

po(t) £ 0 on any subinterval of [0, c0),
and the function pg(t) is strongly non-integrable
(25) on the interval [1, c0) .

Definition 1. We call a function f(.) strongly non-integrable, if f(.) is non-
negative and locally integrable function on an interval [T, 00) and if there exist
the constants 09 > 0 and po € (0,1) with the property:

For each set M € B(R) such that M C [T, c0) and

(26) p(MN[to,to+0]) = (1 —po)d  Vto =T, Vd > do

the function f(.) satisfies

(27) / fdp=+4o00.

M
Remark 1. Tt is easy find a function, which is strongly non-integrable:
e.g. let f(.) € C[T,00), f(t) >s>0,Vt € [T, ), where s be an positive constant.
f(.) is a non-integrable function and in the sense of the Definition 1 is strongly
non-integrable, too.

Remark 2. Non all non-integrable function are strongly non-integrable:
e.g. let f(.) € C[T,00), be defined by

) = 1/t2, t € [2n,2n+ 1]
11, te(2n+1,2n+2) forallne N.

If we take M = Upen [2n,2n+ 1] then M satisty (26) e.g. for pg = 1/4,0¢ = 2 we
get [ fdu<+oo.
M

4. “SUBMERSIVITY ” OF A SOLUTION OF THE EQUATION

[y @) +p0a(0) | = fta(), - 2™ 0)).

)

In this section we will examine “submersivity ” of a solution of the equation

[ (00 p000) | = 000000200,

T1 (t)
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We will compare the properties of the solution of (4) with the properties of
solutions of our equation. Our aim was to find conditions of “ submersivity” for the
solution of the equation 3™ () 4+ a1 (t) y" =V () 4 ... + an(t) y(t) + p(t) y(t) = r(t).

We will see that the similar conditions of “submersivity” can be found for the
solutions of the equation (16). The conclusions obtained in the next theorem, we
will use for proving the main theorem of this contribution.

Let us define on some interval [T',00), for a function z(.) € C**! [T, 00) the
function

(28) ar(t) = —= [ +p(t)a(t)] .

Theorem 2. Let functions p(.), r1(.) € C*[To,00) satisfy the assumptions (17)
and (18) on the interval [Ty, o). Let the function f = f(t,xo,x1,...,2,) be conti-
nuous on R x R"Y and satisfy properties (19)—(25). Moreover let 0 < tlim oy (t).

Then for each &g > 0 and each py € (0,1), there exist T > Ty and € > 0 with
the following property:

If () € C"M[Ty, 0) is a non-negative solution of the differential equation
(16), then for all to > T and for all § > §p we have

851

(29) p ([t07t0 +4]N [i] _ [0, 5]) <pod,

where 1 denotes the Lebesgue measure of sets.

Proof. Let the function «(t) be defined by (28). Due to sign property (19) we get
or(t) = flt,z(t), 2’ (t),..., 2 () <0.

Since 0 < tlirgo a1(t) and a7 ’(t) <0, it follows that 0 < tli>Holo a1 (t) < co. Further

according to (28) we have

(30) ™ (t) + p(t) z(t) = ar (t) (1) .

The equation (30) formally can be written in the form (4), where «;(t) = 0
for all i € {1,...,k} and r(.) = a1(.)71(.). Hence, by Theorem 1 whose assump-
tions are satisfied on some [1”, 00) , 7" > Ty, for all constants dg > 0 and po € (0,1)
there exist T'> T > Ty and €1 > 0 such that for all t5 > T and for all § > §y we

get u ([to, to + do) Na ™10, e1]) < po . If we take e = 1/ sup a1 (t), then it holds
t>T

1 ([to,to+6] N Lﬂl [0,5]) <pod,

which proves the claim of our theorem. ]
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5. THE MAIN THEOREM

Theorem 3. Let z(.) € C*1[0,00) be a solution of the differential equation of
the form (16), where n > 2 is natural s number.
Let the functions p(.) and r1(.) satisfy the conditions (18) and (17) respectively.
Let further the right-hand side of (16) satisfy (19) - (25).

Then x(.) is either oscillatory solution of the diff. equation (16), or there exists
some function «(t), with the property

a(t) >0, Vit € [Ty, 00), Ty > 0, and lim «a(t) =0,

t—o0

and x(.) solves the diff. equation
2 (8) + p(t) @(t) = alt) sign x(t),

on some neighbourhood of infinity.

Proof. Let x(.) be a proper non-oscillatory solution of the diff. eq. (16).
It is sufficient to study a non-negative non-oscillatory solution x(t) on an in-
terval [T, 00). Otherwise if 2(¢t) < 0 in [T, 00), then the function

y(t) = —2(t),  te[T,00),

satisfies the differential equation

B0 | (04 sen0) | = o0 00,

r1(t)
where the function fi (¢, zo, 1,...,2n) = — f(t, —xo, —x1, ..., —x,) has all proper-
ties of the function f, i.e. fi is continuous on R+ x R"** and satisfies the conditions
(19) — (25).

Thus all properties of non-negative solutions of the equation (31) can be tran-
sformed to the similar ones of the non-positive solution of (16).

Hence in this theorem we will consider only non-negative solution and the
statement will be true also for the non-positive solutions.

Let the function o (t) be define by (28). We conclude from the sign property (19)
of the equation (16) on interval [T, c0) that

ah(t) = F(ta(t), 2 (1), ....aD () <0 for a(t) 20,
hence that

(32) al(t) <0, Vte|T, ).
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By (32), it is obvious that o (t) is non-increasing function on interval [T, c0). Thus
there exists 77, T > T such that the function a1(t) does not change its sign on
interval [T”, c0).

We can certainly assume the existence of such Ty, To > T” with the property

(33) sign (a1(t)) = constant, Vit € [Tp, 00) .
The proof will be divided into three cases.

(A) tlim aq(t) <0,
(B) tlim aq(t) >0,

(©) tlirrolo ap(t) =0.

5.1. (A) lim ai(t) <0

t—o0

If tlim a1(t) < 0, then there exists Ty, 71 > Ty such that for all ¢ > T,

a1(t) < —e < 0, where ¢ > 0. By the definition of o (¢) and the constants M , My
we get (M (t) 4+ p(t)z(t) = ai(t) r1(t) < —e My < 0.

As x(t) > 0, and p(t) > 0 on [T},00) we have 2™ (t) < —e M; < 0. Let
Ty <t; <tand T € [t,t]. By integration we come to the inequality

V@) <2V () —e My (t—t1).
In the limit case, if t — oo we obtain

lim m(nfl)(t) < x(“*l)(tl) —e M; tlim (t—t1) = —o0,

t—o0

which contradicts x(t) > 0.

5.2. (B) tlim ai(t) >0
Consider the functions po(.), and w(.) € C[0, 00), for which (20) — (25) hold.
By Theorem 2 for all §o > 0, po € (0,1), there exist T' > Ty and ¢ > 0 with
the property: If z(.) € C"T1[Tp, 00) is a non-negative solution of the differential
equation (16), then for all ¢g > T and for all § > dy we have

(34) u ([to,to+5] nlZ| [o,s]> <po s,

aq

where 1 denotes the Lebesgue measure of sets.
Let the constants € and T" be given by Theorem 2. Let us denote by M the set

(35) M=t t>T, z(t) > c ar(t)}.
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The set M has the property (26) from Definition 1, Theorem 2, Definition 1 and
the assumptions (24), (25) yield [ po(t) dp = 4.
M

Due to (33) we have 1 (t) > 0 for all t > T > T. Choose arbitrary to,t such that
T <ty <t. We have

t

Ogal(t):ozl(to)+/a1’(s) ds:al(to)—/|f(s,a:(s),~-~ 2™ ()] ds.

to
t
and hence |ai(to)] > [|f(s,x(s), -+, 2™ (s))|ds, which for ¢ — oo implies,
to
la1(to)] > [ |f(s,2(s),--- ,2(M(s))|ds. Putting t = t; we obtain
to

o0

|a1(t)|2/ F(5,2(5), - 2™ (s)) ds, V>t >T.

t

If we use the previous result, for all ¢t > T we get

@10 2 [1fs29). ) ds > [ ) wllato) as.

t

Define the function n : [T, 00) — {0,1} as follows

1 seM
”(3):{0 sEM,

where the set M is given by (35).

Since the functions a4 (¢) do not change their signs on the interval [Ty, co) and
a(t) < 0, the function a4 (t) is non-increasing function on interval [T, c0) with
the property tlim a1(t)=a; >0.Pute; = ﬁ . We thus get

— 00

ai(t) > oy =e1 aq(Tp) > €1 au(t) , Vr>t>1T,.
Hence
(36) a1(1) > e1 aq(t), Vr>t>T.

Since the function w(.) is non-decreasing non-negative function and using the
estimation (36), we obtain on the set M

w(|z(s)]) = w(z(s)) = w(e a(s)).
According to the above definition of the function n(.)

w(z(s)) > n(s) wle a1(s)) > n(s) wle e1aa(t)), Vs>t>T,
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be valid. Further, the function w(.) satisfies (22), (23) and due to (36) we get

o0

ag(t) > / po(s) n(s) w(e e1 a1(to)) ds, Vi>ty>T,

and hence
o0

oo > % > / po(s) n(s) ds = / pols) ds = +00.
fo Mn[to,00)

which is impossible.

The cases (A) and (B) led to contradiction. Therefore the case (C), holds.

5.3. (C) lim a;(t) =0

t—o0
Due to sign property (32) we get af(t) <0 for all ¢ > Ty and tlirglo a1(t) = 0 and
hence
a(t) >0, WV>Ty>T.
If we take a(t) = r1(t) a1(t), then we have tlg{)lo a(t) =0 and «a(t) > 0, for all

t>1Ty > Tp.

From the above it follows that, either x(.) is oscillatory solution, or z(.) is
proper non-oscillatory solution on some interval [Ty, o0) and then there exists the
function «a(t), a(t) > 0 for all t € [Ty, c0), with the property tlirgo a(t) = 0, such

that x(.) will be a solution of equation
2 (1) + p(t)a(t) = alt) sgn (1),

and the proof is complete. O
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ABSTRACT. In this paper we consider discrete Sturm-Liouville eigenvalue
problems of the form

n

L(y)k = > (=AY {ru(k) Ayri1-n} = Ap(k)yrt1

pn=0

for 0<k<N-—n with y1—n ="+ =Yo = YN+2-n = -+ = yn+1 = 0,

where N and n are integers with 1 < n < N and with the assumptions
that r,(k) # 0, p(k) > 0 for all k. These problems correspond to eigen-
value problems for symmetric, banded matrices A € RWFI=mx(N+1-n)
with band-width 2n + 1. We present the following results: - a formula
for the chracteristic polynomial of A, which yields a recursion for its cal-
culation - an oscillation theorem, which generalizes Sturm’s well-known
theorem on Sturmian chains, and - an inversion formula, which shows that
every symmetric, banded matrix corresponds uniquely to a Sturm-Liouville
eigenvalue problem of the above form.

AMS SUBJECT CLASSIFICATION. 39A10, 39A12, 65F15, 15A18

KEYWORDS. Sturm-Liouville equations, banded matrices, eigenvalue prob-
lems; Sturmian chains.

1. INTRODUCTION

We consider discrete Sturm-Liouville eigenvalue problems (with eigenvalue param-
eter \) of the form
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n

(1) L(y)y := Z(—A)”{Tu(/{)A”ymku} = Ap(k)yr+1
pn=0

for 0 < k < N —n, where Ay, = yr+1 — Yk, and with the boundary conditions

(2) Ylon =" =Yo = YN+2-n = = YN41 = 0,

where N and n are fixed integers with 1 < n < N and where we always assume
that

(3) (k) £0 for all k.

These problems correspond to eigenvalue problems for symmetric, banded ma-
trices A of size (N +1—n) x (N + 1 —n) with band-width 2n + 1. In particular,
A is tridiagonal in the case n = 1.

In this paper we essentially formulate and discuss our results while detailed
proofs will be given in a forthcoming paper. The following theorems will be pre-
sented:

— aformula for the characteristic polynomial of A (Theorem 1). This result yields
also a recursion for its calculation. In the case n = 1 we obtain the well-known
algorithm, which is commonly used in numerical analysis to handle eigenvalue
problems for tridiagonal matrices (cf. [[4], pp. 305; [3], pp. 134; [9], pp. 299]).

— an oscillation theorem (Theorem 2). This result generalizes Sturm’s well-known
theorem on Sturmian chains (cf. e.g. [[1], Theorem 8.5-1 or [8], Sétze 4.8 and
4.9]).

— an ]inversion formula (Theorem 3). This identity can be used to calculate the
matrix A when the discrete Sturm-Liouville operator from equation (1) is given
and vice versa. Hence, every symmetric, banded matrix with bandwidth 2n+1
corresponds uniquely to such a Sturm-Liouville operator.

Our method and most of our results have continuous counterparts along the
lines of the book [6] (cf. also [7]).

2. DISCRETE STURM-LIOUVILLE EQUATIONS AND ASSOCIATED
HAMILTONIAN SYSTEMS

In this section we give the connection between discrete Sturm-Liouville equations
and Hamiltonian difference systems (cf. [[1], Proposition 5]), and we introduce the
important notions of conjoined bases and focal points of it (cf. [[1], Definitions 1
and 3]). Moreover, the multiplicity of focal points is defined according to [3]. It
will turn out that these multiplicities always equal one for Hamiltonian systems,
which we treat here, i.e. which originate from Sturm-Liouville equations.
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Lemma 1. A vectory = (y )N+1 RN+1=" solves the Sturm-Liouville difference
equation (1) for 0 < k < N —n if and only if (z,u) solves the Hamiltonian
difference system

(4) Aa:k = A$k+1 + Bkuk, Auk = (Ck — Aék)mk+1 — ATuk

Jor 0 <k < N, where we use the following notation:
A, By, Ck, Ck are n x n-matrices defined by

01 ---0
T 1
A= " |, By= ——=B with B= diag(0,...,0,1),
0--- 01 7 (k)
0--- 00

Cp = diag (ro(k), ... ,rn_1(k)), Cx = p(k)C with C = diag(1,0, ... ,0),
for 0 <k <N, and zj, = (x, (v ))Z o up = (u,(:)) € R are defined by

= Ay u” = N (A (k) Ay}
p=v+1
for0<v<n-—1,0<k<N+1 with suitably chosen yni2, ... ,YNtnt+1 (Which
are used for Unta—n, -« ,UN+1)-

Definition 1. Assume that (3) holds.

(i) A pair (X, U) = (X, Ug)h ' is called a conjoined basis of (4), if the real
n x n-matrices Xy, Uy solve (4) for 0 < k < N, and if

X Uy = U Xy and rank (XJ, Uj) =n holds.

(ii) Suppose that (X, U) is a conjoined basis of (4) and let 0 < k& < N. We say
that X has no focal point in the interval (k, k + 1] if

Ker X;1 C Ker X, and Dy, := XX} AB; >0 holds,

where A = (I — A)~!. Moreover, if Ker X411 C Ker X}, and Dy # 0, then
ind Dy, is called the multiplicity of the focal point of X in the interval (k, k+1).

Remark 1.

(i) For a matrix M we denote by Ker M the kernel of M, ind M denotes the index
of M, i.e., the number of negative eigenvalues of M, provided M is symmetric
(and real), and MT denotes the Moore-Penrose inverse of M. Moreover, M > 0
means that M is symmetric (and real) and non-negative definite. Observe that
Dy, is symmetric, if Ker X1 C Ker X, (cf. [[1], Proposition 1]).

(ii) For our Sturm-Liouville difference equations the multiplicity of focal points,
which we defined only in case Ker X311 C Ker X}, always equals 1, because
rank D, <rank B = 1.
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3. ASSOCIATED QUADRATIC FUNCTIONALS AND BANDED MATRICES
For y = (yk)kN:ll_" € RV*1=" we define a quadratic functional F, which corre-
sponds to the Sturm-Liouville operator L(y) from equation (1), by

N n
Fly) == Z Z ru(k) (A" yrs1-4)?

k=0 pu=0
where we assume (2), i.e., Y1 = = Yo = YN+2-n = - = YnN4+1 = 0.
Lemma 2. The following formulas hold.

(i) F(y) = yT Ay, where A € RNF1=mX(N+1=n) 45 o symmetric, banded matriz
with band-width 2n + 1, which is defined by

apy1 eyt = (—1) Zn: ZM: (5) (Vﬁ t> ru(k +v)

p=t v=t

for0<t<nand0<k<N-—-n-—t.
(ii) (Ay)g+1 = L(y)g for 0 <k < N —n with L(y)x given by (1).

Observe that A is a tridiagonal N x N-matrix in the case n = 1. In the sequel

we use the notation:

Any1 = A € RWHI=m)X(N+1-n) ig the symmetric, banded matrix as defined in
Lemma 2, and A, € RE—")*(k=n) i5 defined correspondingly for n+1 < k < N+1.
Moreover, let A(M) := A — AD with
D :=diag (p(0), ..., p(IN — 1)), and as before, A (\) is defined accordingly.

The following statement follows directly from Lemma 2.

Corollary 1. The discrete Sturm-Liouville eigenvalue problem (1) and (2) from
Section 1 is equivalent with the algebraic eigenvalue problem (matrixz pencil)

Ay = ADy or ANy = 0.
4. RESULTS

We assume throughout that (X, U) is the so-called principal solution of (4), i.e.,
X = Xk()\), U, = Uk()\) satisfy (4) with

(5) Xo=0,Up=1.
Moreover, as in the previous sections, y = (yx)h '™ € RVNF1=" satisfies (2), i.e.,
Yl-n =" =Yo =YN+2-n = = yn+1 = 0, and
N n
Fly) = 3> ruk)(Ayrr1-p)*, Di = XiX[, ABy (= Di(N).
k=0 pu=0

First, we cite some auxiliary results mainly from [1].
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4.1. AUXILIARY RESULTS
Lemma 3. The following assertions hold, provided (3) and (5) are fulfilled.

(i) Xo, ..., X, are independent of .
(i) det Xy, =0, D=0, KerXgy1 C Ker Xy fork=0,... ,n—1.
(iii) det X, = {rp(0)---rp(n—1)}"1#£0.
() det Xp(A) # 0 forn <k <N+ 1, if X is sufficiently small, provided p(k) > 0
for0 <k <N —n.

1 det Xp(N)
(v) Dk()\) = r,«n(k) deth+1()\)

B, provided det Xj41(X) # 0, forn <k < N.

Proof. The assertions (i) and (iii) are derived in a forthcoming paper. The assertion
(ii) is contained in [[1], Proposition 6], and (iv) follows from [[1], Satz 9], because

N—n
Fly) =AY pk)yipr >0 for X<,
k=0

if y # 0 and p(k) > 0 for 0 < k < N —n. Finally, the assertion (v) is shown in [[2],
Lemma 4.1].

Observe that Xy (XA), Uk()\) are matrix-polynomials in A, so that Dy()) is a
rational function of A\ as follows from Lemma 3 (v). Hence, if p(k) > 0 for all k,
then det X;(\) #0 for n <k < N +1 and all A € R\ N with a finite set N'. The
next result follows from [[1], Proposition 1] and Lemma 3.

Lemma 4. (Picone’s identity) Suppose (2), (3), and (5), and assume that
det Xx(A\) #0 formn <k < N+1. Then

N—n N
Fly) =2 > p(k)yisr = D 2k Diz,
k=0 k=n

where z, = up — Uk()\)Xk_l()\)xk with xp, ug as in Lemma 1.

The next statement with the notation of Section 3 follows immediately from
Lemma 3 and Lemma 4.

Corollary 2. Under the assumptions of Lemma 4

det X1 (A)

N
T — =
Yy (-ANJrl )‘D)y kz:;lrn(k) d@th()\) Wit1—n>

where w, = Yy, + ZZJ:H;H auy, with suitable coefficients o, = a, (v, X). Hence,
1 % %
w=TywithT= | . |, sothat detT = 1.

0---1
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4.2. MAIN RESULTS

First, the Lemmas 3 and 4 with Crollary 2 yield our first result, which states a
formula for the characteristic polynomial of A and its recursive calculation.

Theorem 1. (Recursion) Assume (3), (5), and suppose that

(6) p(k) >0 for 0<k<N-n
holds. Then, with the notation of Section 3,
(7) det(A—AD) = r,(0) -1 (N)det Xn41(N)

for all X € R. Moreover, by (4) and (5), Xn+1(X) is given by the recursion
Xps1 = A(Xp 4 BplUy), Upy1 = (Cr — ACi) X1 + (I — AT)U,,

for all0 <k < N with Xo=0,Uy= 1.

Proof. By Lemma 3 and Lemma 4 we have that

det Xn+1(/\) det XN+1(/\)
x0T Xy
=rp(0) - rp(N)det Xy 1 ().

det A(N) =rp(n)

Next, the general oscillation theorem for Hamiltonian systems from reference
[3] implies a corresponding result here.

Theorem 2. (Oscillation) Under the assumptions of Theorem 1 let A € R with
det Xp(\) # 0 for n < k < N + 1. Then, the number of eigenvalues (including
multiplicities) of the eigenvalue problem (1), (2) from Section 1, which are less
than A, equals the number of focal points of X (\) in the interval (0, N + 1].

Remark 2. Observe first, that the multiplicity of an eigenvalue X is given by the
rank of the kernel of Xy1()\). Hence, it is an integer in {1, ... ,n}. Moreover,
by Remark 1, the focal points of X (\) are all simple, i.e., of multiplicity one, and
their number in (0, N + 1] equals the number of the elements of the set

det Xg11(N) 01
det X (\) .

The next corollary is just another formulation of Theorem 2. It generalizes the
well-known theorem of Sturm on “Sturmian chains” (cf. [[1], Theorem 8.5-1 and
[8], Sétze 4.8 and 4.9). Moreover, it yields the Poincaré separation theorem for
banded matrices (cf. [[5], 4.3.16 Corollary]).

{k:n<k<N with r,(k)

Corollary 3. Under the assumptions of Theorem 2 and the previous notation
define polynomials fi(t) by

(8) fe(t) = det Ak(t) for n+1<k<N+1 and f,(t)=1.

Then the number of zeros of fn11(t) (including multiplicities), which are less than
A, equals the number of sign changes of {fr(A)} forn <k < N +1, i.e., {fr(N)}
is a “Sturmian chain”.
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Proof. The assertion follows from Theorem 1 and Theorem 2, because
fe(\) = rp(0) -+ - (k — 1)det X (N)
forn <k < N +1, so that

k+1(A
f + ( ) =, (lﬂ)
fe(N)
Finally, we have the following inversion formula, where the “easy” part is the
assertion (i) of Lemma 2, while the main formula will be proved in detail via gen-
erating functions in a forthcoming paper as already mentioned in the introduction.

det Xg11(N\)
det X ()

Theorem 3. (Inversion) The following inversion formulas hold:

(9) ru(k +p) =
n S—H
s s +Il-1\/s—-1—-1
(=1)* ;:N { (u) Ak 1,k+1+4s T ; 7 (M -1 ) <8 — - l) ak+1l,k+1z+s} )

for 0 < <n and all k, if and only if the a,., are given by

(10) Ayt py1e = (—1) z”: i (5) (V /i t) ru(k +v)

p=t v=t

for 0 <t<n and all k.
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1. INTRODUCTION

We consider systems of the form
(1) i=f(z) +eg(x,a), =€R?® eacR,

where f, g are C", r > 2, and bounded on bounded sets, ¢ is a small parameter.
Such systems are viewed as planar systems with a small perturbation which de-
pends on a real parameter a. If we assume that unperturbed system (for ¢ = 0)
possesses a saddle connection, then a natural question arises whether there are val-
ues of a parameter « for which a perturbed system possesses a saddle connection.
There are many results related to similar questions, see for instance [1] for the
problem of existence of periodic orbits in a perturbed system, or [1, §4.4], where
the impact of a small time-dependent periodic perturbation on homoclinic orbit
in Hamiltonian systems is studied. The paper [3] explores existence and number
of periodic and homoclinic orbits, but only for a particular Hamiltonian system
(whirling pendulum equation) with a special perturbation (a friction). None of
the results in mentioned (and other) works has been directly applicable to our
problem. To solve it, we follow a geometrical point of view as it is presented in [2].

* Research supported by grant Vega 1/6179/99
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2. ASSUMPTIONS AND BACKGROUND MATERIAL

We will assume that for ¢ = 0 (1) has two saddle points p; and po, which are
connected by heteroclinic trajectory I'. (The reasoning in the case of a saddle
connected to itself by a homoclinic loop is very similar). More precisely, one branch,
say I'", of the global unstable manifold W* of p; coincides with one branch, say
I'? of the global stable manifold W? of py, and they form a saddle connection I’
(see Fig. 1a).

ru
r
N /’_\FK
b1 2
; (
\/
a) b)

Fig. 1. The phase portrait of @ = f(z) + eg(z, ) for a) e =0, b) € # 0.

This situation is not resistent to perturbations — in general, any perturbation
will break the saddle connection, although the local phase portraits will not change
under a small perturbation (see Fig. 1b). Particularly, the following facts are well-
known for (1) with ¢ # 0 (for details we refer the reader to [2, §4.5] and the
references given there):

F1 For each e sufficiently small, (1) has two unique saddles p = pj + O(e),
p5 = pi + O(g). This is a straightforward application of the implicit func-
tion theorem, since Jacobi matrices D f(p1), D f(p2) are invertible (they have
nonzero real eigenvalues).

F2 Perturbed local stable and unstable manifolds of the saddles pj, p5‘are C"-
close to unperturbed local stable and unstable manifolds of the saddles p1, ps.
This fact follows from invariant manifold theory.

F3 If we denote by «(t) a solution of the unperturbed system lying in I", by v*(t)
and v°(t) solutions of the perturbed system lying in I'* and I'¥ (branches of
W and W2 corresponding to I'* and I'*), the following expressions holds,
with uniform validity in the indicated intervals:

) V() = () +evi(t) + O(e?), te0,00),
V() = (1) + a7t (t) + O(e?),  t € (—00,0].

Here ~7(t) and ~3*(t) are solutions of the first variational equations

3) W) =D (v (1) + 9(v(t), ).
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This fact represents both local and global dynamics — near a saddle point
(infinite time interval) it is governed by exponential attraction and repulsion,
while away from a saddle (finite time interval) the closeness of solutions may
be derived thanks to Gronwall’s inequality.

In what follows, we will look for values of parameter a for which the saddle
connection persists. The main idea is to measure, in some sense, the distance
between perturbed branches I** and I} of the global manifolds W and W/.

3. THE DISTANCE FUNCTION

Let p € I' be a nonsingular point (f(p) # 0), and p* € I'*, p* € I'? are lying on
the normal f+() to I" at p (Fig. 2). Then we define the oriented distance between
I’ and I'? at the point p as

fp) A (" —p*)

M) = =TT

where a A b= a't - b is the wedge product.

We denote v(t), v*(t) and v*(t) solutions lying in I', I'? and I'** for which
(4) 7(0) =p, 7%(0) =p* ~*(0) =p"

Using (2) and (4), we can write

S0(0) A (4(0) ~71(0))
| (v(0))]

Now we define the time dependent distance function

A(t) = fF(y() A (' (1) =71 (2)

which may be written as A(t) = A“(t) — A%(¢) with AS%(t) = f(y(t)) A7 ().
Note that

d(e,a) = +0O(?).

Fig. 2. Definition of the distance function.



510 HANA LICHARDOVA

The derivative of A%%(¢) with respect to time is

A%U(t) = D (Y(O)A(E) A (1) + F(1 (1) A4 (8)-

Using (3) and the fact that 4(t) = f(v(t)), we obtain, after some matrix calcula-
tions,
A%(t) = Tr (Df(v(2))) A% () + f((1)) A g(y(t), ).

Integrating the last equation from 0 to oo for A® and from —oo to 0 for A" yields

= - / Tr (Df(1(s))) ds
(00) — £(0) = / S @) Agtr(e),a)e Jo ar,
0

0
0
o / Tr (Df(+(s))) ds

A4(0) — A(—00) = / FO1(1) A g (D), dt.

Since

&(o0) = lim f(y(t)) AP (H),
where ~v§(t) is bounded and lim;_.o f(y(t)) = f(p2) = 0, we have & (c0) = 0.
Similarly A*(—o0) = 0. Then

— T s)))ds
. / Tr (Df(1(s)))

2(0)= [ 16(0) nglr0), ar
0
In the case when the unperturbed system is Hamiltonian, i.e. f= ((C)_H’ — 8—H)
(9332 8331

for some differentiable function H(x1,z3), we have Tr (D f) = 0, and

a0 - [ T HO0) A g1(0), @),

which is the homoclinic Melnikov function [2, p. 187].
In the next, we will use more suitable notation A(0) = M («), which takes into
account the fact that A(0) depends on «. Thus
M ()

(5) d(E,O&):EW—p”-FO(E )

Now we are ready to state and prove the main result:

Theorem 1. Let there exist cg such that M (o) =0, M'(ag) # 0. Then for each
e sufficiently small there exists a(e) = ag + O(e) such that the perturbed system

i = f(z) +eg(z, ale))

possesses a saddle connection, which is C"-close to the saddle connection of the
unperturbed system.
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Proof. We rewrite (5) in the form d(e,a) = ed(e, ), where

M)
&) = )

Then, for € # 0, d vanishes if and only if d vanishes. For ag with indicated prop-
erties we obtain

+ O(e).

- ad
d(0,00) =0, 5-(0,00) #0.

The implicit function theorem ensures the existence of a smooth curve of points
(g, a(e)) passing throw (0, «(0)), «(0) = v, with a property

d(e,a(e)) = 0.

It means that the oriented distance between I'** and I at the point p is zero,
which implies, thanks to the uniqueness theorem, that they coincide, forming a
saddle connection. The C"-closeness is ensured by F3.

4. EXAMPLE

We will seek parameter o for which there exists a smooth curve of parameters
a(e) with the property: the planar system

=y
Y= —sinx + ey(cosz + afe))

(6)

has a saddle connection that is C"-close to the upper saddle connection of the
planar pendulum equation, i.e. the system

T =1y

y = —sinz.

(7)

To obtain the value of ag, we will compute M (a) for (6). First, we recall that the
planar pendulum equation (7) is a Hamiltonian system with the energy

y?
H(z,y) = 5 —cosx + 1.

Saddles —m, m are connected by two heteroclinic orbits
y=++/2(cosxz + 1)

(upper and lower saddle connections) corresponding to the energy level h = 2.
Then

M(a) = / T 2 (cos 1(t) + a)dt.

— 0o
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Using the fact that ydt = dx, and trigonometrical identity cosz + 1 = 2 cos? g,

we obtain that along the upper saddle connection

M(a) = /7T y(cosz + a)dx = 8(a + %)

—T
. 1
Consequently, if we denote oy = —3 then

M(ao) =0, M'(ag) # 0.

By Theorem 1, for each e sufficiently small there exists «(e)

—1 + O(e) such

that (6) has an upper saddle connection. Moreover, from the definition of d(e, «)
we can deduce that for a > «a(g) the unstable manifold of [—7,0] is lying above
the stable manifold of [r,0], and reversely for a@ < «(e) (see Fig. 3, where the
situation is depicted for two values of ). The similar result may be obtained for

the lower saddle connection.

Fig. 3. Phase portraits of (6).
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ABSTRACT. In the paper new comparison theorems for half-linear differ-
ence equation

A(RkQ(AZk)> + Ck¢(2k+1) =0

are derived. The main tool is variational technique developed for half-linear
difference equations in Rehdk [5].
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1. INTRODUCTION

The well-known result from the calculus of variations states, that there is an
equivalence between disconjugacy of second order ordinary differential equation

(rit)y") +c(t)y =0

on the interval (a,b) and nonnegativity of quadratic functional

JRCCROR GO

defined on the class of functions n € WO1 (a,b). This classical result has been
later extended in various directions. The generalizations include n—dimensional
problem with general boundary conditions [1], singular functional [2], p-degree

* Author supported by the grant No. 201/98/0677 of Czech Grant Agency.
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functionals [3,1] and also discrete p-degree functionals [5]. The relationship between
the functional and the corresponding equation is frequently used in the comparison
and oscillation theory of differential equations, see. e.g. [6].

In this paper we will study the second order half-linear difference equation

(E) Lz = A(deﬁ(Azk)) 4 OW(z1) =0

for k € [0,n] and the corresponding discrete scalar p-degree functional
(3) J(@) = Alol? + 37 (Rel Aagl” = Chlaogsa 7).
k=0

The relationship between Eq. (E) and (J) will be used further in the proof of
comparison theorems, which compare Eq. (E) with another half-linear discrete
differential equation

(o) k] = A(m@(Ap)) + xP(yi1) = 0.

Remark that, unless stated explicitly, under the interval [m,n| we actually
mean the discrete set {m,m + 1,...n}. Similarly under the term function we
actually mean the sequence.

The following lemma presents our main tool — Picone-type identity for half-
linear difference equations. It is a simplified version of the Picone identity published
for Eq. (E) in Rehak [5].

Lemma 1 ([5]). If L{zx] = 0 for k € [0,n] and 2z, # 0 for k € [0,n+ 1], then for
k € 10,n]

(P) A{—|xk|ka¢q§éi’;)} — Chlznsa]? — RelAzil? + f:ff Gilz, 2),
where

Gr(w,2) = Z’;—;|Axk|p _ Zz:quz(]ijl;) |Zpst [P + _’z’“zg((i';k) |2k |?
holds. The function Gy(-,-) satisfies
(1) Gr(zr,z) >0

Azk
Zk

with equality if and only if Az = xy, , G.e. if and only if T4 = xkz’;—tl

Lemma 2. If zp11 = 22 for k € [0,n], then x) = L2y for k € [0,n+1].

2z

Proof. By induction.
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2. MAIN RESULTS

In connection with Eq. (E) we will study also the first order Riccati-type difference
equation

)

(R) Awg+ O+ wi (1 - e =T

:O7

where &~1(-) denotes the inverse function to the function &(-).

The relationship between functional (J) and Eqs. (E), (R) has been studied
in [5]. Here it is proved the equivalence between disconjugacy of (E), existence of
solution of (R) and positive definiteness of (J) on the class of functions satisfying
o = 0= Tn41-

The difference between these results and the results from this paper lies in
another type of boundary conditions for the function x. The fact that we use
another types of boundary conditions causes that we obtain information about
solution of Eq. (E) given by another initial condition, than in [5].

First let us recall the definition of generalized zero, which is known to be the
convenient substitution for zeros of the continuous function.

Definition 1. An interval (m,m + 1] is said to contain a generalized zero of a
solution zi of Eq. (E) if z,,, # 0 and Ry 2mzm+1 < 0.

The following theorem establishes the relationship between the half-linear
equation, Riccati equation and the p—degree functional. Results of this type are
sometimes referred as Reid’s Roundabout—type theorem.

Theorem 1. The following statements are equivalent:

(i) The solution zj of Eq. (E) given by RO@(Az—zo) = A satisfies Rypzrzr+1 > 0
for k € [0,n].
(ii) Equation (R) has a solution on [0,n] such that wo = A and Ry + wi, > 0 on
[0, 7).
(iii) Functional (J) is positive definite on the class of functions defined on [0,n+ 1]
satisfying xn+1 = 0.

Proof. ”(i)<=(ii)” If z; is the solution of (E) satisfying Rizrzr+1 > 0 for k €

[0,n], then the function wy, = R;® Az—i’“ is well-defined on [0,n + 1] and satisfies

(R) and Ry + wy > 0 on [0, n], which follows from [5].
Conversely, if wy is a solution of Eq. (R) satisfying Ry + wy > 0, then 2,41 =

2k (1 +o! (f—i)) defines solution of Eq. (E) satisfying Rizrzx+1 > 0 for k € [0, n].

In addition, ROQD(AZ—EO) = A is equivalent to wy = A.

”(1)=(iii)” Let = be defined on [0, n + 1] and 2,41 = 0. Summation of Picone
identity (P) for k € [0,n] gives
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J(2) = Alxo? + 3 [A<|xk|ka4'>( Z’f)) LN z)} >
k=0 Zk

Zlet1

Az, Az
A|:,C0|p + |$n+1|pRn+1Q§< _‘;1> |£C0|pRqu< ZOO> =0
Zn+

and the functional is positive semidefinite.

The equality holds throughout only if Gy (x, z) = 0 for k € [0,n]. From here it
follows wj11 = @2 for k € [0,n], or equivalently zj, = zp 5t for k= [0,n +1].
In view of the fact z,+1 = 0 # 2,41, it holds g = 0 and = = 0. Hence J(z) =0
only if x = 0 and the functional is positive definite.

7 (ili)==(i)” Suppose, by contradiction, that the functional is positive definite

and for the solution z of Eq. (E) given (uniquely up to the constant multiple) by
the condition Rosﬁ(Az—iO) = A there exists N € [0, n| such that

Rizpzp41 >0 for0<k <N

Ryzyzn41 <0.

Denote
zr, ke [O,N]
T =
0 kel[N+1,n+1]

Since zg # 0, clearly « #Z 0. Suppose N > 1. From the definition of the function x
it follows L{zi] = 0 for k € [0, N — 2]. Summation by parts gives

J(@) = AP + Y [kaxw — Chloks|”]
k=0

= A|:,C0|p [kak@ Aack ZkarlL {,Ck

= — Z$k+1L[$k] = —33NL[33N—1]

=—2yn [A(RN71¢(A$N71)) + CNAQE(ZN)}
=2ZN |:RN_1¢(AZN—1) — RNQ)(AZ‘N) + A(RN—lé(AZN_l))}
= 2nvRNP(Azyn) + 2Ry P(2n),

since Ary = —zy and Azy_1 = Azy_1. Hence J(x) = RN|zN|p[4'>(AZ%) + 1}.

Now zny41 # 0. Really, if zy41 = 0 would hold, then J(z) = 0, a contradiction.
Hence

Ryznz z z z
J(z) = N év N+1|ZN|p[ N+1¢( N+1 _1)+ N+1]
2Nl ZN ZN ZN

In view of the fact Ryznzn+1 < 0 and with respect to inequality a®(a—1)+a > 0
we obtain J(x) < 0, a contradiction. This contradiction ends the proof.
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Corollary 1 (Leighton type comparison theorem). Lety; be solution of Eq.
(e), such that y,+1 = 0 # yo. Denote a = roéﬁ(%). Let A be such that

V(y) = (A —a|yo|p+z[ b =LAyl = (Cx = en)lyesa || < 0.

Then the solution of Eq. (E) given by Ro® (Aiﬂ) = A has a generalized zero on
[0,n 4+ 1], i.e., there exists i € [0,n] such that R;z;z;+1 < 0 holds.

Proof. Define the functional j(z) = alzol? + Y. j_, re|Azk|P — ck|zrs1|P. Using
summation by parts we obtain j(y) = 0 and hence J(y) = J(y) —j(y) = V(y) <0.
Since y # 0, the statement follows from Theorem 1.

An immediate consequence is the following
Corollary 2. Let y;, be solution of Eq. (e), such that y,+1 = 0 # yo. Denote
a = rogp(AyO) Let A < a, R, <1 on [0,n] and ¢, < Cy on [0,n — 1]. Then the

solutwn of Eq. (E) given by RQ@(AZO) A has a generalized zero on [0,n + 1],
, there exists i € [0,n] such that R; iziziv1 < 0 holds.

Corollary 3. Let yi be solution of Eq. (e), such that y,+1 = 0 # yo. Denote
a= 7‘0@(%). Let A be such that

Vi) = (A= 20l ->{ A(TE ) (A s+ (Com

1Ck+1)|yk+1|p}< 0.
k=0 Tk+1

Then the solution of Eq. (E) given by Ry® (Aiﬂ) = A has a generalized zero on
[0,n 4+ 1], i.e., there exists i € [0,n] such that R;z;z;+1 < 0 holds.

Proof. Let y;, be solution of (e) on [0, n] satisfying y,4+1 = 0 # yo. Then

Llyx] = A(RxP(Ayx)) + CuP(yrt1) = A(f—:rﬁ(ﬂyk)) + CkP(Yrt1)

R R
= A(ZE)me(Ay) + 2 A(nb(Ap) ) + Crd(yir)
Tk Tk4+1

(2) = A(%)Tk@(ﬂyk) + @(yk+1) [Ck — Rk+1 Ck} .

Tk4+1

Since the integration by parts shows that

:|’I’L~‘r1

Z A( )rksﬁ Ay )Yr+1 = [Rk@(Ayk)ka o Z Jj:;l A(m@(Ayk)ka)

—0 k=0
= Rot1Yn12P(Ayni1) — Royr1P(Ayo)

- T [ ) s + BB
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= Ryt 1Yn+2P(Aynt1) — Royi (Ayo)

r R
D Ck|yk+1|p+3k+1|4yk+1|p}

L T
0 k+1

= Ryt 1Yn4+2P(AyYnt1) — Royi (Ayo)

“r R
=S [ g+ Rl Ayil?| = Ruvial Ayl + Rol Agol?

L Tk+1

= Rt 1Yn119(Ayni1) — RoyoP(Ayo)

_ Z Rui| Ayi|P —
k=0~

R
oy 7
1

the following relation holds

D veri L] = Ru1®(Ayni1 )yt — Ro®(Ayo)yo — Y [Rk|Ayk|P = Crlyra]?]-
= k=0

Then in view of (2) and y,+1 = 0, clearly

30) = P[4~ o (S2)] - ZkaLyk V)

and the statement follows from Theorem 1.

3. OPEN PROBLEMS

In the oscillation theory of discrete differential equations the concept of generalized
zeros is used. This is caused by the fact that the sequence Ry, is allowed to attain
also negative values. However in the boundary conditions of the functional (J)
"exact” zeros are used. It could be interesting to remove this disharmonicity and
to find out, whether the concept of generalized zeros in boundary conditions would
produce some fruitful extension of discrete variational technique.
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1. INTRODUCTION

Consider the nonlinear difference system in R

(1) y(n+1) = A(n)y(n) + f(n,y(n)),  neZ

where A(n) is a m x m invertible matrix for every n € Z and f is a continuous
function from Z x R™ into R™. Our aim is to study the existence of bounded
solutions of (1) having zero limit as n — 4oo, under the assumption that the
solutions of the associated linear (homogeneous) system

(2) z(n+1) = A(n)z(n), n ez

are not all bounded on Z.
In the continuous case the study of the existence on the whole real line of
zero convergent solutions as t — 400 of a linear differential system often has been
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accomplished by introducing suitable assumptions on the asymptotic behavior of a
fundamental matrix. For instance in [15] the notion of S-S trichotomy is introduced
and is employed to study the existence of invariant splittings for linear differential
systems. Later a stronger notion of trichotomy, namely exponential trichotomy,
was introduced in [3], still in the continuous case. These notions were extended
afterwards to the discrete case and during the last years many authors dealt with
exponential or ordinary trichotomy of difference systems, giving necessary and
sufficient conditions for the existence, proving the roughness and applying these
results to nonlinear difference systems, see for instance [2], [9], [11]. We refer the
reader to [7] for the basic theory of dichotomies and to [1] for the extension to
difference equations.

Here, in section 2, [P trichotomy for a linear system (2) will be introduced and
the main asymptotic properties of the solutions of this system will be analyzed.
We point out that [? trichotomy can be considered as an extension to the I? spaces
of exponential trichotomy, as well as [P dichotomy is an extension of exponential
dichotomy [18].

In section 3 the boundary value problem

y(n+1) = An)y(n) + f(n,y(n)), nez
y(+00) =0, y(—00)=0

(3)

will be considered, assuming that the associated linear system has a [P trichotomy
and using a topological approach based on Schauder-Tychonoff fixed point theo-
rem.

The results obtained extend some of the results in [10], [12]-[14], [18] and
improve some of those in [9], [2], [11]. A comparison will be made throughout the
paper.

2. [P TRICHOTOMY FOR LINEAR DIFFERENCE SYSTEMS

Let X (n) be a fundamental matrix of (2). We recall the definitions of I, exponen-
tial and ordinary dichotomy for reader’s convenience.

Definition 1 ([18], [10], [12]-[14]). System (2) is said to have a I? dichotomy

on ZT =1{0,1,2,---}, 1 < p < oo, if there exist a projection P* and a constant
K™ > 0 such that for every n € Z™

|X(n)(I — PHX (s + 1)|P} <KT.
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Analogously system (2) has a [P dichotomy on Z— ={0,—1,-2,---}, 1 < p < o0,
if there exist a projection P~ and a constant K~ > 0 such that

n—1 1/p
[ S IX()P X s+ 1)|P] <K~
(5) T U
[ > IX(n)IT-P)X (s + 1)|P} <K~.

s=n—1

System (2) has an exponential dichotomy on Z™T if there exist a projection Py and
constants M > 0, 0 < 8 < 1 such that

I X(n)PoX '(s)| < Mp™*, 0<s<n

IX(n)(I — Py) X !(s)| < MB*™™, 0<n<s.

The exponential dichotomy on Z~ is defined in a similar way. If the above two
inequalities hold with 3 = 1, then system (2) has an ordinary dichotomy on Z™.
Clearly ordinary dichotomy is equivalent to [*° dichotomy.

The above mentioned notions of dichotomy can be regarded as kinds of con-
ditional stability in future for the linear system (2). In particular system (2) is
uniformly stable (in future) if and only if it has an ordinary dichotomy on Z¥
with projection the identity operator, it is asymptotically uniformly stable (in fu-
ture) if and only if it has an exponential dichotomy on Z™ with projection the
identity operator, it is I? stable (in future) if and only if it has a {? dichotomy on
Z* with projection the identity operator ([17], see also [4], [3]).

If one is interested in the asymptotic behavior of the solutions of (2) both in
the future and in the past, then it may be useful to generalize the above kinds of
dichotomies. For instance in [9], [11] the exponential trichotomy is considered as
a generalization of exponential dichotomy on Z and it is employed to study the
asymptotic behavior in the future and in the past of the solutions of perturbed
difference systems. Analogously it is possible to generalize the [P dichotomy on Z
in the following way:

Definition 2. System (2) is said to have a [? trichotomy on Z with 1 < p < oo, if
there exist three mutually orthogonal projections Py, Pa, Ps, with Py +Po+Ps =1,
and a constant K > 0, such that

n—1 1/p
Z |X(n)P1X—1(s+1)|P] <K

—S=—00

r 0o 1/p
(6) X (n)PaX (s + 1)|P] <K
~s=n—1
rn—1 1/p
Z | X (n)PsX (s + 1)|p} <K forn >0

ts=—1
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—1 1/p
[ Z | X(n)PsX (s +1)P <K for n <0.

s=n—1

It is worth to remark that the [P trichotomy is a property that does not depend
on the fixed fundamental matrix. Indeed, if Y (n) is another fundamental matrix
of (2), then there exists a nonsingular matrix C' such that X(n) = Y (n)C and
| X(n)P; X1 (s+1)| =Y (n)CP;C~'Y~1(s+1)|. Only the projections depend on
the fixed fundamental matrix.

From Definition 2 [P trichotomy on Z implies [P dichotomy on ZT and on Z~,
and [P dichotomy on Z implies a trivial [? trichotomy, with the projection P; = 0.
In particular the following holds:

Proposition 1. The following statements are equivalent:

i) System (2) has a lP trichotomy on 7, with projections Py, Pa, Ps.
il) There exist two projections P, Q, such that PQ = QP, P+ Q — PQ =1 and
a positive constant N, such that

rn—1 1/p
> X (n)PX (s + 1)|P] <N, n>0
Ls=—1
r > 1/p
> X~ PX 0P| <
ts=n—1
(7) )
ro—- 1/p
> |X(n)QX‘1(s+1)|p} <N, n<0
rn—1 1/p
SIXMI-QX s+ 1)|P] <N.

iii) System (2) has a IP dichotomy on Z™ with projection PT and a P dichotomy
on Z~ with projection P~, such that Pt P~ = P~ PT = P~. In addition the
second inequality in (4) and the first one in (5) hold for every n € 7.

Proof. i) = ii). Let P =1 — P, and Q@ = I — P;. It is trivial to check that
PQ = P;=QP and P+ Q — PQ = I. The second and the fourth inequalities in
(7) are immediately verified. With regard to the first one in (7) we have for n > 0

n—1 n—1
SIXmPX s+ 1P = > [X(n)(Pr+ P)X (s + 1)

s=—1 s=—1

n—1
DY (IX (MPX (s + D + X () P X (s + ”'p)

s=—1

< 2PKP.
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Similarly the last one in (7) can be proved

ii) = iii). Let PT™ = P and P~ = (I — Q). Then system (2) has a [? dichotomy
on Z™ with projection PT, and a I? dichotomy on Z~ with projection P~ . Further
PtP-=P(I—-Q)=1-Q= P~ =P~ P*" and both the second inequality in (4)
and the first one in (5) hold for every n € Z.

i) = i).Let P, = P~, Py =1— P, Py =P+ — P~ = P+([—P~) =
(I — P7)P*. Then clearly Py + P, + P; = I and P,P; = 0 if i # j. The proof of
the inequalities (6) is quite immediate; for the last two inequalities it is sufficient
to observe that P3 = (I — P~) P for the first one, and that P = P*T(I — P™) for
the second one. O

The equivalence between conditions (i), (iii) in Proposition 1 gives the following:

Corollary 1. System (2) has a IP trichotomy if and only if the following two
conditions are satisfied:

a) system (2) has a IP dichotomy both on Z and on 7~ ;
b) every solution is the sum of two solutions, one bounded on Z™ and the other
bounded on Z~.

Proposition 1 permits us to give a complete description of the asymptotic behavior
of the solutions of (2), both in the future and in the past. More precisely we have

Theorem 1. If system (2) has a [P trichotomy, 1 < p < oo, with projections
Py, Py, Ps corresponding to the fundamental matriz X (n) s.t. X(0) = I, then the
m-dimensional space S of all the solutions of (2) can be written as direct sum

S =B @B, & B,

m—k—r
where

By is the k-dimensional subspace of solutions x such that x(0) = n € Range(P}),
where k = Rank(Py). If x € B;" then x(+00) = 0 and x is unbounded for
n — —oo.

B, is the r-dimensional subspace of solutions x such that ©(0) = v € Range(Ps),
where r = Rank(P;). If x € B, then x(—o00) = 0 and x is unbounded for
n — +00.

BE s the subspace of solutions x such that (0) = pu € Range(Ps), where
m —k —r = Rank(Ps). Ifz € B, then x(+00) = 0.

In particular a solution of (2) is bounded for all n € Z if and only if it has zero

limit as n — £o0.

Proof. If system (2) has a [P trichotomy on Z, with projections Pi, Py, Ps, from
Proposition 1, (2) has also a [P dichotomy on Z* with projection P+ = I— P, and a
[P dichotomy on Z~ with projection P~ = Py. In addition PTP~ = P~ P+ = P~
and also ([ — P™)(I — PT)=(—-PY([I —-P")=1-P+.
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Let  be a solution of (2). Then z(n) = X (n)Py2(0)+X (n) Pox(0)+X (n) Psz(0).
From ([16], [18]) and using the fact that (2) has a [P dichotomy on Z* and on Z~
we obtain

lim |X(n)Pi2(0)] = lim |[X(n)P z(0)]= lim |X(n)PTP z(0) =0

n—-+4oo n—-+4oo n—-+4oo

lim |[X(n)Piz(0)] = lim |X(n)P z(0)| =+4occ if Paz(0) #0

n——0oo n——0oo

lim |X(n)Px(0)] = lim |X(n)(I — PT)z(0)| = +oo if P2(0) #0

n—-+oo n—-+oo

lim |X(n)Px(0)| = lim |X(n)(I —P")z(0)]

n——0oo n——0oo

= lim |X(n)(I - P )(I - P")z(0)|=0

n——0oo

lim |X(n)P3x(0)| = lim |X(n)P"(I - P )x(0)| =0

n—-+oo n—-+oo

lim [X(n)Psz(0)| = lim [X(n)(I — P7)PT2(0)| = 0.
This ends the proof of the first part of the proposition. To prove the second as-
sertion it is sufficient to observe that necessarily Pj2:(0) = Px(0) = 0 in order to
have a solution of (2) bounded on all Z. O

As [P trichotomy is more general than exponential trichotomy, the previous results
extend the correspondent ones in [9], [2], [11]. Further the notion of trichotomy
allows to consider the behavior of the solutions of (2) on the whole set Z, therefore
the results in Theorem 1 imply the corresponding ones in [18].

Remark 1. Tt is also possible to give an estimate of the rate of convergence towards
zero of the various terms, see [13], [16].

3. APPLICATIONS TO NONLINEAR BOUNDARY VALUE PROBLEMS

Suppose that (2) has a [P trichotomy and consider the associated nonlinear system
(1). The following holds:

Proposition 2. Assume:

i) system (2) has a IP trichotomy, 1 < p < oo, with projections Py, Py, Ps asso-
ciated with the fundamental matriz X (n) s.t. X(0) = I;

ii) there exists a function g : 7 x Rt +— RY | continuous with respect to the second
variable Vn € Z and such that

(8) |f(n,c)| < g(n,le)), ne€Z, ceR™

(9) m[%x]g(n,v) =g:n)ell, reR " 1/p+1/g=1,(p=1,q=0).
ve|0,r
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Then every bounded solution of (1) is solution of

y(n) =X (1) Pay(0) + i X(n)PLX (s + 1) (5, 5(s))
n—1
—ZX VP XN (s + 1) f(s,y()) + D X (n)PyX (s + 1) f(5,9(s))
s=0

(10) —ZX )P3X (s + 1) f(s,(s))

(with the convention Zl;:a g(s) =0 if a > b) and vice versa.

Proof. The assertion is an easy consequence of the variation of constants formula.
We only sketch the proof.
Let u be a bounded solution of (1). From i) and ii) we get

ZX )P X (s + 1) f(s,u(s))| < Kllgjujlle: 1< g <00

where K is the trichotomy constant (see Definition 2). Then for n > 0 we can
write

u(n) =X (n) Pyu(0) + X (n) Pyu(0) + X (n) Psu(0)
+ Z X(n)(Py+ P3)X (s +1)f (s, u(s))
+ZX VP X Ys+1)f ZX VP2 X (s + 1) f(s,u(s)).
The sequence
{nz:; X(n)(Py+ Ps)X (s + 1)f(5,u(s))}

is bounded by the constant 2K || gj, .. [l¢; 1 < ¢ < 00. As lim,, 4 o | X (n) Pju(0)| =
0, j = 1,3 (see Theorem 1) and u is bounded, the sequence

fromfon 5t ]

is bounded too. From Theorem 1 it follows that

(11) { —|—ZX (s+1)f (8))]20.
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Now to show that w satisfies (10) it is sufficient to prove that

(12) { ZX (s +1)f(s, (s))]:o.

$=—00
Since w is a solution of (1), for n < —1 we have

u(n) =X (n)Pru(0) + X (n)Pu(0) + X (n) P3u(0)

- i Xn)PLX (s +1)f(s,u(s)) + z_: Xn)PLX s+ 1)f(s,u(s))

- i X(n)(Py + P3)X Y (s + 1) f(s,u(s)).

Following an argument similar to that above given and taking into account that
u is bounded, we obtain (12), and so w satisfies (10) for n > 0. Starting from the
variation of constants formula for n < —1 and taking into account (11) and (12)
we obtain that u satisfies (10) for n < —1 too.

Vice versa let u be a bounded solution of (10). A standard calculation shows
that u satisfies (1). O

Denote I§° = {u € 1°° : lim,, 4o u(n) = 0}. From the above proposition we have

Corollary 2. Assume conditions i) and i) of Proposition 2 hold, with 1 < p < oc.
Assume also for p=1(q = c0)

iii) g(n,lc]) < || + A(n), for everyn € Z,c € R™, where v > 0, 2K~ < 1 and
Aelse.

Then every bounded solution of (1) belongs to I5°.

Proof. Let u be a bounded solution of (1). From Proposition 2 u is solution of
(10). Let 1 < p < oo and n > n; > 0, nq fixed; from (11) we get

fu(m)] < X (n)(Py + Py) {|u I+ZIX (s + 1) (s, <s>>|}

+Z|X VP X (s 4+ 1) f |+Z|X )(Pr+ Ps) X~ (s + 1) f (s, u(s))|

S=nq

ny— 1

< IX(n)(Pr + Py) {|u D ERE <s>>|}

—+o0

+3K ( > Gl (8))q) v

S=nN1
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Choosing n; sufficiently large, in view of Theorem 1 we obtain lim,,— . u(n) = 0.
The assertion lim,,—,_ u(n) = 0 can be proved in a similar way taking into
account (12).

When p = 1 the proof comes using similar arguments to those in [6] (Th. 8 p.
68 and Th. 10 p. 7) with slight modifications; see also [18], Prop. 3.2. O

Remark 2. When p = 1 conditions i) and ii) in Proposition 2 are not sufficient
to assure that every bounded solution of (1) belongs to I5°. It is possible to find
conditions different from iii) in Corollary 2 that, together with conditions i) and
ii), assure the decaying of all the bounded solutions towards zero; for instance this
happens by assuming

i) go €15° for every o > 0.
Finally consider the boundary value problem (3). The method here used for

solving (3) is to reduce it to a fixed point problem in the Fréchet space X of all
the sequences from Z into R™

X:={¢: Z—~R"}
and then to apply the Schauder-Tychonoff fixed point theorem.

Theorem 2 (Existence). Let & € Range(Ps) be fized. If conditions i) and i)
in Proposition 2 and, for p =1, also condition iii) in Corollary 2 hold, and if in
addition

v) there exists a constant > 0 such that
sup [ X (n)¢| + 3K lgslla < 5,
then the boundary value problem
y(n+1) = A(n)y(n) + f(n,y(n)),  neZ
(13) y(+00) =0, y(—00) =0
y(0) =¢

has at least a solution.
Proof. Let 2:={qe X : qeli, q(0) =¢, ||¢llcc < B}. Clearly £2 is a nonempty,

closed, convex and bounded subset of X'. Consider the operator F' : {2 — X defined
by (see the right end side of (10))

n—1

(Fg)(n) =X(n)é+ Y X(m)PLX "' (s+1)f(s,q(s))

n—1

+oo
=Y XMPX s+ 1) f(s,a(s) + Y X(n)PsX (s + 1) f (s, q(s))

s=0

_ ix(n)PgX’l(s +1)f(s,q(s))
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(with the convention Zl;:a g(s) =0if a>0).

Let 1 < p < oo. Assumptions i) and ii) in Proposition 2 assure that this
operator is well defined, being 2 C [*°. Let us show that F(£2) C 2. For every
q € (2, taking into account assumption v), we have

[(Fg)(n)| < S£|X(n)€| +3K||gslly < 8.

Moreover from Proposition 2 and Corollary 2 it follows (Fg)(n) — 0 as n — 00
and (Fq)(0) =&, for every ¢ € £2. Thus F(£2) C 2. This also implies that F'({2)
is a relatively compact subset of X', because in such a Fréchet space a subset is
relatively compact if and only if it is bounded. Finally F' is a continuous operator
in £2: let {qx }ren a sequence in {2 such that ¢, — g in X', and consider the sequence
{FQk}kGN- We have

+oo 1/q
(Fai)(n) — (Fa)(n)] < 3K( S (s k() - f(s,q<s>>|q) |

S§=—00

Note that |f(s, qx(s)) — f(s,q(s))| < 2gs(s) € 19, for every k € n. The continuity
of f with respect to the second argument and the fact that the convergence in X’
implies the pointwise convergence, allow us to apply the dominated convergence
theorem (see [3] for the formulation in the space X'). Thus Fgr — Fg in X’ being
the convergence of (Fqy)(n)— (Fq)(n) towards zero uniform with respect to n. By
the Schauder-Tychonoff fixed point theorem the operator F' has at least a fixed
point y in 2 and Proposition 2 assures that y is a solution of problem (13).

The case p =1 can be treated by means of similar arguments. ]

Remark 3. If £ € Range(Ps3) then sup,,¢; | X (n)¢| = max,ez | X (n)¢| < co. Indeed
limy,— 100 [ X (n)E] = 0.

Remark 4. Assumption v) in Theorem 2 is trivially satisfied if sup,~ ||ga| < 0.

It is worth to remark that the choice of the Fréchet space X makes the proof of
the compactness of F(§2) quite immediate, while the proof of the continuity of F'
is not more difficult than working in a Banach space like [*°.

The results of this section extend those in [18] and generalize those in [4],
because the nonlinear discrete boundary value problem is completely solved. They
also generalize some of the results in [2], [9], [11] because exponential trichotomy
implies [P trichotomy.
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ABSTRACT. We consider the boundary value problems for the fourth order
nonlinear differential equation u'Y = f(x,u) together with three different
boundary conditions (the Dirichlet, the periodic and the Navier boundary
conditions). We discuss the existence results for these boundary value prob-
lems at resonance. Our results contain the Landesman—Lazer type condi-
tions. We also show some numerical results concerning Fucik’s spectrum for
the boundary value problems for the differential equation vV = pu* —vu~,
where u™ = max{u,0} and v~ = max{—u,0}, together with our three
boundary conditions.
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1. INTRODUCTION

In this paper, we introduce some results concerning the boundary value prob-
lems for a fourth order differential equation. These results are the main results
of the diploma thesis [4] that consists of three parts. The first part deals with
the regularity problem of weak solutions, the second one describes Fucik’s spec-
trum and the third one concerns the existence of at least one weak solution of our
boundary value problems at resonance. This paper covers only the second and the
third parts of the thesis [4].
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2. FUuCik’s SPECTRUM

In this section, we investigate Fucik’s spectrum of the boundary value problems
for a fourth order differential equation. Let us consider a differential operator
L : D(L) C L3(£2) — L3(£2), where £ is a bounded domain with a smooth
boundary. We define its Fucik’s spectrum as the following set

A (L) ={(p,v) €R? | Lu = put — vu~ has a nontrivial solution},

where u™ = max{u,0} and v~ = max{—u,0} are the positive and the negative
parts of the function u. Let us denote the spectrum of L by

o(L) = {X € R | Lu = Mu has a nontrivial solution}.

Then we have {(\,\) € R? | A € o(L)} € A_1(L) and therefore we can regard
Fucik’s spectrum A_1(L) as a generalization of the spectrum o(L).
In our case, the differential operator L is defined by

i
T dat

So, the main goal of our investigation will be the boundary value problems for
the fourth order differential equation

Lu(z) for all u € D(L).

(1) u = put —vu

together with different type of boundary conditions. The knowledge of Fucik’s
spectrum is essential for studying various mathematical models, especially models
with jumping nonlinearities (see e.g. [5] for some concrete applications).

Fucik’s spectrum of the boundary value problems for the second order differ-
ential equation

u 4+ put —vuT =0

together with the periodic or the Dirichlet boundary conditions is well known
and can be described analytically by some explicit formulas (see [2]). But in
the case of the boundary value problems for the fourth order differential equa-
tion (1), the situation is absolutely different and much more complicated. First of
all, concerning these boundary value problems, we cannot describe corresponding
Fucik’s spectrum by some analytic explicit formulas, and only some kinds of its
qualitative properties are known (see the papers [3], [1]). Note that in the recent
paper [1], the asymptotic behavior of Fucik’s spectrum is also studied.

2.1. THE PERIODIC BOUNDARY VALUE PROBLEM
Let us consider the periodic boundary value problem of the form

@ {uw(a:) = Xu(z), =z €]l0,2n],
u(0) = u(2w), v (0) = v/ (27), u”(0) = " (27), v (0) = v (27).
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The eigenvalues of this boundary value problem (2) form the sequence
(3) e = k4, k=0,1,2,3,...

The eigenvalues i, & = 1,2,3,... are of multiplicity 2 and two linearly inde-
pendent orthogonal eigenfunctions correspond to each of them. We denote these
orthogonal eigenfunctions by vy 1 and vy 2. They are of the form

(4)  wo(z) =1, vp,1(z) =sinkz, wvgpa(x) = coskz, k=1,2,3,...

2.1.1. Fuéik’s spectrum Let us consider the periodic boundary value problem

) {uw(x) =a*ut(z) — b*u=(z), = €]0,27],
u(0) = u(2w), v (0) =/ (27), u”(0) = " (27), v (0) = " (27).

For further considerations, let us consider the direct periodic extension to the whole
real line R of each solution u of this boundary value problem (5). Let us denote
v € ](3/4)m, m| the smallest positive root of the equation tanz + tanhx = 0.
Further, let us define the auxiliary functions f and g by the formulas

cosh x cos x cosh x sinx — sinh x cos x

(z) =

6) flz)=

coshxsinz + sinh z cosz’ cosh zsin x + sinh z cos

for  €]0,¢[. The following theorem, which is proved in the paper [3] (some
corrections of the analytical bounds for the spectrum is given in [4]), provides the
description of the first branch of Fucik’s spectrum.

Theorem 1. The set Sy of all pairs (a,b) € ]0,+o00[? such that there exists a non-
trivial 2m-periodic solution of the boundary value problem (5), which is composed
of two semi-waves, is a curve (a,b(a)), where b(a) is a decreasing C™-function
defined in |/, +oo| with lim,—, o b(a) = ¢/7.

The curve Sy is symmetric with respect to the straight line b = a and fulfils
S1 C G1, where Gy is the set of all pairs (a,b) € |¢/m, +00[? such that
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Fig. 1: The correct bounds (7), (8), (9). Fig. 2: Fucik’s spectrum for the BVP (5).

The analytical bounds (7) and (8) are shown in the Figure 1. By virtue of pre-
vious Theorem 1, we can summarize the actual knowledge of Fucik’s spectrum for
the periodic boundary value problem (5) into the following items (see also [3]):

1. The set S of all pairs (a,b) € ]0,+00[?, for which there exists a nontrivial
2m-periodic solution of the boundary value problem (5), is the countable set
{Sk, k € N} of C*®-curves, where S = {(a,b) € |0, +c[?, (a/k,b/k) € Sy} for
k= 2,3,..., the description of the curve Sy is given by Theorem 1.

2. The inclusion Sy C Gg holds for all £ € N, where

(9) Gr = {(a,b) € 10, +00[?, (a/k,b/k) € G1}.

The set GGy is defined in Theorem 1. Thus we obtain

—+oo

Sc G

k=1

3. For the pair (a,b) € Sk, the corresponding 27-periodic nontrivial solutions
of the boundary value problem (5) have exactly 2k semi-waves in an interval
of the length 27. This solution is unique if the translation in the direction of
the z-axes and positive multiples are not considered.

Then Fuéik’s spectrum for the periodic boundary value problem (5) is the set
Ay = {(a*,b") € R? | (a,b) € S}U{SF, 5§},

where S§ (or S§, respectively) is just z-axes (y-axes, respectively). The corre-
sponding nontrivial solutions of the boundary value problems (5) for the pairs
(a,b) € SF (SY) are arbitrary constants ¢ < 0 (¢ > 0).



ON THE RESONANCE PROBLEM FOR, THE 4*» ORDER ODE’S 535

2.1.2. The description of the algorithm The algorithm how to generate
the points of Fucik’s spectrum A_;1 with some specific accuracy is in details de-
scribed in [4]. It is obvious from the previous considerations that if we are able to
generate the points of the set Sy that determine the first branch of Fucik’s spec-
trum, then we are able to generate automatically the other branches of Fucik’s
spectrum. Tt can be shown (see [3]) that the set Sy is described by the system of
two nonlinear equations

af(ar) +bf(b(r —r)) =0,
(10) a’g(ar) — b2g(b(m — 1)) = 0.
The principle of the algorithm is such that for the chosen fixed r € (7/2,7)
we compute the parameters a and b of the system (10) numerically with some

accuracy. This provides the approximation of one pair (a,b) € S;. For the complete
description of the algorithm see thesis [4].

2.2. THE NAVIER BOUNDARY VALUE PROBLEM
Let us consider the boundary value problem of the form
ulV(z) = Mu(z), = €]0,7],
(11)
u(0) = u’(0) = u(w) = u”(7w) = 0.

The eigenvalues of this boundary value problem (11) and the corresponding eigen-
functions are

e = k2, vg(x) = sin kx, k=1,2,3,....

2.2.1. Fuéik’s spectrum Let us consider the boundary value problem
{uw(a:) =a*ut(z) — b*u~(z), =x€]0,7,

12
(12 u(0) = u"(0) = u(m) = u”(w) = 0.

Fuéik’s spectrum of this boundary value problem (12) is the set
Ay ={(a*,b") € R* | (a,b) € S},
where S is the system of continuous curves S = {S;", S;",i € N} with the following
properties (see [3]):
1. Let (a,b) € S;" (S;), then the solution u of the boundary value problem (12)

is the solution of the initial value problem

3) ulV(z) = a*ut(z) — b*u~(z), =x€]0,+o0],

w(0) =0, w(0)=a, u"(0)=0, u"(0)=t,
with @ > 0 (o < 0) and with some ¢ € R. This solution u is uniquely de-
termined by the choice of the constant o and has exactly (i + 1) zeros in
the interval [0, 7].
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Fig. 3. Fucik’s spectrum for the Navier BVP (12).

2. The curves Si+ and S; are mutually symmetric with respect to the straight
line a = b. If i is even, then S = S; .
3. Foralli € N, (S;"US;) N (S}, US ;) =0 holds.

2.2.2. The description of the algorithm We will try to explain the main idea
of the algorithm for generating Fucik’s spectrum for the easiest case. This means,
we consider the second branch Sy that merges in the curve S5, which follows
from the properties of the spectrum that we mentioned in the previous Section
2.2.1. If we restrict our attention only to the second branch S5, then we know
that the corresponding solutions u of the boundary value problem (12) will have
exactly 3 zeros in the interval [0, ]. Further, we know that the curve S;' is passing
through the point (v/A2, vA2) = (2,2) and the corresponding nontrivial solution
of the boundary value problem (12) is then va(2) = sin2z. Due to the symmetry
of Fucik’s spectrum with respect to the straight line a = b, we can concentrate
hereafter only on the case a > b.

We will try to find the inspiration in the classical shooting methods, which
are based on a transformation of a boundary value problem into a sequence of
some initial value problems. Our attention will be therefore concentrated on the
initial value problem (13). There are four parameters a, b, o and ¢ in the initial
value problem (13). We will try to determine these parameters in such a way
that the corresponding solution u of the problem (13) will be the solution of the
boundary value problem (12) and in the interval [0, 7] will have exactly 3 zeros.
If w is the solution of the boundary value problem (12), then an arbitrary positive
multiple of u is also its solution. This fact can be expressed just by the parameter
a. Let us therefore choose an arbitrary, but fixed value of the parameter o such
that a > 0, because we are studying the curve Sj. Our goal is now to find
the corresponding values of the parameters b and ¢ (for the chosen parameter
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Fig. 4. Fucik’s spectrum for the Dirichlet BVP (17).

a) such that the point (a,b) will be the point of the curve Sy . For more details
see the second part of the thesis [1], where the complete form of the algorithm can
be also found.

2.3. THE DIRICHLET BOUNDARY VALUE PROBLEM
Let us consider the eigenvalue problem for the Dirichlet boundary value problem
of the form
uV(z) = Mu(z), = €]0,7],
14 {u(O) =u/(0) = u(r) =u/'(7) =0.
The eigenvalues A of this boundary value problem (14) are given by
(15) A\ =i, where cosgpmcoshppm =1, ¢ #0, k=1,2,3,...
and the corresponding eigenfunctions are
vi(z) = [cosh g — cos i7][sinh prr — sin prz] —
(16) —[sinh @7 — sin pp7][cosh pra — cos pix].

2.3.1. Fucik’s spectrum Let us consider the boundary value problem
ulV(z) = a*ut(z) — b*u~(z), x€]0,7,
u(0) =/ (0) = u(r) = u'(7) = 0.

Fucik’s spectrum of the Dirichlet boundary value problem (17) has similar proper-
ties as Fucik’s spectrum of the previous Navier boundary value problem (12). This
can be also observed if we compare the Figures 3 and 4. The algorithm for gener-
ating Fucik’s spectrum of the Dirichlet boundary value problem (17) is analogous
to the algorithm for the previous problem (12) (see [4]).

(17)
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2.4. THE IMPLEMENTATION OF THE ALGORITHMS

The algorithms stated in this paper can be easily modified for the problems with
other boundary conditions. In general, it is possible to say that for realization of
the algorithms for generating Fucik’s spectrum it is necessary to perform the indi-
vidual steps of the computations with relatively high accuracy; the higher accuracy,
the higher number of the branches of Fucik’s spectrum we would like to generate.

The mentioned algorithms for generating Fucik’s spectrum of our three bound-
ary value problems (the periodic boundary value problem (5), the Navier boundary
value problem (12) and the Dirichlet boundary value problem (17)) were imple-
mented in FORTRAN 77 on the parallel computer cluster LYRA.

Due to the required higher accuracy, for the computations generating the higher
branches of Fucik’s spectrum, the mentioned algorithms were implemented also in
the system MATHEMATICA 3.0. The algorithms were included into the system of
procedures for modelling of bifurcations (MBx). For more results of our numerical
experiments visit the internet site

http://cam.zcu.cz/members/necesal/index.cz.shtml.

3. EXISTENCE RESULTS

Let us consider the boundary value problems for the fourth order nonlinear differ-
ential equation

ulY = f(z,u)

together with three different boundary conditions (the Dirichlet, the periodic
and the Navier boundary conditions). In this section, we discuss the existence re-
sults for these boundary value problems at resonance. Our results rely on the Lan-
desman—Lazer type conditions.

3.1. THE DIRICHLET BOUNDARY VALUE PROBLEM

Let us consider the boundary value problem of the form
as) uV(x) = Apu(z) + g(z,u(z)) = f(z), = €0,7],
u(0) =/ (0) = u(w) = u/(7) =0,

where g : [0,7] x R — R is the Carathéodory function, the right hand side f €
LY(0,7), A, is the eigenvalue of the boundary value problem (14) (see the relation
(15)).

Henceforth we will assume that the function g = g(z, s) satisfies the follow-
ing growth condition. Let us suppose that there exist the function p € L'(0,n)
and the constant C' > 0 such that the inequality

(19) l9(z, s)| < p(x) + Cls|
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A

9

p(xo) — Cs p(zo) +Cs

v

g9 = g(zo, s)

=p(z0) + CS§ —p(zo) — Cs

Fig. 5. The illustration of the conditions (19), (20) and (21) for fixed zo € [0, 7].

holds for all s € R and for a. a. = € [0,7]. Moreover, let us suppose that there
exist the functions k,l € L'(0,7) and the constants K,L € R, K < 0 < L, such
that

(20) g(x,s) > k(z) for all s < K and for a. a. x € [0, 7],
(21) g(x,s) <l(x) for all s > L and for a. a. x € [0, 7].

Let us denote H = Wg?(0,7) the Sobolev space on the interval |0, 7| with
the inner product and the norm

(u,v) :/ (2" (x)dr and ||u| = \/(u,u), respectively.
0

We say that u is the weak solution of the boundary value problem (18), if w € H
and the integral identity

/O "W () d — A /0 " u(w)o(z) do + /O " (s u(@))o(z) ds = /O " H@)o(a) do

holds for all v € H.

Theorem 2 (Sublinear growth). Let us suppose that the function g = g(z, s)
satisfies all assumptions stated above and, moreover,

(22) i 908)

s—do0 S

=0
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uniformly for a. a. x € [0,x]. Denote

g (x) = limsup g(z, s), J—oo(z) = liminf g(z, s).

S5—400 s§——00

Then the boundary value problem (18) has at least one weak solution provided the
Landesman—Lazer type condition

/07T g (x)v () do — /0Tr J—oo()v, (2) dz < /07T F(@)om(z) do <

g v () doe — g+00 xZ 1}1_“ z)dr
holds.

Proof. The proof is based on the Leray-Schauder degree theory (see [1]).

3.2. THE NAVIER BOUNDARY VALUE PROBLEM

Let us consider the boundary value problem

utV(z) — Al z,u(r)) = f(x), = 7r
(23) { (@) = Amu(z) + g(z, u(z)) = f(z), x€[0,7],

u(0) =" (0) = u(r) =u(7) =0,

where ¢ : [0,7] X R — R is the Carathéodory function satisfying the assumptions
from Section 3.1, the right hand side f € L*(0,7), A, = m* for m € N is the
eigenvalue of the boundary value problem (11).

Let us denote H = {u € W22(0,7); u(0) = u(r) = 0} = W22(0, 7)N"W*(0, 7)
the space with the inner product and the norm

(u,v) = /(:[u”(x)v”(x) +u(z)v(z)]de, and ||ul| =+/(u,u), respectively.

We say that u is the weak solution of the boundary value problem (23), if u € H
and the integral identity

/0 u” ()" (z) doe — )\m/o u(z)v(x) dx —l—/o g(z,u(z))v(x)de = /0 f(z)v(x) dx
holds for all v € H.

Theorem 3 (Sublinear growth). Let us suppose that the Carathéodory func-
tion g = g(x,s) satisfies (19) — (22). Then the boundary value problem (23) has
at least one weak solution provided the Landesman—Lazer type condition

/77 g (x)(sinma)t dx — /77 J—oo(x)(sinma) ™ dx < /7r f(z)sinmzdx <
0 0 0
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< / J—oo(z)(sinmax) T dz — / g7 (x)(sinma)” dx
0 0
holds.

Proof. The proof is analogous to the proof of Theorem 2 (see [4]).

3.3. THE PERIODIC BOUNDARY VALUE PROBLEM

In this section, we will consider the periodic boundary value problem

24) {Ulv(ﬂﬁ) — Apu(x) + g(z,u(z)) = f(z), =z €][0,2n],
u(0) = u(2w), v (0) =/ (27), u”(0) =" (27), u"'(0) = " (27),

where g : [0,27] x R — R is the Carathéodory function, the right hand side
f € LY0,27), A\, = m* for m € N is the eigenvalue of the boundary value
problem (2). Moreover, let us suppose that the function g = g(z, s) satisfies all
assumptions for the function g in the Section 3.1 with [0, 7] replaced by [0, 27].
In particular, this means that the growth condition (19) and the conditions (20),
(21) hold with the replacement of the interval [0, 7] by [0, 27].

Let us denote H = {u € W%2(0,27); u(0) = u(2n), u'(0) = v/(27)} the space
with the inner product and the norm

2m
(u,v) = /0 [ (x)v"(z) + u(z)v(z)]de and ||jul| =+/(u,u), respectively.

We say that u is the weak solution of the boundary value problem (24), if w € H
and the integral identity

2m 2 2T 2m
/0 u’(z)v" (x) do — )\m/o u(z)v(x) dx —l—/o g(x,u(x))v(z)de = ; f(z)v(x) dx
holds for all v € H.

Theorem 4 (Sublinear growth). Let us suppose that the function g = g(x,s)
satisfies all assumptions stated above and, moreover, the growth condition (22)
holds uniformly for a. a. x € [0,2n]. Then the boundary value problem (24) has at
least one weak solution provided the Landesman—Lazer type condition

2m
[ o=@t [ gatp@ds< [ faede
v>0

v<0 0

holds for all v € Span{cosmz,sinma} \ {0}.

Proof. The proof is analogous to the proof of Theorem 2 (see [1]).
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3.4. THE REVERSE GROWTH OF THE NONLINEARITY

Let us suppose that in the case of the Dirichlet boundary value problem (18)
the function g = g(z, s) satisfies

(25) g(x,s) < k(z) for all s < K and for a. a. z € [0, 7],
(26) g(x,s) > 1(x) for all s > L and for a. a. x € [0, 7],

instead of the conditions (20) and (21). The meaning of k, K, [ and L is the same
as in the Section 3.1. Note that the hypotheses (25), (26) are in a certain sense
dual to the assumptions (20), (21). In this case we can formulate the dual version
of Theorem 2.

Theorem 5 (Sublinear growth). Let us suppose that the function g = g(z, s)
satisfies (19), (22) and the conditions (25), (26). Then the boundary value problem
(18) has at least one weak solution provided the Landesman—Lazer type condition

/OF g~ (z)v} () dx — /Ow Groo (@) () da < /Ow F(@)om(@) dz <

< [ gratouli@ e~ [ g =@ @) ds
0 0
holds, where

g~ (z) = limsup g(z, s), Jtoo() = liminf g(z, s).

§——00 s—+00
Proof. The proof follows the lines of that of Theorem 2 (see [4]).

The main difference between Theorem 2 and its dual version Theorem 5 is
in different form of the Landesman-Lazer type condition. For the dual formulations
in the cases of our two remaining boundary value problems see thesis [4].
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1. INTRODUCTION

Consider the neutral differential equation

©lot) 4 pa(t — ) + qul(t —o) =0, > to,

(1) T

where
(i) p,q, 7,0 are positive real numbers.

Note that a nontrivial solution of an equation we call oscillatory if it has arbi-
trarily large zeros, and call it nonoscillatory otherwise, and next we shall say that
an equation is oscillatory provided all its (nontrivial) solutions are oscillatory, and
call it nonoscillatory otherwise.

A basic result on the oscillation of equation (1) says that every solution of
equation (1) is oscillatory if and only if its characteristic equation

(2) A pre ™ 4 ge™? =0

* Research supported by grant VGA of Slovak Republic No. 1/7466/20



544 JAN OHRISKA

has no real roots. Such result we can find in the book [1] and for more general
equations in the book [2] and in the paper [3]. But to determine if equation (2)
has a real root is quite a problem itself. Therefore an effort of many authors is
to derive other conditions for oscillation and nonoscillation of considered equation
which can be easily applied than previous one. In a literature we can find several
sufficient conditions for every solution of equation (1) to be oscillatory (see e.g. [1]
and [1]) but less conditions for the existence of nonoscillatory solution of (1).

The aim of this contribution is to present new well-applicable conditions for the
existence of nonoscillatory solution of (1). The method is based on a transformation
of the equation (1) by a transformation of the independent variable.

The straight consideration about the existence of a real root of characteristic
equation (2) enables us to obtain the following result.

Theorem 1. Assume the condition (i) holds true and T > o. Then equation (1)
has nonoscillatory solution x(t) = eM, \ € (=1,0).

Proof. According to assumptions it is clear that if the equation (2) has a real root
so it must be negative. Thus we define

F\) =X+ple ™ +ge 7 for A<0

and put F(A\) = Hi(A\) + Ha(\), where Hy(\) = A4-pAe™ 7, Hy(A\) = ge=*?. Then
we have

lim Hy(A) =0, lim Hi(A) = —oo, H{(A) =14pe (1 —-A7)>0

A—0—
and  lim_ Hy(\) =g, lim Hy()) = oo, H)(\) = —qoe™ ™ <0
from which we see that for 7 > o we have F'(—1) = —1 +q(er? —e»™) < 0. Since

F(0) = ¢ > 0 so we know that the equation (2) has the root A € (—1,0), the

function x(t) = e is the solution of (1) and the proof is complete.

Another way how to gain sufficient conditions for the existence of nonoscillatory
solution of equation (1) we present in the following sections.

2. PRELIMINARIES

Consider the equation (1) but instead of condition (i) we suppose that
(ii) p,q, 7,0 are real numbers different from zero.

We transform the equation (1) by the transformation of the independent vari-
able. We put s = at, y(s) = x(+s) where a > 0. Then the equation (1)
acquires the form

® @ ty(s) + pyls —am)] + tay(s —a0) =0, 5> 0,

where sg = aty.
It is clear the following holds true.
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Note 1. A function z(t) is a solution of the equation (1) for ¢ > ¢ if and only if
the function y(s) = x(Ls) is a solution of the equation (3) for s > s and thus the
equation (1) is oscillatory if and only if equation (3) is oscillatory.

Since equation (3) is of the same form as equation (1) is so it is oscillatory if and
only if its characteristic equation

(4) an + pane” “" 4+ ge” 17 =0

has no real roots and we can decide about solutions of (1) by the roots of the
equation (4).
Now we analyse this position.

(a) First of all we see that the number A = 0 is not the root of equation (2).

(b) Suppose that equation (2) has a positive root A. Then we can take a = A and
equation (4) will be of the form Ay + pAne= " + ge=*"% = 0 and we see that
7 =1 is the root of this equation. It means that equation

2 lys) +puts =2+ Lyls o) =0, 5 s,

ds
has nonoscillatory solution y(s) = e°.
(¢) Now suppose that equation (2) has a negative root A. So if we take a = —\,
equation (4) will be of the form —\n — pAne*™ + ge’° = 0 and we see that
n = —1 is the root of this equation. It means that equation

d
() +py(s + A7) = Jy(s +A0) =0, s 2 50,

has nonoscillatory solution y(s) = e~*.
We conclude this consideration in the following note.

Note 2. To every equation of the form (1), the characteristic equation of which
has a positive (negative) root, we can coordinate an equation of the same form
with the characteristic root 1 (—1). On the other hand, if we take an equation of
the form (1) with the solution y(s) = e® (similarly with the solution y(s) = e™*)
and we choose some positive number A (a negative number \) so we can write the
equation of the same form with the solution z(t) = e (z(t) = ).

3. CONDITIONS FOR NONOSCILLATORY SOLUTIONS

Theorem 2. Assume thatp #0, ¢ >0, 7>0, 0 > 0.

(I) Let there exist numbers ¢ > 0, 71 > 0, o1 > 0 such that the conditions
1
(5) 1+pe ™ +qe 7 =0 and n_oa_4._-
-

are satisfied. Then equation (1) has nonoscillatory solution x(t) = ea*.
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(II) Let there exist numbers ga > 0, 70 > 0, o9 > 0 such that the conditions

1
(6) —1—pe™ 4 qe” =0 and 2:2:22—,
-

are satisfied. Then equation (1) has nonoscillatory solution x(t) = e~ a*.

Proof. Consider the equation
d
(7) %[u(z) +pu(z — )]+ qu(z —o1) =0, 2z >z,

with p1 # 0,¢1 > 0,71 > 0,07 > 0, which has the solution u(z) = €7, i.e. such that
its characteristic equation p+pype™#" +qre”#9* = 0 has the root ;x = 1, i.e. such
that 1 4+ pie™™ + ¢~ = 0. The equation (7) we can transform to the equation
(1) by a suitable a > 0. In other words, there exists a number a > 0 such that the
transformation of (7) by ¢t = az, z(t) = u(%t) gives the equation (1) in the formal
form

d 1

—[z(t) + prx(t — ann)] + —qa(t — aocy) = 0.
dt a

So we have p = p;, and next

1
() q:aql, T=am, O0=ao;.

The conditions (8) we can write in the form

T1 o1 q

T c ¢ a

The straight computation shows that the number % is the root of the equation (2).
The similar arguments hold true if we take the equation

d
) 2 [ue) + paule = )] + aaulz — 02) =0, 22,
where py # 0,g2 > 0,72 > 0,09 > 0 with the solution u(z) = e~*. The theorem is
proved.

Now using Theorem 2 we study the problem of the existence of nonoscillatory
solutions of the equation (1) under the condition (i).

The assumption (i) ensures that the equation (2) has not nonnegative root i.e.
the equation (1) has not the solution of the form z(¢t) = e, A > 0 and thus
there do not exist positive numbers q1, 7,01 satisfying the first condition from
(5). Therefore we devote our attention to the case (IT) of Theorem 2.

Let the numbers g2 > 0, 70 > 0, g2 > 0 be such that the first condition from
(6) is satisfied (note that such numbers always exist) and for some oy > 0 we
choose ¢ > 0 and 75 > 0 such that

_qo TO

(10) G2 = and T, = —.
g9 g
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Then the numbers ¢a, 72, o2 satisfy the second condition from (6) and the problem
of the existence of trinity of numbers for which the first condition from (6) is
satisfied is reduced to the problem of the existence of one such number.

Now we define the function G(o2) = 0—12602, 02 > 0. Then

1 1
G'(02) = —e72 (o2 — 1), G (02) = —e72((o2 — 12 +1),
93 03
from which we see that for every oo > 0 we have G(o2) > e.
Now suppose that qo > % Then for every oo > 0 we have
1 1
— <e< —e%2.
qo 02
Therefore, according to (10) we have —1 + g2¢92 > 0 and the first condition from
(6) will be satisfied if and only if Zoy = In % or

(11) Ty +Inp=1In (gegz - 1>
g 02
for some o > 0.
The existence of a positive root of the equation (11) we investigate now by the
auxiliary function
ln(qao—126‘72 -1)

F =
(02) Zog+1Inp

defined

- for 09 € (0,00) if p>1

- for oy € ((0,=ZInp) U (=Z1Inp,00)) if 0 < p < 1.
Then for p > 0 we have lim,, .o F(02) = £, and

| if p>1
-0 if 0<p< 1.

In the case 0 < p < 1 we compute one-side limits of the function F' at the point
—ZInp and we obtain

—oco if qr+2pTlnp>0

lim F(o9) = 6% if gr+2p7Inp<0

ceR if gr+2pTInp=0
and

00 if ¢r+2p7Inp >0

lim . F(oy)={ —oco if qr+2p7Inp<0

o2 lnp ceR if ¢gr+2p7Inp=0.

This investigation and the continuity of F' enables us to formulate the following
results.
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Theorem 3. Let the condition (i) hold true and let
1 o
0<p<l, qa>g, qT + 2p7 Inp < 0.

Then there exists o € (0, —Z Inp) such that (11) holds true, i.e. the equation (9)
has the solution x(t) = e~' and the equation (1) has the nonoscillatory solution
224

xz(t) =e" ="

Theorem 4. Let the condition (i) hold true and let
]. A ag
O<p<l, qo>-, qr+2p~Inp<0 and —>1.
e T

Then there exists oo € (=2 Inp,00) such that (11) holds true i.e. the equation (9)
has the solution xz(t) = et and the equation (1) has the nonoscillatory solution
z(t) = e 7L

Theorem 5. Let the condition (i) hold true and let
1 e o
O<p<l, qo>-, qr+2p~lnp>0 and — <1.
e T

Then there erists o3 € (—Z1Inp,00) such that (11) holds true i.e. the equation
(9) has the solution x(t) = e~ and the equation (1) has nonoscillatory solution
x(t) = e~

Remark 1. One can see that the above presented method can be used in many
other cases not only in the case when the condition (i) is satisfied.

REFERENCES

1. D. D. Bainov, D. P. Mishev, Oscillation theory for neutral differential equations with
delay, Adam Hilger; Bristol, Philadephia and New York 1991.

2. L. H. Erbe, Q. Kong, B. G. Zhang, Oscillation theory for functional differential equa-
tions, Marcel Dekker Inc., New York, Basel, Hong Kong 1994.

3. M. K. Grammatikopoulos, I. P. Stavroulakis, Oscillation of neutral differential equa-
tions, Radovi Matematicky, 47-71, 1991.

4. B. G. Zhang, Oscillation of first order neutral functional differential equations, J.
Math. Anal. Appl., 311-318, 1989.



ARCHIVUM MATHEMATICUM (BRNO)
Tomus 36 (2000), 549-562, CDDE 2000 issue

ON SOME SPECIFIC NON-LINEAR ORDINARY DIFFERENCE
EQUATIONS

EUuGENIA N. PETROPOULOU*

Department of Mathematics, University of Patras
Patras, Greece
Email: jenny@math.upatras.gr

ABSTRACT. It is proved that some specific non-linear ordinary difference
equations, which appear in various applications, have a unique solution
in the Banach space [1. Moreover a bound of the solutions and a region
of attraction of their equilibrium points are found. The obtained results
improve some previous known results.

AMS SUBJECT CLASSIFICATION. 32H02, 39A10, 39A11

KEYWORDS. Non-linear difference equations, bounded solutions, asymp-
totic stability

1. INTRODUCTION
In this paper, we study the homogeneous, non-linear difference equation:
(1.1) fn+2)=A(n+1)+pf(n)e ™ n=12 .

where 0 < A< 1,0>0,0<p<(1 —)\)e%, p # 1— X and the non-homogeneous,
non-linear difference equations:

B bl(n—l—l) hl(TL—I—l)

(1.2) foe = ar(n+1) al(n+1)f(”+2)f(n+1)f(n)+
' dy(n+ 1) )
/(=12

* Supported by the Greek National Foundation of Scholarships.
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OéQ(TL—Fl) b2(’fl+1)

(1.3) foes :hz(n1+ RS EA P -
e A =12,

(1.4) F(n+1) = ha(n) + [f(n)]2n = 0,1, ..

(1.5) Fn+1) = ha(n) + pf(n) [1 _ %f(n)] n=1.2,..

where € R\ {1}, K >0 and an(n+1), bi(n+1), hi(n+1), di(n+1), aa(n+1),
ba(n+ 1), ha(n+ 1), hs(n) and hy(n) are suitably defined complex sequences.

Our aim is to prove that the equations (1.1)-(1.5) have a unique solution in
the Banach space:

(1.6) h={fn):N=C/|[f(m)]i, =D [f(n)] < +oc},

For the motivation of seeking solutions of non-linear difference equations in [; see
[1, pp. 84-112], [6]. Also it is known, see [11] and the references therein, that, under
various conditions, a positive generated, ordered Banach space is order-isomorphic
to l1. Finally, we would like to point out that, the real space l1]|g, i.e.

(1.7) hle = {f(n) :N—R /> |f(n)] < +oo},
n=1
is suitable for problems of population dynamics, since the condition:
> 1f(n)] < +o,
n=1

represents the realistic fact that the population f(n) is finite in every time instant
n.

The method we use is a functional analytic method developed by E. K. Ifantis in
[6] and used recently by P. D. Siafarikas and the author in [9], [10] for more general
forms of non-linear difference equations. Using this method, equations (1.1)-(1.5)
are reduced equivalenlty to operator equations on an abstract Banach space H;.
For our approach we also need the following result of Earle and Hamilton [2]:

If f: X — X is holomorphic, i.e. its Fréchet derivative exists, and f(X) lies
strictly inside X, then f has a unique fized point in X, where X is a bounded,
connected and open subset of a Banach space E.

By saying that a subset X’ of X lies strictly inside X we mean that there exists
an €1 > 0 such that |2/ —y|| > ¢ forall 2’ € X' andy € F — X.

All our results except those concerning equation (1.5) for |u| > 1, follow from
a general theorem (Theorem 2.1), which was proved in [10] and which we state for
the sake of completeness in Section 2.
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2. PRELIMINARIES

In the following, H is used to denote an abstract separable Hilbert space with the
orthonormal basis e,,n = 1,2,3,.... We use the symbols (-,-) and || - || to denote
scalar product and norm in H respectively. By H; we mean the Banach space

consisting of those elements f in A which satisfy the condition Z |(fs en)| < +o0.

n=1

The norm in Hj is denoted by || f|l1 = Z |(f,en)]- By f(n) we mean an element of

n=1

the Banach space [; and by [ = Z f(n)e, we mean that element in H; generated
n=1

by f(n) € l;. Finaly by V' we mean the shift operator on H
V:Ve,=ent1,n=1,2,..
and by V* its adjoint
V*: V¥, =¢en_1,n=2,3,....,V*e; = 0.
It can easily be proved that the function
¢:Hy— 1
which is defined as follows:
o(f) = (f,en) = f(n)

is an isomorphism from H; onto l;. We call f the abstract form of f(n).
In general, if G is a mapping in /3 and N is a mapping in Hy, we call N(f) the
abstract form of G(f(n)) if

G(f(n) = (N(f), en)-

It follows easily that V* f is the abstract form of f(n + 1).
We state now the basic theorem that we use.

Theorem 2.1. [10] Consider the m — th order non-homogeneous, nonlinear dif-
ference equation:

i+ m)+ 3 (@ + By(m) f(n +m — p) = gln +Zc fn+ g +

p=1

N oo
+ 373 da)If 0+ gin) f(n + qi2)]* +

i=1 k=1

A oo
+ Z Z bu()[f(n + @) f(n+ qua) f(n + @u5)]" +

t=1 k=1

Z n)[A; f(n+ aj6) + Bj f(n+ 7)]* f(n + qj8)



552 EUGENIA N. PETROPOULOU

where m, N, M, A positive integers, q, g1, G2, © = 1,.... N, @3, tua, @5, t =

1,..,4, gj6, qj7, gj8, 7 = 1,..., M non-negative integers and oy, p = 1,...,m in

general complex numbers. Assume that lim B,(n) =0, Yp =1, ...,m, the complex
n—oo

sequences cs(n), dix(n), bu(n), and ljxp(n), s =2,3,...,i=1,...,N, t =1,..., A,
j=1,...,.M, k=1,2,3,... satisfy the conditions

sup|cs(n)| < vs,  sup|dix(n)] < dik,  sup b (n)| < B,  sup | (n)| < A

and the functions

Go(w) =Y _vew®, Gi(w) =Y sipw,
s=2 k=1
Ty(w) =Y Buw™,  Fjw) =Y Ni(|A;] +[B;)FwH!
=1 =1

are entire functions, or they have a sufficiently large radius of convergence. Assume
also that the roots of the algebraic equation

4 ar™ L+ a, =0

satisfy the conditions |rp| < 1, p = 1,2,...,m. Then there exist positive numbers
Ry and Py such that for

lul + lg(n) ||, =lua| + |orur + ug| + ... +

2.2

(22) et 1tt1 + m—ztts + o+ ] + gty < P,
where

(2.3) J@) =up, p=1,.m

the equation (2.1) together with the initial conditions (2.3) has a unique solution
f(n) in ly. Moreover

(2.4) S 1) < Ro.
n=1

Remark 1. The numbers Ry and Py predicted by the above theorem are precisely
determined due to the constructive character of Theorem 2.1. In particular Ry is
the point at which the function

(2.5)
N A M
Pi(R)=L 'R |1—LR | My(R)+> Mi(R)+R> A(R)+ > Q;(R) ||,
t=1 j=1

i=1
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attains a maximum and Py = P (Rp). In (2.5)

(2.6) Mo(R) = 7R, Mi(R) = 6 R**2,
s=2 k=1

(2.7) AYR) = Bk, Qi(R) =Y Nik(|4; + |B; ) RF,

k=1 k=1
1<i<N,1<t< A 1< j< M are positive, continuous and increasing functions
of R in an open interval suitably defined and L is the norm or a bound of the norm
of the operator I'~!, where

m

= (I - TlV)(I - TQV)(I — va) + ym Zpr*mfp.

p=1
Remark 2. From (2.4) it follows that:
|f(n)] < Ro.
3. APPLICATIONS
1) Consider the difference equation:
(3.1) fn+2)=Af(n+ 1) +pf(n)e o™ n=12,..

where 0 < A< 1,0>0,0<p<(1- )\)e%, p # 1 — X\ Equation (3.1) is the
discrete version of a population model described by a differential equation [7].
The equilibrium points of (3.1) are:
p

1
= :—1 _— .
01=0, o0 anl—)\>0

For the equilibrium point ¢; = 0 equation (3.1) can also be written as follows:

O 1ys—1 0.571
B2 fl2) = A1) - pf) = Y SR

Equation (3.2) results from equation (2.1) for:

m = 27 Q)] = _)\; Qg = —Pp, 61(”) = ﬁ?(n) = 0) g(n) = 07

-~ -~ B B (_1)3—1p0.s—1 B
dir(n) =bu(n) =lLir(n) =0, cs(n) = BRI g=0.
po.s—l po.s—l
In this case v, = o1 and Go(s) = Z mws is an entire function. Also
. 8:2 - .

the roots of the algebraic equation 2 — A\r — p = 0 are

:)\+\//\2+4p€(0 ) /\—\/)\2—|-4p€(_1 0
2 ) ? ) ?

2

1 T2 =
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for 0 <p <1— A Then

F={I-mV)I-rV), L

1
4 p— /N +4p

_R ax~ PO
Pi(R) =7 — R 2_;(5—1)13 .

It follows easily from Theorem 2.1 that for

(3-3) IFW+1£2) = Af ()] < Pu(Ro),

equation (3.2) has a unique solution in Iy, where Ry is the point at which P;(R)
attains a maximum. Thus lim f(n) = 0 and ¢; = 0 is a locally asymptotically
n—od

stable equilibrium point of (3.2) with region of attraction given by (3.3). Also

|f(n)] < Ro.

we set

1
For the equilibrium point go = —In T b
o

f(n) = F(n)+ o2
and (3.2) becomes:
Fn+2)-AF(n+1)+p(oe0 —1)e 72 F(n) =
(3.4) 2 (—1)¥pe7205 (s — )

_ [F(n))°.

s!
s=2

Equation (3.4) results from equation (2.1) for:

m=2, «a;=-\ «as=ploec—1)e"7  Bi(n)=p20n)=0, g(n)=0,

(_1)5—1p€—0920.s—1(8 _ O')

dir(n) =bu(n) =lix(n) =0, cs(n) = o , q=0.
In this case
pe g5 s —g|  (1—=N)o*t|s— o]
Vs = I = I
s! s!
(1= N)o* s —
and Go(s) = Z ( Jo ' |5 G'ws is an entire function. Also the roots of the
sl

s=2
algebraic equation

2 — X4 plogo —1)e7 72 =012 — M+ (1 - \)(In

p
—-1)=0
1-A )

are
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i)

A /A2 +4(1 - N1 - 1n £
r = \/ ( 2 )( )\)E(Ovl)a
)\—\/)\2+4(1—)\)(1—1n%)

2

ro = 6(—1,0)

for 1= A <p<e(l—=2N),
ii)

A+ \/A2+4(1 —A)(1 —In£5)

ry = 5 € (0,1),
A= A2 4= (1 ~Ing2y)
ro = €(0,1)
2
for e(1—\) < p < (1— AT,
i) 1y =ry = % € (0,1) forp= (1 — )\)el+4<1A—A> and
iv)
/\:I:Z A2 — - A1 -In%)
\/ and

12| :\/(1 — X)(In 2 T-b<1

for (1 —MNe 1+ <p<(1- /\)e%. Then
I'= (I—T1V)(I—7‘2V)7

and the corresponding bounds of I'~! are

1
N 5
V=T hgy VT T w1
4 1
i) L =-——,iv) L = , respectively.
2 —\)? 2
(2-24) (1- /0= N0 25 =7)
Thus
LR aNpe %0 s —a]
Pl(R)—Z—RZ 5 R572,
It follows easily from Theorem 2.1 that for
(3.5) [F(D]+[F(2) = AF(1)] < Pi(Ro),

equation (3.4) has a unique solution in /3, where Ry is the point at which P;(R)
attains a maximum. Thus lim F(n) = 0 and 0 is a locally asymptotically stable

n—oo
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equilibrium point of (3.4) with region of attraction given by (3.5). Thus gy =

1
—1In T P 3 is a locally asymptotically stable equilibrium point of (3.1) with region
p _
of attraction given by:
1 P A—1 P

. 1) — =1 2)=Af(l))+ —In——| < P,
(36)  1£0) =TI+ 1£2) = M) + S o 2| < Pi(Ro),
Also

p
1

()] < |F(n)] + 02 < |f(n)] < Ro + gm

- A
, : o 1 p
and equation (3.1) has a unique solution in /; + ¢ —In T (
P _

Remark 3. Equation (3.1) is a particular case (for v = 1) of the equation:
(3.7) fntv+1) =A(n+v)+pf(n)e”,

which was studied, among other things, in [7]. It was shown there that any solution

of (3.7) converges to its positive equilibrium point g2 as n — oo if p € (1 — A, (1 —
2—X

A)e]. Notice that this is a subset of (1 — A, (1 — X)eT=*].

Remark 4. Relations (3.3) and (3.5) describe the region of attraction for the equi-
librium points g1 and ps respectively. Note that these inequalities do not give
explicitly the regions of attraction, because we do not know the point Ry, but we
can achieve that by truncating the power series, of which P;(R) is consisted.

Remark 5. If the initial conditions f(1), f(2) are positive numbers then every real
solution of (3.1) is positive.

2) Consider the difference equation:

Cbi(n+1) | h(n+1)

(3.8) fn+ 1) == T A D)+
' dy(n+ 1) )
mf(wr?)f(n),n—l,z...
bin+1) hi(n+ 1) dyfn + 1)
where m S ll, Slip|m| < ﬂ and Slip|m| < 5.

Equation (3.2) appears often in various applications. In this case A;(R) = 3,
M (R) = § are entire functions and I' = I, L = 1. Thus

P (R) =R —6R? — BR3.

VP8 (2874 60)(/0P 35 -6)

It follows easily that Ry =

2 2732
%. By applying Theorem 2.1 to equation (3.8) we find that for
|f(1)|+Hb1(n+1) . < (20 +66)(\/9 +38—0) &
ar(n+1)"" 2732 93’
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equation (3.8) has a unique bounded solution in I/; with bound:

VO2+38-96

F) < Y
In the special case where dy(n+1) = 1 and hq(n+ 1) = 0, equation (3.8) becomes:
b1 (TL + 1) 1

(3.9) fn+1) =

which is the well-known non-autonomous Lyness equation. As before, we find that

1 1
I'=1,L=1and P/(R) = R—§R% Thus Ry = % and Py = o By applying
Theorem 2.1 to equation (3.3) we find that for

b
O+ 12 < g5,

equation (3.9) has a unique bounded solution in I; with bound:

F)] < Ro = 5.

Remark 6. In the case when equation (3.8) has positive solutions and aq(n + 1),
bi(n 4+ 1), hi(n 4+ 1), di(n + 1) are constants, equation (3.8) was studied in [4].
Invariants for equation (3.8) have been found in [3], in the case when o;(n + 1),
bi(n + 1), hi(n + 1), di(n + 1), are periodic sequences of positive numbers and
the initial conditions are positive numbers. The non-autonomous Lyness equation
(3.9) was studied, among other things, in [5]. In particular it was shown there that
under some different, than those we used, but more complicated conditions on the
sequences a1(n + 1) and by (n + 1), every positive solution of (3.9) is bounded.

3) Consider the difference equation:

Can(n41)  ba(n+1)

2 J—
(3.10) Jn 2 =3+ D) Ty T
_mf(”+2)[f(n)]2,n= 1,2,...
042(714-1) b2(n+1) )
where m S ll, Slip|m| < Y and Slrllp|m| < A

In this case Mo(R) = v, Q1(R) = AR are entire functions and I = [? = I,
L =1. Thus
P (R) = R —vyR? — \R®.
Y2+ 3\ —7x (292 + 60)(\/72 + 3\ — )
Y and P() = —
2 272
By applying Theorem 2.1 to equation (3.10) we find that for

as(n 2 _
|f(1)|+|f(2)|+|% N )| VA T2 ke ) e

1) I 272 9N’

It follows easily that Ry =
X
9\’
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equation (3.10) has a unique bounded solution in I; with bound:

VY2 +3A—7v

)] < Y

Remark 7. Equation (3.10) has been studied in [3] for as(n + 1), ba(n + 1) and
ha(n + 1) constants.

4) Consider the difference equation:
(3.11) fn+1)=hz(n) +[f(n)])*n=1,2,...

where hz(n) € ;.
In this case My(R) =1 is an entire function and I" = I, L = 1. Thus

Pi(R) = R — R%
) 1 1 . .
It follows easily that Ry = 3 and Py = 1 By applying Theorem 2.1 to equation
(3.11) we find that for
1
(3.12) FOI+ sl < 7

equation (3.11) has a unique bounded solution in Iy with bound:

1
£l < 3.
Also notice that (3.11) can also be written as:

f(n+1) _ hs(n)
OO

Thus if K = lim hs(n) exists then lim M
woe F(n) noe ()

+ f(n).

= K and the generating ana-

1
n)z" "1 converges absolutely for [z < —.

lytic function f(z I

HMS

Remark 8. In the case where hg(n) = h ¢ [y, equation (3.11) becomes the well-
known equation from which the Mandlebrot and the Julia sets are deduced More
particularly, the set of all points h for which the solution f(n) of (3.11) with
f(1) = 0 stays bounded as n — oo is called the Mandlebrot set (M) and for a
given parameter h = constant, the set of initial values f(0) for which f(n) stays
bounded is the so-called filled-in Julia set (J.). (The Julia set proper consists of
the boundary points of J..)
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Thus for f(1) = 0 we obtain from (3.12):

1
4)
which can be considered as a generalized Mandelbrot set.

Also for h3(n) a given sequence of Iy, relation (3.12) can be considered as a
generalized Julia set.

Notice that when hs(n) = h = constant, our method can not be applied,
because h does not belong in [;.

[ha(n)l:, <

5) Consider the difference equation:

(3.13) F(n+1) = ha(n) + uf(n) [1 - if(n)] n=12..

K
where pn € R\ {1}, K > 0 and h4(n) € I;.

Equation (3.13) describes the development of a single species population f(n),
where p is the parameter related to the growth or death rate, K > 0 is the carrying
capacity and h4(n) represents the harvest/stock [12].

We shall distinguish the following two cases:

1) First case: |p| < 1.

Here My(R) = % is an entire function and I' =1 — pV, L = 171“". Thus

Pi(R)= (1~ luhR - A R2

1— K 1— ’K
UV )
2| Al
rem 2.1 to equation (3.13) we find that for

(1—|u)*K
4lp| 7

It follows easily that Ry = . By applying Theo-

IF O+ Tha(m)lls, < lul <1

equation (3.13) has a unique bounded solution in I; with bound:

(1 —[uD K

£ < S50

el <1

2) Second case: |u| > 1.
In this case, Theorem 2.1 can not be applied to equation (3.13) because the
unique solution of the algebraic equation
r—u=20

isr=pand |u| > 1.
Notice that equation (3.13) can also be written as:

1 1 .
(3.14) f(n) — ;f(n—l— 1) = —;h4(n) + E[f(n)] n=1,2,..
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According to the representation presented in Section 2, the abstract form of (3.14)
in Hy is:

(3.15) (1 - %v) F=N(f) - %m,

where hy is the abstract form of h4(n) and N(f) = % (f,en)(f, en)en, is a Fréchet
differentiable operator defined on all Hy with |[N(f)|[1 < ||fI|? ([9] or [10]).

—1
Since |u| > 1, the operator (I - %V*) is uniquely determined on H; and

bounded, with bound:
1 Z
I—-V* < .
H ( [ ) Is ul =1

Thus (3.15) becomes

-1
1 1
(3.16) f= (I - —V*) [N(f) - —M} .
[ 1
Following a technique similar to the one used in [6], [9], [10] we define the function:

of) = (I - %V*)_l {N(f) - %m] |

Let ||f|li € R < R < +oo, where R is as large as we want, but finite. Then from
(3.16) we obtain:

ul [R* 1
(3.17) o(f)ll < — + —llhall1
| a1 &
Since R is sufficienlty large, there exists an Ry € [0, R] such that
|| Ry
W—1K ~
Thus the value Ry = (|M||_7|1)K is a zero of the function
I
|l Ry
P(R)=1— —.
(&) ul—1 K

So the continuous function

Pi(R) = '“:Mj Lrp(R)

satisfies P(0) = P;(Rz2) = 0 and therefore attains a maximum at the point

Ry = M € (O,Rg).

2|p
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Now for every € > 0, R = Ry and

pl —1)2K
[hall < % — (|u| — 1)e
we find from (3.17)
- 1)K
lo()ll < (|M|2T|)_6:RO_€<RO

for || f|l1 < Ro. This means that for

(Iul —1)°K

[ hall1 <
4|p]

¢ is a holomorphic map from B (0, LL=DE ) srictly inside B (0, Y25 Thus
27/] 2[p]

applying the fixed point theorem of Earle and Hamilton [2] we find that equation
o(f) = f has a unique fixed point in H;. This means equivalently that for

(lul = 1)°K

ha(n)[ji, < ——77F—,
sl <

lul > 1

equation (3.14) has a unique bounded solution in I; with bound:

(pl = DK

£ < S

;> 1

Remark 9. In [12] the real periodic solutions of (3.14) have been investigated for
w € (1,2) and hg(n) : N — R an w periodic number sequence with w > 1 which
satisfies the relation:

(Iul —1)°K

||h4 < 5
<"

we (1,2)

where ||h4]] = max |hg(n)|. Moreover it was found in [12] that the predicted peri-
n

odic solution satisfies:
1
i< (1= L) Kn. me©1, e

Remark 10. Our results, concerning all five applications hold also, if we consider
the Banach space [ |g instead of [;.
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ABSTRACT. The discrete version of the Hamiltonian system
T =ANJH(t)x

with H(t) = H*(t) = H(t + T) is considered. Following the line of M.G.
Krein the stability zones with respect to the parameter A\ are considered:
the side zones have to be estimated from multiplier traffic rules while the
central stability zone from the discrete version of the skew - periodic bound-
ary value problem.

AMS SUBJECT CLASSIFICATION. 39A10,39A11,39A12
KEYWORDS. Discrete Hamiltonians, strong stability, A-zones.

1. INTRODUCTION AND MOTIVATION

The object of this paper is the stability analysis of the discrete version of the linear
periodic Hamiltonian system:

(1) i = AJH(t)z

where H(t) = H*(t) = H(t+7T),T > 0; H(t) has complex entries and is Hermitian.
Also J is defined by

@ = (5.

and A is, generally speaking, a complex parameter. System (1) is a generalization
encompassing a lot of by now classical systems that go back to Sturm, Liapunov
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and Zukovskii. M.G. Krein [1] give a strong generalization of many classical results
and opening new fields of research issued from the interaction of several apparently
independent mathematical domains. The long line of research opened by Krein
is summarized in the monograph of Yakubovich and Starzinskii [2]. As pointed
out by Krein and Yakubovich [3] various problems in contemporary engineering
and physics (e.g. dynamic stability of structures, parametric resonance in high-
capacity electrical transmission lines, motion of particles in accelerators) lead to
the investigation of Hamiltonian systems with periodic coefficients.

Another field of origin for periodic Hamiltonian systems is calculus of varia-
tions and optimal control. Here a long list of papers may be mentioned but we
mention here only the papers of Yakubovich [4] where linear periodic Hamiltonians
are considered in the context of linear optimal feedback (minimizing a quadratic
integral performance index) and quadratic Liapunov functions.

A crucial difference between these two directions of research exists. The first
one, developed mainly by Krein is concerned with stable Hamiltonian systems
whose multipliers are located on the unit circle. On the contrary linear quadratic
control requires a dichotomic i.e. totally unstable Hamiltonian system whose mul-
tipliers are not on the unit circle. This last property is robust (i.e. it is preserved
against structural perturbations) while the first one is not robust (generally speak-
ing). The search for robustness of stable Hamiltonian systems led Krein to the
introduction of strong stability, to the discovery of ”traffic rules” on the unit circle
for the multipliers, and to new results about the A zones of stability. Since the
central zone is estimated using the eigenvalues of a certain self adjoint boundary
value problem, the research on stability met the old Sturm-Liouville framework
which also generates problems for Hamiltonian systems. A good reference on these
problems together with variational calculus and optimal control is the book of
Kratz [5].

In the last few years a new field of research emerged - discrete time Hamil-
tonian systems. A basic reference is the book of Ahlbrandt and Peterson [6]. We
shall mention here some papers [7], [3], [9], from the long list belonging to Bohner
and Dogly. Their topics are oscillation, disconjugacy and transformation of Hamil-
tonian systems, both continuous and discrete time. The study of discrete-time
Hamiltonian systems in connection with linear - quadratic optimal control may
be found in the paper of Halanay and Ionescu [10]. Applications of dichotomic
periodic linear Hamiltonian systems (i.e. totally unstable), both continuous and
discrete-time to forced nonlinear oscillations are to be found in [11].

This paper is concerned with strong stability (in the sense of Krein) of discrete-
time Hamiltonian systems. Such systems may arise from sampling (1). Since sta-
bility is, generally speaking, not preserved by sampling (not always) this problem
is of interest. On the other hand, not all results of the continuous time fields
may migrate, mutatis-mutandis, to the discrete-time field even in the conditions
of the new emerging theory on time scales [12], [13],[14]; this will become clear
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throughout the paper. Let us consider system (1) with H(t) as follows

A(t) B*(t
(3) H(t) = (Bgt% D((t)))

with A(.) and B(.) Hermitian matrices. We perform the usual Euler discretization
of the derivatives with the step h = T'/N but using forward difference in the first
equation and the backward difference in the second one; it is necessary to observe
this rule if we want to obtain a discrete-time Hamiltonian. We deduce

sl DW=y — \B(kh)y(kh) + AD(kh)z(kh)

4) —Z““h)‘ZZ(’“‘”h) = —NA(kh)y(kh) — AB* (kh)z(kh)

where y,z are the m-dimensional sub-vectors of the 2m vector x. Denoting y(kh) =
Yk, 2(kh) = zk41, A(kh) = Ay, B(kh) = By, D(kh) = Dy, and, with an abuse of
notations, Ah by A we obtain the discrete-time linear periodic Hamiltonian system:

(5) Y1 — Yk = ABryr + ADp2r1
21 — 2k = —AAR — ABjzp 11

with Ay, By, Dy being N-periodic. Remark that this system may be also written
as:

(6) Y41 — Yk | _ AJH, Yk

Zk4+1 — 2k Zk+1

. Ay, Bj . .
with Hyp = B. D and J as previously. Also system (5) may be given the
k Dk
Cauchy form
(7) Trr1 = Cr(N) g
with
-1

(1 —=ADy I+ M\B; 0

®) G¥) = <0I+)\B;§) ( SN I>

and this is true for any A € C except a finite member of eigenvalues of Bj. If the
eigenvalues of By are also excluded, then Cx()) is invertible and the solution of
(5) may be constructed for all integers k € Z (i.e. forward and backward); only in
this case stability and strong stability have sense.

Definition 1. A point )¢ is called a A-point of stability of system (5) if for A = Ag
all solutions of the system are bounded on Z. If, moreover, for A = Ay, all solutions
of any system of (6) type having Hj, replaced by Hj, (N-periodic and Hermitian)
sufficiently close to Hj, (in some well-defined sense) are also bounded on Z, then
we call A = )\g a A-point of strong stability of (6).
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It will be shown in the paper that, as in the continuous time case [1] the set
of A\-points of strong stability of (6) is an open set and thus if it is nonempty
it decomposes into a finite or infinite system of disjoint intervals that are called
A-zones of stability.

In the following we shall deal with the theory of the A-zones of stability for
system (6) following the line of [1], relating the existence and estimation of these
zones to the multiplier problem (as in the pioneering papers of Liapunov).

2. THE MONODROMY MATRIX AND THE MULTIPLIERS

We may compute C(A) from (8) and find that
(9) Cr(NJCk(N) = J = (X = N)Qx(N)

where Qp(\) is Hermitian. We deduce that Cj(\) is J-unitary for real A and
Hermitian Hj and J - orthogonal (symplectic) if Hy is symmetric. We may also
write

(10) xk()\) = Ckfl()\)...CQ()\)CCQ = Uk()\)xo

thus defining the transition matrix( fundamental matrix of solutions) which results
J-unitary or symplectic accordingly. It follows that the monodromy matrix Uy (\)
will be also J-unitary or symplectic. In the terminology of [2] systems with complex
coefficients and J-unitary matrix Cj () are called Hamiltonian while systems with
real coefficients and symplectic matrix C(A) are called canonical.

The eigenvalues of the monodromy matrix i.e. the roots p;(\) of the character-
istic equation

(11) det(Un(N\) — pI) =0

are called multipliers of (5) (or (6)). The following result of Poincaré-Liapunov
type may be proved following, e.g.,[2].

Theorem 1. a) If Hy is Hermitian the spectrum of Un () is located symmetri-
cally with respect to the unit circle i.e. the multipliers occur in pairs (p,p~ 1)
including their multiplicities as roots of (11).

b) If Hy, is symmetric the spectrum of Un(\) is located skew-symmetrically with
respect to the unit circle, i.e., the multipliers occur in pairs (p, p~1).

¢) If Hy, and X are real and Hy, is symmetric the multipliers occur in groups of
four, being symmetric with respect to both unit circle and imaginary axis.

From here we may deduce:

Proposition 1. All solutions of (5) are bounded on Z iff all multipliers of the
system are of modulus one (located on the unit circle) and are of simple type (its
root space coincides with its eigenspace) or, equivalently, have simple elementary
divisors.
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Since we are concerned with robust(strong) stability, it is useful to analyze
parameter dependence (on A) of the multipliers. Unlike in the continuous-time
case Un(A) is not of entire but of meromorphic type being rational with respect
to A. For X sufficiently close to the origin we may consider the McLaurin expansion
of Ck ()\)

Cr(A\) = Loy + AT Hy + 0o(X)

and of Uy (X)
N-1

Un(A) = Iom + A > Hi+ o(N)
0

It follows that in a sufficiently small neighborhood of A = 0 the holomorphic
matrix-valued logarithm is well defined

I\ =in Ux(\) = I+ ItA + o(\)

such that Uy(A) = "™, We deduce that Iy = 0,17 = J 0" Hy. With an
appropriate indexing we shall have p;(\) = exp(v;(\)), 7 = 1,n, with p;()\) being
system’s multipliers and 7;(A) the eigenvalues of I'(\). Following the line of [1]
and [15] we may prove.

Theorem 2. Assume that Zév_l Hj, > 0 and has distinct eigenvalues. Then there
exists an interval (—1,1) such that for A € (=1,1) all solutions of (6) are bounded
on Z.

Remark that this is the first result asserting existence of a central A-zone of
stability for (6). In the following we shall extend the result to the case of non-
distinct eigenvalues and obtain estimates for [.

3. SELF-ADJOINT BOUNDARY VALUE PROBLEMS FOR THE CANONICAL
SYSTEM

In this section we shall consider the boundary value problem for (6) defined by
the boundary condition

(12) N — G{,Co =0
with G some J-unitary matrix (G*JG = J). Following [1] and [15] it can be proved.

Theorem 3. Let H, > 0,k = 0, N — 1,Zév_1 Hyi > 0. Then the eigenvalues
(characteristic numbers) of the boundary value problem defined by (6) and (12)
are real.

We point out also the following facts
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1. Any root of the equation
(13) det(Uy(A\) = G) =0

is a characteristic number of the boundary value problem and is real. Therefore
all roots of (13), if any, are real.

2. The number A = 0 is a characteristic number iff det(I — G) = 0 (iff G has 1 as
eigenvalue).

We may also prove

Theorem 4. The multiplicity k; of any characteristic number of (6), (12) coin-
cides with the number of linearly independent associated solutions of the problem.

The proof of this theorem follows the line of Theorem 3.4 in [1] and Theorem
3.3 in [15] but in this case Un(A\) — G is, generally speaking, rational and we need
the Smith-McMillan form of a rational matrix in order to obtain the result.

In order to obtain strong (i.e. robust) stability using the properties of the
boundary value problem we shall need a result concerning the dependence of the
characteristic numbers A; on the matrix Hj, dependence that is symbolized by
A (H).

Theorem 5. Let 0 < \; < o < ... be the positive characteristic numbers of the
boundary value problem and let 0 > A_1 > A_o > ... be the negative ones (it is
assumed that each characteristic number occurs in the corresponding sequence the
number of times equal to its multiplicity as a root of (13)). Let H}, H? be such
that H} > O,Zév_l H{ > 0,i = 1,2 and assume that H} < H?,k = 0,N —1.
Then )\j(Hl) 2 )\j(Hg),)\,j(Hl) S )\,j(HQ),

The proof follows the line of [1] and [15].

4. MULTIPLIERS OF 1ST AND 2ND KIND: ANALYTIC PROPERTIES AND
THE STRONG (ROBUST) STABILITY

We shall return to Proposition 1 which states that (6) is stable provided all its
multipliers are located on the unit circle and are of simple type. Generally speaking,
a J-unitary matriz with the eigenvalues on the unit circle and of simple type is
called of stable type. The matrices of stable type have an interesting property: all
J-unitary matrices that belong to a 6-neighborhood of a matrix of stable type are
also of stable type ([1],Theorem 1.2). This property suggests the approach to be
token in the analysis of strong stability for Hamiltonian systems.

Definition 2. A Hamiltonian system is said to be strongly stable if it is stable
and all Hamiltonian systems belonging to a neighborhood of it are also stable.
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In fact we may follow [1] and [15] and use some arguments of [16] to show that
if the Hamiltonian system

Tht1 — Tk = JHy, (Zii)

is stable (of stable type) then there exists some § > 0 such that all Hamiltonian

systems with Hj, replaced by Hj, with Zévfl |Hy — Hy| < & are also of stable type.
This robustness result has the following consequences:

A. If we consider (6) we may obtain neighboring Hamiltonian systems by modi-
fying the parameter \; but A\ has to take real values in order that monodromy
matrices be J-unitary.

B. Since stability is expressed through the properties of the multipliers and strong
stability means preservation of this property with respect to parameter \ vari-
ations (among other perturbations that preserve the Hamiltonian character of
the system) it would be of interest to discuss multiplier properties with respect
to A.

The first remark hints to the A\-zones of stability for real A. The other one
indicates that multiplier dependence on A may help in strong stability studies
even for complex A. Indeed, for complex A\ we may state and prove

Theorem 6. Consider (6) with complex X i.e. with Im X # 0. Then half of
system’s multipliers have moduli less than 1 and the other half have them larger
than 1 provided Hy, > 0, Zév_l H; > 0.

The proof relies on the fact that Uy () is nonsingular and also either J-increasing
(for Im A > 0) or J-decreasing (for I'm A < 0); then Theorem 1.1 of [1] is used.

Definition 3. a) Let pg with |pg| = 1 be a simple eigenvalue of a J-unitary ma-
trix and eg the associated eigenvector. If eq is a plus-vector (with i(Jeg, eg) >
0) the eigenvalue is called of 1st kind and if ey is a minus-vector
(with i(Jeg, eqg) < 0) the eigenvalue is called of 2nd kind.

b) Let po with |pg| =1 be a non-simple eigenvalue of a J-unitary matrix and let
L,, be the corresponding proper subspace. If £,, contains plus-vectors only,
then po is of 1st kind and if £,, contains minus-vectors only, then pg is of 2nd
kind. If £,, contains at least a null-vector (with i(Jeg,eg) = 0) then pq is of
mixed (indefinite type).

c) Let po with |po| # 1 be a non simple eigenvalue of a J-unitary matrix: if
|po| > 1 it is called of 1st kind and if |pg| < 1 it is called of 2nd kind.

The main feature of this classification is the fact that it relies on the sign of the
associated eigenvectors. This allows the extension of the notions to matrices that
are not J-unitary. Indeed we already known [1], [15] that Un(A) - the monodromy
matrix - whose eigenvalues, the multipliers, are of interest - is J-increasing for
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Im XA > 0 and J-decreasing for Im A < 0. It is also known [1], that for J-
increasing matrices an eigenvalue with modulus larger than 1 has its eigenvectors
plus vectors thus being of 1st kind; accordingly, the eigenvalues with modulus lower
than 1 (located inside the unit disk) are of 2nd kind. For J-decreasing matrices,
the eigenvalues inside the unit disk are of 1st kind etc.

The dependence of multipliers’ properties on A may be followed using argu-
ments from analytic function theory as in [1] and especially in [2]. The multipliers
equation:

Ap; \) = det(Un () = pI) = 0

takes the form
P A Ag 1 (N AL(N)p + Ao(N) = 0

where A ()\) are rational functions and Ag(\) = det Uy (\). From a basic repre-
sentation lemma of Weierstrass it follows that in a neighborhood of Ay € R the
multipliers p;(A) that coincide for A — \g with a multiplier py of definite kind (1st
or 2nd but not mixed) are analytic functions of X i.e. the expansion of p;(\) con-
tains only integer powers of (A — Ag). Further, we may follow [2] and obtain more
specific information on the expansions of p;(A), p;(A) being considered branches
of some analytic function coinciding in pg for A — Ag.

From this information on expansion’s coefficients we may deduce the so-called
Krein traffic rules for the multipliers on the unit circle. We shall give below an
account on these traffic rules that remain unchanged in the discrete-time case.

1. Let A\g € R and py be a multiplier i.e an eigenvalue of Un(A\g) with |pg| = 1
and of multiplicity . Consider a sufficiently small disk v : {p : |p — po| < €}
such that there are no other eigenvalues of Un(XAo) inside it. There will then
exist some d(e) > 0 such that for all A satisfying |[A — Ag| < ¢ there will exist
exactly  multipliers (eigenvalues of Uy (\) with their multiplicities ) which are
located inside the disk « considered above. It A = \g +ih,0 < h < 8, Un(N) is
J-increasing and, therefore, the multipliers which are in v and inside the unit
disk are of 2nd kind while those which are in v and outside the unit disk are
of 1st kind. It was shown [1], [2] that this distribution of multipliers does not
change as long as A does not cross the real axis of the (\) plane.
Consequently we may say that in pg coincide for A = Ag e.g. 1 of 1st kind and
r —ry of 2nd kind. The multiplier pg is thus of mixed type.

2. Consider a multiplier of definite type on the unit circle e.g. a multiplier of 1st
kind (with its eigenvectors - plus-vectors) with multiplicity r, corresponding to
Ao. In its neighborhood one may find only multipliers of 1st kind. Let us assume
that A takes real values on the interval (A\g—3, A\g+9). For A\ # Ao the multipliers
that coincided in pg split off in r multipliers describing r branches of the
corresponding analytic function. Nevertheless the resulting multipliers remain
on the unit circle and move clockwise for increasing A. Were this not true, if a
multiplier of 1st kind occurs (outside the unit disk) it will be accompanied by
the occurrence of a multiplier of 2nd kind due to multipliers’ symmetry; but
in this case py would not be of definite kind.
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Obviously for multipliers of 2nd kind the motion for increasing \ is counter-
clockwise when the multiplier splits off.

3. The multipliers of mixed type from the unit circle split off in multipliers of
different kinds and they may, for some real A to leave the circle in a symmetrical
way: one outside and one inside.

We may now represent the multiplier traffic on the unit circle. The multipliers
of definite kinds split and move clockwise and counter-clockwise, they met and
separate, but do not leave the circle as A € R increases or decreases. When two
multipliers of different kind met they generate a multiplier of mixed kind which
will split in multipliers of different kind again leaving the circle symmetrically (an
equal number entering the unit disk and leaving it) thus generating instability.

5. THE STABILITY ZONES OF THE HAMILTONIAN SYSTEM WITH
PARAMETER

In this section we shall consider that the neighboring Hamiltonians of the strong
stability problem are generated by modifying the parameter A.

Theorem 7. The strong stability points of (6) form an open set which is not
empty when (6) is of positive type, i.e., when Hj > 0, Zév_l Hy > 0.

The proof goes as in [1] and [15] with AgHy and AHj, as Hy: if |\ — Xg| < 0
then we are in the basic case of neighboring Hamiltonians.

If Ay € R is a point of strong stability, the set of strong stability points is open:
we start with the interval (Ag—4d, \g+9) and afterwards we consider neighborhoods
of the points of this interval (”continuations”). The open intervals thus obtained
are the A-stability zones.

Non emptiness is connected with the central stability zone (around A = 0)
which is nonempty at least in the case of Theorem 2. The central stability zone
will be again considered in the next section. Now we shall focus on side zones in
the positive type case, when Hy > 0, Zév_l Hi > 0.

The main tool of the analysis is an inequality that follows from the analytic
properties of the multipliers:

N—-1

d )
(14) — @9 Pi(A)=re 2 > o™ (M)
k=0

where p;(A) is any branch of the analytic functions defined by multiplier depen-
dence on A [1] and 0" is the lowest eigenvalue of a nonnegative matrix. It has
been shown by a simple example that, unlike in the continuous-time case, a strictly
positive lower bound that is independent of Ao does not exist. Therefore it is not
possible to obtain, even in the simplest case, an estimate of the width of any side
zone that is independent of its position with respect to the central zone [15].
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We may however choose some interval (—Ag, Ag) and compute a lower bound
for the smallest eigenvalue that is independent of Ay but depends on the chosen
interval i.e. on Ag. Let xx(Ap) be this lower bound. Since the system is of positive
type, xx(Ag) > 0 but Zév_l Xk(Ap) > 0 and (14) becomes

N—-1
d
(15) — @9 Pi(A)=xe 2 > xk(4o)
0

This inequality is similar to (5.12) of [1]; the dependence on some interval width
A that may include the central zone and, possibly, some side zones, is not very
restrictive: any numerical results are obtained for finite intervals, finite sums etc.

Theorem 8. If H, > 0723\771 Hy, > 0 then the width of any A-zone of stability

included in some interval (—Ag, Ag) does not exceed W(Zév_l Xk (A0))~ where
Xk(AO) = i’nfp\‘g/lo(f};nm()\),

The proof follows at once by applying the ”traffic rules” [1],[15]. Note that the
width of any of two parts of the central zone also does not exceed the above
estimate.

6. THE CENTRAL ZONE OF STABILITY FOR A HAMILTONIAN SYSTEM OF
POSITIVE TYPE

We shall consider here the boundary value problem for (6) defined by (12) with
G = —1I. Its characteristic numbers are real: their existence follows from the fun-
damental theorem of Algebra provided det(Un(A)+1) # const. and their number
is finite. Let A4 be the smallest (first) positive characteristic number and A_ the
largest (first) negative one. We shall have

Theorem 9. Assume that Hj, > 072(1)\771 Hy, > 0. The open interval (A_, Ay)
belongs to the central zone of stability of (6); moreover, if Hy are real, this interval
and the central zone of stability coincide.

The proof of this result goes as in [1], [L5] and relies on Theorem 2.3; the restriction
on distinct eigenvalues is removed by a perturbation argument.

The only remaining point of the entire construction is existence of the charac-
teristic numbers of opposite sign for the skew-symmetric (with G = —T) boundary
value problem. The complex function argument of [1] was valid in the case of [15]
but it can not be used in general since Un () is not, generally speaking, of entire
type and the contradiction obtained in [1] which proved existence of characteristic
numbers of opposite signs fails. Krein himself was aware of the fact that complex
function arguments were perhaps too strong [1] and suggested to apply the the-
ory of weighted integral equations [17]; later this theory was incorporated in the
theory of Volterra operators on Hilbert spaces [18]. In the discrete-time case this
may reduce to some (possibly less) known results on determinants. Application of
the theory on time scales [12], [13], [14] may be of great interest.
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Let (X, ||||) be a Banach space, £°°(X) be the Banach space of bounded se-
quences z = (x3){%5 C X with the norm ||lz||, := supysg [lzx|, and *(X)
be the Banach space of summable sequences x = (xk)'k"ig C X with the norm

]l == > k=0 k-
Consider the linear difference equation

(1) z(n+1) —xz(n) = (Lz) (n) + f(n), n=0,1,2,...
together with the N-periodic (N > 1) condition
(2) z(n+ N) =xz(n), n=0,1,2,....

In (1), f € 1(X), and L : £>°(X) — ¢1(X) is a linear continuous operator.
Here and below, L is assumed to leave invariant the subspace of sequences having
property (2), and f is supposed to satisfy (2).

Remark 1. The use of special sequence spaces when posing problem (1), (2), in
fact, can be avoided by restricting the consideration to problem (3), (4) or equation
(6); see below. We have began with such a problem setting in order to note at this
point that results similar to those to follow can be obtained for problems other
than the periodic one.

* Research supported in part by OMFB, Grant UK-3/99
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The invariance condition above implies that there is a one-to-one correspon-
dence between solutions of (1), (2) and those of the problem

N—1

(3) z(n+1) —x(n) = Z L, x(v)+ f(n), 0<n<N-1,
v=0

(4) z(N) = z(0),

where (Lmv)rjy,y:o C B(X) are certain linear operators such that

(5) Ly, =Ly, forallve{0,1,...,N —1}.

Here and below, the symbol B(X) stands for the algebra of all bounded linear
operators in X.

Due to property (5), knowing solutions of problem (3), (4), one can reconstruct
those of (1), (2) by extending them periodically to all the non-negative integers.
Furthermore, the periodic nature of problem (3), (4) allows one to consider it
as a single linear equation with operator “matrices” acting in the space XV of
“vectors” (z(0),z(1),...,z(N —1)):

N-1
(6) (Az)(n) = Y Loya(@)+ f(n), 0<n<N-1,
v=0
where
_Jx(n+1)—2(n) for0<n<N -1,
(7) (Az) (n) := {x(O) —x(n) form=N —1.

The latter circumstance will be essentially used below; we shall even identify
L with the appropriate mapping X~ — X7:

N—-1
(La)(n) =Y Lnya(v), 0<n<N.
v=0

Lemma 1. Assume that the operator Ap ny : X — X defined with the formula

N—-1N-1

(8) AL,N = Z Z Lmy

n=0 v=0

is invertible. Then x = (x(0),z(1),...,2(N — 1)) is a solution of equation (6) if,
and only if there exists some a € X such that the equalities

9) x(n) = (HrniLz) (n) + fonin)+a, 0<n<N-1,

N—-1[N-1
(10) > lz Lyyx(v) + f(n)

v=0

=0

n=0
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hold with some 1 € {0,1,..., N —1}, where the linear mapping Hy, n; : X~ — XV
is defined with the formula

- N-1
Z L;WAZ}N Z x(j } forn =0,
N
Z Ly, VAZ}N m(])} for0<n <N,
7=0

>~ 2
=~ ,_.
f—|

(].].) (HL,N,l:L') (n) =

™M
~ =
r—|

and

(12) fo.ng:=Hrn.if.

Proof. Assume that x = ((0),z(1),...,z(N — 1)) satisfies (9) and (10). Then, for
1 <n< N —1, we have

n—1N—-1
z(n) =a+ fr.ni(n —I—ZZL;WQ:
n—1N-1 - llzlvfolzvfl
(13) D Len AN YD Liya(v)
k=l v=0 k=0 v=0
n—1N—-1 n—1N-—1
(14) =a+ frni(n -I-ZZL/WQ? +ZZL1W/1 Zf
k=l v=0 k=l v=0

whence

(15) z(n+1)— ZLWQ: +ZLWAZNZf
+ fL,N,l(n +1) = fr.na(n).

It is easy to see from definition (11) that, when 1 < n < N—1, (12) is equivalent
to the relation

n—1 N—-1
(16) frova(n) = Z[ Z Lio AN D f(j)]7
=0

k=l

whence

(17) fona(n+1) = frnu(n Z Ly A7 Z f(k

for 0 < n < N. Combining (15) and (17), we show that (6) holds for 1 <n < N—1.
The case n = 0 is considered analogously.
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Let us now suppose that equality (6) holds. Then, we have

N-2 N-2
(18) Z(Z Lyn,x(v) + f(n )) = [z +1) —x(n)] = z(N — 1) — z(0).
n=0 n=0

According to definition (7), equation (6) for n = N — 1 means that

ZLN 1Lv2(v) + f(N =1) =2(0) — 2(N - 1),

which, combined with (18), implies (10).
Furthermore, in view of (11) and (10), for n € {1,2,..., N — 1}, we have

n—1prN-1 N-1N-1
(HL7N71LZ‘) (’I’L) = Z |:Z Lk VQ? Z Lk #/1 LJ l,a: :|
k=l “v=0 j=0 v=0
n—1rN-1
(19) = { Ly, x(v) + Z L ALy Z f( ]
k=l ~v=0

Carrying out the manipulations marked as (13), (14), and (15) in the reverse
order and taking into account (19), we find that equality (9) holds for 0 < n <
N — 1. When n = 0, in view of (11), identity (19) is replaced by the relation

N—
(HL,NJLCL' Z |:Z Ly, wx(v) + Z Lk,u/l Z f( ]
=0

k=l

and a similar argument leads one to (9) in this case as well. O
Remark 2. Lemma 1 is similar to some statements from [3], [4], and [5].

Lemma 2. The identity

(20) (HL,NJLCL') (n) = QL,N,[
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holds for 0 < n < N, where £2r n; : XN o XN s giwven by the matrix

rN—1 N-—-1 N—-1
<Lk,0—Lk# Lj,o) <LkN \— L7 ZL 1)
k=l =0 k=l
0 N-—-1 0
Z<Lk,o Y Lj,o) Z<Lk,N LEY L 1)
k=l j=0 k=l j=0
(21) = 1 N-—1 1 N-1
(LM) ¥ LLO) (Lk N =LY Lin- 1)
k=l j=0 =i j=0
e e & SRS e
<Lk 0— Lk# Lg,o) <Lk N—1— L} Z L],Nl)
L k=l 7=0 k=l 7=0 i
and
N-—-1
(22) L =Y Li,Aply, 0<k<N-1.
v=0

Proof. Considering (11), it is not difficult to verify by computation that, for 1 <
n<N-—1,

N—-1rn— N—-1n-—1
(23) (HpnaLx)(n) =) [Z -y ZLk#Lj,V:|{,E v
v=0 L=l J=0 k=l

where Lk# (0 < k < N —1) are the linear operators given by (22) and (8). This,
together with a similar observation for n = 0, leads one to formula (21) for the
operator “matrix” 27, n,; in equality (20). O

Introduce the notation

(24) diag X := {(a,a,...,a) : a € X}.
————

N
Lemma 3. diag X"V C ker Hyp, naL.
Proof. According to equality (23) established in the proof of Lemma 2, we have

N— N-1n—1
(HpniLa)(n) =" {Z Liw—Y_ > Lk#Lj,y] a

v=0 =0 k=l

n—1 N—1N-1
[z LewIf S Y Lj,y}a,
=]

=0 v=0
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whence, by definitions (8) and (22),

n—1rN—-1
(HL,N,lLa) (n) = Z |:Z Lk,y — Lk#AL,N:| a=0

k=l ~v=0

foralla € X andn € {1,2,...,N — 1}.
The remaining case when n = 0 is considered in a similar way. O

Let us now put pr(N) :=r (£21, n ), the spectral radius of the linear operator
Qpng 0 XN — XN defined with formula (21). The notation is justified by the
following

Lemma 4. p;(N) is independent of I.

Proof. Let us first prove the following cLaM: If A : XV — XN and B : XV — X~
are bounded linear mappings such that o(B) C o(A) and im B C ker A, then
o(A+ B) =o(A).

Indeed, let A ¢ o(A) be a regular point for A. Then the equation

Ar—dx=y—¢

has the unique solution z(y — ¢,\) :== -A"y— o+ A\ 1A(y — ¢) +...] for all y
and ¢. Consider the equation

(25) ¢ = Bx(y — ¢, ),
or, which is the same,
—+o0
¢=X"BY AVAY(¢-y).
v=0
Since, obviously, we are seeking for a ¢ in im B, the assumption that im B C
ker A yields jig A"V AY$ = ¢ and, therefore, equation (25) rewrites as
—+o0
(26) By —Ap=DBY N A%y
v=0
Since A Z 0(A) D o(B), we see that (26), and hence (25), has a unique solution,
say ¢(y,\). Thus, for every y, the equation
(27) Az — e =y — ¢y, \)

has a unique solution and, moreover, by virtue of the form of equation (25), the
solution = (y, \) := x (y — ¢(y, A), \) of (27) also satisfies the equation

(28) Az — \x =y — Bu.
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Let us prove that (28) cannot have any other solutions. Indeed, in the contrary
case, when (28) has another solution, say z, the difference § := = (y, \) — z satisfies
the equality

(29) AS — X5 = —B6.

Since, by assumption, im B is contained in ker A, relation (29) implies that A% =
AAJ. Therefore, Ad = 0, because otherwise Ad would be an eigen-vector of A
with the eigen-value A\, which has been assumed to be regular for A. The same
equality (29) then yields Bd = A\d, which can be the case only when § = 0, because
A € o(B). Hence, z and =(y, \) coincide.

The argument above shows that, for A & o(A) and arbitrary y, equation (28)
has a unique solution, whose continuous dependence upon y is obvious. Therefore,
o(A) Do(A+ B).

Conversely, if A\ € o(A + B), then there exists a bounded inverse operator
(A+ B — M)7', where I stands for the unity in B(X). Since, by assumption,
AB =0, we have

(30) (A= M)(B —\) = —A[A+ B — )|,

an invertible operator. Assume that B — AI is non-invertible. Then, according to
a well-known criterion (see, e.g., Theorem 2 in [1, p. 209]), there is some sequence
(ur){2y such that [lug| = 1 and |[Bug — Aug|| < £ for all k > 1. On the other
hand, since operator (30) is invertible, the same reasoning shows the existence of a
constant ¢ € (0,400) such that ||[(A — A )(B — A)z|| > ¢|z]|| for all z. Combining
these two statements, we obtain that, for all £ > 1,

[A— A
k )
which is impossible. Therefore, B — Al is invertible and, by (30), so does A — I,
i.e., A& o(A). Hence, 0(A + B) D o(A), and the proof of the CLAIM is complete.
Returning to our lemma, one can readily check that matrix (21) corresponding
to operator (11) has the property

¢ < [I(A=AN(B = Aug|| < [|A = M| - || Buy, — Aug || <

lo N-1 N-1

(20 N, — 20 N,1,] ZZ[LkU_Lk# Lj,u:|$l/
k=l; v=0 Jj=0
for all n € {0,1,...,N — 1} It is then easy to Verlfy that o (2,80, — 20.N1,) =

( (ﬁ)) where ﬁh Zkf I Zgy o "Lk L# ZJ o Lj]. Recalling notations (8) and
22), we see that, in fact, g = 0.

Finally, putting A := 2 n,, and B := 21, n,, — 21, v, in the CLAIM above,
we obtain that o(2p N, ) = 0(2L n4,) for all I and Iy in {0,1,...,N —1}. O
Lemma 5. p1(N) =7(Qr n), where Qp n : XN~ — XN=1 s given by

n—1N—-1

N—-1
(31)  (Qrwz)(n):=> Z(ka— ZLW)J;(V), 1<n<N-1.
j=0

k=0 v=0
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Proof. By virtue of Lemma 4, we can put [ = 0 in (11), in which case, as is easy
to see, the first row of matrix (21) is filled with zeroes. Thus, 2, no = [ is QLO,N}
with a certain M and, obviously, 7(£2r n5,0) = 7(QL,~)- O

Now we can apply the above lemmata to obtain the following theorem.

Theorem 1. Assume that operator (8) is invertible and, moreover, pr,(N) < 1.
Then equation (6) has a unique solution for every f:{0,1,...,N —1} — X.

Proof. By Lemma 1, every solution of (6), if there are any, satisfies relations (9) and
(10) for some a € X and, conversely, a solution of (9) is also that of (6) whenever
a is such that (10) holds. Let us fix some a € X and consider the corresponding
equation (9).

Introduce the sequence

Ymy1(n) = a+ frni(n)+ (Ho niLym) (n), 0<n <N, m>0,

where fr n;:{0,1,...,N —1} — X is defined by (12) and the starting member
is arbitrary. We have:

Ym+1 =0+ fo.ng+ Hr niLym
=a+ fong+He Lo+ fong+ Ho niLym—1],

which, by Lemma 3, yields

Ymt1 = a+ fong+Hp naLfo ng + (HL,N,lL)2 Ym—1-

Proceeding similarly, we arrive at the equality

Ymir =a+ Y (HyniL) frni+ (HnaL)™ ™ yo.
v=0

It follows immediately from Lemma 2 that r (Hz, ;L) = pr(N) and, therefore,
our assumption implies the convergence of the series Z:ﬁg (Hr,niL)” fr,n,, which
means that equation (9) has a unique solution for every a € X.

Furthermore, according to Lemma 1, a certain = : {0,1,..., N -1} —» X is a
solution of equation (6) if, and only if

—+oo

(32) rT=a+ Z (Hr,naL)" fr,ni
v=0

with some a € X such that (10) holds. However, it is easy to see that, for x given
by (32), relation (10) is equivalent to the equality

(33) a= —AZ}N S (f(n) + [L i" (Hp,nuL)” fL,N,l] (n)> :

n=0 v=0
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Inserting (33) into (32) and expanding notation (12), we obtain the unique solution
of equation (6) in the form of the series

+00 N-1
(34) == Z |:(HL,N,ZL)U Hynif —Aply Z (HpniL)” Hp v o f] (/f)]
v=0 k=0
N-1
—Ap Y f(R)
k=0
and the proof of the theorem is thus complete. ]

Remark 8. Theorem 1 is in the spirit of Corollary 5.2 from [2] and Corollary 4.2.1
from [6] established for linear systems of ordinary differential equations.

Let us say that some problem does not possess uniqueness property if it either
has no solutions or has more than one solution.

Corollary 1. Assume that {Ly, l,}k veo C B(X) are some linear operators such

that the corresponding mapping (8) is tnvertible. Then, for the boundary value
problem

(35) z(n+1) —z(n )\ZLnua? +f(n), 0<n<N-1,

(36) z(N) = z(0)
not to possess the uniqueness property for some f:{0,1,2,...,N —1} — X, it is
necessary that the parameter A € (—oo, +00) satisfy the inequality

Al >1/pr(N).
Proof. Tt suffices to replace system (35), (36) by an equation of type (6) and apply
Theorem 1. O
Corollary 2. Assume that the operators {Ly, V}k v—o C B(X) satisfy the condition

N-1
(37) > Lny,=A forallne{0,1,...,N—1}

v=0

with some invertible A € B(X) and, moreover, the spectral radius of the operator

| N2 7
Lll__ZL],l LN 1TV Lin-1
7=0 7=0
1 g N1 1 g N1
L1 — — L Lipn_1—— Lin_
(38) Z k1T i1 Z kN1 7 5 j.N—1
k=0 §=0 k=0 j=0
N—2 N-1 N—2 N-1
N -1 N -1
L1 — N Z Ljq .. Lin-_1— N Z Lin—1
| k=0 §=0 k=0 §=0 i
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is less than one. Then, for every f € diag X1, problem (3), (4) has a unique
solution, and this solution belongs to diag XV +1:

z(n)=—-A"'f forallne{0,1,2,...,N}.

Proof. As before, instead of (3), (4), we consider equation (6).

Taking into account notations (22) and (8), it is not difficult to verify that,
under assumption (37), A, v = N - A and Lk# = &1 (0 <k < N —1), whence
we see that the operator defined by matrix (38) is nothing but Qr n given by
(31). Theorem 1, together with Lemma 5, then guarantees the unique solvability
of equation (6), whose solution can be represented as series (34).

By Lemma 3, the relation f € diag XV yields Hy, v, f = 0, whence, considering
(34), we conclude that the solution of (6) is equal identically to —AZ}N Zg;ol (k).
Returning to problem (3), (4), we obtain the conclusion desired. O

Remark 4. The condition imposed on pr(N) in Theorem 1, generally speaking,
cannot be weakened. Indeed, consider the simplest scalar difference equation

(39) z(n+1)=—xz(n) (n>0).

The 2-periodic boundary value problem for equation (39) can be interpreted as (6)
with N = 2, f(O) = f(l) = O, L071 = Ll,O = O, and L070 = L171 = —2. It is obvious
that, in this case, 21, n0 = [ % 9] and, thus, p.(2) = 1. On the ther hand, every
non-trivial solution of (39) is periodic with period 2. Hence, the corresponding
inhomogeneous problem does not have uniqueness property and, therefore, the
inequality pr(2) < 1 in Theorem 1 [resp., |A| > pr(2) in Corollary 1] cannot be
replaced by pr(2) <1 [resp., |A| > pr(2)].

One can also construct similar examples for an arbitrary period N > 2 (this is
not done here).

ACKNOWLEDGEMENT. The author wishes to express his sincere gratitude to
all the organising staff of CDDE 2000 for their kind care and attention.

REFERENCES

1. Kantorovich L. V. and Akilov G. P., Functional Analysis (in Russian), 2nd rev. ed.,
Nauka, Moscow, 1977.

2. Kiguradze 1. T., Initial and Boundary Value Problems for Systems of Ordinary Dif-
ferential Equations. I (in Russian), Metsniereba, Thilisi, 1997.

3. Ronto A., On boundary value problems with linear multipoint restrictions, Publ. Univ.
Miskole, Ser. D., Natur. Sc. Math., 36, No. 1 (1995), 80-89.

4. Ronto A. and Samoilenko A.; Conditionally additive operators and non-linear differ-
ential equations (submitted).

5. Ronto A., Ronté M., Samoilenko A., and Trofimchuk S., On periodic solutions of
autonomous difference equations (submitted).

6. Samoilenko A. M., Kenzhebaev K., and Laptinskii V. N., Constructive Methods of In-
vestigating Periodic and Multipoint Boundary Value Problems (in Russian), Institute
of Mathematics, Kiev, 1999.



ARCHIVUM MATHEMATICUM (BRNO)
Tomus 36 (2000), 585-593, CDDE 2000 issue

ON NON-LINEAR BOUNDARY VALUE PROBLEMS
CONTAINING PARAMETERS

MikL6s RoNTO

Institute of Mathematics, University of Miskolc
H-3515 Miskolc—Egyetemvaros, Hungary
Email: matronto@gold.uni-miskolc.hu

AMS SuBJECT CLASSIFICATION. 34B10

ABSTRACT. We consider a boundary value problem containing two pa-
rameters both in the non-linear ordinary differential equation and in the
non-linear boundary conditions. By using a suitable change of variables, we
bring the given problem to a family of those with linear boundary condi-
tions (plus some non-linear determining equations), and apply an iterative
method to approximately find its solution.
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1. INTRODUCTION

An analysis of the publications concerning the iterative methods in the theory
of boundary value problems shows that various numerical-analytic methods, in
particular, those based upon successive approximations, are now widely used and
developed (see, e. g., [5] for a review).

According to the basic idea of the latter group of methods, the given boundary
value problem is replaced by a problem for a “perturbed” differential equation con-
taining some artificially introduced parameter, whose value should be determined
later. The solution of the “perturbed” problem is sought for in the analytic form
by iteration with all the iterations depending upon the parameter mentioned.

As to the way how the auxiliary problem is constructed, it is essential that
the form of the “perturbation term” yields a certain system of (algebraic or tran-
scendental) “determining equations,” which give the numerical values of the pa-
rameter corresponding to the solutions sought-for. By studying these determining
equations, it is possible to establish existence results for the original problem.
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It is worth mentioning that, earlier, the parametrised boundary value problems
were studied mostly in the case of the linear boundary conditions [4], or even in
the case when the parameters are contained only in the differential equation [1,2].

It has been an open problem to find out how one can construct a numerical-
analytic scheme suitable for problems with parameters both in the equation and in
non-linear boundary conditions. Here, we give a possible approach to this question
following the method from [3].

2. PROBLEM SETTING

We consider the non-linear two-point parameterized boundary value problem

(1) y/(t) = f(tvy(t)v )‘17 )‘2)7 te [O,T],
(2) g(y(0),y(T), A1, A2) =0,
(3) y1(0) = yi0, ¥2(0) = Y20,

containing the parameters A; and Az both in Eq. (1) and in condition (2).

Here, we suppose that the functions f : [0,7] x G X [a1,b1] X [ag2,bs] — R
(n>3)and g : G x G x I x Iy — R" are continuous, G C R" is a closed,
connected, and bounded domain, and \; € Iy := [ag,bx] (k = 1,2) are unknown
scalar parameters.

Assume that, for ¢ € [0,T], Ay € I, and Ay € I fixed, the function f satisfies
the Lipschitz condition

(4) |f(t7u7)\17)‘2)_f(tvvv)‘lv)\Qﬂ §K|U_U|

for all {u,v} C G and some non-negative matrix K = (Kj)},_;. In (4), as well
as in similar relations below, the signs |-| and < are understood component-wise.

The problem is to find the values of the parameters A\; and A5 such that problem
(1), (2) has a classical solution satisfying the additional conditions (3). Thus, a
solution is the triple {y, A1, A2} and, therefore, (1)—(3) is similar, in a sense, to an
eigen-value problem.

3. A REDUCTION TO THE PARAMETRISED BOUNDARY
VALUE PROBLEM WITH LINEAR CONDITIONS

Let us introduce the substitution
(5) y(t) = z(t) + w,

where w = col(wr, wa, ..., w,) € 2 C R" is an unknown parameter. The domain
{2 is chosen so that

D+ 2 C G,
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whereas the new variable, z, is supposed to have range in D, the closure of a
bounded subdomain of G.
Substitution (5) allows one to rewrite problem (1)-(3) as

(6) 2 () = f(t,x(t) +w, A1, Aa), te0,7T],
(7) 9(x(0) + w, z(T) + w, A1, \2) =0,
(8) 21(0) = y10 — w1, x2(0) = x20 — wo.

Let us bring the boundary condition (7) to the form
Az(0) + Bx(T) = &(z(0) + w, x(T) + w, A1, \2) = [A + Blw,

where @(u,v, A1, A2) := Au + Bv + g(u,v,\1,\2) and A, B are fixed square n-
dimensional matrices such that det B # 0.
The parameter w is natural to be determined from the determining equation

D(x(0) + w, z(T) +w, A1, \2) = [A+ Blw
or, equivalently,
Ax(0) + Bx(T) + g(x(0) + w, x(T) + w, A1, A2) = 0.

Thus, the essentially non-linear problem (1)—(3) turns out to be equivalent to

9) ' (t) = f(t, 2(t) + w, A1, X2), te[0,77,
(10) Az(0) + Bx(T) + g(x(0) + w, z(T) + w, A1, A2) = 0,
(11) X1 (O) = Y10 — W1, ZEQ(O) = To0 — W2.

On the other hand, system (9), (10), (11) can be regarded as a collection of
problems

(12) 2 () = f(t,x(t) +w, A1, Aa), te0,7T],
(13) Az(0) + Bx(T) =0,
(14) 21(0) = y10 — w1, x2(0) = x20 — wo.

parametrised by the unknown vector w and considered together with the deter-
mining equation (10).

The essential advantage obtained thereby is that the boundary condition (13)
is linear.

It follows from the consideration above that family (12)-(14) can be studied
by using the numerical-analytic method developed in [5].

Assume that

(15) Dg:={x e R": B(z,5(x)) C D} #0,

where

Bla) 1= Sha(f) +1(B~ A+ B,)al
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and

(16) 5g(f) = max f(t,x,)\l,)\Q)

5|
2 L(t,x,21,02)€[0,T] x 2x Iy x I

— min t,x, A1, A }
(t,x,Al,Ag)e[O,T]xQxflx12f(’ A1, A2)

Moreover, we suppose that K in (4) satisfies

10
17 K —.
(1) H(K) < 5z
Set
Dy :={ueR"?:z=col(y10 — W1, Y20 — W2, U1, Uz, ..., Un—2) € Dg}

and introduce the sequence of functions
t
Tt (G w,uy A1, Ag) == 2 —|—/ f (8, xm(s,w,u, A1, Aa) +w, A1, A2) ds
0

t T
- ?/ f(svxm(‘S?w?uv)\lv)\Q)+w7)\17)\2)d8
0

(18) ~ LAy B
T
where m > 0 and o (¢, w, u, A\1, A\g) = 2.
Note that z,, (0, w, u, A1, A2) = z for all m.
It can be verified that all the members of sequence (18) satisfy conditions (13)
and (14) for arbitrary u € Dy, w € §2, and A\, € I, (k =1,2).

By virtue of (13), every solution, x, of (12)—(14) satisfies
x(T) = =B~ Az(0).
Therefore, Eq. (10) can be rewritten as
(19) g(2(0) + w, =B~ Az (0) + w, A1, X2) = 0.

So, we conclude that problem (9)—(14) is equivalent to the following family of
boundary value problems with linear conditions:

(20) Z'(t) = f(t, 2(t) + w, A1, X2), te[0,77,
(21) Az(0) + Bx(T) =0,
(22) 331(0) = Y10 — W1, To (O) = To0 — W2

considered together with the determining equation (19).
We suggest to solve the latter system sequentially: first solve (20)—(22), and
then try to find out whether (19) can simultaneously be fulfilled.
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Theorem 1. Assume conditions (4), (15), and (17). Then:

1. Sequence (18) converges to the function x* = x*(-,w,u, A1, A2) as m — 400
uniformly in (w,u, A1, A2) € 2 x Dy x I; X Is.

2. The limit function x*(-,w,u, A1, A2) is the unique solution of the “perturbed”
parametrised boundary value problem

() = f(t,x(t) +w, A, A2) + A(w, u, A1, A2), t€[0,7),
(23) Az(0) + Bx(T) =0,

21(0) = y10 — w1, x2(0) = 220 — wo

having the initial value x*(0,w,u, A1, A\2) = z, where
1
A(w, u, A1, A2) := —T[B_lA + E,lz
1 T
— T/ f (s, 2™ (s,w,u, A1, Aa) + w, A1, Aa)ds.
0

3. The following error estimate holds:
(24) |xm(t7 w,u, )‘17 )\2) - J}* (ta w, u, )‘17 )\2)| S h(tv w,u, )‘17 )\2)7

where

20¢

it = 2 (12 1) @ (B, - @) [@dels)

+ K|(B™'A+E,) z@,
the vector d¢(f) is given by (16), and Q = 3L K.

Proof. Tt can be carried out similarly to that of Theorem 2.1 from [5, p. 34].

The following statement shows the relation of the function z* (-, w, u, A1, A2) to
the solution of problem (20)—(22).

Theorem 2. Under the assumptions of Theorem 1, the function
(L w ut A, AS)

is a solution of the parametrised boundary value problem (20)—(22) if, and only if
the triplet {u*, X5, \5} satisfies the system of determining equations

T
[B_lA—I—En]z—I—/ f (s, 2™ (s,w,u, A1, A2) +w, A1, A2)ds = 0,
0

where w is considered as a parameter.
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Proof. Analogous to that of Theorem 2.3 from [5, p. 40].

Theorem 3. Assume conditions (4), (15), and (17). Then, for the function
(25) Yy i=at (L wt et A A+ w”

to be a solution of the given parametrised problem (1)—(3), it is necessary and

sufficient that {w*,u*, A7, A5} satisfy the system of determining equations

T
Z+/ f(87x*(8’wau7A1;A2)+w,A1,)\2)dS:O,
(26) 0

g (z +w,—B YAz +w, Ay, )\2) =0.
Proof. Tt is easily seen from the form substitution (5) that Eqns. (26) hold when-

ever the transformed boundary value problem (23) is equivalent to the original
problem (1)—(3).

Remark 1. Considering function (25), one can set
(27> Ym ‘= xm('vwmvuma)\l,mv)\lm) + W,

and regard (27) as the mth approximation to function (25), which solves the
boundary value problem (1)—(3).

In Eq. (27), @, is given by (18), whereas wy,, Um, A1,m, and A2, are solutions
of

T
Z+/ f(87xm(87w7u7)\17)‘2)+w7)\17)‘2)d8:07
(28) 0
g (z +w, —B YAz +w, M\, /\2) =0.

We do not consider the strict substantiation of the above idea, referring to []
where similar techniques are described.

FEzample 1. Let us consider the third order parametrised differential equation

3\ t?

@) O+ 0O 0 = (et ) T teb

with the following non-linear boundary conditions containing parameters:

Y (1 (0) + Ay(1) = =

32’
y(/(0) + 2y (0) + day"(1) = 7.
(30) 1 1
53//(0) + <§ - )\1) y'(1) =0,
YO)= 1 Y0)=0
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Equivalently, equation (29) can be rewritten as

i (t) = ya(t),

(8) = Ts — 330 — M0

together with the boundary conditions

y2(1)y2(0) + Myi(1) = 3—12,

y1(1)y2(0) + Xay2(0) + Aays (1) = 1

16’
(32)
%yg(O) + <% - )\1) y2(1) =0,
0O =1 50 =0

One can verify that, for problem (31), (32), conditions (4), (15), and (17) are
fulfilled with (t,yg, Y2, A1, )\2) S [O, 1] XGxIyxIy, A\ € I1 := [O, 1], Ao € Iy = [0, 1],

010
A:= B := F3:=diag(1,1,1), K := {?8 %}, and
3

1 1 1
G:= s Y2, : < ) < 5 < 50 (0
{(Eh Y2 y3) |3/1| =73 |y2| D) |y3| 3 }

because, in this case, r(K) = 0.9,

(=2

Q

—~

~

N

IN
|Cw”o.:|>—-ml>—-

144
and
1
T 4
Ba) = oa(f)+ (B A+ Byl < | & | +2lal
558
Substitution (5) brings (31) to the form
x'l(t) = {EQ(t) + w2,
xh(t) = 23(t) + ws,
t2
z5(t) = 16~ 3@ +ws)?(t) = Ay (21 (t) +wr),
1
:Cl(O) = —— w1, LEQ(O) = —Wsq
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The computation performed according to (18) shows that the components of
the first iteration have the form

1 1
xLl(t? wi, w2, W3, U, )\17 )\2) = —— —w + —t+2tw1,

16 8
x1,2(t, wi, w2, w3, u, A1, A2) = —wa + 2t wa,
and
(t A1, A2) FEEIVES W S B I Y
x wi, W2, W3, U =u+ — - — —t" - —t—-2u
1,3\ W1, W2, W3, U, A1, A2 48 2 48 2 64 64 ’

where z,,, = col (T, 1, Tm 2, Tm.3)-
Similarly, for the second iteration, we have the first

1 1
w2, 1(t, wi, wa, w3, u, )\1,)\2):—1—6—w1+w2t2—tw2+§t+2tw1,
the second
X9 Q(t w1, W2, W3, U )\1 )\Q)Z—WQ+it4)\2+Lt4—t2u—itg)\g
192 256 96
1
—Egt2+ut+2twg,
and the third
1 1679
¢ Ao Ag) = ——— gt — —— EA
x273(,w1,w2,w3,u, 1, A2) 2561113 107520 +u+tArw
1 1 1, ,
—1—92tw3/\2+%tu)\2—tw3u+%t w3 Ao + w3 u
1 1 1
— P udg — 2N — Uy — — trwg A
togl UM 1Ttz 7 g b s A2
1 4 1 2 1 5 1 7 2
Ut —— A2+ — P udy — —— 1T A
102" "2 Goag0 "M T 120" M2 T 302560 2
1 7 1 4 1 4 2 2 ]‘ 2
e T —tru— ——t ¢ — ¢
91504 "2 95" M T apg! WU gt ws
1, 1 7679 839 191 ,
——t — A\ t— t— tA > A\
ST e M T 3g0 "t T 2032012 T ga16 !
;38 s L, s 1 g 1s,
24576~ ' 128 20480~ 57344 ' 160
1 5 2 1 5 1 3 2 2 3 2 ]‘ 3
— 2 A —— 12 XAy — —— 7 A" — =t ——t
T2 M Tes0l M T qssaal M T3l Tt
]‘ 2
_ 2
16

components of the function xs.
Solving the approximate determining equations (28) gives us the approximate
values of the unknown parameters. More precisely, we have

wi = 0, wa & .1250000000, w3 ~ .2552083572

—1 4+ 16 w3 Ao

~ .005212940674
6 00521294067

1
A= 5, de & 2500045836, u =
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for m =1 and

wy = 0, wy ~ 127331555, w3 ~ .2547074002

1 —1+ 16wz A
A = =, Ao & 2458952578, u = T 0UBA2 o 9458952578
2 16X
for m = 2.

Therefore, in the first approximation, the solution of parametrised problem
(29), (30) is

yl,l(t):__+_t7 te [071]7
(33) 16 8

1
5 A2 =~ 2500045836

>
=
Il
|

and, in the second approximation,

1
y2.1(t) = T +.1273315558 t — .0023315558¢, ¢ € [0,1],

(34) X
A1 = ox Ao ~ .2458952578.
Note that
42
y(t):___v tE[O,].],
(35) 8 16
oty ot
1=5 2=7

is an exact solution of problem (29), (30). Computation by using Maple shows that
(33) and (34) provide good enough approximations to (35).
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The method of lower and upper solutions is, in connection with the topological
degree theory, widely used to prove the existence or multiplicity results for various
types of boundary value problems. See [1] — [3].

The aim of this paper is to extend the method of lower and upper solutions to
the case of boundary conditions given by the continuous linear functionals. Such
conditions are given by Riemann-Stjeltjes integrals.

We consider the second order differential equation

(1) a’ = f(t’ xvxl)

with the generalized boundary conditions

b
2(a) = / 2(t) dgy () + ka2 ()
(2) .
z(b) = / x(t) dga(t) — koo’ (D),

* Research supported by grant Vega 1/7176/20
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where f : I = [a,b] x R? — R is a continuous function, g;(t) are nondecreasing
functions with bounded variation, 1 > g;(b) — g;(a) and k; > 0.

We assume that g;, k;, are such that the boundary conditions are linearly
independent. Our purpose is to extend some existence results of [6] to the case of
the problem (1), (2).

Definition 1. The function «(t) is called a lower solution for the problem (1), (2)
if

o (t) = f(t, a(t), o (1)),
b
(3) a(a) < /a a(t)dgy (t) + kid/(a)

b
a(b) < [ alt)dsalt) ~ kac' ),
Similarly the function 3(¢) is called an upper solution for the problem (1), (2) if
B7(t) < f(t,8(1), 5'(1)),
b
@ 8(a) = [ B(e)don()+ (o)

b
mmz/ﬁ@@m%ww%»

If the strict inequalities for o, 3" hold «, (3 are called strict lower and upper
solutions.

Remark 1. In the case of Dirichlet conditions z(a) = x(b) = 0, continuity of the
function f implies that for € > 0 sufficiently small «(t) —e, (t) 4 € are strict lower
and upper solutions satisfying the strict inequalities (3), (4).

Therefore below we assume that in the case of Dirichlet conditions the strict
lower and upper solutions satisfy also the strict inequalities (3), (4).

Lemma 1. /8, p. 214] Let h(s) be a positive continuous function such that

5) /mﬁsw:w

f be a continuous function satisfying
|tz y) < h(lyl)  for each |x| <r, t €1,

and let z(t) be a solution of the problem (1), (2) such that ||z|| < r. Then there is
a constant po > 0 such that ||z’ < po.

Lemma 2. Let «, 3 be a strict lower and upper solutions and u(t) be a solution
of the problem (1), (2).
Then a(t) < u(t) implies a(t) < u(t) and B(t) > u(t) implies B(t) > u(t).
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Proof. Let 0 = u(to) — B(to) at to € (a,b). Then
0 > u(to)” = B(to)” = f(to,u(to), v (to)) —B(to)"” = f(to, B(to), B'(to)) —B(to)" > 0,

a contradiction.
Let 0 = u(a) — B(a), u(t) < B(t) for t € (a,b). If v/(a) = f'(a) we obtain the
same contradiction as above. Suppose u/(a) < ' (a).

We consider several cases.
Let k1 > 0. Then

u(a) — B(a) < / u(t) — B(t) dgi (t) < (91(b) — g1(a)) max (u(t) — B(t)) <0,

a tel

a contradiction.
Let ky = 0. If g; is nonconstant on a subinterval [c,d] C (a,b) then

u(a) — B(a) < / u(t) — B(t) dgi(t) < (91(b) — g1(a)) max (u(t) — B(t)) <0,

a tel

a contradiction.

If g1 is constant on (a,b] then the first condition of (2) is reduced to Dirichlet
condition. With respect to Remark 1 we assume 3(a) > 0. Then u(a) — 8(a) < 0,
a contradiction.

If gy is constant on [a, b) then u(a) — (a) < e(u(b) — (b)), ¢ < 1. That means
u(a) = B(a) implies u(b) = B(b). Using the boundary condition at point b and
considering the same cases as above we obtain a contradiction with the equality
u(b) — B(b) = 0. The last case g2 is constant on (a, b] leads either to the Dirichlet
conditions case, or to the linear dependance of boundary conditions.

Let X = C*(I), dom L = {z(t) € C*(I), z satisfies (2)}, Z = C(I). We denote
L:domL C X — Z, Lz = 2",
N:X — Z, Nzx(t) = f(t,z(t),2'(1)).
The problem (1), (2) is equivalent to the operator equation
Lx = Nz,

where the operator N is L-compact [2].
We denote

Qrp={a(t) € C'(I), |zl <r 2’| <p}.

Lemma 3. Let
(i) there is a constant r > 0 such that f(t,r,0) >0 and f(t,—r,0) <0,
(i) |f(t,z,y)] < h(ly]), h > e > 0 satisfies (5), for each t € I, |x| < .
Then there is po > 0 such that the topological degree

D(L,N, 2, ,) =1 (mod 2)

for each p > pg i.e. there is a solution x(t) of (1), (2) such that |x(t)| < r,
[z ()] < p.
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Proof. We consider the homotopy

Lz = N(z,\)
defined by the parametric system of equations
(6) " = Af(t,z,y) + (1= Nz, (2).

Now —r, r are a strict lower and upper solutions of the problem (6).

As |IAf(t,z,y)+ (1= Nz| < h(ly|)+r, the assumptions of Lemma 1 are satisfied
for the function Af(¢,z,y) + (1 — A\)a. Then the a priori bound of derivative and
Lemma 2 imply that no solution of (6) lies on the boundary of 942, ,, p > po.

By the generalized Borsuk theorem [3]

D(L,N(.,1),9,,) = D(L,N(.,0),£2,,) =1 (mod 2)
and Lemma 3 is proved.

Theorem 1. Let

(i) a(t) < B(t) be a lower and upper solutions of the problem (1), (2).

(i) | f(t, z,9)| < h(ly|), for each (t,x,y), t € I, a(t) < x < B(t), y € R, where
h > e > 0 satisfies (5),

Then there is a constant po such that for each 2 = {z(t) € C*(I), «a(t) <
z(t) < B(t), ||2’|| < p}, p > po there is a solution x € 2 of (1), (2).

Moreover if a(t), B(t) are strict lower and upper solutions then

D(L,N,02) =1 (mod 2).

Proof. Let r = max{||«/|, |8||}, M > max |f(t,z,0)| for t € I, |x| <r.
We define a perturbation

ft,B@),y) +M(r—pBE)+M x>r+1,
f(t,B(t),y) + M(z — (1)) Bt) <z <r+1,
[t wy) = f(t 2, y) a(t) <z < B(),
f(talt),y) — M(a(t) — ) —r—1<z<at),
ft,at),y) — M — M(a(t) +7) =< —r—1.

The function f* satisfies the Nagumo condition as well as the assumptions of
Lemma 3 for £2,41,,, p > po where pg is a constant from Lemma 1 for the function

fr.

Suppose u(t) € £2,41,, is a solution of the problem

(7> a’ = f*(tv T, xl)v (2)

We show that a < u < f3.
Let v(t) = u(t) — B(t) attains its maximum v,q, > 0. Then B(t) + Vpmaq 18 a
strict upper solution of (7). Lemma 2 implies u(t) < 5(¢) + Vmaqe & contradiction.
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That means u(t) is a solution of (1), (2).
If a(t), B(t) are a strict lower and upper solutions then moreover
D(L,N* 2, ,) = D(L,N*,2) = D(L,N, ) = 1 (mod 2).

Theorem 2. Let

(i) |f(t,z,y)| < M,
(i) o, B, B(t) < a(t), be a strict lower and upper solutions for the problem (1),

(2).

Then there are constants r,p > 0 such that
D(L,N,2)=1 (mod 2)
where 2 = {x(t) € CY(I), 3ty € I, B(ts) < x(ty) < alty), ||z|| <7, ||2'] < p}.

Proof. Let p= (b—a)2M and r = max (||a]|, [|3]]) + (b — a)p.
We define a perturbation f* by

ft,z,y)+ M x>r+1,
f,x,y) + Mx—7r) r<az<r+1,
[t zy) =< f(t,2,y) —r<az<r,
(t:cy)—i—M(x—i—T) —r—1<z<-r,
ftz,y) — r<—r—1

Clearly r + 1, —r — 1 are a strict lower and upper solutions of the problem

(8) g’ = f*(ta T, Z‘/), (2)

As |f*| < 2M then for each solution of (8) the boundary conditions (2) imply
that there is a constant p such that |2/ (t)| < p.

Therefore
D(L,N*, (2,41, =1 (mod 2)
Let now
O ={z(t) € 2ryr,, —-r—1<z<p},
={z(t) € 21, a<z<r+1}.
Then

D(L,N*, ) = D(L,N*,£2,) = 1 (mod 2)

Set 2 = 21, \ (Ql U Qu) .

As —r — 1, a, 7+ 1, 3 are strict lower and upper solutions, Lemma 2 implies
there is no solution v € 942,,.

The addition property of the degree means

D(L,N*,2,) =1 (mod 2)
on the set 2, = 2,11\ (Ql U Qu) , and finally the excision property implies
D(L,N*,2,,)=D(L,N*,2)=D(L,N,2)=1 (mod 2).
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The Nagumo condition in Theorem 1 and the a priori bound of f in Theorem
2 are in the following theorems replaced by the one sided growth condition.

Theorem 3. Let
(Z) k1> 0,ke >0,
(i) there is M > 0 such that f(t,z,y) < M for each t € I, and each x,y € R.
(iii) o, B, a(t) < B(t), be a strict lower and upper solutions of the problem (1),

(2).
Then there is pg > 0 such that for each p > pg and 2 = {z(t) € CY(I), a(t) <
z(t) < B(t), ||12'|| < p} there is

D(L,N,2)=1 (mod 2).

Proof. Let r = max{||a|, | 5]}
Let z(t) be a solution of (1), (2) such that ||z| < r. Then the boundary
2 2 2
conditions (2) imply z’'(a) < k_r and 2/ (b) > —k—r. Therefore [|2/|| < %+(b—a)M,
1 2
where k = min{kl, kQ}

2r
Let p1 = ? + (b - G)M + maX{HO/Ha Hﬂ/”}

We define
1 s<t
X(s,t) = ¢ 2= t<s<2t
0 s> 2t
and
9) == x(llzll, m)xyll, p1) f(E, 2, y).

Now f* is a bounded function and «, 3, are strict lower and upper solutions of
the problem

(10) 2 =tz 2, (2).
Theorem 1 implies that there is po such that for each p > po
D(L,N*,2)=1 (mod 2).

We choose p > max{p1,p2} = po. For each solution z of (10) such that ||z| < r
there is ||2|| < p1. Then f(¢t, z(t),2'(t)) = f*(t,z(t), 2’ (t)) and

D(L,N, Q) = D(L,N*, ) =1 (mod 2).

Theorem 4. Let
(i) ky, ks > 0,
(i) there is M > 0 such that f(t,z,y) < M for each t € I, and each x,y € R.
(iii) o, B, B(t) < a(t), be a strict lower and upper solutions of the problem (1),

(2)
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Then there is r,p > 0 such that
D(L,N,2)=1 (mod 2)
where
Q2 ={x(t) e CHI), Ity €1 B(ts) < z(tz) < afty), ||z|| <7, ||l2'|| < p}.

Proof. Let m = max{||a||,||5]|}, (t) be a solution and let 3t, € I B(t,) < z(ty) <
a(ty). Then |z(t,)| < m.

Let t1 be such that min 2:(¢) = x(t1), and suppose that z(¢1) < —m.

Let t; < t,. Then either 2/(¢;) =0 or ¢t; = a.

In the case 2/(t;) = 0 there is 2/(t) = f:l 2'"(s)ds < (b—t1)M, for t > t;. Then

i) =2t [ #(6)ds 2 —m— (1)~ )M

t1

If t1 = a then the boundary condition implies z(a) > z(a) (g91(b) — g1(a)) +
k12'(a). Hence k12/(a) < (1 — (g1(b) — g1(a))) z(a) which implies 2/(a) < 0, a
contradiction.

Let t1 > t,. Then either 2/(¢1) =0 or t; = b.

Again 2/(t1) = 0 implies that 2'(t) = — ttl 2"(s)ds > —(t1 —a)M, for t < t;.
Then

a(t1) = a(ta) + /tt1 7' (s)ds > —m — (t1 — a)(b— t;) M.

If t1 = b then z(b) > x(b) (g2(b) — g2(a)) — ko' (D) i.e. ko' (b) > —(1 — (g2(b) —
g2(a)))z(b) which implies 2/(b) > 0, a contradiction.

That means z(t) > —m — (b — a)*M.

Suppose that there is o such that max z(t) = x(t2) > m.

Case ty > 7.

There is o/(t) = o' (t1) + [} 2 (s) ds < (t2 — t1) M, for t € [t1, 1], and

x(te) = z(t1) + / ’ 2’ (s)ds < m + (tg —t1)* M.

Case ty < ty.

There is 2/ (t) = 2/(t1) — f:l x"(s)ds > —(t1 — to) M, for t € [to,t1], and

2(ts) = a(ty) — / " 2(s)ds < m+ (ts — t1)2 M.

ta

The above estimations give a priori bound of a solution

lz(t)| <r=m+ (b—a)’M.
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Arguing as in the proof of the preceeding theorem we obtain that

(O] < 7+ (b - )M,

2
where again k = min{ky, k2} and we put p; = % + (b—a)M + max{||/||, [|5']|}

Using again the perturbation (9) and Theorem 2 we obtain that there is po
such that for each p > ps

D(L,N*, 2)=1 (mod 2),
where
Q2 ={z(t) € CHI), I, €1 B(t,) < x(ty) < alty), ||z <r, ||2]] < p}.
We choose p > max(p1, p2) = po. A priori bounds of solutions imply
D(L,N,2)=D(L,N*,2) =1 (mod 2).

Remark 2. Tt is possible to replace the inequality in the condition (ii) of Theorem
3and 4 by f(t,x,y) > —M for each t € I, z,y € R.
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1. INTRODUCTION

We shall consider initial-boundary value problems for the equation

Dyu(t, ) ZDJ [i(t zu(t,x), Vu(t, z))] + fo(t,z,u(t,z), Vu(t,z)) +
Jj=1
m +g(t,a,u(t,2)) +h(t,2, [Hw)(t.2)) = F(t,)

(t,z) € Qr = (0,T) x 2

where 2 C R" is a (possibly unbounded) domain with sufficiently smooth bound-
ary, H is a linear continuous operator in L?(Qr), the functions f; are measurable
n (t,x), continuous with respect to u(t,x), Vu(t,z) but the functions g, h are
assumed to be only measurable in all variables. Further, f;, g, h have certain poly-
nomial growth in u(t, z), Vu(t,z). The case when {2 is bounded, was considered,
e.g., in [11] where certain terms were rapidly increasing in u(¢, z). In [13] there were



604 LASZLO SIMON

considered equations of more general form where all the terms were continuous in
u(t,x) and Vu(t, ).

The problem was motivated by the climate model considered by J.I. Diaz and
G. Hetzer in [8] where a particular case of the equation (1) (also with discontin-
uous terms in u) was investigated on the unit sphere in R? (instead of £2). Some
qualitative properties of the solutions of the climate model (without delay terms)
were proved in [1] and [7]. Functional partial differential equations arise also in
population dynamics, plasticity, hysteresis (see, e.g., [2], [4], [10], [15]).

The aim of this work is to formulate and prove new results in the case of
unbounded (2. We shall formulate conditions which imply the existence of weak
solutions of initial-boundary value problems for (1) and to show that in the case
of unbounded (2, the limit of solutions of problems in large bounded domains is
a solution of the problem in (2. There will also be proved the boundedness of the
solutions under some conditions and a theorem on the stabilization of the solutions
as t — oco. Our results can be easily extended to equations, containing higher order
derivatives with respect to x.

2. EXISTENCE THEOREMS

Let £2 C R™ be a (possibly unbounded) domain with sufficiently smooth boundary,
p > 2. Denote by W1P(§2) the usual Sobolev space with the norm

1/p
n

= /Q (> [Dyul? + Jup?)

Jj=1

Let V be a closed linear subspace of W'?(§2) and denote by X7 = LP(0,T; V) the
Banach space of the set of measurable functions w : (0,7) — V such that || u [|P is
integrable. The dual space of LP(0,T;V) is X} = L9(0,T; V*) where 1/p+1/g=1
and V™ is the dual space of V' (see, e.g., [14]).

On functions f; we assume that

A (i) fj : Qr x R™"! — R are measurable in (t,z) € Q7 and continuous in
neR,(eR

(ii) |fj(t,z,m, Q) < er(In|P~ + [¢|P™1) + ki(z) with some constant ¢; and a
function k; € L($2) (j =0,1,...,n) ; ) )

(lll) Z;L:I[fj(ta Ty, C) - fj(t@,n;()]((j - CJ) >01if ¢ 7é G

(iv) 27:1 fit,x,n, Q)¢ + folt,z,m,Q)n > e2|C]P + |n|P] — ka2(x) with some
constant ca > 0 and ke € L(£2).

Remark 1. A simple example for f;, satisfying A (i) - (iv) is
fj(tvxv,rhC) :aj(tvx)CJ"Cj'piQ? j:]-v"wn»

fo(t,@,m,¢) = ao(t, x)nln|P~2,
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where a; are measurable functions, satisfying 0 < ¢ < a;(t,x) < ¢f with some
constants ¢y, ¢{.

On functions g, h we assume that

B(i)g=914+92 9 : Qr x R— Rand h : Q7 x R — R are measurable
functions;

(i) |g1(t,z,n)| < ks(z)n/P~t and g1(t,z,n)n > 0 with some function ks €
L) U|L%(2)

(i)
lg2(t, 2, m)| < ks (@)ka([n)) [P~ + ks(2),  |h(t,z,0)] < ks (2)ka(10)]OPP ™ + ks (2)

where ks € L(f2) and ky4 is a continuous function, satisfying lim., k4 = 0.

Further,

C H : LP(Qr) — LP(Qr) is a linear and continuous operator such that for
any compact K C (2 there is a compact K C 2 with the following property: the
restriction of H(u) to (0,t) x K depends only on the restriction of u to (0,t) x K
for all t € (0, 7).

)

Remark 2. The operator H may have e.g. one of the following forms:

[H(uw)](t,x) = /0 Bo(s,t,x)u(s,z)ds or [H(uw)|(t,z) = u(r(t), x)

with some Gy € L*°((0,T) x Qr) and a continuously differentiable function 7
satisfying 7/ > 0,0 < 7(t) < t.
Since g; is locally bounded, for any € > 0 we may define (with fixed (¢, z) € Q)

gi (ta €L, 77) = €88 SUP|y_j|<I1 (ta €L, ﬁ)a

Qi (ta xz, 7]) = €58 inf"ﬂ*’lﬂ<€gl (tv €z, fl)
For fixed t,2,n gi(t,2,n) is nonincreasing and g5 (¢,z,7) is nondecreasing as ¢ is
decreasing thus

gi(t,z,m) = lim gf (t, z,m), g,(t,z,n) = lim g} (¢,2,7)
e—0 e—0
exist. Similarly may be defined g2, g,, h,h (by functions gs, h, respectively).

Theorem 1. Assume A (i) - (iv) and B (i) - (i) and C. Then for each F €
X7, up €V there exists u € Xp with Dyu € X7 and 1, @2,% € LY(Qr) such that

(2) (0, ) = uo,
for arbitrary v € V. we have
(3) §
(Dyu(t,-),v) + z; /Q [i(t z,u(t, x), Vu(t, z))Djo(z)dr +
=

/ folt, 2 u(t, 2), Va(t, 2))o(z)dz + / (o1 (t,2) + pa(t, 2) + (t, 2)o(a)de =
(9] (9]
(F(t,-),v) for a.e. t €[0,T]
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and for a.e. (t,x) € Qr
(4) gtz ut,2) <@t z) < gtz ut,z)), 1=1,2
h(t,z, [H(w)](t,z)) < 9(t, @) < h(t,z, [H(w)](t, z)).

Proof. Consider the function j € C§°(R) supported by [—1, 1] with the properties
J >0, [pj =1 and for any positive integer k define the functions ji by jr(n) =
kj(kn). Then the convolutions (with fixed t,z) g1px = gi*xji (1 =1,2), hy =
h x ji are smooth functions (of 7, 6, respectively). Further, define functions

gl,k(tvxvn) = gl,k(taxﬂl) if |$| < k7 gl,k(t7$777) =0if |$| >k

hi(t,x,0) = hy(t,x,0) if |z| <k, hg(t,z,0) =0 if |z| > k.
Then we may define operators A, By, Cy, : X7 — X} by

T
Aol = [ (Ao,
(A(u)(t),v(t)) :Z/ij(t,x,u,Vu)Djvdx—I—/Qfo(t,x,u,Vu)vda:,

T
[Bg(u),v]:/o <Bg(u)(t),v(t)>dt=/ Gty wodtdz, 1 =1,2,

T

[Bi(w), v] = [Bj.(u),v] + [Bi(u), v],

T
[C’k(u),v]z/o (Cr(u)(t),v(t))dt = ; hy(t, z, H(w))vdtdz, u,v e Xp.

By using the assumptions of our theorem, Holder’s inequality and Vitali’s theo-
rem it is not difficult to show that the operator A+ By +C}, : X7 — X7 is bounded
(i.e. it maps bounded sets of X into bounded sets of X7) and demicontinuous,
i.e.

(u;) — w in Xp implies (A + By + Ck)(u;) — (A + By + Ck)(u) weakly in X7.

Further, by using compact imbedding theorems we obtain (as in [12]) that
A + By + Cf is pseudomonotone with respect to

D(L) = {u € X7 : Dyu € X3, u(0) = 0},
ie. if u;,u e D(L),
(u;) — u weakly in Xp, (Dyu;) — Dyu weakly in X} and

limsup[(A + By + Cy)(w), u; —u] <0

l—o0
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then
(A4 B + Cr)(uw) — (A4 Bi + Cf)(u) weakly in X7 and
llim [(A+ By + Ci)(w),uy —u] = 0.

Finally, we show that A + By + C} is coercive, i.e.
[(A+ By + Ck)(u),u]

5 i = +o0.
?) lull o0 Il |
Assumption A (iv) implies
¢
©) | @@, umiar =l ulg, - [ b
0 Q2

By B (ii)
grrt,z,mn > 0if [n] > 1, gue(t,z,n)n > —ks(x) if [n] <1
thus
t
™) | Bz <t [ .
0 2
Let a > 0 be an arbitrary number. Since lims, k4 = 0, there exists b > 0 such

that |n| > b implies k4(|n|) < a. Hence, by using the notation Q? = {(7,2) € Q; :
|u(T, x)] < b} we obtain from B (iii)

®) |Aw%mmwmmm

| Go.x (T, z, u)udrdz| + | G2.5(7, z, w)udrdx| <
Qb Q:\Q?

1/q
C@+Mkﬂmmﬂw%+PL%ﬂ e lx,

with a constant C'(a) (not depending on u).
One gets similarly

(9) |A«Mwmwmmm

1/q
C@+MwﬁmmmM&+Pé%ﬂ i fx, -

Choosing sufficiently small @ > 0, from (6) - (9) we obtain for all ¢ € [0, 7]

(10) /0 ((A+ Bi + C)(u)(7), u(r)dr = c2/2 || u |, —c5 || ullx, —c3
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(with some constants ¢, ¢4, not depending on u) which implies (5) since p > 2.
Thus, by Theorem 4 of [3], for any F' € X7, ug € V there exists uy € X¢ such
that Dyuy € X7 and

(11) Dtuk+(A+Bk —|—Ck)(uk) =F,

(12) ur(0) = uo.

Since

1d 1d

(Drun(t), ur(t)) = 5= (ur(t), un(t)) = 5 — (un(t), ur(t)) r2(2)

(see, e.g., [14]), applying both sides of (11) to uy , we find by (10), (12)
(13) 1/2 [ ui(t) 7200) =1/2 [ uo 1720y +e2/2 [ ur 1%, <
I Fllxs +cb] [l un llx, +c5, ¢ €[0,T].
This inequality implies that
(14) | wk [ x75 | k|| Lo (0,7;02(02)) are bounded.

Hence the sequence (A+ By + C)(ux) is bounded in X% and so (Dyuy) is bounded
in X7, too.

Consequently, there exist uw € Xp, w € X}, ¢r,9 € L9(Qr) and a subsequence
of (ug), again denoted by (uy) such that

(15) (ug) — u weakly in X,
(16)
(ug) — w in LP((0,T) x £2) for each fixed bounded 2y C 2 and a.e. in Qr;
thus by C
(17) (H(u) — H(u) ac. in Qr;
(18) (A4 By + C)(ur) — w weakly in X7,
(19) Guk(t, x,uk) — o and hy(t, 2, ur) — ¥ weakly in L9(Qr).

From (11), (12), (14), (15), (18), (19) it follows (see, e.g., [11]) u(0) = ug,
(20) Div+w+ 1+ 92+ = F.

Now we prove w = A(u). Apply (11) to (ur — u)¢ with arbitrary fixed ( €
C§°(£2) having the properties : ¢ > 0, ((z) = 1 in a compact subset K of 2. So
we obtain

[Diur, — Dyu, (ug — w)(]+[Dyu, (g — u)C] + [A(ug), (ur —u)(] +

2D (B + Ci) (e, (s — w)C] = [P, (g — u)C-
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For the first term we have

_ T4 2 _
) [Dyur, — Dy, (ug, — u)(] —1/2/0 [E /Q(uk(t) —u(t))"Cdz| dt =

172 [ (e (T) — u(T)cde > 0,
further, by (15), (16), (19)
Ji (D, (we—u)¢] = 0, lim [(By, + Cp)(uk), (ux —u)¢] =0,
(23) lim [F, (u, —w)(] =0,
Thus (21) - (23) imply

(24) lim sup[ Ay (ux), (ur, — u)(] < 0.

k—o0

Since by A (ii) and (16)

lim folt, z, ug, Vug) (up, —w)ldtde = 0,

k—oo Qr

from (24) we obtain

(25) lim supzn:/ fi(t, x, ug, Vug) (up — w)dtde < 0.
k—oo = Jar
By using arguments of [5], we obtain from (25)
Vup — Vu ae. in (0,T) x K
(see [13]). Since K can be chosen as any compact subset of 2, we find
(26) Vug — Vu a.e. in Q.
Thus Vitali’s theorem and Hélder’s inequality imply
A(ug) — A(u) weakly in X7

(see, e.g., [0]), i.e. w = A(u).

In order to show the inequalities (4), one applies arguments of [9], by using
(16), (17). (16) implies that for each positive a there exists a subset w C Qp with
Lebesgue measure A\(w) < a such that

(ur) — w uniformly on Q7 \ w and v € L™(Qr \ w).
Thus for any € > 0 there is kg such that kg > 2/e and k > ko implies

(27) luk(t,x) —u(t,z)| <e/2if (t,x) € Qr \ w.
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Let k > ko, (t,2) € Qr \w. From 1/k < £/2, (27) and the definition of g1 1, g5, 97
it easily follows

g5tz ult, z)) < gtz uk(t, 7)) < g5 (t z, u(t, z)),
hence for sufficiently large k
gi (tv x, u(tv .’E)) S gl,k(tv xZ, ’I,Lk(t, {E)) S gi(tv x, ’U,(t, .’E))
Consequently, for any ¢ € C§°(Qr) with ¢ > 0 we have
[ gtewes [ gutauwes [ gt
Qr\w Qr\w Qr\w

which implies by (19)

Qr\w Qr\w Qr\w

Since u € L>®(Qr \ w), Lebesgue’s dominated convergence theorem implies as
e—0

(28) / &@%W@S/ %wé/ g1 (t, z, u)ep.
Qr\w Qr\w Qr\w

(28) holds for arbitrary nonnegative ¢ € C5°(Qr), thus we find
(29) gl(t,x,u(t,x)) <1t x) < gi(t, @, u(t, z))

for a.e. (t,2) € Qr \ w. Inequality (29) holds true for any a > 0 and w C Q7 with
AMw) < a, thus we obtain that (29) is valid a.e. in Q7.

Remark 8. In certain particular cases (if some Lipschitz conditions are satisfied)
one can prove uniqueness of the solution (see also [11]).

It is not difficult to prove an existence theorem for the interval (0,00). De-
note by Xo and X7 the set of functions u : [0,00) — V, w : [0,00) — V*,
respectively, such that for any finite T'u € LP(0,T;V), w € L9(0,T; V™), respec-
tively. Further, define Qo = (0,00) x §2 and let LY (Qs) be the set of functions

loc

v : Qoo — R such that v € LP(Qr) for arbitrary finite T'.
Theorem 2. Assume that functions

fj:QooxR"+l—>R, g,h: Qs xR — R
satisfy A (i) - (w), B (i) - (iii) and C for any finite T > 0.

Then for arbitrary F' € X7 there exists u € Xoo Such that for any finite T the
assertion of Theorem 1 holds with some functions oy, € L (Qso)-
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Theorem 2 is a consequence of Theorem 1, the proof is based on simple and
standard arguments. (Similar arguments can be found e.g. in [12].)

By using arguments of the proof of Theorem 1 we obtain that in the case when
2 is unbounded, the limit (as k& — o00) of certain problems in ”large” bounded
), C £2 is a solution in 2. Now we give the exact formulation of this statement.

Let 2;, C 2 be bounded domains with sufficiently smooth boundary such that
BN 2 C 2 (B, ={x € R":|z| <k}) and introduce the notations

Vie = WP(2y), XE=1LP0,T;V), (Xk)*=L90,T;Vy)

where W,"*(£2,) is the completion of C§°(2;) with respect to the norm of
WLP(§2;,). Further, let My, : Xéi — X7 be the following (extension) operator:

Myvg(t,x) = vg(t, z) for © € (2, Myvg(t,x) =0 for x € 2\ 2
Define the restriction Fy, of F € X7 (to §2) by

T T
/(Fk(t),vk(t»dt:/ (F(t), (Myop) (), g € XE.
0 0

Finally, let ¢ € C§°(R"™) be a function with the properties
olx)=11f |z| <1/2, @(z)=0if |z| >1
and define @y by ¢i(x) = p(x/k).

Theorem 3. Assume that the conditions of Theorem 1 are satisfied and the func-
tions ux € XX are solutions of the following problems in 2 :

ug(0,-) = wruo (€ Vi);

Dyuy, € (XK)* and for any vy, € Vj,
<Dtuk(t,~),vk>—|—jzn;/nk [tz ug(t, ), Vug(t, x))Djvg (x)dx +
[ ot et 2), Vs, 2)) i () +
L lous(t2) 5 2t ) + (e 2o =

(Fi(t,-),vx) for a.e. t €[0,T]

with some functions p1 i, 2,6, Yk € LI((0,T) x ) such that for a.e. (t,z) €
(O,T) X .Qk
gl(ta$7uk(tam)) < @l,k(tam) < gl(t,x,Uk(t,x)), l= 172
(t, @, [H(Myur)](t, 2)) < $r(t,z) < h(t, o, [H(Myu)](t, 2)).

Then the sequence (Myuy) is bounded in Xt and it has a subsequence which is
weakly convergent in X to a function u € Xp satisfying (2) — (4).
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3. BOUNDEDNESS AND STABILIZATION

Theorem 4. Assume that the conditions of Theorem 2 are satisfied such that co
and k2 in A (iv) are independent of T, p > 2, || F(t) ||v+ is bounded,

(30) lg(t, 2, m|* < cilnl* + ki(2), [h(t,2,0)* < cil0]* + ki(2)

with some constant ¢ and a function ki € L*(£2). Further, for any u € L} (Qx)

(31) /|H(u)|2(t,x)dx§ const sup /|u(7,x)|2d;v.
2 T€[0,t] J 2

Then for the solution u the function

y@r:[JwamFm

is bounded in (0,00) and there exist constants ¢',¢” such that for sufficiently large
T17 T2

T
[t I de < @ -m 4 e
Ty

Idea of the proof. Apply (3) to v = u(t,-) and integrate over (77,7T%). Then one
obtains the inequality

T2 T2

[y()]7/2dt < const / fsup y] + 1]d¢
T, [0,

mnwﬂan+a/

Th

with some constant ¢* > 0 which implies the assertion of Theorem 4. (See, e.g.,
the proof of Theorem 2 in [12].)

Now we formulate a theorem on the stabilization of the solution as t — oo.
Assume that the conditions of Theorem 4 are satisfied. Consider a sequence (t;) —
400 and define for a solution u

U(s,z) =u(t; + s,x), s€(—ab), e
with some fixed numbers a,b > 0. By Theorem 4 (U;) is bounded in LP(—a, b; V).

Theorem 5. Let the assumptions of Theorem 4 be satisfied; assume that fj,g,h
are not depending on t, there exists a (finite) p such that for sufficiently large
t > 0, [H(u)|(t,z) depends only on the restriction of u to (t — p,t) x 2 and it is
not depending on t if u is not depending on t. Further, there exists Fo € V* such
that

T+1
lim | F(t) — Fso ||y« dt = 0.
T—o0 T-1
Finally,
(32) Jueo € LP(02) and (t;) — +0o such that (U;) — uee weakly

in LP((—1 — p,1) x ).
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(uoo is not depending on t!)
Then there is a subsequence of (t;) (again denoted by (t;)) such that for the
sequence (U;) (defined by the subsequence (t;))

(33) (U1) — uoo weakly in LP(—1,1; V),
(34) (U)) — uoo in LP((—1,1) x £29)

for each bounded 29 C 2 and a.e. in (—1,1) x (2.
Moreover, u s a solution of the stationary problem

(35)
jz_;/gfj(m,Uoo(l‘);V'Uzoo(l‘))Djw(aﬁ)de+/Qfo(ﬂf,um(m),Vuoo(m))w(m)dm_|_

[ 91(0) + eala) + du(a)dn = (Fryu), weV
0
with some functions gbl,z/; € LY() satisfying for a.e. x € 2

(36) 9,(%,uco (1)) < P1(2) < Gi(7; uco (@), 1=1,2

h(z, [H (uso))(x)) < () < h(z, [H (uso)](@))-

Remark 4. In (36) us means the constant function in ¢, defined in an interval
(t — p,t). By the assumption of our theorem, H(us,) does not depend on ¢.

Remark 5. The operators H, defined in Remark 2 satisfy the assumptions of The-
orem 5 if

Bo(s,t,x) = B(s —t,x) for max{t — p,0} < s <t,
Bo(s,t,x) =0 for 0 < s <max{t— p,0}

with a function 8 € L>®((—p,0) x 2); t — p < 7(t), respectively.

Remark 6. By Theorem 4 (U;) is bounded in LP((—1 — p) x {2) for any sequence
(t;) — 400, hence a subsequence of (U;) is weakly convergent to a function U €
LP((—=1 = p) x £2). In (32) we assume that there exists U, not depending on ¢.

A sufficient condition for (32) is

(37) Dyu € L*(0,00; L(12)).

For the proof see [11]. In [11] there are given simple sufficient conditions for (37)
which imply a stabilization result in the case when g, h are depending on t and {2
is bounded. The formulation and proof of this result for unbounded {2 is similar
to the case of bounded (2.
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The sketch of the proof of Theorem 5. By Theorem 4 (U;) is bounded in LP(—2p —
1,1; V) thus DU is bounded in L9(—p—1,1; V*) which implies by (32) that there
is a subsequence of (U;) (again denoted by (U;)) such that

(38)
(Ui) — uoo weakly in LP(—p — 1,1; V) and strongly in LP((—p — 1,1) x £2)

for any bounded 2y C {2;
(39) (U) = o ae. in (—1,1) x £2.

Define the functions o1 4, w21, by

pri(s, @) = ei(ti+s,2), @2(s,2) = pa(ti +5,2), (s, x) =Pt + 5, ).
Since (¢1.1), (¢2.1), (¥1) are bounded in L((—1,1) x £2), we may assume that
(10)  (pr)— @b (p20) = @b () — 6" weakly in LI((<1,1) x 2).
Finally, we may assume that
(41) A(Uy(t)) — Y weakly in LI(—1,1; V*)

with some Y € L9(—1,1; V*) where the operator A : V — V* is defined by
= Z/ fi(z,v, Vu)Djw +/ folz,v, Vo)w, v,weV.
j=1"% Y
Now we apply arguments of [7]. Let

1
(42) peCP(-1,1), 12920, /s0=1, weV.

—1

Since u is a solution of (3), we have (for sufficiently large )

(43) / / Uywy' dtda + / (A(U(t)), w)pdt +

1 1
/ / (1 + 9o + ) wipdtda = / (F(tr + 1), wygdt.
—1J0

-1
By (38), (40) - (42) we obtain from (43) as | — oo

(44) /_1<Y(t),w><pdt + /_1 /Q(gof + @5 + P wedtdr = (Fa, w).

It is not difficult to costruct fuctions ¢ = ¢; satisfying (42) such that

lim (¢;) =1/21in (—1,1).
j—o00
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Applying (44) to ¢ = ¢;, we obtain as j — oo

e .
45 S d 54§ dz = (F.,
(45) 5 @it [ @t duds = (P
where
~ 1 ! * 7 1 ! *
(46) wk=§[1wkdt7 w=5[1wdt.

Now we show Y = A(us). Let 29 C 2 be any bounded domain and ¢ € C§°(£2)
with the properties: ¢ > 0, {(x) = 1 for & € {2y and denote by K the support of
¢. By (38) (for a suitable subsequence)

(Uy(t)) = oo in L*(K) for a.e. t € (—1,1),
hence there exist d;,&; > 0 such that (for a suitable subsequence of (U;))

lim (6;) =0, lim(g) =0, and Uj(—1+ ;) — teo,
(47> l—o0 l—o00
Ui(1 — &) — us in L*(K).
By (3) we find
(48)
176[

%/{2|U1(1—€l)|2Cd$— %/{2|U1(—1+51)|2Cd$+/ (AU(1)), Ui (t)C)dt +

—1+4;

1—g 1—¢g;

/ (o110 + o1 + ) UiCdtd — / (F(t + ), Uy(1)C)dt,
—1+4;, J 2 -1+,
hence by (38), (40), (45) - (47)
1761 .
(49) Jim (AU), Uy(t)¢)dt =
7 J—144

1

1
2(Foor t1ooC) — / 1 /Q (6% + 0} + P oot = / (Y (), ue Q).

—1
By using arguments of [5] we obtain from (49)

VU, — us ace. in (—1,1) X £2
which implies by (39)
(A(U})) — A(uso) weakly in L9(—1,1; V™),

e Y = A(us).
Finally, by (39), (40) we get (similarly to the proof of (4))

Ql($7uoo(ﬂ3)) < (p;(tvx) < gl(xvuoo(x))v =12

D(x, [H (uso)](2)) < " (t,2) < h(w, [H(us)](x))
Integrating these inequalities over (—1,1), we obtain (36).
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The aim of the paper is to investigate the relation between a linear homoge-
neous differential equation and its nonhomogeneous variant concerning the nonos-
cillatory property. More precisely, we formulate the problem as follows.

Problem. If the homogeneous linear differential equation is nonoscillatory and
f(z) is a continuous one-signed function (i. e. f(x) > 0 or f(z) < 0) which is not
identically zero for large x, we ask which other properties has the homogeneous
differential equation to have so that also the nonhomogeneous differential equation
will have the nonoscillatory property.

For the simplicity we will consider the selfadjoint differential equation

(1) yW + p(z)y =0

(2) W+ pa)y = f(x)
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We assume that p(z) € C([a, 00)) is nonnegative function defined on J = [a, 00)
and f(z) € C([a,o0)) is a one-signed function on J not identically zero for large
x.

It follows from the assumptions about p(x) that either all solutions of (1) are
oscillatory or all are nonoscillatory [1].

Definition 1. A solution of (1) or (2) is oscillatory if it has an upper unbounded
set of zeros. A solution is nonoscillatory if it is not oscillatory.

Definition 2. Equation (1) or (2) is oscillatory if it has at least one oscillatory
solution. Otherwise the equation is nonoscillatory.

Definition 3. Equation (1) is said to be disconjugate (on an interval I) if no
nontrivial solution of (1) has more than 3 zeros (on I).

The above problem was solved for the linear differential equations of the second
order in paper [2].

Theorem 1. ([2]). Let the equation

Y +plx)y =0

be a nonoscillatory equation and let f(x) be a one-signed function not identically
zero for large x. Then the equation

2+ pla)z = f(a)
is also nonoscillatory.

For the equation of higher order our problem was solved in the paper [3], where
the condition for the nonoscillatory behaviour of the homogeneous differential
equation was substituted by the condition of disconjugacy of the homogeneous
differential equation. It has to be mentioned that the disconjugacy doesn’t follow
from the nonoscillatory property.

Our problem was discussed in the paper [4] for the linear differential equations
of the n-th order, where the condition of disconjugacy is assumed for the so-called
reduced operator ﬁn_l associated to the operator L,,.

Definition 4. Equation
(3) Ly =y™ +a1y" ' + ...+ any =0,

where a; € C([a,0)), i =1,2,...,n, is said to be disconjugate (on an interval I),
if no nontrivial solution of (3) has more than n — 1 zeros (on 7).

Assume that the equation (3) is nonoscillatory and that @(x) is a nonoscillatory
solution of (3). If we set y = @z, then for sufficiently large x we get

n—1
Loy =2Ln® + & |2 + Y ai(2)2" | = 20,8+ L, 17,
i=1
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where a;(x) depend on &(z). Operator L, _1 is called the reduced operator for L,
associated with @.
Our problem is partially solved in the paper [4].

Lemma 1. ([1]). Let the equation (3) be nonoscillatory and let for solution ® of
(3) be Lp,_1z = 0 disconjugate for large x. Let f(x) be a one-signed continuous
function on [a,00) not identically zero for large x:. Then the equation

(4) Lny = f(z)
s also monscillatory.

In the following we will consider our problem for the equations (1) and (2).
Instead of the disconjugacy we will use the condition of selfadjointness of (1) and
the property that each solution y(z) of (1) can have at most one double zero.

We know that all solutions of (1) are of the same oscillatory character. We will
assume that all solutions of (1) are nonoscillatory.

Let be y1(x), y2(x), y3(x), ya(z) nonoscillatory solutions of (1) on J given by
the initial conditions in zy € [a, c0)

@Dy 4L o for j=i—=1 . _ i
(5) Yi (xo)_{o , fOT' ]7&1_1 71_1727374, ]_0717273~

These solutions form a fundamental system. Their wronskian is
(6) W (Y1, 2,93, ys)(z) = 1.

From the fact that (1) is selfadjoint it follows ([5], Chap. I1,5) that the wronskians

(7) Wy = W(y27y3a y4)($)a Wy = W(yla y37y4)(x)
Wy = W(y1,y2,ya) (), Wa=W(y1,y2,y3)(z)

are solutions of (1) on J. It is easy to see that

(9)
WD(zg) = 0 ,
8 i 1234, jAk—1,
(®) WE(z) = 1.} i
Thus
9) Wi = ya(z), Wa = y3(x), W3 = ya(x), Wa = y1(2).

Using the method of variation of constants we get for the general solution z(z) of
(2) the expression

(10)  2(z) = cay1(w) + caya () + c3ys(w) + cay(z) + /I A(t, o) f(t)dt,
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where
Y1 Et; , Y2 Et; ; y3Et; ; y4Et;
_yi), wa(t), ws(t),  walt
() AT =1, o, e, b SEST
y1(w), wy2(x), wy3(z), ya(w)

Respecting (7) and (8) we get

(12) A(t,2) = —y1(2)ya(t) + ya2(2)ys(t) — y3(2)y2(t) + ya()yn1(t), xo <t <.

It is evident that A(t,z) as the function of ¢ is a solution of (1). It is easy to see
that ¢ = x is a triple zero of the solution A(t, z). Using the expression (12) we get
from (10)

x

(13) o(x) :g%@ e+ [ utoroa].

0

We remark that evidently ffo ys—i(6) f(t)dt, i = 1,2,3,4, is a monotone function
in a neighbourhood of +occ.

Lemma 2. Let p(x) be continuous and nonnegative on [a,00). Let all solutions of
the equation (1) be nonoscillatory. Then not all solutions of the equation (1) are
bounded.

Proof. Let be all solutions of the equation (1) nonoscillatory and bounded. Thus,
the solutions y1 (), y2(x), y3(x), ya(z) satisfying (5) are nonoscillatory and boun-
ded on [zg,c0). From this it folows that lim, ygj) =0,1=1,2,3,4,7=1,2,3
and lim,_, y;(2) is finite. Therefore, lim, oo W (y1, Y2, y3, ya)(x) = 0, which con-
tradicts the fact that W(y1, y2, y3,ya)(x) =1 for all = € [a, 00).

Lemma 3. Let be p(z) € C([a,0)) nonnegative and not identically zero on some
subinterval of [a,00). Then every nontrivial solution y(z) of (1) has at most one
double (triple) zero point on [a,c0).

Proof. Multiplying (1) by y(z) we get y®y + p(z)y?> = 0 or after modification
"y — y'y") = —y"° — p(x)y® < 0. It means that the function F(y(z)) =
y"(x)y(x) —y'(x)y” (x) is a nonincreasing one. From this the assertion of Lemma
3 follows.

Lemma 4. Lety;(x), i = 1,2,3,4 be the nonoscillatory solutions of (1) satisfying
(5). Then there exists T € [a,0) such that for v > T y;(x) #0,i=1,2,3,4,

(14> W(y4793, y%yl)(x) 7& 0, W(y4a y3vy2)(x) 7é 0,
W(ya,ys)(x) #0, W(ys)(z) =ya # 0.
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Proof. Tt follows from the assumption of nonoscillatority of y;(x), i = 1,2,3,4
that there exists & > xo such that y;(z) # 0 for x > Z and ¢« = 1,2,3,4.
Moreover, we know that W (ys,ys, y2,y1)(x) = const # 0 for all € [a,o0)
and W(ya,ys,y2)(z) = —ya(z) # 0 for & > Z. Consider the solution u(x) =
c1y4(x) + coys(x). Evidently, u(zo) = u/(x0) = 0, u”(x0) = c2. Thus u(z) has no
double zero for x > xg and therefore there doesn’t exist ¢t > x( such that

u(t) = c1ya(t) + coys(t) =0

u'(t) = cryy(t) + cays(t) = 0.

From this we have that W (ya4,ys)(t) # 0 for all ¢ > ¢ and therefore also for
t = x > z. Evidently, W(y4)(x) = ya(z) # 0 for x > z. This ends the proof of
Lemma 4.

Lemma 5. Let be p(z), f(z) € C([a,0)), p(x) nonnegative and not identically
zero on some subinterval of [a,00) and f(x) a one-signed function not identically
zero for large x. Then the equation (2) allows the Frobenius factorization ([0],
Chap. IV, §8, 1X.)

(15) as(az(az(a(ao2)’))) = f(x), = >z,
where
(16) aj(z) = W, () , j=0,1,2,3,4,

W1 (x) Wi (2)

(17) W] (Z‘) = W(y4a "'7y5—j)($)5 ] - 1) 27 3) 4.
Proof. From Lemma 4 we have that for x > T

W1 (IL‘) = W(y4)($) = y4($) 7& 07 WQ(x) = W(y47y3)($) 7& 07

Ws(x) = Wy, y3, y2)(z) = —ya(z) #0, W(ys,y3,y2,91)(x) = 1.

Thus
Ly w0 W)@
Cl()(af) - y4($) 7é 07 1( ) W(y4,y3)(x) ;é 07 2( ) yi(x) 7é Oa
yi (@) 1
a,3($) - 7é 07 0,4($) = 7é 07
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and (2) or (15) will have the form

(18)

M’

ya(x) | W(ya,ys)(z) yi(x) W (ya,y3)(z) [ya() = f(x).

/

L yi() lw2<y4,y3><m> l vi(a) {z(m) H ]

Theorem 2. Let p(z), f(z) € C([a,0)), p(x) nonnegative and not identically

zero on some subinterval of [a,00) and f(x) a one-signed function in a neighbour-

hood of 400 not identically zero for large x. Let be equation (1) nonoscillatory.
Then the equation (2) is also nonoscilatory.

Proof. Under the given conditions on p(z) and f(z) the equation (2) can be
transformed to the equivalent equation (15) and also (18), where the functions
ai(x) # 0, i = 0,1,2,3,4 on some neighbourhood of +oco. The nonoscillatory
character of solutions of (15) and (18) is evident.

REFERENCES

1. M. Svec, Sur une propriété des intégrales de Uequation y™ + Qx)y=0, n=3, 4,
Czechoslovak Math. J. 82 (1957), 450-462.

2. M. Svec, On various properties of the solutions of third and fourth order linear dif-
ferential equations, in: Differential Equations and Their Applications (Proc. Conf.,
Prague 1962), Academic Press, New York, 1963, pp. 187-198.

3. M. Medved, Sufficient condition for the nonoscillation of the non-homogeneous linear
n-th order differential equation, Mat. ¢asopis 18 (1968), 99-104.

4. J. E. Gehrman and T. L. Sherman, Asymptotic behaviour of solutions and their
derivatives for linear differential equations, Rocky Mountains Journal of Mathematics
5 (1975), 275-282.

5. G. Sansone, Fquazioni differenziali nel campo reale, parte prima, Chap. 11. 5, Seconda
edizione, Bologna, (1948).

6. Ph. Hartman, Ordinary differential equations, John Wiley & Sons, New York, 1964.



ARCHIVUM MATHEMATICUM (BRNO)
Tomus 36 (2000), 623—636, CDDE 2000 issue

POSITIVE SOLUTIONS AND OSCILLATION OF HIGHER
ORDER NEUTRAL DIFFERENCE EQUATIONS

AGACIK ZAFER!, YASEMIN YALGIN?, AND YETER S. YILMAZ?

! Department of Mathematics, Middle East Technical University

06531 Ankara, Turkey
Email: zafer@math.metu.edu.tr

2 Department of Mathematics, Middle East Technical University

06531 Ankara, Turkey
Email: yaseminy@metu.edu.tr
3 Department of Mathematics, Atilim University

06830 Ankara, Turkey

ABSTRACT. Sufficient conditions are established for the existence of pos-
itive solutions and oscillation of bounded solutions of p-th order neutral
difference equations of the form

AP[xn 4+ an®r()] + 0 qn f(To(n)) = hn, n €N(no),

where 6 = +1, N(no) = {no,no +1,...}, no is fixed in N = {1,2,...},
a,q,h : Nno) = R, 7,0 € N(ng) — N with 7(n) < n and lim 7(n) =

lim o(n) = oo. Combining the sufficient conditions we are able to give

n—o00

necessary and sufficient conditions for every bounded solution of the above
equation to be oscillatory or almost oscillatory. Our results improve and
generalize several oscillation criteria obtained previously.

AMS SUBJECT CLASSIFICATION. 39A10, 34A11, 34A99
KEYWORDS. Higher order neutral equations, positive solution, oscillation

1. INTRODUCTION

In this paper we consider p-th order neutral difference equations of the form

(1) APy 4 anTr(n)) + 0 quf(Tom)) = hn, 1 € N(no),
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where § = 1, N(ng) = {no,no +1,...}, no is fixed in N = {1,2,...}, a
N(ng) — R, 7,0 € N(ng) — N with 7(n) < n and nh—{go 7(n) = nlingo a(n)
Throughout this paper it is assumed that f € C(R,R).

In what follows n(*) denotes the factorial function; that is, n(®) =1 and n(®) =
n(n—1)---(n— s+ 1) for any integer s > 1.

As usual a solution {z,} of equation (1) is called oscillatory if for a given
M > 0, there exists n > M such that z,z,+1 < 0, and it is said to be almost
oscillatory if {z,} is either oscillatory or satisfies lim x,, = 0.

n—oo

The oscillatory behavior of solutions of first and second order difference equa-
tions has been extensively studied by many authors However, much less has been
done for higher order equations. For some results regarding the oscillation and
asymptotic behavior of higher order difference equation, we refer in particular to
[2]-[10] and the references cited therein. In [8], the first author of the present article
considered a special case of (1), namely, the difference equation

@
= OQ.

(2) APlxp +cxpg] +6qnf(n_k) = hn, n€N(ng),
where [ and k are integers with [ > 0, and proved that if

(Cl) c 7é :|:17
(Ca) f satisfies Lipschitz conditions on an interval [a, b], where a and b depend
upon the range of ¢ # 0,

(Cs) Zn(p71)|qn| < 00,
(€1) 3 Dlh| < oo,

then (2) has a positive solution, and if

(Hy) zf(x) >0 forall z #0,

(H2) ¢, >0 with infinitely many positive terms,

(H3) there exists an oscillatory function p on N such that APp, = h, and
lim Alp, =0for j=0,1,...,p—1,

n—oo

(H4) Zn(pil)Qn = 00,

then every bounded solution {x,, } of (2) is oscillatory when (—1)P4 = 1, and almost
oscillatory when (—1)P6 = — 1.

Later the same author [9] gave a necessary and sufficient condition for the
oscillation of bounded solutions of (1) when 7(n) = n —1, o(n) = n — k, and
—byp < ¢, < —by < —1, where by and b; are fixed real numbers. The dependence
mentioned in (Co) was obtained as a/b < (by — 1) /bo.

A similar result was also established in [7] for equation (1) when p is even,
T(n)=n—1,0(n)=n—k, hy, =0, and 0 < ¢, < by < 1. Instead of (Hy), they
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had imposed the condition that

Sar(() ) =

Our purpose here in this paper is to find sufficient conditions for the existence of
positive solutions and oscillation of bounded solutions of equation (1), and thereby
establish necessary and sufficient conditions for oscillation or almost oscillation of
bounded solutions of equation (1).

For simplicity we first consider the difference equation

(3) APz, + CCCT(n)] + 5(]nf(xa(n)) =0, n&N(ng)

in sections 2 and 3, and next extend the results obtained to equation (1) in section
4.

2. EXISTENCE OF POSITIVE SOLUTIONS

In this section we are concerned with the existence of positive solutions of neutral
type difference equations of the form (3). It will be proved that (3) has a positive
solution when |¢| # 1 provided that the function f satisfies a Lipschitz condition
on an interval [a,b], where a and b are arbitrary positive real numbers.

Theorem 1. If (Cy) and (C5) hold and

(Cy) for some positive numbers a and b, the function f satisfies the Lipschitz
condition with a constant L on the interval [a,b],

then equation (3) has a positive solution.

Proof. Let K = max{|f(z)|/|z|:a <z <b} and M = max{K,L}.

We first consider the case |¢| < 1. Because of (C), there exists a sufficiently
large integer ni > ng such that

(b—a)(d —|c)

e — 1)
() 3 s Djg < W2l g G2 AZld)

b

S=nq

and such that 7(n) > ng and o(n) > ng for all n € N(ny).

We introduce the Banach Space

Y = {x: sup |zp| < oo}
TLZNQ
with the norm

llz]l = sup |an],
TLZNQ
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where Ny = inf,,>,, {7(n),o(n)}.

Set X = {x €Y :a<xz<b}. It is clear that X is a bounded, convex and
closed subset of Y. Define an operator S : X — Y by

% Z(S +p—1- n)(pil)qsf(xo(s))v n = mny

:anlv NOSTLS?"H»

Stp =a —cTrpn) +

where
(b+a)(1+c)

2

We shall show that S is a contraction mapping on X. We prove this when

0 < ¢ <1, the case —1 < ¢ < 0 is similar. It is easy to see that S maps X into
itself. In fact, for z € X, n > nq, using (4) it follows that

Sxp,>a—cb—pF=a
and
Stp, <a—ca+ =0,

and hence Sz € X. To show that S is a contraction, let x,y € X. It is easy to see
that

|an - Syn| sc |$‘r(n) - yT(n)|
M & -
+ o = 1= Valle — voo

p
Scllz =yl + S llz =yl

=N

and so

B
1Sz = Syl < (e + 3)lle —yll.

Since ¢+ 3/b < 1, S is a contraction on X. It follows that S has a fixed point
x € X, that is, Sz = x. It is easy to check that z is a positive solution of equation

(3).
Suppose that |¢| > 1. In this case we fix
b—a)(|lc]—1
5 b=a)ld =1
2|c|

and let nq1 be so large that

i —1)!
) S sl < o

s=1"1(n1)
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Define an operator S : X — Y as follows:

1 ()P & ~1(, )\ (-1)
Stn = Clo =2 + (p—1)! g_;m)(s P L= () f (o))

n>n
=S1p, No<n<mn

where
(b+a)(1+c)

2
We may claim that S is contraction on X. We shall prove our claim when ¢ > 1,
the case ¢ < —1 is similar. In view of (5) we see that

b

and
Se,<S-24p=n
C C

Thus we have Sz € X. It is not also difficult to see that if x,y € X then

1
|an - Syn| < E|x7*1(n) - yﬂ'*l(n)|

1 M - _ _
- ERY] Z (S +p—1-7 1(”))(1) 1)|q5||$0'(5) - yo(s)|
¢ (p 1) s=7-1(n)
1 B
< (- — — .
<+ D)y

Since 1/¢+ /b < 1, S is a contraction on X. This completes the proof.

3. OSCILLATION OF BOUNDED SOLUTIONS

In this section we investigate the oscillation behavior of bounded solutions of (3)
and establish necessary and sufficient conditions under which every solution {z, }
of (3) is either oscillatory or almost oscillatory.

The following lemmas will be needed in the proof of our theorems. The first
three of them can be found in [1]. The last one is essentially new and may be of
interest for other studies as well.

Lemma 1. Let {y,} and {APy,} be sequences defined on N(ng) with y, APy, <0
on N(ng). Then there exists an integer I, 0 <1 < p— 1, with p — 1 odd such that
forn € N(ng),

ynAJyn>Oa j:O,l,...,l,
(1) 'y Ay, >0, j=1+1,...,p—1.
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Lemma 2. Let {y,} and {APy,} be sequences defined on N(ng) with y, APy, >0
on N(ng). Then for n € N(ng), either

UnAyn >0, j=1,....p
or there exists an integer [, 0 <1 < p—2, with p—1 even such that for n € N(ny),

yﬂAJyTL>O7 j:O717"'7l7
(1) 'y Ay, >0, j=1+1,...,p—1.

Lemma 3. If {y,} is a sequence defined on N(ng), then
n—1 p
Z 8(1)71)Apys = Z(_1)k+1Akils(pil)Apikstrkfl|?:n1'
s=nq k=1

Lemma 4. Let g be a continuous monotone function such that lim g(n) = co.

Set -
(6) Zn = Ty + AnTg(n)-

If x,, is eventually positive, liminf z,, = 0 and lim z, = ¢ € R ezists, then £ =0

provided that for some real nrzt;zogers by, ba, b3 7;23064 the sequence {ay} satisfies
one of the following:
(a) b1 <a, <0, () 0<a, <bs <1, (¢) 1<bs<a,<b,.
Proof. We see from (6) that
Zg=1(n) T #n = Tg=i(n) T Ag=1(n)Tn = Tn = AnTy(n)

and so

@ nlggo {xg_l(n) + g1 (m)Tn = Tn — AnZg(n) } = 0.
Let {ny} be a sequence of real numbers such that
(8) Jim 2y, = 0.

Assume that (a) holds. It follows from (7) and (8) that

Jim {21 () = anopney } = 0.

As Tg—1(ny) >0 and —n, Ty(n,) = 0, we see that

klilgo xg—l(nk) =0
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and so from (6) we get

(= lim z4-1(p,) = khlgo {xg_1(nk) + ag_l(nk)xn,c} =0.

k—o0

Assume that (b) holds. By replacing n by g(n) in (7) and using (8) we have

9) lim {2, + anTg(n) = Tg(n) = Ag(n)Tg(g(n)) § = O-

n—oo

It is clear from (8) and (9) that

im {[an, — U g(n,) = Ggn) To(g(ni)) } =0

k—o0

and so
lim xg(nk) =0.

k—o0

Thus,

= lm 2y, = Hm {@40,) + ag(n)Te(oni)) } = 0-

Finally, let (c) be satisfied. Replacing n by g~1(n) in (7) and using (8) leads to

Hm {zg-1(g-1(ny)) + [Gg-1(g-1(ny)) = UTg-1(np) } =0

k—oo

and hence

(10) lim ngl(ﬂk) =0.

k—o0

In view of (6) and (10), it follows that

{ = ]ghjgozg_l(nk) =0.

This completes the proof.

Theorem 2. Suppose that (H1), (Hz) and (Hy) hold.

(i) Ifc> 0 and c # 1, then every bounded solution {x,} of (3) is oscillatory when
(=1)?§ =1, and is almost oscillatory when (—1)P6 = —1.

and

(ii) If c < —1 and iI;%[TL —7(n)] > 0, then every bounded solution {x,} of (3) is

oscillatory when (—1)P6 = —1, and is almost oscillatory when (—1)P§ = 1.

Proof. Suppose on the contrary that {z,} is a nonoscillatory bounded solution of
(3). Without loss of generality we may assume that {x,} is eventually positive.
Set

Zn = Tn + CTr(n).
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Clearly, {z,} is bounded and
(11) 0AP 2 = —qn f(To(n)) < 0.

Let ¢ > 0 and ¢ # 1. It is obvious that {z,} is eventually positive and
0z APz, < 0. Applying Lemma 1 and Lemma 2 we see that there exist n; and
integer [ € {0,1} with (—1)P~!§ = —1 such that

AFz, >0, k=0,1,...,1
(12) (—D)F ARz, >0, k=11+1,...,p—1

for all n. > ny. Multiplying (3) by s~ and summing from n; to n — 1 we obtain

n—1 n—1
(13) Z sPVsAP 2, + Z sP Vg, f(xy0s) = 0.
s$=n1 s=n1

Applying Lemma 3 to the first term in the left side of (13) we have

n—1 p—1
D s APz =Y (1) s AR LD AP TR ),
s=n1 k=1

+ (_1)p+15Ap71s(pfl)(SApipszrp*l|g:ﬂ1

i
L

(_1)k+15Ak71n(p71)Apszn+k71

(]

1
—1)P*5(p - Dlzntp—1 = 2ny4p-1] = K

—~

(14) +
where in view of (12)
p—1

K =3 (=)A=t Ay, g > 0.
k=1

Using (14) in (13) leads to

n—1
(15> Z s(p_l)qsf(xg(s)) <K+ (_1)p5(p - 1)![zn+p71 - zn1+p71]~

sS=n1

Since {z,} is bounded and (Hy4) holds, we obtain from (15) that

liminf f(z,) =0

n—oo

or
liminf x,, = 0.

n—oo

It follows from Lemma 4 that £ = lim z, = 0. But £ = 0 is possible only when

n—oo

1 =0, since in the case [ = 1, {z,} being positive and increasing cannot approach
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zero. This means that bounded solutions of (3) must be oscillatory when (—1)P§ =
1. It is clear that if £ = 0, then in view of 0 < x,, < z, we have

lim x, = 0.
n—oo

Suppose that ¢ < —1. We claim that {z,} is eventually negative. Otherwise,
for sufficiently large values of n, x, > —cwx,(,). Replacing n by 771(n), using
mathematical induction one can see that
(16> xrm(n) > (_C)mxnv
where

ri(n) =71 (n) and rp,(n) = 77 (rp_1(n)) for m > 2.

We shall show that lim r, = oco. In that case since {z,} is bounded we get

m—00

a contradiction. We first notice that 7(n) < n and so ri(n) > n. In view of
ir;fo[n — 7(n)] > 0 there exists € > 0 such that ri(n) > n + . By mathematical
n

induction we obtain
Tm(n) >n+me

and hence lim 7, = oco. Therefore {z,} is eventually negative. Since

0APz, = —qnf(xg(s)) <0

we have §z, APz, > 0. Applying Lemma 1 and Lemma 2 it follows that there are
ny and [ € {0,1} with (—1)?~!§ = 1 such that

Az, <0, j=0,1,...1,
(=177 1ATz, <0, j=1+1,...,p—1.
Using the arguments of the previous case we see that
liminfz,, =0
n—oo

and hence by Lemma 4, { = lim z, = 0. Moreover, we observe as in the previous

case that ¢ = 0 is possible oqlTyoowhen I = 0. In this case since z, < 0 it follows
that for a given € > 0 there exists an ns so large that
Zp > —€ for n > no.
This means that
(17) Tp > —€—CTr(y) forn>mno.
If we define ¢ = —1/¢, then we see from (17) that

Ty < Ee—l—xrl(n).
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It follows that
Ty < (E+E+ e+ 2, (n)

and therefore

C
(18) Ty < 1_66—1—67” Ty, (n)-

In view of 0 < & < 1 we easily deduce from (18) that lim z, = 0. This completes

n—oo

the proof.

In view of Theorem 1 and Theorem 2, we obtain a necessary and sufficient
condition for oscillation of bounded solutions of (3), which gives an improvement
of the theorem given in Section 1.

Theorem 3. Let (Hy), (H2) and (Cy) be satisfied. Then the conclusion of Theo-
rem 2 holds if and only if (Hy4) is satisfied.

4. SOME GENERALIZATIONS

In this section we extend the results obtained for equation (3) to equation (1).
Since the proofs are similar, we will omit the details.

Theorem 4. Suppose that (Cs) and (Cy) are satisfied, and (Cs) holds with posi-
tive real numbers a and b satisfying the following:

(A) a/b<(by+1)/
(B) a/b < (b1 +1)/
(C) a/b<(1—-by)/
(D) a/b < (b —1)/

(b1 + 1), when by < a, <by < —1,

(ba + 1), when —1 < by < a,, < by <0,
(1—="01), when 0 < by <a, <by <1,
(ba — 1), when 1 < by < a, < b,

where by and by are real numbers.
Then equation (1) has a positive solution.

Proof. Let K = max{|f(x)|/|z|:a <2z <b} and M = max{K, L}.
We first consider case (A4). Let

b(ba +1) —a(br +1)

A= 2bs

In view of (C3) and (Cy4) we can find sufficiently large n; > ng such that if n > ny
then

oo

(19) > sl < B )

s=17"1(n1)
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and

(20) > s Un| < W(—bg).

s=7"1(n1)
We may assume that 7(n) > ng and o(n) > ng for all n > n;.

We introduce the Banach Space

Y = {x: sup |x,| < oo}
TLZNQ

with the supremum norm

llz]l = sup |an],
TLZNQ

where Ny = inf,,>,, {T(n),o(n)}. Let
X={zeY:a<z<b}.

It is clear that X is a bounded, convex and closed subset of Y.

Define an operator S : X — Y by

S (=1r 3 -1 (r—1)
Sy, = a1 [ = 2r1(p) + 1) _Z( )(s +p—1—7""(n)) 45 f(Zo(s))
—1)p—1 s
+((P—)1)' > GHp—1-r )" Vh), nzm

s=7-"1(n)

:anlv NOSTLS?"H»

where
b(b+1) +a(by +1)
5 .

We shall show that S is a contraction mapping on X. It is easy to show that .S
maps X into itself. In fact if # € X then, because of (19) and (20), it follows that

San < —[—a+b—bBl = b
ba
and

Sy > _—1[—a+a+bgﬁ] = a.

Therefore SX C X.
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To show that S is a contraction, we take x,y € X. Obviously,

-1
|an - Syn| < E|xr—1(n) - y‘r_l(n)|

M oo
e —— s(p—l) 4s||To(s) — Yo(s
SN S_;(n) (45110 (s) = Yo(s)]
-1 3
21 < (=—+ = —yll.
(21) < (5 + gl — ol
s : . .
Since o + % < 1, S is a contraction on X, and therefore there exists a fixed
2

point x € X such that Sx = x. It can easily be verified that = is a positive solution
of equation (1). This completes the proof in the case when (A) is satisfied.

To prove the theorem for the cases (B), (C), and (D) we need only to make
the following modifications on (3, a and S in each case:

Case (B) :
ﬁ_b(b1+1)—a(b2+1) a_b(b1+1)+a(b2+1)
B 2 o 2 ’
—1)p & 3
Sz, =a— AnTr(n) + (]() — )1)| Z(S +p—1-— n)(p 1)qsf(xo'(s))
—_1)p1 X
S =100z

:anlv Noﬁnﬁnl»

where nq is chosen so large that

o0

(r—1) (p—1)!
= —1)!
(23) 3 s, < B
for all n > ny.
Case(C) :
6:[)(1—192)—&(1—()1) a_b(b2+1)+a(b1+1)
2 ’ N 2 ’

S is defined as in the case (B), and (22) and (23) are satisfied for all n > n.

Case(D):

5= b(by —1) —a(b2 — 1) _b(bi+ 1) +a(bs +1)
- 20, 4T 2 ’
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S is defined as in the case (i), and

- (r—1) (p—1)!
Z Ch |qs| < oMb ﬁbl
s=7"1(ny1)

—1)!
Z sP=D|p,| < %ﬁbl

s=7-1(n1)

for all n > n;.

The next theorem is a generalization of the results given in Theorem 2 to
equation (1). For a similar result and especially the technique about handling the
difficulty of having a forcing term, we refer the reader to [3,9].

Theorem 5. Suppose that (Hy) - (Hy) hold.

(i) If 0 < ap < by < 1orl < b < a, < by, then every bounded solution
{zn} of (1) is oscillatory when (—1)P§ = 1, and is almost oscillatory when
(—1)P6 = —1.

(i) If b1 < a, < by < —1 and iI;fO[n — 7(n)] > 0, then every bounded solution

{zn} of (1) is oscillatory when (—1)P6 = —1, and is almost oscillatory when
(—1)P6 = 1.

Finally, by combining Theorem 4 and Theorem 5 we obtain the following nec-
essary and sufficient condition for oscillation of bounded solutions of (1).

Theorem 6. Suppose that (Cy), (H1) - (Hs) hold, and that (C2) is fulfilled on
[a,b], where a and b are as in (A), (C), and (D). Then the conclusion of Theorem
5 holds if and only if (Hy) is satisfied.

Remark 1. In this paper we have assumed that {a, } is bounded away from +1. It
is not difficult to provide specific examples showing that this assumption cannot
be dropped. Therefore, finding similar results concerning (1) when {a,} is not
bounded away from +1 seems to be very interesting.
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