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AN EXTENSION OF THE METHOD
OF QUASILINEARIZATION

TADEUSZ JANKOWSKI

ABSTRACT. The method of quasilinearization is a well-known technique for ob-
taining approximate solutions of nonlinear differential equations. This method has
recently been generalized and extended using less restrictive assumptions so as to
apply to a larger class of differential equations. In this paper, we use this technique
to nonlinear differential problems.

1. INTRODUCTION

Let yo, z0 € CY(J,IR) with yo(t) < 20(¢) on J and define the following sets

(t,u,v) : yo(t) <u< Zo(t) ) Z/O(t) <wv< Zo(t) ) te J} .
In this paper, we consider the following initial value problem
(1) a'(t) = f(t,z(t)), teJ=][0,b], (0) = ko,

where f € C(Q,R), ko € R are given. If we replace f by the sum [f = g1 + g2] of
convex and concave functions, then corresponding monotone sequences converge
quadratically to the unique solution of problem (1) ( see [6,8]). In this paper we
will generalize this result. Assume that f has the splitting f(¢,2) = F(¢,z,x),
where F' € C(Q,R). Then problem (1) takes the form

(2) a'(t) = F(t,x(t),2(t), teJ, z(0)=ko.
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2. MAIN RESULTS

A function v € C*(J,R) is said to be a lower solution of problem (2) if
V'(t) < F(to(t),v(t), ted, v(0)<ko,

and an upper solution of (2) if the inequalities are reversed.

Theorem 1. Assume that:

1° yo, 20 € CY(J,R) are lower and upper solutions of problem (2), respectively,
such that yo(t) < zo(t) on J,
2 F, F,, Fy, Fuog, Fuy, Fyo, Fyy € C(R) and

F$1(tamay)207 Fzy(t,JZ,y)SO, Fyy(t7x7y)§0 f07” (t,l‘,y)EQ.

Then there exist monotone sequences {y,}, {z,} which converge uniformly to
the unique solution x of (2) on J, and the convergence is quadratic.

Proof. The above assumptions guarantee that (2) has exactly one solution on .
Observe that 2° implies that F), is nondecreasing in the second variable, F), is
nonincreasing in the third variable and F, is nonincreasing in the last two variables.
Denote this property by (A).
Let us construct the elements of sequences {y,}, {2} by

y;L—‘rl(t) = F(t,yn,yn) + [Fw (t, yn, Zn) + Fy(tv Zn;, Zn)][ynJrl(t) - yn(t)] )

for n =0,1,---. Note that the above sequences are well defined.
Indeed, yo(t) < zo(t) on J, by 1°. We shall show that

(3) yo(t) < y1(t) < 21(t) < zo(t) on J.

Put p=yg—y; on J. Then

p'(t) < F(t,y0,y0) — F(t,y0,%0) — [Fa(t,y0, 20) + Fy(t, 20, 20)] [y1(t) — yo(t)]
= [Fw (ta Yo, ZO) + Fy(t7 20, Z())]p(t) .

Hence p(t) < 0 on J, since p(0) < 0, showing that yo(t) < y1(¢) on J. Note that
if we put p = 21 — zp on J, then

p'(t) < F(t, 20, 20) + [Fu(t, Y0, 20) + Fy(t, 20, 20)][21(t) — 20(t)] — F (¢, 20, 20)
= [Fy(t, 90, z0) + Fy (¢, 20, 20)]p(t), and p(0) <0,
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s0 z1(t) < zo(t) on J. Next, we let p = y1 — z1 on J, so p(0) = 0. By the mean
value theorem and property (A), we have

o' (t) = F(t,y0,90) — F(t, z0,90) + F(t,20,y0) — F(t, 20, 20)
+ [Fa(t, 90, 20) + Fy(t, 20, 20)][y1(t) — yo(t) — 21(t) + 20(t)]
= [Fa(t, &, y0) + Fy(t, 20, 0)][yo(t) — zo0(t)]
+ [Fa(t, yo, 20) + Fy(t, 20, 20)][y1() — yo(t) — 21(t) + 20(t)]
< [Fx(t, v, 20) — Fi(t, 90, Y0)][20(t) — yo(t)]
+ [Fx(t, yo, 20) + Fy(t, 20, 20)]p(t)
< [Fa(t, 90, 20) + Fy(t, 20, 20)]p(1) ,
where yo(t) < £(t), o(t) < 20(t) on J. As the result we get p(t) < 0 on J, so
y1(y) < 21(¢) on J. It proves that (3) holds.

Now we prove that y1, 21 are lower and upper solutions of (2), respectively. The
mean value theorem and property (A) yield

y1(t) = F(t,y0,90) — F(t,y1,90) + F(t,y1,90) — F(t,y1,91) + F(t,y1,91)
+ [Fa (t, Yo, 20) + Fy(t, 20, 20)][y1(t) — yo(t)]
= [Fu(t, &1, 90) + Fy(t,y1, 00)][vo(t) — i (8)] + F(t,y1,91)
+ [Fa(t, Yo, 20) + Fy (¢, 20, 20)][y1(t) — yo(t)]
< [Fe(t, 90, 20) — Fu(t, 90, Y0) + Fy(t, 20, 20) — Fy(t, y1, y1)][y1(t) — yo(t)]
+ F(t,y1,y1) < F(t,y1,9),

where yo(t) < &1(t), 01(t) < y1(t) on J. Similarly, we get

21(t) = F(t,21,21) + F(t, 20,20) — F(t, 21,20) + F(t, 21, 20) — F(t, 21, 21)
+ [Fa(t, yo, 20) + Fy(t, 20, 20)][21(t) — 20(t)]
= F(t,z1,21) + [Fu(t, &2, 20) + Fy(t, z1,02)][20(t) — 21(t)]
+ [Fa(t, 90, 20) + Fy (¢, 20, 20)][21(t) — 20(t)]
> F(t, z1,21) + [Fu(t, 21, 20) — F(t, Y0, 20) + Fy(t, 21, 20)
— Fy(t, 20, 20)][20(t) — 21(t)] = F(t, 21, 21)
where z1(t) < &(t), oa(t) < z0(t) on J. The above proves that yi, 21 are lower

and upper solutions of (2).
Let us assume that

yo(t) Swn() <+ <y () < yw(t) < z(t) < 21 () <o < m(t) < 20(1),
teJ,

and let yg, zx be lower and upper solutions of problem (2) for some k > 1. We
shall prove that:

(4) Ye(t) S yrir(t) < zppa(t) < z(t),  teJ.
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Let p = yr — yr+1 on J, so p(0) = 0. Using the mean value theorem, property
(A) and the fact that yy is a lower solution of problem (2), we obtain

P'(t) < F(tyk,ye) — F(t e, yk) — [Fe(t, yr, 26) + Fy(t, 26, 26)[yrsa (t) — ye(t)]
= [Fo(t, Yk, 2) + Fy(t, zx, z1)|p(t) .

Hence p(t) < 0, so yr(t) < yr+1(t) on J. Similarly, we can show that zxy1(t) <
2k (t) on J.

Now, if p = yg+1 — 2k+1 on J, then
p'(t) = F(t,yr, yx) — F(t, 21, y) + F(t, 25, yr) — F(t, 2k, 21)
+ [Fu(ts yr, 21) + Fy(t 21 20)|[Yer1 () — yr(t) — 21 (t) + 21(1)]
= [Fa(t,€, yr) + Fy(t, 21, 0)][yk(t) — zi(t)]
+ [Futs yr, z1) + Fy(t 21 20)|[Yor1 () — yn(t) — 21 (8) + 21(1)]
< [Fult yrs 21) — Fo(t, yi, yio)] (26 () — yi(t)]
+ [Fu(t, yr, 21) + Fy(tv 2k, 21)|D(1)
< [Fe(t, yk, 21) + Fy (L, 21, 26)|p(t)
with yx(t) < £(t), 6(t) < zx(t). It proves that yx,1(t) < zx,1(t) on J, so relation
(4) holds.
Hence, by induction, we have
W) Syt < S pal) Sznl®) < S m@) <z0(t),  ted,
for all n. Employing standard techniques [5], it can be shown that the sequences
{yn}, {zn} converge uniformly and monotonically to the unique solution z of
problem (2).
We shall next show the convergence of y,,, 2z, to the unique solution x of problem
(2) is quadratic. For this purpose, we consider
DPntl =T — Yn41 >0, Gn+1 =2ny1—x >0 on J,
and note that p,1+1(0) = gn+1(0) = 0 for n > 0. Using the mean value theorem
and property (A), we get
Pria(t) = F(t,2,2) — F(t,yn, 2) + F(t,yn, ) — F(t,Yn, Yn)
= [Fe(t,yn, 2n) + Fy(t, 2n, 20)][yns1() — 2(t) + 2(t) — yn(t)]
= [Fu(t, &1, 2) + Fy(t, yn, 51)lpn(t)
+ [Fe(t yns 2n) + Fy(t, 2, 20)][Pria (E) —pn (1))
< [Fu(t,z,2) — Fu(t,yn, ) + Fu(t, yn, ) — Fp(t, Yn, 2n)
+ Fy(t,Yn yn) — Fy(t, 20, yn) + Fy(t, 20, Yn) — Fy(t, 20, 20)|pn(t)
+ [Fe(t, Yn, 2n) + Fy(t, zn, Zn)]Pny1(t)
= {Fm(t, 5_27 x)pn(t) - FIy(ta Yn, ‘_72)(1n(t) - Fw(ta 537 yn)[zn(t> - yn(t>]
— Fyy(t, 2, 03)[z2n(t) — yn ()]} pn(t)
+ [Fe(t yns 2n) + Fy(t, 2n, 2n)[pnra(t)
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where y,(t) < &(1), &(1),a1(t) < a(t), z(t) < T2(t) < za(t), ynlt) < &(1),
G3(t) < z,(t) on J. Thus we obtain

Pr (1) < {A1pa(t) + Azgu(t) + [As + As]ga(t) + pa(O}palt) + Mpnia(t)
< Mppia(t) + Bips(t) + Baga(t)
where
|F$1(t7uav)| < Al ) |ny(t,u,v)| < A2 ’ |Fyy(t7uav)| < AB P |Fr(t7uav)| < Ml P

3
|Fy(t,u,v)| SMQ on WlthM:M1+M2, Bl =A1—|—2A2—|—5A3,
1
:A2+§A3

Now, the differential inequality implies
0< pupa(t) < / [B1p2(5) + Bag? (s)] exp[M(t — )] ds.
0

This yields the following relation
_ < _ 2 _ 2
mase [2(2) = g 1(0)] < 03 max [o(2) — g (8)? + a2 max [ (t) — 2a(0)

where a; = B;S, i = 1,2 with
b it M=0,
S=4q .
arlexp(Mb) —1] if M >0.
Similarly, we find that

Q1 (t) = F(t, 2n, 2n) — F(t, @, 2,) + F(t,2,2,) — F(t,2, )
+ [Fw(ta Yn,s Zn) + Fy(ta Zn, Zn)][ZnJrl(t) - x(t) + m(t) - Zn(t>]
= [Fult, &, 20) + Fy(t, 2,54)|gn ()
+ [Fe(t yns 2n) + Fy(t, 20, 2n)][gn+1(8) —gn (1))
< [Fp(t, 2ny 2n) — Fo(t, yn, 2n) + Fy(t,z,2) — Fy(t, 2p, )
+ F, (t Zn, T ) (t Zn, zn)]Qn(t) + [Fr(ta Yn,s Zn) + Fy(tv Zn, Zn)]Qn+1(t)
= {Fua(t,&, 20) [20(t) — yn ()]
— Fya(t, &6, 2)an(t) — Fyy(t, 2n, 05)qn (1) }an ()
+ [ (ts Yn, 2n) + Fy(t, zn, Zn)]dn+1()
Whereta:(t) < &4(1), &6(1),74(t),05(t) < 2n(t), yn(t) < &(t) < 2,(t) on J. Hence,
we ge
a6 < (ALl 0)+ 28]+ A2t () + Astn (00 () + M0,
< Mgnya1(t) + Bapl(t) + Baqi(t)



206 T. JANKOWSKI

where 1 3
B, = 5141, B, = §A1+A2+A3~

Now, the last differential inequality implies
qni1(t) < [By ma;cpi(s) + B, max @2(s)]S, teJ
ES se

or
_ <a _ 2 = _ 2
rgleajc |2(t) = 2n41(8)] < @ max () — yn ()|” + a2 max[a(t) — 2u(t)]

The proof is complete. O

Remark 1. Let f =h+ g, and h, hy, hug, G, 9oy Gow € C (21, R) for Q1 = {(¢,u) :
teJ, yo(t) <u < z(t)}. Put F(t,z,y) = h(t,z) + g(t,y). Indeed, F(t,z,z) =
f(t,l‘) and Fzz(tvxvy) = hrr(tvx)7 Fzy(tvxvy) = Fyz(tvxvy) =0, Fyy(tvxvy) =
Gyy(t,y). In this case Theorem 1 reduces to Theorem 1.3.1 of [8].

Remark 2. Let f, h,g be as in Remark 1 and moreover let ®, &, , ®,,, ¥, U,
U, € C(Q1,R). Put F(t,z,y) = H(t,z) + G(t,y) — ®(t,y) — \I!(t,x

lﬁ
N—
m &
8
8
—~
“Ph
8
S—
|

h+® G =g+ V. Indeed, F(t,z,z) = f(t,z) and F,.(t,z,

Uon(t, ), Fry(t,z,y) = Fyo(t,z,y) = 0, Fyy(t,z,y) = Gyy(t,y) — @yy(t,y). If
assumptions of Theorem 1.4.3[8] hold (H,, > 0, ¥,, < 0, ny <0, &,, > 0)
then Theorem 1 is satisfied ( see also a result of [6] for g = ¥ = 0, ®(t,z) =

Maz? M > 0).

Theorem 2. Assume that
(i) condition 1° of Theorem 1 holds,
(11) F7 Fwa Fya Fa:wa Fa:y, Fya:, Fyy S C(Q,R) and

Fww(t,if,y)207 Faﬂ/(taxay)zoa Fuu(taxay)go fO’I’ (ta%y)EQ-

Then the conclusion of Theorem 1 remains valid.

Proof. Note that, in view of (ii), F, is nondecreasing in the last two variables,
F, is nondecreasing in the second variable, and F, is nonincreasing in the third
one. Denote this property by (B).

We construct the monotone sequences {y, }, {2} by formulas:

Yns1(t) = F(t, yn, yn) + [Fo(ts yns Yn) + Fy(t, Yn, 20)] [ynr1(t) — yn(t)]
Yn+1(0) = ko

Z;L—‘rl(t) = F(t, Zns Zn) + [Fz(taynayn) + Fy(ta Yn, Zn)][zn+1( ) - Zn(t)] s
Zn+1(0)

forn=0,1,....
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Let p =y9 —y1 on J. Then

p'(t) < F(t,y0,90) — F(t,y0,%0) — [Fu(t, 90, y0) + Fy(t, yo, z0)][y1(t) — yo(t)]
= [Fi(t,y0,Y0) + Fy(t, 90, 20)Ip(t) , and p(0) <O0.

Hence p(t) < 0 on J, showing that yo(¢) < y1(¢) on J. Similarly, we can show that
z1(t) < zo(t) on J. If we now put p = y1 — 21 on J, then the mean value theorem
and property (B), we have

o' (t) = F(t,y0,90) — F(t, z0,90) + F(t,20,y0) — F(t, 20, 20)

+ [Fa(t, 90, y0) + Fy(t, 90, 20)][y1(t) — yo(t) — 21(t) + 20(t)]

= [Fu(t, &, y0) + Fy (L, 20, 0)][yo(t) — 20(t)]
+ [Fa(t, 50, y0) + Fy (L, 9o, 20))[p(t) — 21(t) + z0(t)]

< [Fy(t 5o, 20) — Fy(t, 20, 20)][20(t) — yo ()]
+ [Fa(t, Y0, yo) + Fy(t, yo, 20)|p(t)

< [Fa(t, 90, 90) + Fy(t, 90, 20)]p(t) ,  p(0) =0

with yo(t) < £(¢), o(t) < 2zo(t) on J. Hence y1(t) < 21(¢t) on J, and as a result, we

obtain
Yo(t) < 1(t) < z1(t) < z0(t) on J.

Continuing this process successively, by induction, we get
Yo(t) Swyi(t) < - Syn(t) < zn(t) <--- < 2a(t) < 20(t), teJ,

for all n. Indeed, the sequences {y,}, {2z} converge uniformly and monotonically
to the unique solution x of problem (2). Now, we are in a position to show that
this convergence is quadratic.

Let

Pl =T —Ynt1 20, Gny1 =2py1—2 >0 on J.

Hence p;,+1(0) = ¢n+1(0) = 0. The mean value theorem and property (B) yield

Ppsa(t) = F(t,2,2) — F(t,yn, 2) + F(t,Yn, ) — F(t, Yns Yn)
= [Fu(t, Yn yn) + Fy (s Yn,s 20)][Yn+1(t) — 2(t) + 2() — yn(t)]
= [Fw(tafla x) + Fy(taym Ul)]pn(t)
+ [Fo(t, Yns yn) + Fy(t, Yn, 20)][Pr1(t) —pa(t)]
< [Folt,w,2) — Fo(t yn, @) + Fu(t, Yn, ) — Fo(t, Yn, Yn)
+ Fy (t, Yn, yn) - Fy (t, Yn, Zn)]pn(t>
+ [Fa(t, Yns yn) + Fy(t, Yn, 20) o1 (1)
= {Fx:p(tv &2, x)pn(t) + ny (t, Yn, ‘72)pn(t)
— Fyy(t, yn, 03)[2n () — yn ()] }pn(t)
+ [Fa(t, Yns yn) + Fy (b, Yn, 20)[pn+1(1)
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where y,,(t) < &1(t), &(t),01(t),02(t) < 2(t), yn(t) < o3(t) < 2z,(t) on J. Thus
we obtain

D1 (t) < {(A1 + A2)pn(t) + Az[gn(t) + pn(®)]}Pn(t) + Mpnyai(t)
< Mpny1(t) + Dipi(t) + Dagh(t)

where Dy = Ay + Az + A3, Dy = £ A3. Hence, we get

0< pupa(t) < / [D1p(s) + Dag?(s)] exp[M(t — s)] ds,

and it yields the relation

_ < _ 2 _ 2
max |2(t) = yn+1(8)] < dy max () — yn ()" + do max|z(t) — za ()",

where dz = DZS, 1= 1,2
By the similar argument, we can show that

_ < d _ 2 7 _ 2
mase (1) — 21 (0)] < dymae o(0) — g ()] + dy max (1) — 20 (02,

with CL = DlS, = 172, for Dl = %Al + AQ, DQ = %Al + 2A2 + A3.
This ends the proof. O

(10]

(11]
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