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OSCILLATORY PROPERTIES OF FOURTH ORDER
SELF-ADJOINT DIFFERENTIAL EQUATIONS

SIMONA FISNAROVA

ABSTRACT. Oscillation and nonoscillation criteria for the self-adjoint linear
differential equation

"2,
(") - gy =altly, a¢{1,3},

where
_(a— 1)2(a — 3)?
V2,0 = 16
and ¢ is a real and continuous function, are established. It is proved, using
these criteria, that the equation
o, 1\ V2, B _
(")~ (t4—a + t4—a1n2t)y_0

o? —4a+5
—=5

is nonoscillatory if and only if v <

1. INTRODUCTION

In this paper we investigate oscillatory and asymptotic properties of the fourth
order differential equation

72,
(1) (t*y")" — ﬁ%y = q(t)y,

where ( 5 2
a—1)*(a—-3
Vo= gy @ Z{1,3}
and ¢ is a real and continuous function. Recently, several papers dealing with
oscillatory properties of 2n-th order two-terms differential equation

(2) (=Dt ™ = g(t)y
appeared, where (2) is viewed as a perturbation of the Euler differential equation

(~)" (g ™)™ — ey =0
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and where

n—1
Yo = (D" [JA =N +a—j- Myozmoima, a @ {1,3,...,2n— 1},
§=0
see [4] and the references given therein.

Our paper can be regarded as a continuation of the investigation of [3], where
the case a = 0 in (1) has been studied. We show that the results of [3] can be
extended to the general case o & {1,3} and we also show that the sign restriction
on g assumed in that paper can be removed.

The paper is arranged as follows. In the next section we recall necessary defi-
nitions and we present some auxiliary results. Section 3 contains the main results
of the paper — oscillation and nonoscillation criteria for (1) and the last section is
devoted to some remarks concerning open problems and possibilities of extension
of our results.

2. PRELIMINARY RESULTS

In this section we recall some basic concepts of the theory of fourth order self-
adjoint differential equations. These concepts can be formulated for arbitrary even
order self-adjoint equations, but in order to simplify formulations, we present them
here for fourth order equations only.

Consider the fourth order equation

(3) L(y) := (ra(t)y")" — (ri(t)y) +ro(t)y =0, 7r2(t) >0,

where rg, 71, 72 are continuous functions. We use the relationship between (3) and
the linear Hamiltonian system (further referred to as LHS)

(4) = A(t)x + B(t)u, o =Ct)x— AT (t)u,

where A, B, C are 2 x 2 matrices, B, C symmetric. If y is a solution of (3) and if

we set - < y > u< 00 £ 0 )

then (z,u) is a solution of (4) with

4= ( 0 0 ) po= ( 0 ) “n= ( Kt )

and we say that the solution (x,u) of (4) is generated by the solution y of (3).
Moreover, if the columns of the matrix solution (X, U) of (4) are generated by the
solutions y1, y2 of (3), then (X, U) is said to be generated by y1, yo.

Oscillatory properties of (3) and (4) are defined using the concept of conjugate
points. We say, that two different points ¢y, are conjugate relative to LHS (4),
if there exists a nontrivial solution (x,u) of (4) such that z(t;) = 0 = x(t2) and
x(t) #Z 0 on [t1,t2]. According to the substitution which converts (3) into (4),
points t1,to are conjugate relative to (3) if there exists a nontrivial solution y of
(3) such that y®(t;) = 0 =y (t3) for i = 0, 1. Equation (3) (system (4)) is said
to be oscillatory if for every T € R there exist points t1,ts € [T, 00) which are
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conjugate relative to equation (3) (system (4)). Otherwise we say that equation
(3) (system (4)) is nonoscillatory.
The equation

(5) L(y) = w(t)y,

where w is a positive and continuous function and L is a nonoscillatory operator
given by (3), is said to be conditionally oscillatory, if there exists Ao > 0 (the
so called oscillation constant of (5)) such that the equation L(y) = Aw(t)y is
oscillatory for A > Ag and nonoscillatory for A < Ap.

A matrix solution (X, U) of (4) is said to be a conjoined basis of (4) if it satisfies
XTt)U@) = UT(t)X (t) and rank(X T, UT)T = 2. We say that a conjoined basis
(X,U) of (4) is the principal solution of (4) if X (t) is nonsingular for large ¢ and for
any other conjoined basis (X, U) such that the matrix X7U — U7 X is nonsingular

limy oo X 1(¢) X (t) = 0 holds. This limit equals zero if and only if

-1

t
Jim </ X~Y(s)B(s)XT ! (s) ds> =0.
A principal solution of (4) is determined uniquely up to a right multiple by a
constant nonsingular 2 x 2 matrix. If (X, U) is the principal solution, any conjoined
basis (X, U) such that the (constant) matrix X7U — UT X is nonsingular is said
to be a nonprincipal solution of (4). Solutions of yi, y2 of (3) are said to form a
principal (nonprincipal) system of solutions if the solution (X, U) of (4) generated
by these solutions is principal (nonprincipal).

Now we formulate some auxiliary statements which we use in the proofs of our
main results.

Lemma 1 ([6]). Equation (3) is nonoscillatory if and only if there exists T € R
such that

o0

Fly; T, 00) := /T [r2()y"(t) + r1.(t)y" (1) + ro(t)y* ()] dt >0

for any nontrivial y € W22(T, 00) with compact support in (T, oc).
Lemma 2 ([7] (Wirtinger inequality)). Lety € W12(T, 00) have compact support

in (T,00) and let M be a positive differentiable function such that M'(t) # 0 for
t€[T,00). Then

(6) / T M@l () di < 4 /| h %zﬁ(t) dt

Now we recall some properties of the general n-order linear differential equation.
The linear n-order differential equation

(7) Y™ 4+ (Y™ - 4 pa(t)y =0,

is said to be disconjugate on an interval I if every nontrivial solution of (7) has less
than n zeros on I, multiple zeros being counted according to their multiplicities.
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The functions y1,...,y, € C™ are said to form a Markov system on interval I
if the Wronskians

Y1 Yk
W(yl;"';yk): . . . B k:17...,n7
y§k71) y(kfl)

are positive throughout I.

Note, that if y1,...,y, € C™ and y; = o(yi+1) as t — oo, then there exists
T € R such that y1,...,y, is the Markov system on [T, 00), see [1]. Moreover, the
following statement holds.

Lemma 3. ([1]) The equation (7) has a Markov fundamental system of solutions
on an interval I, if and only if, it is disconjugate on I.

Lemma 4 ([1]). Suppose that equation (3) is disconjugate on an interval I C R
and let y1, Y2, y3, Y4 be a fundamental system of solutions of this equation. Then
the operator L given by (3) admits the factorization

1 1 (@) [ 1 s VY
M =500 | @o <a3<t> <a1<t> (=) ) )

I

Y2 _

ap =y, ai= (—) ., ay = (apay) ",
Y1

/

on I, where

Lemma 5. For any y sufficiently smooth
/ !
V2, 1 ez B vz [y
(8) (tay”)” - ﬁy = 153'? ¢ [tl Vs (tH 2 (ﬁ) ) ]

and for any y € W22(T, ), T € R, with compact support in (T, c0)

9) /T°° [t”‘y”2(t) - :f—iif(t)} dt = /TOO e { ltu@ (tyﬂ)]} "

where 3 = o — 4o+ 5.

Proof. Since the fundamental system of solutions of

(10) (t°y")" ~ JEy =0

is
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formula (8) follows from Lemma 4. The relation (9) we prove using (8) and
integration by parts

[ (el =l )Y )
:/ - r{[t1+r(t%(?)}} dt.

3. OSCILLATION AND NONOSCILLATION CRITERIA FOR (1)

Theorem 1. Suppose that
e a? —4a+5
11 t)— ————— | 7 *Intdt =
0 / <q< ) 8t4—eIn’¢ >
Then equation (1) is oscillatory.

Proof. Let T € R be arbitrary, T' < ty < t; < to < t3. We construct a function
0%y e W2%(T, c0), with compact support in (T, o), as follows

0, t<tp,
f@), to<t<ti,

y(t) =< h(t), t1 <t <ty
q(t), to <t <ts,
0, t>ts,

where f € C2[tg,t;1] is any function such that
flto) =0=f(to), f(tr) =h(t2), [f'(tr)=n(t),
ht)=t"2" Vnt

and g is the solution of (10) satisfying
(12) gt2) = hit2), ¢'(t2) =N'(t2), glts) =0=g'(ts).
We show that for y defined in this way
o a '72,a
FlyTooc) = [ - [0 = (3% +a0) (0] de < 0.

if to,t3 are sufficiently large and thus equation (1) is oscillatory according to

Lemma 1.
Denote
n 72
K= / [taf”(t) - (t4_
to
and consider the interval [tq,t2]. Since

(lfa)(2—oz)(3foz)+ Ié] 2—a 1
4 8Int 4In’t 16In°t

+a(t)) £20)] dt

)

R (t) =t |:72,a Int +
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by a direct computation we have

/tz(tah”g(t) TEENA()) dt = 1= )Z- B =) gy g

tl t4 4

5/t2 /tZ( 1 2—a)dt
oo thnt o \16tn®t  4tIn’t

_ (-2 - a)(3 —a) Inty

5/1 mﬁL +o(1),

where L is a real constant and 3 = o — 4o+ 5. By the symbol o(F(t)) we mean

any function G(t) satisfying lim;_, % =0.

Concerning the last interval [ta, t5], if we denote

—(tag"y B
x(;l)v U< Sfo‘gg”) >7 h

then system (4) with

(3 4) so=(3 %) co=(E 0)

is the LHS associated with equation (10). Using this relationship between (4) and
(10) and conditions (12) we have

Il
7\
= >
~

| om0 - sew]a= [ w00+ 000 0] @

to

= /B[UT(t)(:El(t) — Ax(t)) + 2T (1)C(t)z(t)) dt

ta

=u" (t)z(t)}? +/ ’ o (t)[—u' (t) — ATu(t) + C(t)x(t)] dt

- UT(tg)l‘(tg) .

Let (X, U) be the principal solution of the LHS associated with (10). Since (X, U)
defined by

X=X [ XU(s)B(s)X " (s)ds,

/ X~ $XT 1 (s)ds — XT71(t)
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is also a conjoined basis of this LHS, by using (12) we get

x(t) = X(t)/t ’ XYs)B(s)XTY(s) ds

X (/tt Xl(s)B(s)XTl(s)ds) B X Y(ta)h(ts),
= (00 [ X BN ) ds - XT0)

-1

X ( t ' Xl(s)B(s)XTl(s)ds) X Y(ta)h(ts)

and hence
ts -1

—UT(tg)m(tQ) = BT(tQ)XT_l(tQ) ( ; X_l(S)B(S)XT_l(S) ds) X_l(tg)il(tg)

— hT (t2)U (t2) X~ (t2)h(ts) .

Since the principal solution of LHS associated with (10) is generated by y1(t) =
3—a—v28 3—a
t— 2z ,y2(t)=t= , we have

3—a—+203 3—a
X(t) = ( b = )
- 3— _m 1—a—208 3 1—a )
St St

(3—a—v2B)(1—a—v2B)(1—a+y20) ,2=3=vIE  (3-a)(1-a)? ,a=3
U(t) = s b’ g L2
(3-a—v28)(1-a~ y2P)  2=1-VEE G-a)ia)y2z |
4

- 7" Vint
h(t) = 1445® [(3 —a)VInt + ﬁ}

and by a direct computation we obtain
3—a)2—a)(l—a)

AT U ) XL (t)h(t) = (

1 Int
+a2—4a+3 4 —2a—+/20
4 8Int

Next we show that the function { is decreasing on interval [t2,?3]. To show this
fact we proceed similarly as in [2]. The system of functions

\ . w
() =t () =t h(t) =t Vint,

3—a 3—a+28

ys(t) = 7 e, ya(t) =t FT
is a Markov system as can be verified by a direct computation, and using the
rules for computations of Wronskians or again directly, it is possible to show that
the system of functions — (y—l)l ,— (ﬂ)/, (ﬁ)/, (ﬂ)/ is also a Markov system,

h h h h
hence a fundamental system of solutions of a disconjugate fourth order linear
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differential equation. Consequently, if to < t3 are sufficiently large, any solution
of this equation, particularly (%)/, has at most three zeros on [tq, t3]. Therefore,
to prove that ¥ is decreasing on [t2, 3] it suffices to show that

"

(13) (%)"(tg)«) and (£)" ) >0,

Indeed, if (13) holds and since (%)/ (t2) =0= (%)I (t3), thlen (%)I has even number
of zeros on (t2,t3). This, together with the fact that (%) can have at most three
zeros on [ta,t3] implies that (%)/ (t) < 0, t € (t2,t3). To show that (13) really
holds we proceed as follows. Using (12), it is easy to verify that

"o pn "

(%)” (t2) = g h (t2) and (%)” (t3) = %(tS)

and since h(t) > 0, we have to show that g”(t2) — h”(t2) < 0 and ¢”(t3) > 0.
We have

’u(tg) = U(tQ)X_l(tQ)iL(tQ) — XT_I(tQ)
X ( t SX_l(s)B(s)XT_l(s) ds) X Y(ta)h(ts).

Since (X, U) is the principal solution of LHS generated by y1, y2, the second term
of this relation tends to zero as t3 — o0, t5 being fixed, hence

_ [ —(5g"(t2)) RPN

i) = ( TSEE ) ~ U)X i)

and consequently

(yi'ys — yay)h + (o y1 — yi'y2)h’ ()
W(y1,y2) ’

where W (y1,y2) is the Wronskian of y1, y2. By a direct computation

9" (t2) ~

3—a)(l—a) =i 4—20— 2B =i=a 1
"t N(—t 2 {/Int t, 2
g ( 2) 4 2 niz + 4 2 \/hl—tg
and
3 — 1— —l-a 2 — —l—a 1 1 =1—« 1
Wiy) = B Za) = g 2- 0, — 2ty 7

4 2 Vint, 472 oty

It follows from the last two equalities that

«/25{1;& 1 +1—12—a 1
4 % Ity 4° n® £,

for to sufficiently large. Next we have

9" (t2) = h"(ta) ~ —

=

u(ts) = —XT71(t3) ( ) X_l(s)B(s)XT_l(s)ds) X (ta)h(ts),

to



OSCILLATION OF SELF-ADJOINT EQUATIONS

which implies

S = 1" <y2<t3>>T

W(y1,v2)(ts) \ v1(t3)

X ( t 3X_1(S)B(3)XT_1(S) ds) X Y(ta)h(ts).

One can verify directly that

ta

( . X1s)B(s)XT1(s) ds) B

1 t3 2 t@ t@
5 n g A
Vs \ b 2 V25 2
where
52 t3
d= Zdet( t Xl(s)B(s)XTl(s)ds)
2
:—25 t3 *tQ t3 +t2 1Hg*\/—2_ﬁ t3 7t2 >0
and

o
Xﬁl(tg)il(tg) = V2Pt 2

AT 1
ln t2 + V2B 1Ints
Thus, again by a direct computation we get

2V28—a—1 2V28—a—1
1 (\/hqtg + —Tﬂm) ty 7 +o (t3 2 )
1
g'(ts) =

>0.
d

Now, since ¢

£ is monotone on [ta, %3], using the second mean value theorem of
integral calculus there exists & € [tg, t3] such that

[ v wa= [ aone (2) 0

- (Z)Q (tQ)/f q()R*(t) dt + (%)2 (tg)/; g(t)h(t) dt

and consequently, according to conditions (12)

to t3 £
/t QO (E) dt + / gt (t) dt = / a2 () d.

to t1
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Thus, we may summarize

dt
— 4L

Fly;tg,t3) = K
(y3to, t3) + It

(1-a)(2—a)(3—a) 8 [t
1 1nt2+§/t

13 -
ol = [ a®R* @) di+ R () X7 ()
([ X OBEOXT ) X )

(-0 . DB =)y w —o(1).

According to (11), t2 > ¢1 be such that

ta 3 3 2 _ 4
/ B f/ q(t)hQ(t)dt:/ <O‘70‘2+5q(t)) 8= Int dt
., Stint " b\ 8ti—en?¢

£a2 —d4a+5
- —  dt< —(K+L+2
/t 8tint <-(E+L+2)

2

and the sum of all terms o(1) in the previous computation is less than 1.
Using the fact that (X, U) is the principal solution,

-1

AT (t) X T (ty) </t3X1(S)B(s)XT1(s)dS) X Y(t2)h(ty) — 0

2

as t3 — 00, to being fixed. This enables to choose t3 > t5 such that

AT (t) X T~ (ty)

X ( ’ X_l(S)B(S)XT_l(S)dS) X Y(ta)h(ts) < w +1.
to
For t,, t3 chosen in this way we have
F(y; T, 00)
<K—(K+L+2)+L+1+W+1—W:O.

And it means that equation (1) is oscillatory.

Note that when o = 0 this statement was proved in [3], where the additional
condition ¢(t) > 0 was assumed. In our proof, since we have shown the monotony

of ¥, the term ftt: q(t)g*(t)dt can be removed from the computations and the sing
restriction on the function ¢ may be relaxed.

Theorem 2. If the second order linear differential equation

(14) (tz") + t37%(t)z2 =0

o? —4a+5

is nonoscillatory, then equation (1) is also nonoscillatory.
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Proof. Let T € R and y € W?2(T,00) with compact support in (T,00) be
arbitrary. Using (9) from Lemma 5 and Wirtinger inequality (6) we have

[ero-gm)a- ool (1)) o
4[]

where 8 = o2 — 4a + 5. Denote z = yt“= . Since (14) is nonoscillatory, then,
using the similar result for the second order equations as in Lemma 1

/m(maay—%ﬁﬁw@p%ﬂ)dt>o7

T

if T is sufficiently large and by the above inequality

[ leveo - (22 +aw)iw)a= 5 [CifpiadD) e [0

T t2 T
B[ y)\']" 2 y(®) )
== t — =37t dt>0.
2/T [Q)] 8 q”(ﬁf)
Therefore, again by Lemma 1, equation (1) is nonoscillatory. O

Corollary 1. The equation

o 1! Y2, Y -
(15) t*y")" - (tw + t4_a1n2t) y=0
is monoscillatory if and only if v < _a27§a+5_
Proof. If v > a2_ga+5’ then, for q(t) = =7, condition (11) takes the form
/ e s
tint

and hence (15) is oscillatory according to Theorem 1. Conversely, since the equa-
tion

(tz') + 52 27 = 0

t1

is nonoscillatory for p < i, we have the nonoscillation of

2 3« v z =
a? —4a+5 t—an? ¢t

(tz") +

for v < % and thus the nonoscillation of (15) follows from Theorem 2. [
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4. NOTES AND REMARKS

(a) We have excluded from our investigations the case a € {1, 3} for the follow-
ing reason. The solutions of

a gl
(16) (") ~ ey =0

are in the form y(t) = t*, where X is a root of the polynomial P ,(\) — v with
PooN)=2AXA=-1A+a—-2)(A+a—3).

There is one positive maximum of P, (A) for A = 352, Thus, if 12,4 := P2.a(35%),
then the polynomial Ps o(\) — 72,, has four real roots with the double root in
A= 352 If o € {1,3}, then P ,(25%) = 0 and there is no positive constant ~ for
which (16) is nonoscillatory.

As an analogy of (10) in case o € {1, 3} we can take the equation

WAV v -0,

") td—ap? ty

see [5]. However, since we are not able to find solutions of this equation explicitly,
we have not succeeded in extending the results to this case, but this problem is a
subject of the present investigation.

(b) Oscillation and nonoscillation criteria presented in this paper are closely related
to the problem of conditional oscillation of (15). Equation (15) is conditionally
oscillatory with

a7) L) = (") = Ry, ) =
and with the oscillation constant
o = a? —4a+5 .
8

Conditionally oscillatory of differential equations has applications in the spectral
theory of differential operators. In particular, next statement holds, see [6].

Proposition 1. The spectrum of the operator %L in the Hilbert space

£~ [ " w(t) (1)t < oo}

is discrete and bounded below (the so called property B-D) if and only if the equation
L(y) = Mw(t)y is nonoscillatory for every A € R.

With the respect to the previous statement and Corollary 1, the differential
2
operator %L given by (17) does not have the property B-D, since for A > %

equation (15) is oscillatory and it is nonoscillatory for A < %.
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