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ON AN EFFECTIVE CRITERION OF SOLVABILITY OF
BOUNDARY VALUE PROBLEMS FOR ORDINARY
DIFFERENTIAL EQUATION OF n-TH ORDER

NGUYEN ANH TUAN

ABSTRACT. New sufficient conditions for the existence of a solution of the
boundary value problem for an ordinary differential equation of n-th order
with certain functional boundary conditions are constructed by a method of
a priori estimates.

INTRODUCTION

In this paper we give new sufficient conditions for the existence of a solution of
the ordinary differential equation

(1) u™(t) = f(t,u(t),...,uW*l)(t))

with the boundary conditions

(2) Do (u(ifl)) = ;(u) i=1,...,n,
resp.

(31) l; (u,u’,...,u(ko_l)) =0 i=1,..., ko,
(32) Dy; (u(i_l)) = p; (u(ko)) i=ko+1,...,m,

where f : [a,b] x R™ — R satisfies the local Carathéodory conditions, n > 2, and
1 S ko S n— 2.

For each index i, the functional ®¢; in the conditions (2), resp. (32), is supposed
to be linear, nondecreasing, nontrivial, continuous on C([a, b]), and concentrated
on [a;,b;] C [a,b] (i.e., the value of functional ®gy; depends only on a function
restricted to [a;, b;] and this segment can be degenerated to a point). In general
®p;(1) € R, without loss of generality we can suppose that ®g;(1) = 1, which

simplifies the notation.
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In the condition (3;), the functionals I; : [C([a,b])]** — R (i = 1,...,ko) are
linear and continuous.

For each index i (i = 1,...,n), the functional ¢; : C""*([a,b]) — R in the
conditions (2) is continuous and satisfies
1
(4) &)= ;Sup{l%-(pv)l Flvllepos < 1} —0 as p—+oo.

For each index i (i = ko + 1,...,n), the functional ¢; : C"~*=%0([a,b]) — R in
the conditions (32) is continuous and satisfies

1
() bilp) = —sup{lei(pv)] + ollgpi 1} =0 as p oo,

The special cases of boundary conditions (2) are

(51) wTD () = (u) i=1,....n,
where a <a; <t; <b; <b(i=1,...,n) or

b; )
(52) [ a0 = ) i= 1,

The integral is understood in the Lebesgue—Stieltjes sense, where o; is nondecreas-
ing in [a;, b;] and o(b;) —o(a;) >0 (i =1,...,n). We know that the problem (1),
(51) was studied by B. Puza in the paper [4], so in this paper we will receive more
general results than in [4].

Problem (1), (3) was studied by Nguyen Anh Tuan in the paper [5] and by
Gegelia G. T. in the paper [1]. In this paper, however, we will give new sufficient
conditions for the existence of a solution of the problem (1), (3).

MAIN RESULTS

We adopt the following notation:
[a,b] — a segment, —co<a<a; <b; <b<+o0 (i=1,...,n).

R™ — n-dimensional real space with elements © = (x;)"_; normed by ||z| =
n

2 il

R}y ={reR" : 2; 20,i=1,...,n}, (0,400) = Ry — {0}.

C™ 1([a,b]) — the space of functions continuous together with their derivatives
up to the order (n — 1) on [a, b] with the norm

n
iy, = max { D@ s a<t < b} :
' i=1

AC™ ([, b]) — the set of all functions absolutely continuous together with their
derivatives up to the order (n — 1) on [a, b].
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L?([a, b]) — the space of functions Lebesgue integrable on [a, b] in the p-th power
with the norm

(f|u |Pdt)5 if 1<p< oo,

T

esssup {|u(t)] : a <t <b} if p=+oo.

LP([a,b], Ry) = {u € LP([a,b]) : u(t) > 0for a. a. a <t < b}

Let © = (@i(t)i—; .,y = (yi(t))i—; € [C([a,b])]". We will say that z < y if
x;(t) < y;(¢t) for all ¢ € [a,b] and i =1,...,n

A functional ® : [C([a,b])]™ — R is said to be nondecreasing if ®(z) < ®(y) for
all z,y € [C([a,b])]”, © <y, and positively homogeneous if ®(Azx) = A®(x) for all
A € (0,+00) and z € [C([a, b])]™.

Let us consider the problems (1), (2) and (1), (3). Under a solution of the
problem (1), (2), resp. (1), (3), we understand a function u € AC™~*([a, b]) which
satisfies the equation (1) almost everywhere on [a,b] and fulfils the boundary
conditions (2), resp. (3).

Theorem 1. Let the inequalities

n—1 m

(6) f(tv'rlv'r?a-"a )Slgnznéw |:Cn| ZZQW ” ZL'Z |£L'Z+1|q”
1 =1 j=1

for t € lan,b], (z:)i=, € R"

n—1 m

(6) f(tv'rlv'r?a-"a )Slgnznz —Ww |:Cn| ZZQW ” ZL'Z |£L'Z+1|q”
2 =1 j=1

for tela,by), (x;)i, € R"
hOld, wheregij c Lpij([a,b],R+), Dij, Qij > 1, 1/p1]+1/qw =1 (’L = 1, . ,n—l;j =
1,...,m),w: Ry — (0,400) and h;j : R— Ry (i=1,...,n—1;5=1,...m) are
continuous nondecreasing functions satisfying

P
(7) mm/j;~+m(wpﬂ+m
and
il
. Qpalp)) . 17 Lo
1 _— = 1 7p,p
®) T R S 17

t=1,....n—=1; 5=1,...,m.
Then the problem (1), (2) has at least one solution.
To prove Theorem 1 we need the following

Lemma 1. Let the functions w, Q, g5, hi; and the numbers p;j, qij (i =1,...,n—
1;7=1,...,m) be given as in Theorem 1, and letn; : R+ — Ry (i=1,...,n) be
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nondecreasing functions satisfying

o) i 20D o n)

1=1,...,n.
p—Fo " 0p) =

Then there exists a constant pg > 0 such that the estimate

10 U||on-1 <

(10) lullgr-1 < po

holds for each solution u € AC"~1([a,b]) of the differential inequalities

(111)  w™(t) signu™ =V (t)

n—1 m
W[ ON DD 91 Ohiy (wV @) [l ()]
=1 j=1
for t € lan,b]
(115)  u™(t) signu™ V(1)
n—1 m
> (WD) 3D g1y iy (w0 (1) (1)
i=1 j=1
for t€a,by]
with the boundary condition
(12) min{|u(i_1)(t)| : al§t<b}<m(||u||cn 1) i=1,...,n.

[a,b])

Proof. Put
w= Z (b—a)"" and e=[2u(n—1)""
i=1

Then according to (9) there exists a number 79 > 0 such that
(13) ni(p) <ep for p>rg i=1,...,n.

We suppose that the estimate (10) does not hold. Then for arbitrary p; > ro there
exists a solution u of the problem (11), (12) such that

(14) lullgp-s > o1

We put

(15) p=max{[u" V() : a<t<b}
and choose 7; € [a;,b;] (i =1,...,n) such that

[ut™D(73)| = min {[u V(D) a; <t <bi}.
Then from (12) we have

(16) WD EN <mllulpy ) i= L
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Using (15), (16) we have

t
WO 2| [ @) dr] D)

Tn—1

(17)
<(b—a)p+nn-1( ||u||cn - ) for te€la,b].
Integrating u("~? from 7,,_5 to t and using (16) and (17) again we get

t
W@ < | [ )] dr] )

< (b—aPp+ (=t (Iullgys ) +m2(llullo )

for t € [a,b]. Applying this procedure (n — 1)-times we obtain

n—1
luller s < n(p+ Y m(llulleps )
=1

a,b]) a,b])

Using (13) and (14) we get
lullogos < (ot (0= Dellullgps ) =po+ 5 oy
Therefore we have

(18) lellepr < 2up.

We choose a point 7* € [a, b] such that 7* # 7, and
lu =D ()| = max{|u("_1)(t)| ca<t<b}.

Then either 7, < 7* or 7* < 7,.
If 7, < 7%, then the integration of (11;) from 7, to 7%, in view of (18) and
using Holder’s inequality, we get

*

1 u™(t) Slgnu(" D(t ‘nl m (WD 1)
[0 S o )0

(19) Tn T, = 1 5=1

n—1

m
<> lgisllpzis s s
j=1

—2pp,2pp])

Applying (15), (16), (18), and the definition of € in (19), we get
n—1 m

Q(p) < Q(nn(21p)) + Z Z ||gl.7||Lp” HhUHL‘“J

—2up,2
i=1 j=1 P 2pp])

Now, in view of (8), (9), (14), and (18), since p; was chosen arbitrarily, we get

Qp) _
1m =
oo Q(2pp)
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On the other hand, in view of (7) and the facts that 24 > 1 and w is a nonde-
creasing function, we have
Q
lim inf (p)

o Q2pp)

>0,

a contradiction.
If 7* < 7,, then the integration of (113) from 7* to 7, yields the same contra-
diction in analogous way. (]

Proof of Theorem 1. Let py be the constant from Lemma 1. Put

1 it [s| < po
S .
W =42 i < s < 20,
Po
0 it |s| >2po

f(t,.fCl,,I’n):X(HSC”)f(t,SCl,,IEn) for aStSb? (xi)?ZIGRna

(20) Gi(u) = x( H“Hcﬁ;i]) Yoi(u) for weC" ([a,b]) i=1,...,n

and consider the problem

(21) u™(t) = f(tult), ..., u D)),

(22) Do (uY) = Gi(w)  i=1,...,n.

From (20) it immediately follows that f : [a,b] x R® — R satisfies the local
Carathéodory conditions, ¢; : C" " ([a,b]) — R (i = 1,...,n) are continuous
functionals and

(231) sup {|f (@1, an)| ¢ @)y € R"} € L([a, b)),

(232) sup {|@;(u)| : we C" ([a,b])} < +o0 i=1,...,n.

Now we will show that the homogeneous problem

(210) v(t) =0,

(220) Do (v ) =0 i=1,...,n

has only the trivial solution.
Let v be an arbitrary solution of this problem. Integrating (21p) we get

vV (t) = const for a<t<b.
According to (22¢) we have
"D ()@, (1) = 0.

However, since ®¢,,(1) = 1, we have ("1 (t) = 0 for a < t < b. Referring to (220)
and ®gp;(1) =1 (i=1,...,n— 1), we come to the conclusion that v(t) = 0. Using
Theorem 2.1 from [3], in view of (23) and the uniqueness of the trivial solution of
the problem (21g), (22¢), we get the existence of a solution of the problem (21),
(22).
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Let u be a solution of the problem (21), (22). Then, using (6), we get
u™ (#) signu™ V() = F(t, ult), ..., u™ D)) signu™ D (¢)

- X(Z |u(j71)(t)})f(t7 u(t), ..., U(nfl)(t)) sign u("*l)(t)

n—1 m

<w([u™ @) DD gi ()i (T (1) [ul (6|7

i=1 j=1
for ¢ € [an,b], and

u™ () signu™ "V (t) = Ft,u(t), ..., u" V() signu V(1)

- X(Z |U(j_1)(t)‘)f(ta U(t), ce ,u("_l)(t)) sign u("_l)(t)

n—1 m

> —w(lu D)) Z Zgij(t)hij (=D () [u® (1)

i=1 j=1

1
qij

for t € [a, by]. Put

nilp) =swp {|Gi(o)] + oy <o} i=1m.

a,b])
From (4;) and (8), it immediately follows that the functions n; (i = 1,...,n)
satisfy (9) and
min{’u(ifl)(t)’ ca; <t< bi} = QOi(min{’u(Fl)(t)‘ e <t< bi})

< |@0i (u¢V)] = |7i(w)] < mi(lullps )

i=1,...,n.

Therefore, by Lemma 1 we get

-1 < po-
lulleps < po

Consequently,
x(2|u(i_1)(t)|) =1 for a<t<b
i=1

and

X(lellgp ) =1.

Using these equalities in (20), we obtain that w is a solution of the problem (1),
(2). O

Remark 1. If ®g;(uD) = uCV(t;), a <a; <t; <b; <b(i=1,...,n), then
Theorem 1 is Theorem in [4].
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Now we give new sufficient conditions guaranteeing the existence of a solution
of the problem (1), (3) provided that the equation
(24) ulko) =
with the boundary conditions (31) has only the trivial solution.

Theorem 2. Let the problem (24), (31) have only the trivial solution and let the
inequalities

_1
dij

flt, 1, ... xy)signa, < w(|z,]) Z Zg” hij(x:)|Tis

(251) i=ko+1 j=1

fOT te [an; b]a (zi)?zl €R"

f(t Ty, . )Slgnxn > —w |:Cn| Z Zgzj ’Lj 1'1 |1'z+1|q”

(252) i=ko+1 7=1
for te€la,by),(z;)i= € R"

hold, where g;; € LP%4([a,b], R+), pij, qij > 1, 1/pij +1/qi; =1 (i = ko +1,...,
n—1j=1,...,m), w: Ry — (0,+00) and h;j : R — Ry (i = ko +1,...,

n—1;j=1,...,m) are continuous nondecreasing functions satisfying (7) and
Q(pdn
L (L ()
T
(26) Hh” ”L?[” p.P])
lim ———5 = i=ko+1,....n—1;5=1,...
p—1>I-iI-1(x> Q(p) 0 ? o+ 1, y TV 3] ) , M

Then the problem (1), (3) has at least one solution.
To prove Theorem 2 we need the following

Lemma 2. Let the problem (24), (31) have only the trivial solution and let
the functions w, §, gij, hij and the numbers p;;, qi; (i = ko +1,...,n — 1;
j=1,...,m) be given as in Theorem 2, and let n; : Ry — Ry (i=ko+1,...,n)
be nondecreasing functions satisfying

fim 200 g, mle)

i=ko+1,....,n
e ) oy "

Then there exists a constant po > 0 such that the estimate (10) holds for each
solution u € AC™"*([a,b]) of the differential inequalities
@) w0 S 3 a0 (IO
i=ko+1 j=1
(271) for t € lan,b]
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1

ul™ (t) signu "V (t) > —w([ul" V(¢ Z Zgw w=D (¢ ’ @ (1)
i=ko+1 j=1
(272) for t€la,by]

with the boundary conditions (31) and

(28) min {|[uV(#) ra; <t <bi} <mi([u) gnono1)  i=ko+1,...,7m
([a,b])

Proof. Let u be an arbitrary solution of the problem (27), (31), (28). Put
(29) o(t) = u*o(t).
Then the formulas (27) and (28) imply that

oK) (1) sign o0 R (1) < o (om0 1)

n—ko—1 m

. . 1
XY g0k (08D (1) [0 (1) 7
i=1  j=1
for t € [an,b],
o0 1) sign o R0 (1) > (o0 1))

n—ko—1 m

<303 gy (Ohi; (0TI (@) 0@ (2)

=1 j=1
for ¢ € [a,by],

1
qij

and
min {00V (#)] 1 a; <t <b;} < m(|\v||cn 1) i=1,...,n—ko.
a,b])
Consequently, according to Lemma 1 there exists p; > 0 such that

30 V|| n—ko—1 < p1.
(30) lollon s+ < o1

By virtue of the assumption that the problem (24), (31) has only the trivial
solution, there exists a Green function G(t,s) such that

i—1
(31) u<i—1>(t)/%_(f’s)v(s)ds for tela,b] i=1,...,k
(see e.g., [2]).

Put

971G (t, 8)
atz T oan—1

p2 = max
a<t<b

’ds.

According to (30) and (31) we have
1 < p1ps.
”uHCf[?l,b]l) =

Therefore we obtain (10), where pg = p1 + p2p1. O
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Theorem 2 can be proved analogously to Theorem 1 using Lemma 2.
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