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NEW ASPECTS ON CR-STRUCTURES OF CODIMENSION 2
ON HYPERSURFACES OF SASAKIAN MANIFOLDS

MARIAN-IOAN MUNTEANU

ABSTRACT. We introduce a torsion free linear connection on a hypersurface in
a Sasakian manifold on which we have defined in natural way a C' R-structure
of C'R-codimension 2. We study the curvature properties of this connection
and we give some interesting examples.

1. INTRODUCTION

In 1995, P. Matzeu & V. Oproiu have introduced a torsion free linear connection
adapted to an almost contact structure associated with a given pseudoconvex C R-
manifold (of hypersurface type) (see [5]). The fundamental tensor field and the 1-
form of the associated almost contact structure are no longer parallel with respect
to this connection. Yet, this connection yields to the same Bochner type curvature
tensor field for the C'R-manifold as it was obtained by using the Tanaka Webster
connection.

In this paper we consider C R-structures of codimension 2 on hypersurfaces in
Sasakian manifolds. We use a natural f-structure with complemented frames in
order to obtain a torsion free linear connection. This is a generalization of the
Matzeu Oproiu connection for the C'R-codimension 2. Then, we give a relation
between the adapted connection and the Levi Civita connection on the hypersur-
face. Finally, we examine some symmetry properties of the curvature tensor field
of this connection.

In the end of the paper we present some examples in the case when the ambient
is R® and S° endowed with the canonical Sasakian structures.
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2. THE ADAPTED TORSION FREE CANONICAL CONNECTION

Let M be a smooth Sasakian manifold of dimension 2n + 3 with the contact
metric structure ((b, § , 17, g) and let V be its Levi-Civita connection. The following
relation

(2.1) (Vx)Y = —g(X,Y)E +ii(Y)X, for XY €x(M),
holds on M and actually characterizes Sasakian manifolds among almost contact

Riemannian manifolds. Let M be an oriented C C® hypersurface in M tangent to

the structure vector field f and let ¢ : M < M the immersion of M in M. On M
we have

(22) 9(X,Y) =dn(X, oY) +n(X)n(Y), VXY €x(M)

(if w is a 1-form, recall the formula: 2dw(X,Y) = Xw(Y) — Yw(X) — w([X, Y])).
On M we set the 1-form

(2.3) n=1.7.

Let & be the restriction of §~ to M (since the last one is tangent to the hypersurface
¢ belongs to x(M)) and consequently we have

(2.4) L*gz,,?.

If we denote by N € x(M ) the unit vector field normal to M we can define
U € x(M) such that

(2.5) LU = ¢N
(since ¢~$N is a vector field tangent to M). Let g be the induced metric
(2.6) g=1"g.
and define the 1-form v on M by
(2.7) wX)=9U,X), VXexM).
Consider the distribution
H(M) ={X € x(M) : n(X) =0, u(X) =0}
and the endomorphism J : H(M) — H(M) given by the restriction of b to
H(M), i.e.
(2.8) WX =¢ 1, X

It can be proved that the definition is good (in the following sense: if X € H(M)
then JX € H(M)). Moreover, J has the property

(2.9) J? = —idpgr -
The tangent space of M can be decomposed in the following direct sum
(2.10) T(M)=H(M)@ span [U] @ span [{].

1Many geometers use to consider £ tangent to the submanifold because in the the theory of
CR submanifolds the condition M normal to £ leads to M anti-invariant submanifold (see [7],
Proposition 1.1, p. 43) and the condition & oblique gives very complicated embedding equations.



CR-STRUCTURES OF CR-CODIMENSION 2 71

Let us remark that dn is non degenerate on H(M).

Lemma 2.1. We have

(2.11) [§, T(H(M))] C T(H(M))

(2.12) [U,T(H(M))] € ker n,
where T'(H(M)) is the C*°(M)-module of smooth sections in H(M).
Proof. It is obvious that [{,I'(H(M))] C kern. Let’s compute u([¢, X]) where
X € H(M). We have
u([é, X]) = g(U, &, X]) = §(U, VX = VxE) .

(Sometimes we will give up the notation ¢, for vector fields tangent to M even that
these will be thought as vector fields tangent to M) We know that %Xa?: q~$X.
If X belongs to H(M) then ¢X belongs to H(M) too, thus it is orthogonal to U.
We obtain, since 65 U = —N that

(€, X]) = G(U, VeX) = —g(Ve U, X) =0
which means that [, X] € ker w. Thus [§, X] € H(M) for all X € H(M).
In order to prove (2.12) we will show that dn(U, X) =0 for all X € T'(H(M)).
We have
dn(U, X) = (i) (U, X) = dij(e.U, 0.X) = §(6 >N, 1. X) = —=g(N,1.X) = 0
(since ¢, X is tangent to M while N is normal). O

Proposition 2.2. The vector fields & and U are orthogonal and of norm 1. More-
over

(2.13) [U,¢]=0.

Proof. We will prove only the second part of this Proposition. Since the inner
product £.dn is zero one gets [U, €] € ker 7. Then we use the same technique as
above:

w([U,€]) = g(U, [U,€]) = §(U, Vo€ — VeU) = §(U, §U) — §(U, VeU).

But U and ¢U are orthogonal (with respect to §) and since ||U|| = 1, by derivation
with respect to £ one gets g(U, egU) = 0. It follows that [U, ] € ker w.

Consequently [U,¢] € H(M). We have to compute now the H(M )-component.
To do this we will use the non degeneracy of dn on H(M). For an arbitrary
X € H(M) we have 2dn([U, €], X) = —n([[U, €], X]). In the Jacobi identity

(., X] + [[¢&, X],U] + [[X,U],¢] =0

applying 1 and by taking into account the Lemma 2.1 one obtains n([[U, ¢], X]) = 0.
We get the conclusion. O

Proposition 2.3. The distribution H(M) defines a CR-structure on M of CR-
codimension 2.
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Proof. Let X,Y € H(M). We have to verify the two integrability conditions in
order to obtain a C R-structure, namely

a) [JX,JY] — [X,Y] € H(M),

b) Nj(X,Y) =0, where N is the Nijenhuis tensor of J.

An easy computation yields a). Then, from the normality condition of the
Sasakian structure (¢, &, 17, g) on M, i.e. N$+2dﬁ®§ =0, one gets L, N;(X,Y)=0
(for X,Y e T(H(M))). 0

In the next we define on M a tensor field f of type (1,1) as follows

fox(M) — x(M)
fX=JX for XeHM), fU=0, f6=0.
With respect to the decomposition (2.10), if X is an arbitrary vector field on M
then it can be written in the form
X = Xgn +u(X) U+n(X)E
where Xp(ap) is the H(M) component of X. Thus f verifies
(2.15) P+f=0.

Proposition 2.4. The structure (¢, &, U, n, u) defined on M is an f structure
with complemented frame (see S.I.Goldberg and K.Yano, [3]) or, in other termi-
nology, an f structure with parallelizable kernel (f-pk structure), i.e.

nE) =1, nU)=0, u(§) =0, ul) =1
f€=0, fU=0,n0f=0, ucf=0
fP=-I4+n@&+uU.
If X and Y are vector fields on M then we have
(2.16) 9(X,Y) = dn(X, fY) + u(X)u(Y) + n(X)n(Y).
In [4] it is defined a linear connection on an almost S-manifold which gener-
alizes the Tanaka-Webster connection for strictly pseudoconvex C'R-manifolds of
hypersurface type. In the following we will construct a torsion free connection on

M as being the analogue of Matzeu-Oproiu connection.
From now on we will suppose that the inner product

(2.17) U.du=0

holds on M; this condition yields [U,T'(H(M))] C ker w and consequently, by
virtue of (2.12) we obtain [U,T'(H(M))] C T(H(M)).

The condition above is a weaker condition than the ”S” condition du = ® (here
®(X,Y) = g(fX,Y)) and it is equivalent to: H(M) component of VyU vanishes,
where V is the Levi Civita connection of g. Moreover, this means that H (M)
component of AU vanishes too, where A is the Weingarten operator.

There are some important cases in which this happens, namely

e (TCG) M is a totally contact geodesic submanifold in M , i.e.
B(X,Y) =n(X)B(Y, &) +1(Y)B(X,£)

(2.14)
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e (TCU) M is a totally contact umbilical submanifold in M , Le.
B(X,Y) = [g(X,Y) = n(X)(Y)] a+n(X)B(Y,§) +7(Y)B(X,¢)
where « is a vector field normal to M it follows that & = AN with A non-vanishing

smooth function on M (B is the second fundamental form of M in M )
e (PUH) M is a pseudo umbilical hypersurface in M , L.e.
AX = A (X = 0(X)E) + p uw(X) U =n(X)U —u(X) ¢
with A, € C>(M).
Let us remark that in the case (TCG) the 1-form wu is closed, while in cases
(TCU) and (PUH) we have du(X,Y) = Ag(X, fY) which, in general, is different
from 0.

Recall two formulas (Gauss and Weingarten):
(G) VxY =VxY +bX,Y)N, X,Y € x(M)
(W) VxN=-AX, X € x(M)
where b(X,Y) is the scalar second fundamental form. Since the ambient is Sasakian
one gets:
(1) Vxé = FX , b(X,€) = —u(X)
2) VXU =—fAX , b(X,U) = u(AX)
) VoU =0
) N(AX) = —u(X) , u(AX) = —n(X) + b u(X), where b = b(U,U)
YA =—-U, AU=-£(+bU , AX e HM)if X € HM)
) AX = —n(X)U — u(X)& + b u(X)U + H(M), with X € y(M).

Denote by ¢ = %(ﬁgf) and p = %(EUf) where L is the Lie derivative. If the
ambient manifold M is only a contact manifold (not necessarily Sasakian) we give

(

(3
4
(5
(6

Proposition 2.5. The following statements hold:

DY&=0,vU=0, p§=0, pU=0

2) fo+9f=0, fp+pf=0

Jnop=0,nop=0, uotpy=0, uop=0

) the operators 1 and p are self-adjoint with respect to the metric g, i.e.

gWX,)Y) =g(X,9Y), g(pX,Y) = g(X,pY).

Proof. The relations 1) - 3) are immediately. Let’s prove the first relation in 4)
(the second can be proved in the same way). Let X, Y € H(M). Then

Interchanging X and Y we get dn(9Y, X) = dn(¢»X,Y) and hence the conclusion.
The last statement can be obtained easily from 1) - 4). O

In our case M is Sasakian.

Proposition 2.6. We have
1)¢Y=0
2) 2pX = (A+ fFAH)X +u(X) E+n(X) U—bu(X) U;
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p vanishes in cases (TCG), (TCU) and (PUH).

Proof. 1) is a direct consequence of L ¢ =0 (since M is Sasakian).
For 2) the following relations hold:

U, fX] = Vu(fX) - VyxU = tan (%(&ZX +u(X) N)) FAfX
=n(X) U+ fAfX + tan(¢Vy X)
flU, X] = fVuX — AX +n(AX) € +u(AX) U.

Now, by using (G) and (W) we get the statement.

If M is TCG in M then b= 0; if M is TCU then b = A and if M is PUH then
b= X+ p. One gets p = 0. O

In the following we are looking for a torsion free connection on M related with

the structures defined so far. We can state the following theorem.

Theorem 2.7. There exists one and only one torsion free connection on M such
that

(Vxn)(Y) = dn(X,Y),  (Vxu)(Y) = du(X,Y)
deUZO, Vszo, VXU:O
(Vx )Y = w(X) {(A+ fAN)Y +u(Y)§ +n(Y)U — b u(Y)U}
- d77(X7 fY)§ + dn(AXa fY)U

(2.18)

Remark 2.8. If M is only a contact manifold the last condition in (2.18) must
be replaced by

(219)  (Vx/)Y = 2p(X)¢Y + 2u(X)pY — dy(X, fY)E — du(X, [Y)U
which generalizes the fourth condition in (3.1) from [5] pg. 5.
Remark 2.9. If M is TCG, TCU or PUH then du = —\ dn (X can vanish) and
the last condition in (2.18) becomes

(Vx )Y =dn(fX,Y) ¢
where ( =& -\ U.
Proof (of Theorem 2.7). Before starting with the proof of the theorem let us
remark that the conditions in (2.18) have been suggested by (3.1) from [5]. We
also assumed the compatibility conditions with the structure defined so far. To
get the connection V (in terms of the f-pk structure) we shall compute n(VxY),

u(VxY) and dn(VxY, Z) for X,Y,Z € x(M).
We obtain immediately

n(VxY)=Xn()) —dn(X,Y)

(2.20)
wW(VxY) = X(u(Y)) — du(X,Y).
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Let’s compute now Vg. First we have
(Vxg)(Y,2) = (Vxdn)(Y, fZ) + dn(Y,(Vx [)Z)
(2.21) + (Vxn)(Y)n(Z) +n(Y)(Vxn)(Z)
+ (Vxu)(Y)u(Z) + u(Y)(Vxu)(Z).
Taking into account (2.18) we get
(Vxg)(Y, Z) = u(X) dn(Y,(A+ fAf)Z)
(2.22) +dn(X,Y)n(Z) + dn(X, Z)n(Y)
+ du(X,Y)u(Z) + du(X, Z)u(Y).
Let us remark that if we restrict to the distribution H (M) we have
(2.23) (Vg)‘H(M) =0.

In the following we will do similar computations as in the Levi Civita theorem
(since the connection is torsion free). We can write

20VxY,2)=Xg(Y,Z)+Yg(Z,X) - Zg(X,Y)
(2.24) +9([X.Y), 2) - g([X, Z),Y) — g(IV, Z), X)
—(Vxg)(Y, Z2) = (Vyg)(X, Z) + (V2z9)(X,Y).
Since dn(VxY,Z) = —g(VxY, fZ) for all X, Y, Z € x(M) we obtain
2dn(VxY,Z)=Xdn(Y,Z)+Ydn(X,Z) + (f Z)dn(X, fY)
(2.25) +dn([X, Y], Z) +dn([X, fZ], [Y) + dn([Y, f 2], f X)
+u(X)dn(Z, (Af = fFA)Y) +u(Y)dn(Z, (Af — fA)X).
If M is only a contact manifold the relation before becomes
2dn(VxY,Z)=Xdn(Y,2)+Ydn(X,Z) + (fZ)dn(X, fY)
+dn([X,Y], Z) +dn([X, fZ], fY) + dn([Y, fZ], f X)
+ 20(X)dn(f 2, 9Y) + 2n(Y)dn(f Z, 4 X)
+2u(X)dn(fZ,pY) + 2u(Y)dn(fZ,pX) .

The relations (2.20) and (2.25) completely define the connection V (since dp is
non degenerate on H(M)).

Furthermore, if V' is another connection satisfying the hypotheses of the the-
orem, we have n(VxY) = n(V%Y), uw(VxY) = uw(VsY) and dn(VxY,Z) =
dn(V'yY, Z) which imply V = V’. O

(2.26)

We are interested now to find a relation between the adapted connection and
the Levi Civita connection V. Define and endomorphism S on H(M) by

(2.27) dn(SX,Y) = —du(X, fY), X,Y € H(M)
(due the non degeneracy of dn the endomorphism S is well defined).



76 M.-I. MUNTEANU

An easy computation yields du(X,Y) = 3 (g(AX, fY) — g(AY, fX)), for all
X,Y € x(M). Consequently we obtain S = f% (fA+ Af). We can extend S, if
necessary, to span[¢] @ span[U] by putting S¢ = 0 and SU = 0 and the previous
formula remains true.

Taking into account that the difference between two torsion free connections is
a symmetric (1,2) tensor field, after a straightforward computations one gets

(2.28) V-V=a@U+2uo fA-106 f)
where
(aU)(X,Y)=a(X,Y)U
with a(X,Y) = 1 (9(AX, fY) + g(AY, fX)) and ® is the symmetric product, i.e.

(10 1) (X.¥) = 5 0X)FY +n(¥)fX)

and

(n(X)fAY +n(Y)fAX)

N~

(77®f’4) (XvY) =
for all X,Y € x(M).
Remark 2.10. If M is only a contact manifold the relation between V and V is
given by
(2.29) V-V=a@U+200h+uck—ucS—n06f)

where h = fi) and k = fp. (The equivalence between (2.28) and (2.29) holds
due the fact that on H(M) we have Ly f = A+ fAf if the ambient manifold is
Sasakian.)

Remark 2.11. If M is TCG, TCU or PUH then o = 0 and
V-V=-=200f
where 0 =n — \ u.

3. CURVATURE OF THE TORSION FREE ADAPTED CONNECTION

Consider the curvature tensor field R of V defined by
(3.1) RxyZ =VxVyZ —-VyVxZ— V[X7y]Z, X, Y Ze€ X(M)

We will find some general relations and properties of R and especially for the
restriction of R on H(M).

Equation (2.18) imply:
(3.2) Rxyé=0, RxyU=0, VX,YEX(M).
Moreover, Rxy Z belongs to kern but it is not necessarily a section in H (M) for
all X\Y,Z € x(M). Yet, RyxY € T'(H(M)). We also have

RxyvfZ = fRxyZ + 4du(X, Y)pZ
3.3
( ) — (deu)(Y, fZ2) U+ (Vydu)(X, f2)u, XY, Ze€ F(H(M))
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Define now a 4 covariant tensor field R by
(3.4) R(W,Z,X,Y) = W, RxyZ), X,Y,Z € x(M)

(R is a kind of Riemann Christoffel tensor).
We are interested now to find some symmetry properties for the tensor field R
similar those for the usual Riemann Christoffel tensor (in Riemannian geometry).

Obviously R(W, Z,X,Y) = —RW,Z,Y,X) and & R(W,Z,X,Y) =0
(X,Y,2)

(due to the first Bianchi identity fulfilled by R).
Using (3.3) we get

(3.5) R(Z,Z,X,Y) = diy(Z, AZ) (dy(X, AY) — dn(Y, AX))
(with X,Y,Z € I'(H(M))) which implies
R(Z,W,X,Y) +R(W,Z,X,Y)
= (dn(Z, AW) + dn(W, AZ))(dn(X, AY) —dn(Y, AX)).

As consequence we have

(3.6)

Proposition 3.1. The Riemann Christoffel tensor field R of the linear connection
V satisfies the following equation

RW,Z,X,Y) - R(X,Y, W, Z)
= dn(X, AY)dn(Z, AW) — dn(Y, AX )dn(W, AZ)
+ dn(W, AX)dn(Z, AY') — dn(X, AW )dn(Y, AZ)
+dn(X, AZ)dn(Y, AW) — dn(Z, AX )dn(W, AY) .

(3.7)

From the relation above we easily obtain

where E|Y, Z are sections in H(M). Now, replacing E by fE and taking into
account that dn(fFE, AfE) = —dn(E, AE) we get

(39 RE)Y,E,Z)+R(fE,Y,fE,Z)=R(E,Z,E,Y)+ R(fE,Z, fE,Y).

Remark 3.2. If M is TCG, TCU or PUH in M then R is skew-symmetric in first

two arguments and pairs symmetric (i.e. R(W,Z, X,Y) = R(X,Y,W, Z)).
Consider the two times covariant tensor

(3.10) p(R)(Y,Z) = trace (X — RxvZ), X,Y,Z¢ex(M)

(where the trace is made by using the metric g) — the tensor defined above is a kind
of Ricci tensor. If we take an orthonormal basis of the form {E;, fF;,§,U}
on M, the Ricci tensor can be written as

i=1,n

p(R)(Y,Z) =Y {R(E:,Z,E;,Y) + R(fEi, Z, fE;,Y)} .
i=1
As consequence of the relation (3.9) we have the symmetry of the Ricci tensor,
namely

(3.11) p(R)(Y,Z) = p(R)(Z,Y), Y,ZecT(H(M)).
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Moreover, we have
(3.12) p(R)(JY. £Z) - p(R)(Y, Z) = 4(du(pY, [ Z) + du(pZ, [Y)).
We will say that the C'R-manifold is C'R-Finstein if
p(R)(X.Y) = A g(X,Y)
for all X,Y € H(M), where A € C*(M).
We will end this section by studying the situation
AX = MX = (X)) + pu(X) U = (X) U — u(X)¢

with A and g not necessarily non vanishing smooth functions on M. This case,
let’s call it (A — p) contains the three cases TCG, TCU and PUH.

We have dn(X,AY) = Adn(X,Y) and (Vxf)Y = —g(X,Y) ¢ for X,V €
H(M). Consequently, the most of the relations involving the curvature tensor
fields simplifies. For example we have for X,Y,Z, W € H(M)

Rxy(f2) = [RxyZ —={XNdn(Y, fZ) =Y (N)dn(X, fZ)} U

R(ZW,X,)Y)=-RW,Z,X,Y),

RW,Z, X, Y)=R(X,Y,W, Z).
These yield to

R(W,fZ,X,)Y)=RW,Z,X,Y), R(fW,fZ, fX, fY)=R(W,Z,X,Y)
and hence
p(R)(JY, fZ) = p(R)(Y, Z) .

Let write now the relation between the curvature tensor R (of the adapted con-

nection) and R (the curvature tensor of the Levi Civita connection) — in general
this relation is very complicated:

RxyZ = RxyZ +2(1+ X)dn(X,Y)fZ + (w(X)Y(\) —u(Y)X(N)fZ
—(0(X)dn(fY,Z) = 0(Y)dn(fX, Z))¢
(3.13) +0(Z)(0(X)f2Y —0(Y)f*X)
— (L)Y, Z2) =Y (Nu(Z2)) fX
+ (1 +X)dn(X, Z) — X(Nu(Z2)) fY .

If we consider W = X = E, with F € H(M) and of norm 1, one gets

R(E,Z,B,Y)=R(E,Z,E,Y) +0(Y)0(Z) - 3(1 + \)g(E, fY)g(E, fZ)
= (2)g(E, fY) +u(Y)g(E, f2)) dA(E) .

NN

It follows that

p(R)(Z,Y) = p(R)(Z,Y) = 2(1+ N)g(fY, [ Z)
+ 20 0(Y)0(Z) — (w(Y)dNFZ) + uw(Z)AN(fY)).
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4. EXAMPLES

In this section we will give some examples. Let consider as ambient manifolds
RS with (global) coordinates =, y, v, w, z. On R’ we have the usual Sasakian
structure as follows:

=12 (dz — ydz — wdv), £= 2%
~To _ 0 To _ o o 7o _ 9 To _ o 9
(4.1) D5z =5y Pog = "9z Yoz P9 =0 P90 = "0 V5

g=n0n+ 1 (dz? + dy? + dv* + dw?)

If the hypersurface M is given by f(x,y,v,w, z) = 0 (where f is a smooth function
on R?) the tangency condition of the structure vector field E to M yields the fact
that f does not depend on z. After the computations we obtain the expression of
the gradient of f. We will denote 6% by 0, and similarly for the other coordinates.
With these notations, the unitary vector field N normal to the hypersurface M
is given by N = % (% Or + g—g Oy + % Oy + % Ow + (y% + w%)@z) where
w=(f2+f+f+ f2)2. Hence we obtain the expression of U:

(42) U= % (—FyBa + FoBy — Fudo + fou — (4fy +whu) 05).

Remark that [U,&] = 0.
A vector field X € y(R?) is tangent to M and belongs to ker 7 if it is of the
following form

(4.3) X = A(0y + y0,) + Boy + C(0, + wd,) + DI,
where A, B, C, D are smooth functions on M satisfying

(4.4) Afe+Bfy+Cfy+ Dfy=0.

Then, if we ask X € ker u we get another condition, namely
(4.5) —Afy+Bfy —Cfuw+Df, =0.

Since p # 0 we may suppose that f7 + f2 # 0, otherwise we have f2 4 fZ # 0 and
the computations are similar. Let’s make some notations

(4.6) a= fofw—fyfo, b= fofo+ fyfw, 0<=fv2+f5-
By using the relations (4.4) and (4.5) we obtain

1 1
C=—=-(aB—-bA) , D=—-——(aA+0bB).
@ @
Consequently, we obtain a basis in H = ker nNker u

{ X1 = ady — b0y — ady + (ya — wb)0,

(4.7)
Xo = a0y + a0y — b0y + wald, = J X,

where J is the restriction of ¢ to H. Let us remark that | X;| = | X5| = £ Va.

Example 1 (TCG). Consider M the hyperplane (passing by the origin and being
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parallel with z axis) defined by f(x,y,z,v,w) = ax + by + cv + dw = 0 where
a, b, ¢, d € R with a®> + > 4+ ¢ + d? = u? # 0. We have

U= % {b0, + ady — do, + Oy — (by + dw) 9.}

and X1 = (2 +d?) 9, — (ac+bd) 9, — (ad — be) Dy + [(¢* + d?)y — (ac + bd)w)] ..
The 2-form du vanishes identically and we have [U, X;] = 0, [U, JX;] = 0. Com-

202 2
puting the connection V we obtain Vx, Xs = —w £. As consequence, the

connection is flat.
Example 2 (TCU). Let M be defined by f(x,y,v,w,2) = 2> +y*+v?+w?-1=0
(a hyper cylinder S x R in R%). The vector field U is given by
U =2{z0y — y(0r + y0.) + v0uw — w(0y + wd;)} .
Moreover, we have
p=2, a=4(xw—yv), b=4dxv+yw), o=40*+w?)
and consequently X7 is determined by
X1 = 4{(v* + w?)0y — (zv + yw)dy — (3w — Yv) Oy + v(yv — TWw)0, } .
The following relations hold
U, X1] =-2Xy , [UXs]=2X;

(where X = JX;) which means that [U,T'(H)] C T'(H).
Moreover, since du = 3 (dz A dy + dv A dw) we get U_du = 0. We have also

(X1, Xo] = —16(v? + w?) U — 8(v? + w?) €.
Now we are able to write the expression of the connection V. We have
Vx, X1 =—42X1 +4yXe, Vx,Xo=42X; —4yXo
Vx, Xo = —4yX; — 42Xs — 8(v? + w?) U — 4(v? + w?)¢
VX1 =-2Xy, VyXe=2X;.
Computing the curvature tensor of V we obtain
Rx,x, X1 = —64(v® + wh) Xy, Rx, x,Xo =640 +w*)X;
other components being zero. It follows
p(R) (X1, X1) = p(R)(Xa, Xz) = 256(v* + w?)
and p(R)(X1,X2) =0.

Example 3. Consider now the following hypersurface M in R®

M = {(z,y,z,v,w) ER® : w=ay}.
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The tangent space of M is spanned by
2
U=— (=20, +y0y +0y), &=20,
I

X1 = 0y + 20, +y0y +y(1+2%) 0., ngay—y8U+x8w—xy2az.

In order to verify if U.du = 0 or not we compute [U, X1] (since X; € I'(H)).
We get

2% 4+ 3z + 2y
U X1 =- U+
v, %] u? w3 w3
so, u([U, X1]) # 0, which means that U.du # 0. This example proves that the
condition (2.17) is not automatically satisfied.

The next example is inspired from the following theorem ([7], Th. 5.2, p. 185): Let
M be a compact orientable pseudo-umbilical hypersurface of S*"*1 (n >2). Then
M is

2=l x St (ry), r24ri=1.

Example 4 (PUH). Let M = S3(r1) x S(r2) with r# + 73 = 1 be a pseudo-
umbilical hypersurface in S® (C RY) as a Sasakian space form. On RS consider
global coordinates x,y,v,w, s,t so, on M we have |p;| = 71 and |pa| = ro where

p1 = (z,y,v,w), p2 = (s,t) and | - | denotes the usual Euclidean norm. Consider
1 1 1
€1 = _(_ywra _'w,'U), Xl = _(_anaxa _y)7 X2 = —(—’LU, _’Uayax)
1 1 1
which form an orthonormal frame on S3(rq) and & = %(—s,t) € x(St(rq)).

Consider also the following contact forms on S3(r1) and S*(r2) respectively

1 1
m=—(—yder+zdy —wdv+vdw), n=—(—sdt+tds).
1 T2
With these notations, the (almost) contact structure on S® is given by
E=r&+rle, n=rim+trap, ¢X1=Xy, ¢Xo=-X;.

The unit normal vector field on M is N = f:—f p1+ :—;pg thus U = —r9&q + 11&0.
We have obtained a global frame on M satisfying

[X136]22X23 [Xl,U]:——XQ

[(Xo,8) = —2X,, [Xp,U]l= g X1

2
(X1, Xo] = —26 + % U.
1

Moreover, on M we have du = —:—f dn. Computing the torsion free adapted con-

nection we obtain:

VX1 =0, VxXo=—+ 22U, Vx,Xp=0
1
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the other expressions are easy deducible from the relations above. The non-vanish-
ing components of the curvature tensor are

4 4
Rx,x,X1=——5 Xo, Rx;x,Xo=—5 Xi
L1 L1

and hence
4
p(B)(X1, X1) = p(R)(X2, Xa) = 5, p(B)(X1, X2) = 0.
1
Consequently we have a CR-Einstein manifold which is never flat.

Example 5. The condition (2.17) Uidu = 0 is a quite strong condition which in
general yields a PDE system. Even that the dimension of the ambient manifold is
small, this PDE system is rather complicate. Yet, if the submanifold M in R is
defined by a function depending only on one or two variables, the condition (2.17)
is automatically satisfied. Let us, for example, consider f(z,y,v, w) = y? +w? —r?
(ie. M = S x R?). On M we have:

N = % (yB1 4+ wBs) - the unitary normal vector field;
U = *% (yA1 + w.AQ);
X1 = (’LU.Al — yAQ)
X2 = (’LUBl - yBQ)
where A; = 2(9, +y0.), B1 = 20y, Az = 2(0, + w9,), B2 = 20, (see for more
details [1], [2]). An easy computation gives the expression of Weingarten operator
namely, AX; =0, AXy = *%XQ, A¢ = —U and AU = —£ so M does not belong
to the case (A — u) described in the previous section.
Computing the torsion free adapted connection we obtain

} -unitary, orthogonal and belonging to H (M)

S =3 e

1
VX1X1:0, VX'2)(2:()7 VX1X2:7§*;U
2
VuXi =0, VUX?:;XM VEXlzf; VgXQZO.
Consequently

pR)(X0, X0) =0, p(R)(X1,X2) =0, p(R)(X, Xa) =

and hence M is not C R-Einstein.

Example 6. Looking at the examples 3 and 5 we are interested to study a sub-
manifold in R® defined by a function f depending on x,y and w (with f,, # 0)
and having the property (2.17). In this case one gets the following PDE’s system
{ *fwfyfzy + fwfzfyy + fy2facw - fmfyfyw =0
7fwfzfzy + fwfyfmx + fgg2fyw - facfyfzw =0.

Since f,, # 0 let us consider that the submanifold M is given explicitely by
w = r(x,y), r € C°(D), D C R? Then we obtain the following PDE’s system
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involving r:

TeTyy — TyTozy = 0

TeTay — TyTzz =0

having the solution r(z,y) = r(y + pz) with an arbitrary function r € C*°(I),
ICR,r #0andpeR.
On M we have: u?> =1+ (p? + 1)r 2,

N = % (—p v’ A1 — /By + B2) - the unitary normal vector field,
U= (A —pr'Bi — As),
X = % (A + 1Ay + p r'Bs)
X = % (B —pr'As +1'Bs)
After some easy computations, we get the expression of the Weingarten opera-

- unitary, orthogonal and belonging to H (M).

tor: Ag = —U, AU = —¢, AX; = 225" (pX1 + X») and AX, = 2 (pX; + X3),

S0,

minimal (the mean curvature is H =

M is TCG if and only if M is a hyperplane (r” = 0) and if and only if M is

r// 2+1
2t N).

Computing the adapted connection we obtain

2 1 /!
Vi Xo= Vg X; = ¢4 LT
1
2 I,/I
VuX1=pVyXs=— P (X1 — pX2)

113

all other combinations being zero. Consequently, the adapted connection is flat if
and only if M is a hyperplane.
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