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ALGEBRAIC THEORY OF AFFINE CURVATURE TENSORS

N. BLAZIC, P. GILKEY, S. NIKCEVIC, AND U. SIMON

ABSTRACT. We use curvature decompositions to construct generating sets for
the space of algebraic curvature tensors and for the space of tensors with the
same symmetries as those of a torsion free, Ricci symmetric connection; the
latter naturally appear in relative hypersurface theory.

1. INTRODUCTION

Let V' be a real vector space of dimension m; to simplify the discussion, we
shall assume that m > 4 henceforth; similar results hold in dimensions m = 2
and m = 3. In Section 2, we discuss the space of curvature operators R(V) C
®2V* @ End(V). These are operators with the same symmetries as those of the
curvature operator of a torsion free connection on the tangent bundle of a smooth
manifold. One has that R € RR(V) if and only if for all x,y,z € V,

(l1.a) R(z,y)z = —R(y,z)z and
(1.b) R(z,y)z + R(y,z)xr + R(z,2)y =0.
Equation (1.b) is called the first Bianchi identity. We have, see for example
Strichartz [7], that
dimR(V) = %mQ(m2 -1).
In Section 3, we discuss the space of algebraic curvature tensors a(V') C ®V*,
This is the space of tensors with the same symmetries as that of the curvature

tensor defined by the Levi-Civita connection of a pseudo-Riemannian metric; A €
a(V) if and only if for all z,y, z,w € V,

(1.c) Az, y,z,w) = —A(y, z, z,w),

(1.d) A(z,y, z,w) + Ay, z,z,w) + A(z, z,y,w) = 0,
(1.e) Az, y, z,w) = A(z,w, z,y),

(1.£) Alx,y, z,w) = —A(x,y,w, 2) .
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We shall show in Theorem 3.2 that identities (1.e) and (1.f) are equivalent in the
presence of identities (1.c) and (1.d). One has, see for example Strichartz [7], that:

dim{a(V)} = 220D

If R € ®(V), it is natural to consider the traces:
pra(R)(z,y) :=Tr{z — R(z z)y},
(1g) p24(R)(z,y) = TI‘{Z HR(Z‘,Z)y} y
p3a(R)(x,y) == Tr{z — R(z,y)z} .
The identities of Equations (1.a) and (1.b) show that:

p24(R) = —p1a(R) and
p3a(R)(x,y) = —pra(R)(z,y) + p14(R)(y, z) -
In Section 4, we discuss the affine curvature operators F(V) C (V). These are

the operators with the same symmetries as those of an affine connection without
torsion; F € §(V) if and only if for all x,y,z € V,

(1.h)

(1) Fla,y)z = —Fly, v)z,

(1) Flz,y)z+ F(y,z)x + F(z,z)y =0,
(1.k) p1a(F)(z,y) = p1a(F)(y, ),

(L) p3a(F) =0.

By Equation (1.h), Equations (1.k) and (1.1) are equivalent in the presence of
Equations (1.i) and (1.j); thus these are the symmetries of the curvature operator
of a torsion free, Ricci symmetric connection on the tangent bundle of a smooth
manifold. Such curvature operators appear naturally as curvature operators of the
induced and of the conormal connections in relative hypersurface theory; see [6].
The natural structure group of the spaces R(V), a(V), and F(V) is the gen-
eral linear group GL(V'). Let O(V, (-,-)) be the orthogonal group associated to a
non-degenerate symmetric bilinear form (-,-) € S?(V*) of signature (p,q) on V.
We can use (-,-) to raise and lower indices and define an O(V, (-,-)) equivariant
identification between @*V* and ®2V* ® End(V) by means of the identity:

(1.m) R(z,y, z,w) = (R(x,y)z,w) .
We let
(V) c @V, AV, () c@*V*@End(V), §(V,(,) c V"

be the subspaces associated to R(V), a(V), and §F(V), respectively; R € v(V) if
and only if for all z,y, z,w € V, one has

R(xvyazaw) = *R(’]J,I,Z,’LU),
R(xvyazaw) + R(y,z,x,w) + R(zazava) =0.
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We have A € A(V, (-, -)) if and only if for all z,y,z,w € V one has:

Az, y) = —Aly, ),
Az, y)z + Aly, 2)x + A(z,x)y = 0,
(Alz,y)z, w) = (A(z,w)z,y),
(Alz, y)z,w) = —(Alz, y)w, 2),
the last two identities being equivalent in the presence of the first two. Finally
F € §(V,(,-)) if and only if for all z,y, z,w € V one has:
F(z,y,z,w) = —F(y,z,z,w),
F(z,y,z,w)+ F(y,z,z,w) + F(z,z,y,w) = 0,
p1a(F)(z,y) = p1a(F)(y, ),

(
(
(
( (ide®Tr)F =0.

N = T T
L T OB

— I —

Again, identities (1.p) and (1.q) are equivalent given the identities of Equations
(1.n) and (1.0).

The spaces 2A(V, (-,-)) and f(V, (-, -)) depend upon the choice of the inner prod-
uct; the space t(V') does not. Thus it is convenient to keep the distinction between
subspaces of @2V*®End(V) and ®*V*; this will play a crucial role in the proof of
Theorem 4.2. The spaces R(V), A(V), and F(V) are subspaces of @*V*@End(V);
elements of these spaces will be denoted by R, A, and F, respectively, and are
operator valued bilinear forms. The spaces t(V'), a(V), and f(V') are subspaces of
®4V*; elements of these spaces will be denoted by R, A, and F, respectively, and
are quadralinear forms. We have the inclusions:

Ql(Va<'a'>) - %(V) C SR(V),
a(V) c fVi{s)) < (V).

Let {e;} be a basis for V. If 1 € ®2V* and if © € @1V*, set
Yij == (e ej) and Ok = O(ey, €5, ex,€1).
Let {e'} be the associated dual basis for V*. Then
P = Zij Pijel @el and O = Zijkl Yijre @el @ ek el
If {-,-) is a non-degenerate inner product on V', let
(11‘) Eij = <€Z‘, 6j> and Z_j EijEjk = (Szk
where 0 is the Kronecker symbol. One then has:
> B (w e)ey = and  Tr{g} =37, ;.

We shall decompose the natural action of GL(V) and of O(V,(:,)) on the
spaces R(V), a(V), and F(V) as the direct sum of irreducible modules and use
these decompositions to exhibit generating sets for these spaces and to derive other
natural geometric properties.
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Our motivation in this paper is to study affine curvature operators; as already
stated above, these are the curvature operators which naturally appear as curva-
ture operators of the induced and of the conormal connections in relative hyper-
surface theory. Moreover, in this situation, there naturally appears a metric, the
so called relative metric, which permits us to raise and lower indices. Our aim is
a characterization of the affine curvature operators, arising from torsion free and
Ricci symmetric connections, in the space of all curvature operators arising from
torsion free connections. Via the decomposition results of Section 4, these are
characterized by the vanishing of the component W5. We will study the geometric
meaning of the various components in this decomposition, at least in the case of
relative hypersurfaces, in a subsequent paper.

2. CURVATURE OPERATORS

In this section, we study operators with the same symmetries as those of a
torsion free connection on the tangent bundle of a smooth manifold.

2.1. Geometric representability of curvature operators. If V is a torsion
free connection on the tangent bundle of a smooth manifold M, let RY be the
associated curvature operator; if P € M and if x,y,z € TpM, then

R¥(2,y)z = {VaVy =V, Ve = Vg g} 2.

One then has Ry € R(TpM) since the symmetries of Equations (1.a) and (1.b)
hold. Conversely, every curvature operator is geometrically representable by an
torsion free connection:

Theorem 2.1. Let R € R(V) be given. Regard V' as a smooth manifold in its
own right. Let 0 be the origin of V and identify ToV = V. Then there exists a
torsion free connection V on V so that Ry = R.

Proof. Let R € R(V). Expand R(ej, ej)er = >, Rijile; relative to some basis
{e;} for V. Let {x;} be the associated dual coordinates; if e € V, then e =
>; Ti(e)e;. Define a connection V on T'V by setting

Vo,, 0z, =Yg Tap?0z, for Tap? = =33 2{Racs” + Rica} -
Since Vo, 0y, = Vo, 0Oz,, V is torsion free. As I'(0) =0,
R (Dris0;) 02, = 3240, Tjit — 8, Tir) s,
= =3 Z{Rjir' + Rui* — Rijn’ — Ruji' } O,
= =23 { 2Rk’ + Riis' + Rjri' } 0o, = Rijie' s, -
This completes the proof of the desired result. O
2.2. The Jacobi operator. This operator is defined by setting:
Jr(@)y := Ry, z)x.

It plays a central role in the study of geodesic sprays. The following result is known
in the context of Riemannian geometry; it extends easily to the more general
setting.
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Lemma 2.2. Let R € R(V). If Jr =0, then R = 0.
Proof. Jg(x) is quadratic in . The associated bilinear form is given by
Tr(,y) i 2 = ${0-Tr(z + ey) } 2|le=0 = 3{R(z,2)y + R(z,y)z} .
If Jr(z) =0 for all x € V, one has the additional curvature symmetry
R(z,2)y + R(z,y)x =0
for all z,y,z € V. We compute:
0=R(z,y)z + R(y,2)x + R(z,z)y
= R(z,y)z — R(y, x)z — R(z, 2)y
=R(z,y)z + R(z,y)z + R(z,y)z.
The Lemma now follows. O

2.3. The action of the general linear group on R(V). This action is not
irreducible, but decomposes as the direct sum of irreducible modules. Let

(2.a) V) :=ker{p1a} NR(V).

The decomposition V* @ V* = A%(V*) & S%(V*) is a GL(V) equivariant decom-
position of V* ® V* into irreducible modules; we let 7, and 75 be the appropriate
projections where

(2.b) Ta(¥)ij = 3 (i; —¥ji) and  wo(¥)i; = 5 (thij + ¥ji) -
We may therefore decompose p14 = 74 0 p14 ® 75 © p14 where p14 is as defined in
Equation (1.g). One has the following result of Strichartz [7]:

Theorem 2.3. The map p14 defines a GL(V) equivariant short exact sequence
0— UV) = R(V) L A2V e S2H(VF) =0
which is equivariantly split by the map ox,op,y ® Ox,0pr, Where
Traopis(@)(@,9)2 = 7 {20(2, y)z + w(z, 2)y — w(y, z)a}  for we A (VF),
Tryops (V) (@,9)2 = 7550 (2, 2)y — Y(y, 2)z}  for ¢ € S*(V™).
This gives a GL(V') equivariant decomposition of
RV) =UV) @ A*(V*) @ S* (V)
as the direct sum of irreducible GL(V') modules. We have
dim{(V)} = tm?(m? —4), dim{A?(V*)} = gm(m — 1),
dim{S*(V*)} = im(m+1), dim{R(V)} = sm*(m? —1).
Proof. We check the splitting as follows. If w € A%2(V*), let Ry := 0r,o0prs (w).
Then Ry (x,y) = —Rw(y, ). We check the Bianchi identity by computing:
Roo(®,9)2 + R (Y, 2)7 + Ru(2,2)y = 1535 {20(2, 9) 2 + w(a, 2)y — w(y, 2)z
+2w(y, 2)r + w(y, )z — w(z,z)y + 2w(z, 2)y + w(z,y)z — w(z,y)z}
=0.
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Thus R, € R(V). One also has that:

p1a(Ro)(Y,2) = 17 2o €' {2w(ei, y)z + w(ei, 2)y — w(y, 2)ei}

= 11—1”{2@«1(2:, y)+w(y,z) —mw(y,2)} =w(y, z).

Let ¢ € S*(V*) and let Ry = Or.ops(¥). Again, Ry(z,y) = —Ry(y,z). We
verify the Bianchi identity by computing:

Ry(x,y)z + Ry (y, 2)x + Ry(z,2)y

= ﬁ{w, 2)y — Yy, 2)z +P(y, v)z — P(z,2)y + ¥ (2,y)r — P(x,y)z}
=0.

This shows that Ry € R(V). Furthermore:

p1a(Ry)(y, 2) = 1= 2, e {w(ei, 2)y — ¥(y, 2)es}

Consequently one has an equivariant decomposition of R(V') into GL(V') modules:
R(V) =U(V) @ A*(V*) @ S*(VF).
We refer to [7] for the proof of the remaining assertions of the Theorem. O

We say that two torsion free connections V and V on a differentiable manifold
M are projectively equivalent if and only if every every geodesic for V can be
reparametrized to be a geodesic for V, or equivalently if there exists a smooth
1-form w so

Vay = Vay = w(z)y + w(y)z.

The summand (V) plays the role of the Weyl projective tensor; it also plays a
role in the affine setting as we shall see presently in Theorem 4.1. Let 7y be the

associated projection on this summand in the decomposition of Theorem 2.3. One
has [6, 7, 8]:

Lemma 2.4. Let V and V be torsion free connections on M.

(1) If V and V are projectively equivalent, then myR = myR.
(2) The connection V is projectively flat if and only if myR = 0.

2.4. The action of the orthogonal group on R(V). The associated orthogonal
group O(V, (-,-)) acts on R(V) and on t(V); the natural map from R(V) to (V)
given by Equation (1.m) is an equivariant isomorphism. Let Z be as in Equation
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(1.r). We define:
A2(V*) = {w € @°V* 1 wyij = —wji},
SV () = {y € @2V 1y =y, 3 EVey; = 0},
w(V, () :=={0 € @ V" : Ojjp + Ojpis + Opiji =0,
Oujkt = —Ojikt = Oktijy .5y 2O = 0},
A2(A2(V*) :={0 € @' V* : Oijr = —Ojits = —Oujik = —Ouij} ,
AFAP(VF)) == {0 € A*(A*(V7")) : 32, E"Oiji = 0},
S(V, () :={0 € @ V" : O4jts = —Ojik1 = Oijir, >y E'Oijr = 0,
Okjit + Oikji — Ojik — Oujr = 0} .
Note that A2(A%(V*)), A3(A%(V*)), and &(V, (-,-)) are not subsets of a(V).
Theorem 2.5.
(1) There is an O(V,{-,-)) equivariant orthogonal decomposition of
RV)=e(V)=W,&---d Wy
as the direct sum of irreducible O(V, (-,-)) modules where:
dim{W,} =1, dim{Ws} = dim{W;} = tn=llm+2)

2
dim{Ws} = dim{W,} = 220 Qim{W} = 2ot =5 mi2)
dnn{W7} _ (m—l)(m—2§m+1)(m+4) 7 dlm{Wg} _ m(m—l)(7781—3)(m+2) ]

(2) There are the following isomorphisms as O({-,-)) modules:
(a) Wi ~ R, Wy =~ Ws =~ Sg(V*, <', >), and W3 =~ Wy =~ A2(V*)
(b) We = w(V,(-,-)) is the space of Weyl conformal curvature tensors.
(c) W7 = &(V,(-,-)) and Wg =~ A3(A?(V*)).

We refer to Bokan [1] for the proof of Assertion (1) in the context of a positive
definite inner product; it extends immediately to the indefinite inner products.
We will prove Assertion (2a) later in this section. We will prove Assertion (2b) in
Section 3. We will prove Assertion (2c¢) in Section 4.

Remark 2.6. Since W5 and W5 are isomorphic as O(V, (-, -)) modules and since
W3 and Wy are isomorphic as O(V/ (-, -)) modules, the decomposition of R(V) into
irreducible module summands is not unique; this fact plays an important role in
the analysis of Bokan [1].

We shall need a technical result before proving Theorem 2.5 (2). We use Equa-
tion (1.m) to lower indices and to define a curvature tensor R associated to a
curvature operator R. Let = be as in Equation (1.r). Then:

p14(R)('Tay) = Zij Ein(eia x,Y, ej)a pQS(R)(:Ea y) = Zij
p24(R)('Tay) = Zij Ein(‘Ta €Y, ej)a plS(R)(xa y) = Zij —‘in(eia xaejay)a

p3s(R)(z,y) := 32, BV R(x,y, €5, ¢5) = —p1a(R) (2, y) + pra(R)(y, ).

UR(:L'a €5 ejay)a

(1]

1]
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There is an O(V, (-, -)) equivariant decomposition:
ViV = AQ(V*) ® Sg(V*a (n)eR

where SZ(V*, (-,-)) is the space of trace free symmetric bilinear forms, and where
R is the trivial O(V, (-,-)) module. If 7,, mo, and 7 are the associated orthogonal
projections, then

ﬂ-a(w)(‘ray) = %{lﬂ(%y) - w(yvx)}v
(z,y) == ${v(x,y) + ¥y, 2)},
)

(¥
(2.c) (W) =3, (s, e5),

There is only one non-trivial scalar curvature arising from R € t(V) since

=R R(ei, e, ex, e1) = T(p23(R)) = —7(p2a(R)),
7(p3a(R)) = 3,50 E9EM R(ei, ej, ex,e1) = 0.

If v € SE(V*, (-,)) and if w € A2(V*), let:

= (@, w)(y, z) — Yy, w)(z, z),
(T, w)Y(y, 2) — (y, w)(z, 2),
2w

o1 () (@, y, 2, w
o2 (Y)(2,y, 2, w
(w)( (2, 9)(z,w) + w(z, 2){y, w) — w(y, 2)(z, w),
(w)(

(z, w){y, z) — w(y, w)(z,2) .

)

) =
oz(w)(z,y, z,w) :=
E

os(w)(z,y, z,w

Lemma 2.7.

(1) o1 and o2 are O(V,(-,-)) equivariant maps from SZ(V*,{-,-)) tot(V), o3
and o4 are O(V, {-,-)) equivariant maps from A?(V*) to t(V), and

P14 © 01 pP23°01 _ —id (m—l)ld
P14 © 02 P23 © 02 - (m*1>1d —id ’
( p13003 34003 ) B ( —3id 2(m+1)id
( .

p1300y p3gooy | —m)id 21id
(2) We have O(V,{-,-)) equivariant sequences which are equivariantly split:

Topa:t(V) >R —0,
T © P14 D T © P13 - ‘C(V) - S(Q)(V*v <'7 >) D SS(V*a <'a >) - Oa
Ta 0 p13 D a0 p3g s (V) — A2(V*) @ A2(V*) — 0.

Proof. Let ¢ € SZ(V*,(-,+)) and let w € A%2(V*). Set Ry := 01(¢)), R2 := 02(¢),
Rs3 := 03(w), and Ry := o4(w). It is immediate R;(x,y,z,w) = —R;(y, z, z,w).
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To show that R; € t(V'), we must verify the first Bianchi identity is satisfied:

Ri(z,y,z,w) + Ri(y, z,z,w) + Ri(z,z,y, w)
= P(z,w){y, z) — Yy, w)(z, 2)
+ 9y, w)(z, 7) — (2, w)(y, 7)
+ (2, w)(z,y) — Y(z,w)(z,y) =0,
Ro(x,y, z,w) + Ra(y, z,z,w) + Ra(z,z,y, w)
= (z,w)¥(y, 2) = (y, w)Y(, 2)
+ (Y, W)Y (z,2) — (2, w)h(y, 7)
+ (z,w)p(z,y) — (2, w)Y(z,y) =0,
Rs(z,y,z,w) + R3(y, 2z, z,w) + R3(z,z,y,w)
= 2w(z,y)(z, w) + w(z, 2)(y, w) — w(y, 2)(z, w)
+ 2w(y, 2)(z, w) +w(y, z)(z, w) — w(z,2)(y, w)
+ 2w(z, 2)(y, w) + w(z, y)(z, w) —w(@,y)(z,w) =0,
Ry(z,y,z,w) + Ra(y, 2z, z,w) + Ra(z,2,y,w)
= w(z, w)(y,z) — w(y, w)(z, 2)
+w(y, w)(z,z) — w(z,w)(y,z)
+w(z,w)(z,y) — w(z,w)(z,y) =0.

We complete the proof of Assertion (1) by computing:

pra(Br)(y, z) = 25 B9 {db(eir )y, 2) — 1y, e5)ei, 2)}
= T(w)<y’ Z> - w(yv Z) = _w(yv Z) ,

p23(Ry)(z,w) = Zi_j =7 {¢(x, w){es, ej) — Y(es, w)(z,e5)}

= (m — 1)ip(z,w),
pra(R2)¥(y, 2) = 30, EV{{ei e))¥(y, 2) — (y, e;)d(es, 2)}
= (m - 1)1#(?/7 Z) )

p23(Ra)(z,w) = 32, E7 {(z, w)(ei, e5) — (e, w)y(x, e5)}
= T(’l/))<1"ﬂ w> - 1/)(50,1[)) = 7@[)(1" w) )

p13(Rs)(y, w) = 32, E9{2w(ei, y)(ej, w) + wles, €5)(y, w) — w(y, e;)(ei, w)}
= —3w(y,w),

p3a(Rs)(z,y) = 3. EV{2w(z,y)(eis e5) + w(z, ei)(y, e5) — w(y, ei){w, ei)}
=2(m+ Dw(z,y),
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pr13(Ra)(y,w) = 3255 E¥H{w(es, w)(y, €5) — wly, w)(ei, e5)} = (1 = m)w(y, w),

pas(Ra)(z,y) = 2o EV{w(z, e5){y, ei) — w(y, e;)(z, e) } = 2w(z,y) .
We now prove Assertion (2). We show the first sequence splits by computing;:
s T(P1a(01(, ) = sy Zijw EVE M {EaE — i}
= ﬁ 213{5;55 - 556;} =1.

As the determinants of the two coefficient matrices in Assertion (1) are non-zero,
the desired splitting of the second and of the third sequences follows. O

Proof of Theorem 2.5 (2a). By Lemma 2.7, R has multiplicity 1, Sz(V*, (-, )
has multiplicity 2, and A%(V*) has multiplicity 2 in the decomposition of t(V') as
an O((-,-)) module. These modules are irreducible and

dim{R} =1, dim{S3(V", (-,))} = =22, dim{A%(V)} = 2=t
Theorem 2.5 (2a) now follows from Theorem 2.5 (1). O

3. ALGEBRAIC CURVATURE TENSORS

In this section, we study the quadralinear forms with the same symmetries as
those of the Levi-Civita connection of a pseudo-Riemannian manifold.

3.1. The action of the general linear group on a(V).
Theorem 3.1. a(V) is an irreducible GL(V') module.

We postpone the proof of this result until Section 5 as we must first establish
some additional notation.

3.2. The action of O(V,(-,+)) on a(V). Let
(3.a) (dom)(R)(x,y,z,w) = %{R(z, y,z,w) + R(x,y,w,2z)} for Rer(V).
If ¢,1 € S?(V*), one can define an algebraic curvature tensor ¢ A1) € a(V) by:
(6 A B} 9,7 w) = (e, )y, 2) — (2, )y w)

+ oy, 2)(z, w) — oy, w)v(z, 2)} .

(This has a different normalizing constant than the usual Kulkarni-Nomizu prod-
uct). These tensors arise naturally. If L is the second fundamental form of a
hypersurface M in R™+! then

(3.b)

Ry=LANL.
Define:
w(V, (-, ) :=ker{pa} Na(V),

(3.c) Oidam, (S)ijki = Sijii + 3{Skjir + Sirji — Stji — Sitjr}

Capns (W) = 7250 A () = oy ) A (o).
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Theorem 3.2.

(1) Let R € ®*V* satisfy Equations (1.c) and (1.d). Then Equations (1.e)
and (1.f) are equivalent.

(2) The maps id @75 and p14 define GL(V) and O(V, (-,-)) equivariant short
exact sequences, respectively,

0— a(V) — t(V) 2227, A2(V*) @ S2(V*) — 0,

0 —w(V, () = a(V) == S*(V*) — 0.

which are equivariantly split, respectively, by the maps oia gx, and oqp,, -
(3) This gives an O(V, (-,-)) equivariant decomposition of

a(V) =w(V. () & S§(V*, () & {R}
as the direct sum of irreducible O(V, (-,-)) modules where

dim{w(V,{-,))} = sm(m+1)(m+2)(m—3), dim{R} =1,
dim{S§(V*, (-,-))} = 3(m = 1)(m +2), dim{a(V)} = fym?(m® - 1).

Proof. Tt is immediate that (1.c) and (1.e) imply Equation (1.f). Conversely,
suppose that Equations (1.c), (1.d), and (1.f) hold. We use the following notation:

R(£1,82,63,8) = a1, R(&,64,61,62) = a1 + €1,
R(£1,83,62,8) = a2, R(&2,64,61,83) = az + €2,
R(§27§37§1554> =as, R(gla§4a§27§3) :a3+€3-

We establish Assertion (1) by showing €1 = €2 = €3 = 0. We compute:

0= R(&1,82,63,84) + R(£2,83,&1,84) + R(€3, 61,62, 64)

=a1+a3z—az,
0= R(§1;§2;§47§3) =+ R(§27§47§h§3> + R(§47§1552553)

= —a1+ax—a3+¢e2— €3 =¢€2 —€3,

0= R(£h£3a£4a£2) + R(€3a§4a£1552) + R(£4a£h£3a£2)

= —az+a;t+az+e1t+e3=¢1+e¢e3,
0= R(£Qa£3a£4a£1) + R(€3a§4a£2551) + R(£4a£2553a£1)

=—az—a]+ax—€1+¢ey=—€1+¢3.

This yields the equations 0 = €5 —e3 = €1 + €3 = —&1 + €2 from which it follows
that 1 = €9 = 3 = 0; this proves Assertion (1).
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Let S € A%2(V*) ® S?(V*). We compute:
Oid@ms (9)ijkl + Tid@r, (5)jikl
= Sijkt + 3(Skji + Sikji — Stjik — Sijk)
1
+ Sjikl + §(Skijl + Sjkit — Siijk — Sjiik) =0,
Tid@rs (9)ijkl + Tidon, (S) kil + Tid @, (S)kiji
= Sijkt + 3(Skji + Sikjt — Stjik — Sijk)
+ Sjkit + 3 (Sikgi + Sjirt — Sikji — Sjiki)
+ Skiji + 5 (Sjikt + Skjit — Stikj — Skiij) = 0.
This shows that oiq g, takes values in t(V). Let a(S) := dig@r.S — S. Then
(3.d) (S)ijur = 5(Skjir + Sirgi — Stjix — Sagr) € A2(V*) @ A2(V*).

The map « will also play a role in Section 4.3. Since id @75 vanishes on the space
A%(V*) @ A%2(V*), one has that

(id ®75)(did @, (9)) = (Id @7s)(S) + (d @7s)a(S) = 5.

This shows that id ®7, is an equivariant splitting. We refer to Singer and Thorpe
[5] or to Strichartz [7] for the proof of the remaining assertions. O

Proof of Theorem 2.5 (2b). Because tv is the space of Weyl conformal tensors,
dim{ro(V, (-,))} = 5m(m + 1)(m — 3)(m + 2) = dim{W;s} .

Since 1 (V, (-,-)) is an irreducible O(V, (-,-)) module, we may use Theorem 2.5 (1)
to identify Ws = w(V, (-, ). O
Theorem 2.1 generalizes immediately to this setting:

Theorem 3.3. Let A € a(V) be given. Regard V as a smooth manifold in its
own right. Let O be the origin of V and identify ToV = V. There exists a pseudo-
Riemannian metric g defined on V' so that Rj = A where R is the curvature
tensor of the associated Levi-Civita connection.

Proof. Let {e;} be an orthonormal basis for V. Let z; be the associated coordinate
system. We define the germ of a pseudo-Riemannian metric on V by setting

Gab = g(azay axb) = <ea7 eb> - % ch Aacdbzc-rd .

Clearly gab = gba- As g|lm,v = (-, ), g is non-degenerate near 0. One may then use
a partition of unity to extend g to be non-degenerate on all of V' without changing
it near 0. One has

Fijk‘ = g(varl amj)amk) = %(ang]k + aljgik - amkgl]) .
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Since T';;x(0) = 0, one has
Rijr1(0) := R(0z,, 0r;, Or,, 02,)(0) = {02, Tjkt — 0, Tira }(0)
= 3{02, (0, grt + 02,951 — 02,9jk) — O, (02, gt + Oz, 9t — Oz, 9i%) } (0)
= ${—Ajir — Ajrar + Ajirr + Ajiae + Aijra + Airjt — Aijie — Aagr}
= t{44ijm — 2Au51 — 2Aini;} = Aijia -
The desired result now follows. 0

The following result was first proved by Fiedler [3] using Young symmetrizers;
subsequently Gilkey [4] established it using a direct construction and Diaz-Ramos
and Garcia-Rio [2] derived it from the Nash embedding theorem. We adopt the
notation of Equation (3.b) to define ¢ A1 € a(V) for ¢, € S2(V*).

Theorem 3.4. a(V) = Spang{p A ¢ : ¢ € S?(V*)}.
We use Theorem 3.2 to establish a slightly stronger version of Theorem 3.4:

Theorem 3.5.
(1) If A € a(V), there is a finite collection of elements ¢, € S?(V*) such that
Rank{¢, } = 2 and such that A=Y ¢, A ¢y.
(2) Suppose given (p,q) with 2 < p+q < m. Let S(Qpﬂ)(V*) be the set of all
symmetric bilinear forms on V of signature (p,q). Then

a(V) == Spand)es(Zp,q)(V*){Qj VAN ¢} .
Proof. Consider the following GL(V) invariant subspace of a(V):
b(V) := Spang{p A ¢ : ¢ € S*(V*), Rank{¢} = 2} .

We apply Theorem 3.1 to show b(V) = a(V). This shows that we may express
any A € a(V) in the form ¢1¢1 A ¢d1 + - - - + cxdr A dr where the ¢, are symmetric
bilinear forms of rank 2 and where the ¢, € R. By rescaling the ¢,, we may assume
that the ¢, = +1. Set a1 ;== e! el +e2®@e? and ag := el @e?2+e2®el. We have
(a1 ANag)(er,ea,ea,e1) =+1 and (g Aag)(er,ea,ea,e1) = —1.
Thus a3 A @1 = —ae A az. Consequently, by replacing a definite form by an
indefinite form or an indefinite form by a definite form if necessary, we can change
the sign and assume that all the constants ¢, are equal to 1. Assertion (1) now

follows.
To prove Assertion (2), we set

b(V) := Spand)es(zp,q)(v*){qﬁ A}

As this is a non-empty GL(V) invariant subspace of a(V'), Theorem 3.1 shows
a(V) =b(V) as desired. O
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4. AFFINE CURVATURE TENSORS IN THE ALGEBRAIC SETTING

4.1. The action of the general linear group on F(V). We adopt the notion
of Equation (2.a) to define L(V); the geometrical significance of this subspace is
given in Lemma 2.4.

Use Equations (1.g) and (2.b) to define py4, 7, and 7. Let ox,0p,, and ox_op,,
be as in Theorem 2.3. The following is an immediate consequence of Theorem 2.3:

Theorem 4.1. We have the following GL(V') equivariant short exact sequences
0= F(V) = R(V) == AX (V) — 0,
0— WV) - F(V) 222, §2(V*) — 0

which are equivariantly split by the maps Or, op,, ONA Or op,,, TESPectively. This
gives a GL(V') equivariant decomposition of

F(V)=UV) e $* (V)
as the direct sum of irreducible GL(V) modules where

dim{g(V)} = 2=

dim{dim{S*(V*)} = im(m + 1),

dlm{S(V)} _ m(m 1)(26 +2 3) )

We use this result to generalize Theorem 3.4 to the setting at hand. We exploit
in an essential way that the space 20(V,(-,-)) depends non-trivially on the par-
ticular bilinear form which is chosen. Let G, 4 (V') be the set of non-degenerate
bilinear forms on V' of signature (p,q). Let G, (M) be the set of all pseudo-
Riemannian metrics on a smooth m-dimensional manifold M of signature (p, q).
If g € Go,m)(M) and if P € M, let R(g,P) be the curvature operator of the
Levi-Civita connection defined by g.

Theorem 4.2.
(1) If p+q=m, then (V) = Span(. yeg . AAV, ()}
(2) We have that §(TpM) = Spangeg(o,m)(M){R(g, P)}.
Proof. Let
B(V) :=Span g AUV, ()}
Let ¥ € GL(V). If A € A(V, (-, ")), then
T A e AV, (-, ).

Thus B(V) is invariant under the action of GL(V'). Since B(V) # {0}, Theorem
4.1 shows exactly one of the following alternatives holds:

(1) %(V) = ker{ﬂs o p14}.

(2) B(V) = S2(V*).

3) B(V) =3(V).
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If (-,) € Gp,gy(V), let Ay € A(V, (-,-)) be the associated algebraic curvature
operator of constant sectional curvature:
Ay (z,y)z = (y,2)x — (2, 2)y .

Since p14(A(..y) = (m —1)(:,-), B(V) # ker{pi4}. This eliminates the first possi-
bility. Since m > 4, m(m + 1) > 6. Consequently,

dim{B(V)} = dim{A(V, (-, )} = 2= > 20 — dim{S2(V7)} .

This eliminates the second possibility. Thus the third possibility holds; this proves
Assertion (1).
Let V.=TpM. Let go € G(o,m)(TpM). By Theorem 3.3,

Ql(Va go) = Ugeg(o,m),g\TPM:go {R(g, P)} .
Assertion (2) now follows from Assertion (1). O
4.2. Centro affine geometry. Let h € S?(V*) and let C € S?(V*) ® V. Define
Rh(xv y)Z = h(yv Z)Z' - h(l‘, Z)y )
Re (wa ’U)’LL = C(’U, C(wa u)) - C(wa C(Uv u)) :
The decomposition of Theorem 4.1 has geometric significance. Let h be the cen-
troaffine metric, let V be the induced connection, and let V* be the conormal
connection. Then R; is the curvature operator of both V and of V* while the
Riemannian curvature tensor of the associated Levi-Civita connection is given by
Re + Ry.
Theorem 4.3.
(1) Rn € 0—71'50/11452(‘/*) and UW50P14S2(V*) = Spanhesz(\/*){Rh}'
(2) Re € §(V) and (V) = Spancegz(ygviRe}-

Proof. Assertion (1) follows from the discussion given to establish Theorem 4.1.
We begin the proof of Assertion (2) by computing:

Re(v,w)u = C(w,C(v,u)) — C(v,C(w,u)) = —Re(w,v)u,
Re(w,v)u + Re (v, u)w + Re(u, w)v = C(v,C(w,u)) — C(w,C(v,u))
+ C(w,C(u,v)) — C(u,C(w,v)) + C(u,C(v,w)) — C(v,C(u,w))
=0.
Let C(ei,ej) = >, Ci;Fer, where {e;} is a basis for V. We show that R¢ € F(V)
by checking:
Rel(ei, ej)er = Zl,n{le”Cikl — Cu"Cjr'ten,
p3a(Re)(eisej) = 3o {0 Cir' — Ca*Ci'} = 0.
Let B(V') := Spance gz (v+)gv{Rec}. For e # 0, let the non-zero components of

C be given by:

Co' =Crp' =C1? =Ca' =C3' = Cni° =¢.
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We have
p14(Re)(ez, e2) = Zl7i{c2lici2l — 00} =2 #0.
This shows that p14(Re)(e2, e2) # 0. Consequently
Oriops 52 (VF) CB(V).
We also compute
Re(er,ez)er = Zl,n{021n01ll — Cu"Cor'le,
= 0211011161 - 0112021162 - 0113021163
= —c%(eg +e3).
If Re € OrioprsS2(V*), then Re(er,e2)er € Span{eq, e} which is false. Thus
Trsops 82 (VF) ¢ B(V).
The desired result now follows. g

4.3. The action of O(V, (-,-)) on F(V). We can use Theorems 2.5 and 4.1 to see
that there is an O(V, (-, -)) equivariant orthogonal decomposition of

f(vv <'7 >) ~ m(vﬂ <'ﬂ >) OR® Sg(V*ﬂ <'ﬂ >)
O STV, () DA (V™) & Wr & Wy
is a direct sum of 7 irreducible O(V; (-, -)) modules. Since SZ(V*,(-,-)) is repeated
with multiplicity 2, the decomposition is not unique.
We now make this decomposition a bit more explicit to identify the factors W7
and Wg. We adopt the notation of Equation (3.a) and let id ®7s symmetrize the

last two components of T' € ®*V*. Let 0i4 g, be the splitting of Equation (3.c).
Finally, let @ be the map of Equation (3.d).

Lemma 4.4. We have an O(V,{(-,-)) equivariant short exact sequence
0—a(V) —=f(V. () A2(VF) @ S5V, () = 0
which is equivariantly split by the map oid @r, -
Proof. Let F € f(V, (-,-)). We have
(id@mg)(F)(z,y,z,w) = 3{F(z,y,2,w) + F(z,y,w,2)},
(idens)(F) =0 <& F(z,y,z,w)=—-F(z,y,w,z) ¥V z,y,z,w V.

This implies F' € a(V). Conversely, if F' € a(V), then p34(F) = 0 and (id ®7,)F =
0 and hence F' € f(V, (-,-)). Thus

ker{id @m,} N §(V, (-, ) = a(V) .

id @mg
—_—

Furthermore
p3a(F) = (id @ Tr) (id 7, F)
and consequently (id ®75) takes values in A%(V*) @ SZ(V*, (-, -)).
In the proof of Theorem 3.2, we showed that oiq g, takes values in ¢(V') and
that (id ®7s)0id @r, is the identity on A%(V) ® S?(V*). Thus 0iq gx,S € f(V, (-, )
if and only if S € A2(V*) @ SE(V*, (-,-)). O



ALGEBRAIC THEORY OF AFFINE CURVATURE TENSORS 163

This shows that
f(vﬂ <'ﬂ >) ~ CL(V) D A2(V*) ® Sg(V*ﬂ <'ﬂ >) ;
S0
N (V)@SEV*, () = SE(VE, () @ A2 (V) @ Wr & Wy
We therefore study A?(V*) ® S?(V*) as an O(V, (-,-)) module and identify the
copies of A2(V*) and SZ(V*,(-,-)) in A2(V*) @ SZ(V*,(-,-)). Let
© e AN (V)@S5(V*, (), »eSTV, (), weA*(V).
Let Z be as in Equation (1.r). Define:
m1,5(0)jk 1= (ms(p120)) ke = 5 35 Z{Oujut + Ourji}
T1,a(0)jk = (Ta(p140))jx = 5 20 E"{Oijit — Ourji}
0)ijkl = 3(Okji + Oikji — Oujir, — Oujn) »
V)ijkt = ~{Zathje — Ejitbie + St — Sjptat
W)ijkl = g 1 Zawik + Eawj — Sjwik — Ejpwa + %wijEkz},
Orn(0)ijkl = 3 (Okji — Okiji) ,
AGAN*(V) = {0 : Ojjrs = —Ojiky = —Ouij , 2.5 E'Oijm =0}
S(V, (-,-)) = ker{m s} Nker{m o} Nker{ma} N AV ® SS(V*, ;).

~~ 2

TA
0’71'1,5

0’71'1,@

A~ o~ o~

[

Lemma 4.5. We have O(V, (-,-)) equivariant short exact sequences

0 — ker{ms} — A*(V*) ® S3(V*, () === S3(V*, () = 0,

0 — ker{m o} — A*(V*) @ S§(V*, () == A*(V*) = 0,

0 — ker{m .} Nker{mp} — ker{m o} —2— AZ(A*(V*)) — 0.
These sequences are equivariantly split, respectively, by ox, ., Ox, ,, and ox,. This
gives an O(V, (-,+)) equivariant decomposition of

A (V)@ SGV*, () & SEVT, () & A2(V) @ AGA* (V) @ S(V. (., )

as the direct sum of irreducible O(V, (-,-)) modules where

dim{SZ(V*, (,-))} = tn=llmt2)
dim{A*(V*)} = "=,
dim{A2(A2(V*)} = m(mfl)(m—g)(m+2)’

) 8
dim{&(V, (-, )} = (mfl)(m72)8(m+1)(m424),
dim{A2(V*) @ SZ(V*, (-,-))} = mm=Lmt2)

We have Ws ~ A2(A%2(V*)) and Wr =~ &(V, (-, ).
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Proof. It is clear that 7 s takes values in S?(V*). Let Z be as in Equation (1.r).
We show that 71 ¢ takes values in SZ(V*, (-,-)) by checking:

Tr{m,s(©)} = 5 Xijm E'Z*{Oujnt + O}
= Zijkl EUEOin = Zijkl =R EOjik
== Yijn EPE Oiju = — Tr{m +(©)} .
It is clear that o, , takes values in A*(V*) ® S?(V*). We verify that o, _ takes
values in A2(V*) @ SZ(V*,(-,-)) by checking the trace condition:
Zkl Ekloﬁrl,s( )z]kl - Zkl {uzl"/)]k - —glwzk + uzki/}jl - u]k"/’zl}
= Wi — wij + i — i} = 0.
We check that oy, , is a splitting by verifying:
71,5 (0, (V) ik = 50 2o EH{Eatje — Ejivbin + Zaetbi — Sjetba
+ Eutkj — Eritij + Eijw — Sk}
= g Amin — Y + Y — En Tr{y}
+ mipr; — Y + Py — Zx Te{}}
= Yjk -
Clearly my q takes values in A%(V*) and or, , takes values in A?(V*) ® S?(V*).
We check the trace condition by computing:
{(id@T‘I‘)(O’ﬂ-La(UJ))}i]‘ = m2 1 Zkl {‘—‘llw]k+‘—‘lkw]l H]lwzk H]szl'i_ wzy—*kl}
= s {wji + wji — wij — wij + smwi; }

= (—4+ 2m)w;; =0.

m24

To check o, , is a splitting, we compute:
—_1_m il = = = = 4 =
7T1,a(0m,a(w))jk =5m2_4 Zil = {uilek + ZikWwjl — Ziwik — ZkWil + mWij =kl
—_ —_ —_ —_ 4 —_
— Eawkj — Zijwil + Epwij + Skjwin — 5 wik}

1 m 4 A 4
=5 maeg imwin + Wik — Wik + 5y Wkj — MWkj — Wkj + Wkj — Wik}

=mrgim — ik = wi -
Let S € ker{m o} N{A2(V*) @ SZ(V*,(-,-))}. To check that 7, takes values in
AZ(A%(V*)), we compute:
TA(S)ijit = 3(Skjir + Sikji — Sijie — Sijr) »
TA(S)jirt = 5(Skiji + Sjkit — Stijk — Sjiie) = —7A(S)ijrt
TA(S)kiij = 5(Siukj + Skitj — Sjiki — Skjti) = —7A(S)ijkt
p1a(ma(S))jk = 3 3, T Skjut + Sikji — Sijir — Sijr }
={3p34(S) + m1.a(5)}r = 0.

N =

N[=
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Let T € A3(A?(V*)). To check 0., takes values in A2(V*) @ SZ(V*, (-,-)), we
compute:

Oran(T)ijit = %(Tka’l Thiji)
Orn(D)jikt = 5(Thijt — Trjit) = =0y (T)ij »
Oran(D)ijie = 3(Tijire — Tiijie) = 2 (Tjrii — Tinj)
= %(Tkju — Thijt) = oxn (T)ijike
1
Zkl Ekla’m\ (T)ijkl = 5 Ekl(Tk]ll Tkzgl) =0.

Finally, we verify that o, is a splitting by computing

{ma(omn (1)) Yigrt = 5(0nn (Tkjit + Onp (T)ikjt — Oxp (T)ijki — Oy (T )it )
= Y(Tijut — Tingi + Tjwit — Tyir — Tijii + Triji — Thtig + Thity)
= Tiji -

We compute dimensions:

dim{A*(V*)} = tm(m — 1),
dim{A*(A*(V"))} = 3{gm(m — 1)}{gm(m —1) -1},
dim{A2(A*(V*))} = dim{A%(A*(V*))} — dim{A*(V*)}

= 1{dm(m—1)Him(m —1) -1} — Im(m — 1)

{m(m — D)HEmm — 1)~ 1 1)

— Hm(m — DH{mlm — 1) 6} = bm(m — (m - 3)(m +2)
= dim{Ws}

and

dim{&(V, (-, )} = dim{A*(V*) ® S§(V*, ()} — dim{AF(A*(V"))}
— dim{S5(V*, (-,-))} — dim{A*(V")}
= dim{A*(V") ® S5(V", (-,-)}
— dim{A*(A*(V"))} — dim{S5(V", {,)}

m(m—1)(m—1)(m+2)  m(m-1)(m(m—-1)-2)  (m—1)(m+2)
4 8 2

= 2L {2m(m — 1)(m +2) — m(m — 2)(m + 1) — 4(m + 2)}
_ (m—l)(m—2)8(m+1)(m+4) _ dlm{W7}

The remaining assertions now follow from Theorem 2.5 (1); this also establishes
Theorem 2.5 (2c). O
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As an immediate consequence, we have
Theorem 4.6.
(1) There is an O(V, (-,-)) equivariant orthogonal decomposition of
SV)=f(V)=Wi oW Wy Ws & Wes & W7 & Wy
as the direct sum of irreducible O(V, (-,-)) modules where:

dim{W,} =1, dim{Ws} = dim{W;} = tn=llm+2)

dim{W,} = M dim{Ws} = = m+1)(m 3)(m+2)
dim{W;} = (m-= 1)(m 2)(’m-|—1)(m-‘:—4)7 dim{Ws} = m(m— 1)(m 3)(m+2)

(2) There are the following isomorphisms as O({-,-)) modules:
( ) W1 ~ R WQ W5 ~ SO(V* < >), and W4 ~ AQ(V*)
(b) W = m(V, (-,-)) is the space of Weyl conformal curvature tensors.
(c) W7 = &(V,(-,)) and Wg =~ A3(A?(V*)).

5. THE PROOF OF THEOREM 3.1

Let b be a non-empty subspace of a(V) which is invariant under the action of
GL(V). We must show that b = a(V). Choose a positive definite inner prod-
uct (-,-) on V. Then b is invariant under the action of O(V;, (-,-)) as well. Let
Tw, To, and mr be the projections on the appropriate module summands in the
decomposition of Theorem 3.2 (3);

(R) :==7(p1a(R)),  mo(R) := p1a(R) — 1;7(p1a(R))(, ),
To(R) i= R — a py, (p11(R))  where
Oa P14(¢) = %dj A (" > - %<a > A <'a > .
Since O(V, (-,-)) is a compact Lie group acting orthogonally, the projections are
orthogonal projections. Furthermore:

T (b) # {0} = w(V, () C
To(b )¢{0}¢0am4(5§(‘/< '>))Cb,
mr(b) # {0} = 0a,0. () Cb.

Let {e;} be an orthonormal basis for V. Let {\;} be distinct positive constants.
Define © € GL(V) by setting:

TR

@(61) = )\iei .

Suppose mr(b) # {0}. The component corresponding to R in a(V') is generated
by A:=(-,-) A{:,-). Consequently A € b; the non-zero components of ©*(A4) and
p14(©*(A)) are, up to the usual Zs symmetries and modulo a suitable normalizing
constant which plays no role, given by

O*(A)(es, ej,e5,€i) = APA] and  p14(0%(A))(ei,eq) = A7 20,5 AT

This shows the projection of ©*(A), and hence of b, on So(V*, (-,+)) is non-zero.
Let A; be the algebraic curvature tensor whose only non-zero component, up to
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the usual Zy symmetries, is Aj(e1, e, e2,e1). As b is closed, we show that A; € b
by taking the limit

A—1, A—1, A —0forj>3.
As {A1 — 04,4 (p14(A1))}(e1, €3, €3,€e1) # 0, one has my (b) # 0. We summarize:
(b)) 0 = b=a(V).
Suppose mo(b) # 0. Then oq ,,(SZ(V*, (-,-))) C b. Define ¢ € SZ(V*,(-,))
with non-zero components
Yler,er) =1, Y(ez,e2) =1, and t(es, e3) = —2.
Let A =04, () = =25¢ A (,-) € b. We compute:

O (A)(ei, €5, ex, 1) = MidjA N5 {0 (ei, e) 0k + ¥ (ej, )i
— (e, ex) 05 — P(ej, er)din}
7(014(0%(4))) = 25 X, O Alei, ej, ¢, €i)
= 225 {23 = 203) (0, A9} — wks M+ A5 - 2)5)

This is non-zero for generic values of X. This shows 7 (b) % {0}. Combining this
result with the result of the previous paragraph yields:

pua(b) #{0} = b=a(V).

Finally, suppose 7y (b) # 0. Then w(V,(-,-)) C b. Let A € a be defined with
non-zero components, up to the usual Zy symmetries, by

A(er,es,eq,e1) =+1 and  A(eg,es,eq,e0) = —1.
Then p14(A) =0s0 A € w(V, (-,-)). We have
9*(A)(€1,€3,€4,€1) = )\%)\3)\4 and @*(A)(€2,€3,€4,€2) = )\%)\3)\4

Thus p14(0*(A4))(e3,e4) = A3A(A2 — A2) # 0. Since p14(0*(4)) # 0 we may
conclude that b = a(V). O
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