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SPECTRAL PROPERTIES OF A CERTAIN CLASS OF
CARLEMAN OPERATORS

S. M. BAHRI

ABSTRACT. The object of the present work is to construct all the generalized
spectral functions of a certain class of Carleman operators in the Hilbert
space L2 (X, p) and establish the corresponding expansion theorems, when
the deficiency indices are (1,1). This is done by constructing the generalized
resolvents of A and then using the Stieltjes inversion formula.

1. PRELIMINARIES

The set of generalized resolvents of a symmetric operator A with defect indices
(1,1) was first derived independently by Naimark [15] and Krein [10]. The case of
defect indices (m,m), m € N is due to Krein [11]. Saakjan [19] extended Krein’s
formula to the general case of defect indices (m,m), m € NU {oo}. In another
form, the generalized resolvent formula for symmetric operators (including the
case of non-densely defined operators) has been obtained by Straus [20, 21].

Let H be a Hilbert space endowed with the inner product (-, -), and let A: D(A)
C H — H be a densely defined closed linear operator whose range is denoted
R(A).

1.1. Basic Spectral Properties. We say that A € C is a regular point of the
operator A if the resolvent Ry = (A — I )71 exists and is a bounded operator
defined everywhere in H (I denotes the identity operator in H). In this case we
say that A belongs to p(A), the resolvent set of A. Ry is an analytic operator
function of A on p(A). The number A € C is said to be an eigenvalue of A if
there exists an f € D(A) for which f # 0 and Af = Af. In this case, the operator
A — X is not injective, i.e., ker (A — AI) # {0}. The complement of p(A4), in the
complex plane, is denoted by o(A) and is called the spectrum of A.

A resolution of the identity [1] is a one-parameter family {E;}, —oco < t < oo, of
orthogonal projection operators acting on a Hilbert space H, such that

i) Es < By if s <t (monotonicity);
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ii) E; is strongly left continuous, i.e. E;_o = E; for every t € R;
iil) Ey 2 0ast— —occand By > T ast — o0; here 0 and I are the zero and
the identity operator on the space H.

Condition ii) can be replaced by the condition of strong right continuity at every
point t € R.

From this it follows that, for each fixed f € H, the function p;: R — [0,1)
given by

(1.1) pr () = (B, ) = IE@) ]
is is bounded, non-decreasing, left continuous and
(1.2) Tim oy (1) = |fI®.lim_py (1) =0,

In [1] is proven that for each resolution of the identity E; (—oo <t < +00)

corresponds a uniquely defined self adjoint operator A, admitting the following
integral representation

o +oo
(1.3) A:/ tdE,

— 00

where the integral is understood as the strong limit of the integral sums for each

e D(A), and
(1.4) o) = {7 | eawn < o)

is satisfied. The resolvent Ry and the spectral function E; of a self adjoint operator

A are bound by the relation

o +oo dE o
(1.5) sz/ tt A€ p(A),

— 00

in the sense of strong limit.

The resolution of the identity given by the operator A completely determines the
spectral properties of that operator, namely:

a) a real number tj is a regular point of A if and only if it is a point of constancy,
that is, if there is an € > 0 such that E} ;. — Ey,—. = 0;

B3) a real number t; is an eigenvalue of A if and only if A is a jump point of E,
that iS, Et0+0 — Eto 7é 0.

Hence the resolution of the identity determined by the operator is also called the
spectral function of this operator.

1.2. Deficiency indices. The defect number is the dimension of the orthogonal
complement to R(A)

ds = dim (H o R(A)) = dim Ker (4"),
where A* is the adjoint operator of A and Ker (4*) = {f € D(4*): A*f =0},
D(A*) being the domain of A*.
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Let A be a symmetric operator, A its symmetric extension, then the following
relation holds

(1.6) ACAcC A" C A*.

The interest of (1.6) resides in the following conclusion: all symmetrical extension
of A comes of a restriction of the domain of A*. So D(g) is a subspace between
D(A) and D(A*). To construct the extensions A it is therefore well to examine
the structure of the space D(A*). Let’s put

Ny =ker (A* — XI) and Ny = ker (A* — ), (SmA > 0),

with respective dimensions ny, n_. They are called the deficiency indices of the
operator A and will be denoted by the ordered pair (ni,n_). It being, in the
Hilbert space D(A*) we have the following hilbertienne decomposition [4]

(1.7) D(A*) = D(A) & N\ & N5

A possesses self adjoint extensions [6] if and only if np = n_. We get in this
case all self adjoints extensions of A from all isometric Cayley transforms V' =
(A= XI)(A— XI)~! defined from N5 to N).

1.3. Generalized resolvents formulas. In the general case, every symmetric
operator A can be prolonged in a selfadjoint operator AT defined in a wide space
H* containing H. If E; (respectively RY) is the spectral function (respectively
the resolvent) of AT and P the operator of projection of HT on H then the
functions operators E; = PTE}" and Ry, = P+Rj\' are said, respectively, general-
ized spectral function and generalized resolvent of the operator A. They are joined
by the relation

P dE
(1.8) sz/ ﬁ e p(A),

in addition, for all real numbers «, 8 (a < (), we have the Stieltjes inversion for-
mula

B
(19) ([Ea - Eﬂ]f} g) = i lim ([Ra'+i7' - RO‘*’L‘T]f? g)doa fvg €EH.

2QmL T—00 o

Moreover, for all f of D (A):

Af/:otdEtf.

The generalized spectral function E; satisfy the same conditions (ii) and (iii) of
E; but the first is replaced by
(") Ey, — Ey,, where t2 > t1, is a bounded positive operator.

The restriction PT At is said quasi selfadjoint extension of the operator A. It
is from this notion that Straus [21] developed his theory of generalized resolvent
of a symmetric operator. Let’s designate by F, the class of all quasi selfadjoint
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linear operators defined on A, and that apply N, to N5. The set of generalized
resolvents is defined by

{RA = (Apoy =AD"

1.10
(1.10) R; =R}

SMmASMA, >0,

where ), is a non real point, ' (\) an analytic function operator in the half plane
(SMAIMA, > 0) to value in Fy, and Ap(xy (SmASmA, > 0) a quasi selfadjoint
extension of the operator A defined by

D(Apn) =D (A) @ [F(\) = I|Ny, ,
Apy(f+FN) o —¢) = Af + XF (N) o — Ao
with f € D (A) and ¢ € N,,. The adjoint operator A%y s defined by
D(Ary) =D (A) @ [F* () - I|Nx,
Aoy (F+F* N ¥ =) = Af + X F* (\) 1) — Aot)
with f € D (A) and ¢ € Ny .
1.4. Some convergences. We call ¢ a continuity point of E; if Fyi o — Er = 0.

We call [1] convergence in the mean the convergence in the space L? (X, u) and
we denote by

f (@) = Lim.fo (z) |

if

lim |f (&) — fu (@) dz =0, almost everywhere in X .
b'e

(I.i.m. is an abbreviation for limes in medio, i.e. limit in the mean).

2. CARLEMAN OPERATORS

One can find necessary information about Carleman operators, for example,
in [5, 9, 22, 23, 24]. In this section we shall present only part of it. Let X
be an arbitrary set, p a o-fini measure on X ( p is defined on a c-algebra of
subsets of X, we don’t indicate this o-algebra), La (X, ) the Hilbert space of
square integrable functions with respect to pu. Instead of writing ‘p-measurable’,
‘p-almost everywhere’ and ‘(du (x))” we write ‘measurable’; ‘a e’ and ‘dz’.

Definition 1 ([24]). A linear operator A: D (A) — Lo (X, 1), where the domain
D (A) is a dense linear manifold in Lo (X, 1), is said to be integral if there exists
a measurable function K on X x X, a kernel, such that, for every f € D (A),

(2.1) Af (2) = /X K(zy)f(w)dy ae.
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A kernel K on X x X is said to be Carleman if K (z,y) € Lo (X, u) for almost
every fixed z, that is to say

(2.2) /X|K(x,y)|2dy <oo ae.

An integral operator A with a kernel K is called Carleman operator if K is a
Carleman kernel. Every Carleman kernel K defines a Carleman function k& from
X to Ly (X, ) by k(z) = K (x,-) for all z in X for which K (z,-) € Lo (X, ).

Self-adjoint Carleman operators have generalized eigenfunction expansions, which
can be used in the study of linear elliptic operators, see [14]. A general reference
for Carleman operators on Lo-spaces is [8]. The notion of a Carleman operator
has been extended in many directions. By replacing Lo by an arbitrary Banach
function space one obtains the so-called generalized Carleman operators (see [18])
and by considering Bochner integrals and abstract Banach spaces one is lead to
the so-called Carleman and Korotkov operators on a Banach space ([7]).

Now we consider the class of integral operators (2.1) that we go studied here
generated by the following symmetric Carleman kernel

(2.3) K (z,y) = Zap% () ¥p (¥)
p=0

where the overbar denotes complex conjugation. {1/1,, (x) }:O:O is an orthonormal

sequence in L? (X, ;1) such that
— 2

(2.4) Z’zﬂp ()| <o ae,
p=0

and {ap};’ozo a real number sequence verifying
- 2

(2.5) Zaiwp ()" <oo ae.
p=0

We called {9, (95)};0:0 a Carleman sequence. Let L (1) be the closed set of linear
combinations of elements of the orthogonal sequence {1, (m)};io . Tt is lucid that
the orthogonal complement L+ (1)) = Lo (X, u) © L () is contained in D(A) and
annul the operator A.

The following lemma [3] tells us when the Carleman operator A possesse equal
deficiency indices.

Lemma 1 ([3]). The operator A possesses equal deficiency indices ni(4) =
n_(A) = m, (m < o0), if and only if there exist sequences {y},’c)} (k =

p=0’
1,2,...,m), verifying
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1) For all k
(2.6) O (x) = > A0y (@) e LN () (k=1,2,...,m)
p=0
2) For all A (SmA #0)
o | k) |?
(2.7) Nl <o, (k=12...,m)
ol A

3) The linear space of the sequences {’y}(gk)} , (k=1,2,...,m), verifying 1)

and 2) is m dimension.

3. GENERALIZED RESOLVENTS
We first prove the following important lemma.

Lemma 2. Let B be a closed symmetric operator, 1 the eigenvector of B belong-
ing to the eigenvalue b. Then ¢ € D (B) if and ouly if for a certain A\ (SmA # 0)
and for all ¢y and @5

(ox:¥) = (o5, ¥) =0,
where ) and o5 belong respectively to the defect spaces N5 and N).

Proof. Let 1) € D (B) and ¢y € N5 (SmA # 0), then
(b/l/}a %\) = (B/l/}a SDA) = (va*SDA) = 5\(7/’79@\) .

Therefore,
(b=A) (W, 02) =0
and as b — \ # 0, it follows that (1, x) = 0. Now let h be an arbitrary element
of D (B*). By the hilbertienne decomposition we have
h=f+apx+ Bes,
with f € D (B), ox € N5, v5 € Ny, and «, 8 two complex numbers. Then,

(B*h,¢) = (Bf,v) = (f,0¢) = (h, by) ,
that is to say ¥ € D (B). O

Now we suppose that the symmetric Carleman operator A (2.1) — — (2.3) pos-
sesse equal deficiency indices ny(A) = n_(A) = 1. By Lemma 1 there exist a

sequence {7,},_, such that:

o0

2
Z [7p|” = o0
p=0

and verifying the three conditions of the quoted lemma. By (2.6) and (2.7) we
conclude that the function

(3.1) o () = 3y (@)

p=0
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belongs to the defect space N5 of the operator A. In what follows, to facilitate
the writing, we will designate by A the restriction of A on the subspace L (v)).
Now we consider the following integral equation

(3.2) /X S apty () Ty )Y () dy — AY (2) = f (1)

Let f(z) = Y cptpp () (Z e < oo), then the solution of the equation (3.2)
p=0 p=0
will be the function

(3.3) Y@ =)~ ® S (@) -

p=

Let s notice that the formula (3.3) gives the resolvent of the self-adjoint extension
A of the operator A which possesses a complete system of eigenfunctions {yy, (x)}

of the space L (¢). The resolvent R>\ of the operator A is an integral operator
defined on the space L (¢) :

(3.4) Raf = /X K (z,y:0) f (v) dy,
where -
K (g =3 — 4y (0) T ).
p=0 ap

Any solution of the equation (3.2) in D (A*) admits the following representation

(3.5) Y (z,A) = Raf (z) + cpx (z)
where c is an any complex number.
Let’s put A, =4, then F (\) (subsection 1.3) can be given by the formula

FA)e-i=w(X) e
with w () an analytic function in the upper half plan and |w (A\)| < 1.
The operator Ap(y) is defined on the set D (AF(,\)) as

(3.6) f=x le (N i — s (fc € D(.A)) ,
Aponyf = Az +iw (N o + ¢,

then

. D(Ary) ={9€L(W):g=f+wN g —¢_ilc, feD(A)},

3.

D( *F(,\)) ={heL@):g=f+[w\p—i—ilc, feD(A)}.
We introduce the following function
Uy= w ()‘)50 i — Pi,
then D (Ap(y)) is defined as the set of y € D (A*) for which
(A%, va) = (y, Awa)
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While choosing in (3.5) for all A (ImA > 0) ¢ = C (\), as we have the equality
(38) (A*Y, V)\) = (K A*l/,\) 5

we get a formula giving the set of generalized resolvents in terms of analytic func-
tions w (A). By (3.8) we have

w0 (e .
(3.9) O = TN 00+ gy >0
where
A =i (px i)
(3.10) Y= T o

denote the characteristic function [1] of operator A. If we substitute (3.9) in (3.5),
we get the formula of generalized resolvents

(A x (A) =1 (A+1) (px, @i
While taking account that R3 = Rj, it is easy to have
1-w() (f.e2)

w X (A) =1 (A=) (ex0-1)

(3.11) Rof = Ryf + " e (SmA > 0) .

(312)  Rsf=Rsf+ ox  (SmA>0) .

So we have demonstrated

Theorem 1. Formulas (3.11) and (3.12) establish a bijective correspondence be-
tween the set of generalized resolvents of the operator A and the set of the analytic
functions w (A) as |w(N)| <1 (ImA > 0). These formulas define the resolvent of
a selfadjoint extension of A in the space L (v) if and only if, w (A) = »(constant),
|| = 1.

4. GENERALIZED SPECTRAL FUNCTIONS

Let’s consider the function x (\) given by the formula (3.10):

o) 2
’Yp
Ao @ N @D

XN =537 S
p=0 (ap—A)(ap+i)
it’s an analytic function in the half plane IIt = {\ € C: SmA > 0} and take its
values on the unit disk D = {¢ € C : || < 1}, so that the real axis R turns into
the unit circle C = {¢ € C:|{| =1}. Thus, for all p=0,1,2,..., x (ap) = 1.
Let’s put
A—i

A+

(=
We can write [1] x (A) under the form

14¢ (U =D ) 20 = il
A)=xli——=) =w(() = = 5
v = i) =0 (U~ <ty g 2O+l
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where
o

U= (A—il)(A+il™h)
is the unitary Cayley transform of the self-adjoint operator A and

27Tei3+§ °
®(() = - d(Esp;, pi),
(©) /O , <( Pis i)

elé —

[e] [e]
E; being the resolution of the identity of the unitary operator U. For || = 1, we
have

(4.1) Re [® ()] =0.
From the equality
(42) (or i) = 575 (2O + leill*]

we conclude that
(ox,0i) ZO0V A, SmA>0.
Formulas (4.1) and (4.2) imply that
(4.3) Sm (o +1) (por )] = llps|* (Smo =0) .
Now, we introduce the following useful lemmas:
Lemma 3. For all f, g € H, the functions (Rxf, g), (¢x, ¢i), (f.»y) and (¢r, )
),

are regular on all the complex plane except to points a, (p =0,1,2,...), where
they admit simple poles. Besides, the following equalities are true:

S )= res PR (P1g)
/\r:etslp(R,\f,g) - )\r:egp A —1) (er, o) (f,¥p) (Wp, 9)
oo SOV _ o LV E0I)_ (7))

A=ap (A= 1) (px, 0-i)  A=ap (A = 1) (o5, 1)
Proof. The fact that the mentioned functions are regular on the complex plane
except to poles a, (p=0,1,2,...) result from formulas (3.1) and

(ékf,g) — Z (quip)fi/fvg)
p=0 p

Furthermore we have:
o
res (R)\fv g) = (f7 ’l/)p) (1/}p7 g) )
A=a,
it is easy to see that the function

0 » ([ ¥p 0 »(Yp,
(fa QDX) (pr\a g9) _ [ZPZO ’Ya(p—j\ )] [Z;DZO 'Ya(p—)\g)}
A—i ) ¥ —i N 2
(A=) (o, 1) (A —1i) 52307<af;><aﬁ>

3

admits the same residue to the point A = a,.
The second equality can be verified in the same way. O
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Lemma 4 ([21]). Let ¢ (A\) an analytic function in the half-plane IIT with a posi-
tive imaginary part and ¢ (\) an analytic function in a certain domain containing
the interval [«,3]. Then we have the formula

B B
z= i [ e o) eI do = [ w(e) dp(e) (A=a+in).
with
p(o)= %71320 ; Sme (t+ i) dt.

Let w(A) be an arbitrary analytic function who applies the half-plane ITT on
the unit disk D. It is known that the spectral function E, is uniform and that we
can get it by the formula of Stieltjes (1.9):
for all f (s) and g (s) of L and for all reals @ and § (o < 3) we have the equality

1 s
(Eaﬂfv g) = 2_7” TEHJ}O . ( [RaJri'r - Rafiﬂ'] 1 g) do
with
Ea s = (Es +Egt0) /2 — (Ea + Eato) /2.

Let’s consider the difference
(4.4) Ryf—Ryf = [Raf — Rxf]+ [C(N)en—C(N) 5] -
While holding in account (3.3) and (3.4), we get

/6 o0

lim [Baf - Rafldo= 3 axtbe(s) (A=o+ir),
=0 ak€(a,B)
where
(4.5) f(s)= ZCM/)k (s) -
k=0

Let’s consider the second member of (4.4):

TP [P v R e Twes

x = (f,ox) ox — ! :

1 1 }

wNx(A) -1 {(X* i) (e o) (\+i) (o3 01)
(f,x) ea (f,ox) ox

1
x5 (fen)ex - [()\—i) (oxp-i) (N +1) (oxi) )

S|

Let’s put

_ (Le)er o (Feexr .
= N Trene 2 M0
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Then (A =0 +i7)

I A 1 [P 2iSm (0 +19) (0o, 03] (f, ¢0)
— lim 1 A) — 2 A do = — D)
[f ( ) f ( )] 271 /a (0-2 + 1) |((po'; @z)'

2miT—+0 J,

do

+ Z Ckwk (S) )

ak€(a,B)

¢k being coefficients in the development (4.5).

Now, we notice that for all analytic function w (A) in the half-plane IIT as
lw (A)] < 1, we obtain

)
o
m—
w(A)x(A) -1
After this, while using the Lemma 2 and the equality (4.3), we get

>0 (SmA>0).

I s o) Po
(46) Bosf = 3= lim [ [Ra— Rl o= [ = ifl)ﬁ (jf (o).
with
(4.7) plo) = 1 lim 0 [Sm;m - 1} dt, (A=t-+ir)
Tr—+0 /g wA)x() -1
and (5)
o ©i (S
o) = e

The function p (o) is decreasing because
1 1
Re >
WM XA =17 T+ [w ) x (V)]

Thus, we have demonstrated the theorem

>

| =

Theorem 2. Letw (\) be an analytic function in the half-plane IIT and E; (—oo <
t < 400) the spectral function of the operator A. Then for all f(s) of L (v) and
for all reals o and B (o < () we have the relation (4.6) and the following equalities

S ()P
(Basf. f) = (o),
’ / @+ Dl(pa )P
ﬁ S
f(S) — ZE)?IL (f7 900)800' ( O) de (O') ,
g—> +Z§ o (02 + 1) (SDUa SDZ)

e i
(/. f) /_OO (UQH)‘(%&)W( ),

where p (o) is defined by the formula (4.7) for X = o +ir, ImA > 0.
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Corollary 1. In order that t (—oo < t < +00) be a continuity point of the spectral
function E; of the operator A it is necessary and sufficient that it is a continuity
point of the function p (o).

Let’s consider the formula (4.7). The function x (A) applies all interval (a,,,
ap,.,) (we suppose that a,, and a,, , are neighboring points) in the unit disk.
The homographic transform 1= applies the circle |z| = 7 < 1 in the not euclidean
circle of center ¢ such that the image of » = 0 will be the point ¢ and the image of
r = 1 will be the real axis R. Therefore, for w(\) = 1, p (o) is a jumps function
with points jumps a,, and for w (A) = » (3¢ = constant with || < 1), p (o) is
absolutely continuous.

With the help of the self-adjoints extensions (w (A) = s = exp (ip)) p (o) will
be a jumps function with points jumps o, for whom x (o) = exp (—iyp).

Of the pace of the function p (o) we are convinced of the following findings.

Corollary 2. The quasi-self-adjoint extension associated to the analytical function
wA) (lwN)| € 1inITtand |w(o)| = 1 for Smo = 0) admits a merely point
spetrum.

Corollary 3. The interval (c,d) (—oco < ¢ < d < +00) doesn’t contain the spec-
trum points of the self-adjoint extension of the operator A generated by the func-
tions w (A) if and only if w (N\) verify the following conditions:

a) w(A) is analytic in I and |w (N)] < 1(SmA > 0);

b) w () admits an extension by continuity from IIT on (c,d);

¢) lw(o)|=1,if o€ (cd);

d) w(o) # x (o) for o € (c,d).

If we suppose in (2.3) that a, > 0, then A will be a positive operator. Thus the
Corollary 3 give the criteria to get the positive spectral functions. In particular
self-adjoint extension possessed a positive spectral function if it is generated by
functions w (A) = s = exp (i), 0 < ¢ < g, X (0) = exp(—ipo).
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