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NONLINEAR DIFFERENTIAL POLYNOMIALS
SHARING A SMALL FUNCTION

ABHIJIT BANERJEE AND SONALI MUKHERJEE

ABSTRACT. Dealing with a question of Lahiri [6] we study the uniqueness
problem of meromorphic functions concerning two nonlinear differential po-
lynomials sharing a small function. Our results will not only improve and
supplement the results of Lin-Yi [I6], Lahiri Sarkar [I2] but also improve and
supplement a very recent result of the first author [I].

1. INTRODUCTION DEFINITIONS AND RESULTS

Let f and g be two nonconstant meromorphic functions defined in the open
complex plane C. A meromorphic function « is said to be a small function of f
provided that T(r,«) = S(r, f), that is T'(r,a) = o(T(r, f)) as r — oo, outside
of a possible exceptional set of finite linear measure. Clearly if f is rational then
« is a constant and if f is transcendental then « is a nonconstant meromorphic
function. We denote by S(f) the set of all small functions of f.

If for some o € S(f) N S(g), f — o and g — o have the same set of zeros with
the same multiplicities, we say that f and g share & CM (counting multiplicities),
and if we do not consider the multiplicities then f and g are said to share o IM
(ignoring multiplicities).

We denote by T'(r) the maximum of T'(r, f) and T'(r,g). The notation S(r)
denotes any quantity satisfying S(r) = o(T'(r)) as r — oo, outside of a possible
exceptional set of finite linear measure.

Let Ng(r,a; f,9) (Ng(r,a; f,g)) be the counting function (reduced counting
function) of all common zeros of f — o and g — a with the same multiplicities and
No(r,a; f,9) (No(r,; f,9)) be the counting function (reduced counting function)
of all common zeros of f — «a and g — « ignoring multiplicities.

If

N(T’,Oc;f) +N(Taa;g) - QNE(T,Oé;f,g) = S(T’f) +S(r,g)
then we say that f and g share a “CM”.

On the other hand if

N(r,a; f) + N(r,a;9) = 2No(r, o f, g) = S(r, f) + S(r,9)
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then we say that f and g share a “IM”.

We use I to denote any set of infinite linear measure of 0 < r < co.

In [6] Lahiri studied the problem of uniqueness of meromorphic functions when
two linear differential polynomials share the same 1-points. In the same paper [6]
regarding the nonlinear differential polynomials Lahiri asked the following question.
What can be said if two nonlinear differential polynomials generated by two mero-
morphic functions share 1 CM?

Naturally several authors investigate the possible answer to the above question
and continuous efforts are being carried out to relax the hypothesis of the results.
(ct. [T, [21, [3], [L1], [12), [14], [5], [16]).

In 2002 Fang and Fang [2] and in 2004 Lin-Yi [I5] independently proved the
following result.

Theorem A. Let f and g be two nonconstant meromorphic functions and n (> 13)
be an integer. If f*(f — 1)2f" and g"(g — 1)%g’ share 1 CM, then f = g.

In 2004 Lin-Yi [I6] improved Theorem A by generalizing it in view of fixed point.
Lin-Yi [I6] proved the following result.

Theorem B. Let f and g be two transcendental meromorphic functions and
n (> 13) be an integer. If f*(f —1)2f" and g"(g — 1)?g’ share = CM, then f = g.

In the same paper Lin-Yi [16] mentioned that in Theorem B z can be replaced
by «(z).

In 2001 an idea of gradation of sharing of values was introduced in ([8], [9])
which measures how close a shared value is to being share CM or to being shared
IM. This notion is known as weighted sharing and is defined as follows.

Definition 1.1 ([8,[9]). Let k be a nonnegative integer or infinity. For a € CU{o0}
we denote by Ej(a; f) the set of all a-points of f, where an a-point of multiplicity
m is counted m times if m < k and k + 1 times if m > k. If Ex(a; f) = Ex(a;g),
we say that f, g share the value a with weight k.

The definition implies that if f, g share a value a with weight k£ then z is an
a-point of f with multiplicity m (< k) if and only if it is an a-point of g with
multiplicity m (< k) and 2 is an a-point of f with multiplicity m (> k) if and
only if it is an a-point of g with multiplicity n (> k), where m is not necessarily
equal to n.

We write f, g share (a, k) to mean that f, g share the value a with weight k.
Clearly if f, g share (a, k), then f, g share (a,p) for any integer p, 0 < p < k. Also
we note that f, g share a value a IM or CM if and only if f, g share (a,0) or (a,c0)
respectively.

With the notion of weighted sharing of value recently the first author [I] improved
Theorem A as follows.

Theorem C ([1I]). Let f and g be two nonconstant meromorphic functions and
n > [12 — 20(oc0; f) — 20(00;g) — min{O(oc; f), O(c0;9)}], is an integer. If
fr(f = D2%f and g"(g — 1)%g’ share (1,2) then f = g.
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In the mean time Lahiri and Sarkar [12] also studied the uniqueness of mero-
morphic functions corresponding to nonlinear differential polynomials which are
different from that of previously mentioned and proved the following.

Theorem D ([12]). Let f and g be two nonconstant meromorphic functions such
that f*(f? —1)f" and g"(g* — 1)g’ share (1,2), where n (> 13) is an integer then
either f = g or f = —g. If n is an even integer then the possibility of f = —g does
not arise.

From the above discussion it will be a natural query to investigate the uniqueness
of meromorphic functions when two non linear differential polynomials of more
general form namely f"(af? +bf + ¢)f’ and g"(ag? + bg + ¢)g’ where a # 0 and
|b| + || # 0 share a small function.

In this paper we will study the above problem with the notion of weakly weighted
sharing which has recently been introduced by Lin and Lin [I3] generalizing the
idea of weighted sharing of values. We are now giving the definition.

Definition 1.2 ([I3]). Let f g share a “IM” for a € S(f)N.S(g) and k is a positive
integer or co.

(i) NE(T, a; f, g |< k) denotes the reduced counting function of those a-points
of f whose multiplicities are equal to the corresponding a-points of g, both
of their multiplicities are not greater than k.

—0
(ii) N (r,a; f,g |> k) denotes the reduced counting function of those a-points
of f which are a-points of g, both of their multiplicities are not less than k.

Definition 1.3 ([I3]). For o € S(f) N S(g), if k is a positive integer or co and
N(raif[<k)=N"(ras f.g|< k) = S ),
N(raig|< k) =N"(rai f.g|< k) = S(r,g),
i f (> k+1) = N'(ra; f,g > k+1) =S, ),
rasg > k+1) = N'(r,a; f,g [> k+1) = S(r,g)
or if k =0 and
N(r.o; f) = No(r.e f,9) = S(r, f),
N(r,a;9) — No(r,a; f,9) = S(r,9),

then we say f, g weakly share « with weight k. Here we write f, g share “(a, k)’
to mean that f, g weakly share o with weight k.

)

Obviously if f, g share “(a, k)”, then f, g share “(a,p)” for any integer p,
0 < p < k. Also we note that f, g share a “IM” or “CM” if and only if f, g share
“(a,0)” or “(a,00)” respectively.

We now state the following theorem which is the main result of the paper.
Theorem 1.1. Let f and g be two transcendental meromorphic functions such
that f*(af? +bf +c)f' and g"(ag® +bg + c)g’ where a # 0 and |b| + |c| # 0 share
“(a,2)” Then the following holds.
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(i) Ifb#0, c =0 and n > max [12 — 20(oc0; f) — 20(00; g) — min{O(o0; f),
O(c0;59)}, m — 2], be an integer, where ©(oo; f) + O(c0; g)
>0, then f =g.

(i) Zfo#0, c#0, n > [12—20(c0; f) —20(00; g) — min{O(o0; f), O(00: 9)}],
the roots of the equation az? + bz + c = 0 are distinct and one of f and g
is non entire meromorphic function having only multiple poles, then f = g.

(iti) Ifb#0, 40, n > [12—26(cc; f) — 20(00; ) — min{O(o0; f), O(005 9) ]
and the roots of the equation az? + bz + c =0 coincides, then f = g.
(iv) b=10, ¢ # 0, n > [12 — 20(o0; f) — 26(00; g) — min{O(o0; ), O(c0; 9)}],
then either f = g or f = —g. If n is an even integer then the possibility
= —g does not arise.

From Theorem [I.I] we can immediately deduce the following corollaries.

Corollary 1.1. Let f and g be two transcendental meromorphic functions such
that ©(o0; f) + O(o0; g) > %4-27 and n (> 13) be an integer. If f™*(af? +bf)f and
g"(ag® +bg)g’ share “(,2)” then f = g.

Corollary 1.2. Let f and g be two transcendental meromorphic functions and one
of f and g is non entire meromorphic function having only multiple poles, such
that n > [12 — 20(oc0; f) — 20(00; g) — min{O(oc; f), O(c0; 9)}] be an integer. If
af™(f = B1)(f — B2 f and ag"(g — B:)(g — Ba)g share “(a,2)7, where By and f,
are the distinct roots of the equation az® + bz + ¢ = 0 with |B1| # |32, then f = g.

Corollary 1.3. Let f and g be two transcendental meromorphic functions such
that n > [12 — 20(oc0; f) — 20(00; g) — min{O(o0; f), O(c0; 9)}] be an integer. If
af™(f +k)2f and ag"(g+ k)2g" share “(a,2)” where k is a nonzero constant then
f=g

Corollary 1.4. Let f and g be two transcendental meromorphic functions such
that n > [12 — 20(oc0; f) — 20(00; g) — min{O(oc0; f), O(c0; 9)}| be an integer. If
fraf?+c)f' and g"(ag?® + c)g' share “(a,2)” then f =g or f = —g. If n is an
even integer then the possibility f = —g does not arise.

Though we use the standard notations and definitions of the value distribution
theory available in [5], we explain some definitions and notations which are used in
the paper.

Definition 1.4 ([7]). For a € CU {oo} we denote by N(r,a; f |= 1) the coun-
ting function of simple a points of f. For a positive integer m we denote by
N(r,a; f |< m) (N(r,a; f |> m)) the counting function of those a points of f
whose multiplicities are not greater (less) than m where each a point is counted
according to its multiplicity.

N(r,a; f |<m) (N(r, a; f |> m)) are defined similarly, where in counting the
a-points of f we ignore the multiplicities.

Also N(r,a; f |[<m), N(r,a; f |>m), N(r,a; f |< m) and N(r,a; f |> m) are
defined analogously.
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Definition 1.5 ([9], cf.[20]). We denote by Na(r,a; f) the sum N(r,a;f) +

N(r,a; f1>2).

Definition 1.6 ([9]). Let f and g be two nonconstant meromorphic functions such
that f and g share the value 1 IM. Let zy be a 1-point of f with multiplicity p,
a 1-point of g with multiplicity q. We denote by N(r, 1; f) the counting function
of those 1-points of f and g for which p > ¢, each point in this counting functions
is counted only once. In the same way we can define N (r,1;g).

Definition 1.7 ([I0]). Let a,b € CU {oo}. We denote by N(r,a; f | g =0b) the
counting function of those a-points of f, counted according to multiplicity, which
are b-points of g.

Definition 1.8 ([I0]). Let a,b € CU {oco}. We denote by N(r,a; f | g # b) the
counting function of those a-points of f, counted according to multiplicity, which
are not the b-points of g.

2. LEMMAS

In this section we present some lemmas which will be needed in the sequel. Let f,
g, F1, G1 be four nonconstant meromorphic functions. Henceforth we shall denote
by h and H the following two functions.

12

h= (% - f2f/1) - ( 5/ - g2i]/1>

F 2F G, 2G]
H= ("L 20 ) _(Z1_ =21 )
(7 -m-1) (6 &1
Lemma 2.1. If f, g be share “(1,1)” and h £ 0. Then
N(r,1; f |[£1) S N(r,0;h) + S(r, f) < N(r,00;h) + S(r, f) + 5(r, 9) -

and

Proof. Since f, g share “(1,1)” it follows that if zy be a common simple 1-point
of f and g, then in some neighborhoods of zg we have h = (z — z0)$(z), where ¢(z)
is analytic at zg. Hence by the first fundamental theorem and Milloux theorem
(p- 55 [5]) we get

N(r,1; f[£1) = NP(r,1; f,g |< 1)+ S(r, f)
< N(r,0;h) + S(r, f) < N(r,00;h) + S(r, f) + S(r, 9) 0

Lemma 2.2. If f, g share “(1,1)” and h £ 0. Then
N(r,00:h) < N(r,0; f |> 2) + N(r,0; 9 [> 2)
+ N(r,00; f [>2) + N(r,0019 [>2)
+ Ni(r,1; f) + Ni(r,1;.9) + No(r,0; f') + No(r,0;9") + S(r),

where No(r,0; f') is the reduced counting function of those zeros of f" which are
not the zeros of f(f — 1) and No(r,0;¢') is similarly defined.
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Proof. We can easily verify that possible poles of h occur at (i) multiple zeros of
f and g, (ii) multiple poles of f and g, (iii) the common zeros of f — 1 and g — 1
whose multiplicities are different, (iii) those 1-points of f (g) which are not the
1-points of g (f), (iv) zeros of f’ which are not the zeros of f(f — 1), (v) zeros of
¢’ which are not zeros of g (¢ — 1). Since all the poles of h are simple the lemma
follows from above. This proves the lemma. (Il

Lemma 2.3. If for a positive integer k, N (r,0; f' | f # 0) denotes the counting
function of those zeros of of f' which are not the zeros of f, where a zero of f'
with multiplicity m is counted m times if m < k and k times if m > k then

N 0.7 | £0) SN0 )+ Nlroo ) = 3 N(r0: ' 2) 4509).
p=k+1

Proof. By the first fundamental theorem and Milloux theorem (p. 55 [5]) we get

N0 f | f#0)=N (rO ;I)<N<r,oo;?)+5(r,f)

= N(r,0; f) + N(r,00; f) + S(r, f).

Now
Y
N(’I"O?) p;1N<r0|>p) (raovf ‘f?é())
< N(r,05 f) + N(r, 00 f) + S(r, ).
The lemma follows from above as N (r, 0; fT,) = Ni(r,0; f' | f #0). O

Lemma 2.4. Let f, g share “(1,2)” and h £ 0. Then
T(Ta f) S NQ(raO; f) +N2(r,oo;f) +N2(7',0,g) +N2(raoo;g)

- ;N(nO;g > ) + 5. 1) + S(r0)

Proof. Since f and g share “(1,2)” it follows that f and g share “(1,1)”. Also we
note that N (r,1; f) + Nr(r,1;9) < N(r,1;¢ |> 3). So by the second fundamental
theorem Lemmas [2.1] 2.2 and 2:3] we get

T(r,f) < N(r,0; f) + N(r,00; f) + N(r,1; f) = No(r, 0; f') + S(r, )

SN(r,0; f) + N(r, 00, f) + N(r, 1 f |[< 1) + N(r, 15 f [>2) = No(r, 05 f)
No(r,0; f) + No(r,00; f) + N(r,0;9 |> 2) + N(r,00;g |> 2)

+N(r, 1,9 [>2)+ N(r, 1,9 [> 3) + S(r, f) + S(r, 9)

IN
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< No(r,0; f) + No(r, 005 f) + N(r,0;9 [> 2) + N(r,00;9 > 2)
+ Na(r,0;9" | g #0) 4+ S(r, f) + S(r, g)
< No(r,0; f) + Na(r, 00; f) + Na(r,0; g) + Na(r, 00; g)

— ZN(T,O; z/ |> p) +S(r, f)+S(r,9).
p=3

Lemma 2.5 ([I7]). Let f be a nonconstant meromorphic function and let
Zioaf*

ZT:Q bj f J

be an irreducible rational function in f with constant coefficients {ay} and {b;}where
an # 0 and by, # 0. Then

T(r,R(f)) = dT(r, f) + S(r, ),

R(f) =

where d = max{n, m}.

Lemma 2.6. Let F| = W and G1 = M, where a # 0 and
|bl + |¢| # 0. Then S(r,Fy) = S(r, f) and S(r,G1) = S(r,g).

Proof. Using Lemma we see that
T(r,F1) < (n+2)T(r, f) + T(r, f') + S(r, f) = (n+4) T(r, f) + S(r, f)

and

(n+2)T(r, f) =T(r, f"(af* +bf +¢)) + 0(1) < T(r, 1) + T(r, f') + S(r, f),
that is,

T(raFl) > TLT(’I',f) +S(T7f)

Hence S(r, F1) = S(r, f). In the same way we can prove S(r,G1) = S(r, g). O
Lemma 2.7 ([21]). If h =0 and

limsupN(r’O;f)JrN(r’oo )+ (T,O;g)+N(r,oo;g)<1’
r—00 T( )
then f=gor f-g=1.

rel

Lemma 2.8. Let f, g be two nonconstant meromorphic functions. Then
Y af? +bf +¢)f'g"(ag® + bg + c)g' # o,

where a # 0 and |b| + |c| # 0 and n (> 7) is an integer.

Proof. If possible, let

(2.1) fMaf? +0f +¢)f'g"(ag® +bg+ ¢)g = a®.

We consider the following cases.

Case 1. The roots of the equation az? + bz + ¢ = 0 are distinct and suppose they
are 31 and (.
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Subcase 1.1. One of 31 and (2 say B2 = 0. Then reduces to

a?frNf =B g T (g — By =P
Let zg be a zero of f with multiplicity p (> 1) which is not a zero or pole of «.
Clearly zp is a pole of g with multiplicity ¢ (> 1) such that
(2.2) (n+lp+p-—1=n+2)g+q+1,
ie.

¢g=Mn+2)(p—q)—22=n.

Again from we get
m+2p=Mn+3)g+2=MnN+2)g+q+2>(n+1)(n+2), ie, p>n+1.

Noting that « is a small function we obtain

N(r,0;f) = (n+ 1)N(r,0; f) + S(r, f) .
Next suppose z; be a zero of f — $; with multiplicity p (> 1) which is not a zero
or pole of a. Then z; be a pole of g with multiplicity ¢ (> 1) such that
n+5

2p—1=(n+1)g+2¢+1 ie, p> 5

Let Ng(r,0; f/) (Ng(r,0;¢")) denotes the reduced counting function of those zeros
of f' (¢') which are not the zeros of f(f — 1) (g(g — 51)). Since a pole of f is
either a zero of g(g — (1) or a zero of ¢’ or a zero or pole of o we note that

N(r,00; f) < N(r,0;9) + N(r, f1;9) + Ng(r,0;¢") + S(r)

1 2 _
< ——=N(r,0;9) + ——=N(r, B1;9) + Ng(r,0; ") + S(r)

n+1 n—+5
< (L+L) T(r,g) + Ng(r,0;g") + S(r).
= \n+1 n+5b ) s Uy

By the second fundamental theorem we get

T(va) SN(T,O;f)—l—N(T,ﬁl;f)—i-N(T,OO;f)—N®(T,0;f/)+5(7",f)

< N0 )+ o NGB ) 4 () i)

“n+1 n+5 n+1l n+5
+ Ng(r,0;9") = Ng(r,0; f) + S(r),
ie.,
1 2 1 2
1— — T < — )T
( n+1 n—|—5) (r’f)_(n+1+n+5> (r.9)
(2.3) + Ng(r,0;9") = Ng(r,0; f') + S(r).

In a similar manner we get

(1_%—&—1_ n—2|—5) T(r,g) < (n—1|—1 +n—2|—5) T f)

(2.4) + Ng(r,0; f') = Ng(r,0;¢") + S(r).
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Adding (2.3)) and (2.4) we get

<1_ nj—l B nj—{)) {T(r, f)+T(r,9)} < S(r),

which is a contradiction for n > 7. Hence this subcase does not hold.

Subcase 1.2. Both the roots 8; and (3; are non zero.
Let zg be a zero of f with multiplicity p (> 1) which is not a zero or pole of «.
Then from (2.1) we get zq is a pole of g with multiplicity ¢ (> 1) such that

(2.5) np+p—1=(Mm+3)g+1
i.e.,qznT_l.Sofrom || we get
3 —1 4 1
(n+1p> 7 )(T; L e, pz .

So from above we have

N(,0: ) 2 "N (0 £) + (. ), andso ©(0; ) > 1~

n+1"
Next suppose z1 be a zero of f — 31 with multiplicity p (> 1) and it is not a zero
or pole of a. Then z; be a pole of g with multiplicity ¢ (> 1) such that

2
2p—1=(n+3)g+1, ie, p:(nJrg)qu >n+5.

2 -2
n+ 95— 2
NGB ) 2 N0 ) + S f), andso ©(Biif) = 1- ——
Similarly we can deduce that
2
f)>1-— .
®(ﬂ27f) e n+5

Since O(0; f) + O(B1; f) + O(B2; f) < 2, it follows that

—4—2§2,or4—|—221

n+5 n+1 n+5 n+1

which is a contradiction for n > 7. Hence this subcase also does not hold.

Case 2. The roots of the equation az? + bz + ¢ = 0 are equal say /) = 32 = .
Let zo be a zero of f with multiplicity p (> 1) which is not a zero or pole of «.
Then zy is a pole of g with multiplicity ¢ (> 1) such that np+p—1= (n+3)q+ 1,
i.e.

n—1 n+1

> ds >
q> 3 and so p> 5

Hence
NG, 0; ) > TN 0:0) + 50 ).

Next suppose 21 be a zero of f — 8 with multiplicity p(> 1) which is not a zero or
pole of a. Then z; be a pole of g with multiplicity ¢(> 1) such that
n+95

3p—1=(Mn+3)g+1>n+4, ie, p> T
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Let Ng(r,0; f) (Ng(r,0;9")) denotes the reduced counting function of those zeros
of f’ (¢') which are not the zeros of f(f — ) (¢(g — 8)). Now proceeding in the
same way as done in Subcase 1.1 we note that

— 2 3 —
. < - q .
Nirooif) < (=g + ) T(rg) + No(r.0:9) + S(r)
By the second fundamental theorem we get
T(r, f) < N(r,05 f) + N(r, 35 f) + N(r, 00, f) = Nao(r, 05 f') + S(r, f)
2

NGO )+ e NG 6) + (o + ) Tlrg)

<
“n—+1
+ Ng(r,0;9) — Ng(r,0; f) + S(r),

ie.,
2 3 2 3
(1_n+1 _n+5) Iin ) = (n+1+n+5) T(rg)
(2.6) + Ng(r,0;9") = Ne(r,0; f') + S(r).

In a similar manner we get

(1— 2 3 )T(r,g)g( 2_, 3 )T(nf)

n+1l n+5 n+1l n+5
(2.7) +Ng(r,0; f') = Na(r,0,9') + S(r).
Adding (2.6]) and ( we get

(1_ nj_1 B n_6|_5> {T(r,f)+T(r,g)} < S(r)

which is a contradiction for n > 7. This proves the lemma. (]

Lemma 2.9. Let F = fn+! [n+3 + n+2 + 5] and G = g"t! [n+3 + 25+ 55,
where n(> 5) is an integer a # 0, |b| + |c| # 0. Then F' = G’ implies F = Q.

Proof. Let F/ = G’, then F = G + d where d is a constant. If possible let d # 0.
Then by the second fundamental theorem and Lemma we get

(n+3)T(r,f) < N(r,o0; F) + N(r,0; F) + N(r,d; F) + S(r, F)
< N(r,00; f) + N(r,0; f) + N(r, Bu; f) + N(r, B3 f)
+N(r,0:9) + N(r, fr;:9) + N(r, B2; g) + S(r, f)
(2.8) <AT(r,f)+3T(r,g) + S(r, f),

where 3; and (3 are the roots of the equation az? + bz + ¢ = 0. In a similar manner
we get

(2.9) (n+ 3)T(r,g) < 3T(r, f) +4T(r,g) + S(r, 9).
Adding (2.8]) and ( we get
( - ){T(T" f) + T(T’,g)} < S(Ta f) + S(T‘,g),

which is a contradiction for n > 5. So d = 0 and the lemma, follows. Il
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Lemma 2.10 ([4]). Let
Q) = (n— 2" — D" 2~ 1) —n(n - 2) @ — 1)2,
then

Q)= (-1 w—7) (W—F)...(w—Pan—s)
where 3; € C ~{0,1} (j =1,2,...,2n — 6), which are distinct respectively.

Lemma 2.11. Let F and G be given as in Lemma and n (> 3) be an integer.
Suppose F' = G. Then the following holds.

(i) If b #£0, c=0 and O(o0; f) + O(c0;g) > ni2 then f = g.

(ii) Ifb #0, ¢ # 0, and the roots of the equation az?>+bz+c = 0 are distinct and
one of f and g is non entire meromorphic functions having only multiple
poles then f = g.

(iii) If b # 0, ¢ # 0, and the roots of the equation az® + bz + ¢ = 0 coincides

then f =g.
(iv) If b= 0, ¢ # 0 then either f =g or f = —g.
If n is an even integer then the possibility f = —g does not arise.

Proof. We consider the following cases.

Case 1. Suppose ¢ =0 and b # 0. Then F' = G implies
a b
n+3 U n+ 2)

Let us assume f # g. We consider two cases:
Subcase 1.1. Let y = % be a constant. Since y # 1, from 1) it follows that

y"t2 £ 1,y £ 1 and f = —%, a constant, which is impossible.

nt( a b ).

2.10 n+2 - g4+ —
( ) f ( n+3g+n+2

Il
Q

Subcase 1.2. Let y = % be nonconstant. Noting that f # g clearly the poles of f

comes from the zeros of y — ug where u, = exp(i’f;), k=1,2,...,n+ 2. So we
have

n+2
ZN(T‘, Uk y) S N(Ta 003 f) .
k=1

By the second fundamental theorem and Lemma 2.5 we get
n+2

nT(ry) <Y N(ruky) + S(ry) < N(r,00; f) + S(r,y)
k=1

<(1=0(c0; f)+e)T(r,f)+ S(r,y)
= (n+2) (1-6(c0; f) +¢) T(r,y) + S(r,y),

n+2

(2.11) —14+0(00; f) —¢|T(r,y) < S(ry),
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where € > 0 be arbitrary. In a similar manner we can obtain

n

. — 3 g) — < .
(2.12) 25— 14 6(eci9) — <] T(ry) < S(r.y)
Adding (ZTT) and (T2) we get

4

] . cq) — ——— — < .
(2.13) (60 ) +O(o019) — =5 — 2¢) T(ry) < S(r,y)
Since O(o0; f) + O(00; g) > ni—&-Z we can choose a 0 > 0 such that

4
. )= — 1§,
O(o0; )+ O(00i9) = — 15 +

So for 0 < e < g from 1) we can deduce a contradiction. Hence f = g.
Case 2. Suppose b # 0 and ¢ # 0. Then F' = G implies

(214) Afn+3+Bfn+2+C«fn+1 EAgn+3+Bgn+2+an+1,
where A= - B= - and C = ;5.

Let us assume f # g.

Subcase 2.1. Suppose the roots of the equation az? 4+ bz + ¢ = 0 are distinct. Since
(2.14) implies f, g share (0o, 00) without loss of generality we may assume that g

has some multiple poles. Putting n = 5 in li we get
Ag? (" = 1) + Bg("** = 1) + C(n"*' —1) =0,

ie.,

nn+2 -1 nn+1 -1

2 _
(2.15) Ag* = —Bg s g S

2k7ri)
b

Let zg be a pole of g which is not a root of n — up = 0, where u; = exp( P

k=1,2,...,n+ 2 with multiplicity p. Then from (2.15)) we have

2p=p ie., p=0,

which is impossible. The other poles of the right hand side of (2.15)) are the roots
of n — up = 0 where uy = exp(ik”?f), k=1,2,...,n+ 2. Suppose z1 is a zero of
1 — ug of multiplicity r. From (2.15) we see that z; is a pole of g with multiplicity

s (say) such that

2s=r+s ie, r=s.

Since g has no simple pole it follows that 7 — u; has no simple zero for k =
1,2,...,n+ 2. Hence

DO =

O(uk;n) >

n+2
fork=1,2,...,n+2. Since > O(ug;n) < 2and n > 3 we arrive at a contradiction.
k=1
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Subcase 2.2. Suppose the roots of the equation az? + bz + ¢ = 0 coincides and so
we obtain b? = 4ac. Putting n = 5 in 1) we get

a(n +2)(n+ 1)g (" — 1) + b(n + 3)(n + L)g(n"*+2 — 1)
(216) + c(n + 3)(n 4 2)(T’n+1 o 1) =0.

Since 7 is not constant using Lemma we get from ([2.16) that

(n+2)(n+1g(n™ —1) + 2—ba(n +3)(n+1)(n"*? - 1)}2

== (n+3)(n+1)| (0 +220" P~ ) - 1)

B 4(1?(”+ 3)(n +1)("™+2 — 1)2} - _g(n+3)(n+ HQ(n),

where Q(n) = (n = 1)*(n = B1) (1 — B2)...(n — P2n) and B; € O~ {0,1}
(j =1,2,...,2n) which are distinct. This implies that every zero of n — 3; (j =
1,2,...,2n) has a multiplicity of at least 2, i.e., O(8;; 1) > % for (j =1,2,...,2n).

2n
But > ©(5;;1) < 2 which implies n < 2. This is a contradiction. So 7 is constant
j=1

and from (2.15) we have (n"*1 —1) = 0 and (n™*2 — 1) = 0 which implies n = 1
and so f =g.

Case 3. Suppose b =0 and ¢ # 0. Then (2.14)) reduces to

a 2 ¢ ] n+1:[ ) c n+1
[n+3f b [P A P L e A

Now proceeding in the line of Lemma 2.4 in [12] we can prove f = g and f = —g
and if n is an even integer then the possibility of f = —g does not arise. O

Lemma 2.12 ([19]). Let f be a nonconstant meromorphic function. Then

N(r,0; f®)) < kN (r,00; f) + N(r,0; f) + S(r, f) .

Lemma 2.13. Let F and G be given as in Lemma[2.9 and Fy, G1 be given by

Lemma If v1, 2 are the roots of n1322 + %ﬁz + 757 =0 and By, B2 are the
roots of az® +bz+c=0. Then

T(r,F)<T(r,F1)+ N(r,0; f)+ N(r,v; f) + N(r,v2; f)
— N(r, B1; f) = N(r, B2; f) = N(r,0; f') + S(r).
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Proof. Clearly F/ = o F; and G’ = a G;. By the first fundamental theorem and
Lemmas we obtain

T(r, F) :T(r,%)—i—O(l) :N(T,O;F)—Fm(r,%)—k()(l)
< N(r,0; F) + m(r, 5) +m(r,0; F') + O(1)

F
=T(r,F')+ N(r,0;F) — N(r,0; F') + S(r, F)

<T(r,F1)+ (n+1)N(r,0; f)+ N(r,v; f) + N(r,y2; f) —nN(r,0; )
— N(r,B15 f) = N(r, Ba; f) = N(r,0; f') + S(r)

=T(r,F1) + N(r,0; f) + N(r,y1; f) + N(r, 725 f) = N (1, B1; f)
= N(r,B2: f) = N(r, 05 f') + S(r). O

3. PROOF OF THE THEOREM

Proof of Theorem [1.1l Let F, G be defined as in Lemma 2.9 and F; and G; be
defined as in Lemma Then it follows that F’ and G’ share “(«;2)” and hence

Fy and G, share “(1,2)”. Suppose H # 0. Then by Lemmas and we
get
T(r, F1) < Na(r,0; Fy) + Na(r, 00; F1) + Na(r,0; G1)
+ Na(r,00:G1) + S(r, f) + 5(r, 9)
< 2N(r,0; f) + N(r, 515 ) + N(r, Ba; f) + 2N(r, 05 g)
+N(r, fr59) + N(r, B23 ) + 2N(r, 005 f) + 2N(r, 001 g)
(3.1) + N(r,0; f') 4+ N(r,0;g") + S(r).

Now from Lemmas and we can obtain from ([3.1)) for (> 0)

(n+3)T(r, ) <2N(r,0; f) + 2N (r,00; f) + 3T (r, ) + 2N (r,0; g)
+ 2N (r,00;g) +2T(r,g) + N(r,0;¢") + S(r)
<5T(r, f) +5T(r,g) + 2N(r,00; f) + 3N (r,00; g) + S(r)
(3.2) < (15 —20(o0; f) — 30(00; g) + 2¢) T(r) + S(r).

In a similar manner we can obtain

(3.3) (n+3)T(r,g) < (15— 30(oc; f) — 20(oc0; g) + 2¢) T(r) + S(r).
From and we get

(3.4) [n—12+20(o0; f)+26(00; g) + min{O(o0; f); O(c0; g)} —2¢|T(r) < S(r).
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Since e (> 0) is arbitrary, (3.4]) implies a contradiction. Hence H = 0.
Since for € > 0 we have

N0 ) < (o) = m(r )
m(r, )+ N(r,03 1) + Vv, 001 £) = m (1 57) + (0.

< (2 0(0ci f) + T ( 1) = m (1 5;) + S(r. ).
We note that
N(r,0; F1) + N(r,00; F1) + N(r,0; G1) + N(r,00; G1)
< N(r,0; f) + N(r, Bu; f) + N(r, B2; f) + N(r, 00; f) + N(r,0; f)
+ N(r,0;9) + N(r, 13 9) + N(r, B2: g) + N(r,00; g) + N(r,0;g')

< (12 —20(o0; f) — 26(o0; g) +2¢) T(r)

(3.5) —m(r,0; ') —m(r,0;¢") + S(r).

Also using Lemma 2.5 we get

T(r, F") +m(r, %) =m(r, f"(af>+bf +c)f) —|—m(7", %)

+ N(r,00; f"(af? +bf +c)f') = m (r, f*(af? + bf +¢))
+ N(r,o0; f" (af2—|—bf—|—c)) =T(r, f" (af2+bf+c))

(3.6) =Mn+2)Tr f)+0(1).
Similarly
(3.7) T(r,G') + m(r, ;) > (n+2)T(r,g) +O(1).

From and ( we get

(3.8) max {T(r7 F),T(r,G1)} > (n+2)T(r) — m(r, %) - m(r, ;) +0().

By and applying Lemma [2.7] we get either Fi = Gy or F1G; = 1.

Now from Lemma it follows that F1G1 # 1. Again F} = G implies F' = G'.
So from Lemmas 2.9 and 2.11] the theorem follows. O
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