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LINEARIZED OSCILLATION OF NONLINEAR DIFFERENCE
EQUATIONS WITH ADVANCED ARGUMENTS

OzraN OCALAN

ABSTRACT. This paper is concerned with the nonlinear advanced difference
equation with constant coefficients

m
$n+1_x’ﬂ"'_zpifi(wn—ki):ov n=0,1,...

=1
where p; € (—00,0) and k; € {...,—2,—1} for i« = 1,2,...,m. We obtain
sufficient conditions and also necessary and sufficient conditions for the os-
cillation of all solutions of the difference equation above by comparing with
the associated linearized difference equation. Furthermore, oscillation criteria
are established for the nonlinear advanced difference equation with variable
coefficients

m
Tptl — Tn +mef¢($nfki) =0, n=0,1,...
i=1
where p;, <0and k; € {...,—-2,—1} fori=1,2,...,m.

1. INTRODUCTION

Oscillation theory of difference equations has attracted many researchers. In
recent years there has been much research activity concerning the oscillation of
solutions of difference equations. For these oscillatory results, we refer, for instance,
[11-[8]. Ladas [7] gave some criteria for the oscillatory behavior of the difference

equation
m

$n+1—$n+zpi$n—ki:07 n=01,...
i=1
where p; € R, the set of all real numbers, and k; € Z, the set of all integers, for
i=1,2,...,m. Gyori and Ladas [4] obtained necessary and sufficient conditions
for the oscillatory behavior of the nonlinear delay difference equation

(1.1) Tt —mn—i-Zpifi(a:n,ki) =0, n=0,1,...

i=1
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where p; € (0,00) and k; € N, the set of all natural numbers, for i = 1,2,...,m
(see also [5]). Recently, the author [8] has investigated the oscillatory behavior of
every solution of the nonlinear delay difference equation with variable coefficients

(1.2) xnﬂ—xn—i—mefi(xn,ki):O, n=0,1,...
i=1

where p;, > 0 and k; € N for ¢ = 1,2,...,m, and the following sufficient conditions
for oscillation of solutions to (|1.2)) is obtained: Let p;, > 0, liminf p;, = p; and
k; €{0,1,...}fori=1,2,...,m.Ifeach f;(i = 1,2,...,m) is a continuous function
on R and satisfies

(i) wfi(u) >0, for u # 0,

(i) lim igf filu)/u = M;, where 0 < M; < +00,

(iii) 32 piMi(k; + 1)kt /RN > 1)
=1

then every solution of equation oscillates.

Let k = max{kq,ko,..., km}. If k; € Nfori=1,2,...,m, then, we recall that
a sequence {z,} which is defined for n > —k is said to be a solution of equation
(T.1) if it satisfies for n > 0. Similarly, if k; € {..., -2, -1} fori =1,2,...,m,
then a sequence {z,} satisfying for n > 0 is said to be a solution of (L.I]). A
solution {z,,} of equation is called oscillatory if the terms ,, of the sequence
{z,} are neither eventually positive nor eventually negative. Otherwise, the solution
is called nonoscillatory.

In the present paper, we investigate the oscillatory properties of equation
for the case p; € (—00,0) and k; € {...,—2,—1} for i = 1,2,...,m by
comparing with the associated linearized difference equation. We also deal with the
oscillatory behavior of equation for the case p;, <0 and k; € {...,—-2,—1}
fori=1,2,...,m.

2. LINEARIZED OSCILLATION OF EQUATION (|L.1))

Consider the nonlinear advanced difference equation (1.1)) where, for i =
1,2,...,m,

(2.1) p; € (—00,0) and k;€{...,—2,—-1} with in:(pZ +k)#—-(m+1),

i=1
(2.2) fi € CR,R) and wufi(u)>0 for u=#0.
In this section, we will use the following condition:
(2.3) limsupwgl for i=1,2,...,m.
U—00 u

If condition (2.3)) is satisfied, then the linearized equation associated with equation
(1.1) is given by

(2.4) b1 —bn+ Y pibpk, =0, n=0,1,. ..

=1
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Lemma 2.1. For eachi=1,2,...,m, assume that (2.1)) holds. Assume further
that (pin) s a sequence of real numbers such that

(2.5) limsupp;, <p; for i=1,2,....m.

n—oo

If the linear difference inequality

(2.6) Tyt —xn—l—mexn,ki >0, n=0,1,...
i=1

has an eventually positive solution, then so does equation (2.4)).

Proof. Let k = min{kq, ko, ...,k }. Assume first k = —1. Observe that k; = —1
for each i = 1,2,...,m. Then, by (2.6) and (2.4) we get respectively that

i=1

and

(2.8) bns1(1+ > pi) = by
i=1

Since x,, is eventually positive in (2.7)), it follows, for n sufficiently large, that

(2.9) > pin > -1
=1

By condition (2.5)), for a given € > 0, there is positive integer ny such that
€ .
0>p; >pim—— for n>ng and i=1,2...,m.
m
Hence, by using (2.9) and (2.1)) we have
m m
O>ZP¢Zme—£> —1—¢ for n>ng.

=1 i=1

So, this yields that
(2.10) —1<) pi<0.
i=1

Since k; = —1 for each ¢ = 1,2,...,m, the last condition in (2.1)) reduces to
> pi # —1. Then, it follows from (2.10) that
i=1

—1 <ipi <0.
i=1

This condition guarantees that the solution of equation (2.8) with by = 1 is positive.
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Assume now that k£ < —2. Dividing by x,, on the both sides of (2.6)) and letting
Tn+1

Zn = , we conclude, for all n sufficiently large, that
n

“ x

(2.11) 2= 14 Y pin " )=o0.
i=1

Since

Tn—k, _ Tn—k; . Tn—k;—1 Tn+1
Tn Tn—k;i—1 Tn—k;—2 Ln

= Zn—k;—1 " Rn—k;—2---%n,

we get from ([2.11]) that
m
(212) Zn — 1—|—me(zn,ki,1 -zn,ki,g...zn) >0.
i=1
Let z = limsup z,,. Then, by (2.12)) observe that z, > 1 and that z > 1. We now
n—oo
claim that
m
(2.13) z—14+Y piz " >0.
i=1
Indeed, by using (2.1) and (2.5), for a given ¢ such that 0 < ¢ < 1, there is a
positive integer ny such that p;, < (1 —¢e)p; for i =1,2,...,m and n > n;. Hence,
for all n > ny, from (2.12) we may write
m
(2.14) Zn > 11— (1—5)Zpi(zn,ki,1 CZpeki—2 - Zn)
i=1

choose ny such that ny > n; — k and that
n>(14+e)z for n>na+k.
Then, for n > ny + k, we obtain from ([2.14)) that

(2.15) Zn>1—(1—¢) sz i(14¢e) k.
Taking limit superior as n — co on the both sides of (2.15) m, we have
z>1—1—EZpZ i(1+e)” ki,

Since ¢ is arbitrary, the inequality above implies (2 , which proves our claim.
Define

F)=XA—1+4) pr".
i=1
Then, it easy to see that F(04+) = —1 and F(z) > 0 .This guarantees that the

characteristic equation of equation (2.4) has a positive root A\g. Therefore, b, = Aj
is a positive solution of equation (2.4]), which completes the proof. (]
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Using Lemma [2.I] we have the following main result.

Theorem 2.2. Assume that (2.1), (2.2) and (2.3)) hold. If every solution of the
linearized difference equation (2.4) oscillates, then every solution of the non-linear

difference equation (L.1|) oscillates.

Proof. Assume, for the sake of contradiction, that equation has an eventually
positive solution {z,}. The case in which {z,} is eventually negative is similar and
is omitted. By , {z,} is eventually increasing sequence. We claim that {x,,}
is not bounded above. Otherwise, there would be finite number L > 0 such that
lim z,, = L. Since each f; is continuous on R, we get 7}520 filen_g,) = fi(L) >0

n—0o0

for i =1,2,...,m. So, taking limit as n — oo on the both sides of equation (|L.1J
m

we have )" p; fi(L) = 0, which contradicts the first condition of (2.1)). Therefore,
i=1

{z,} is increasing and unbounded above, which implies that

(2.16) lim z, = +o0.

n—oo

We can now rewrite (|1.1)) in the form

m
Tpn+1 — Tn + E PinTn—k; = 07
i=1

where
(Trn_k,
pmzpiM for i=1,2,...,m.
Tn—k;

From (2.16) and (2.3, it is clear that

limsuppi, <p; for i=1,2,...,m.

n—oo

So, the hypotheses of Lemma [21] are satisfied. This yields that the linearized
difference equation ([2.4) has an eventually positive solution which contradicts the
hypothesis. (]

We now obtain the oscillatory conditions of the linearized difference equation
(2.4) whenever every solution of equation (1.1]) oscillates. We first need the following

lemma.

Lemma 2.3. For eachi=1,2,...,m, assume that (2.1)) holds and that Ag is a
positive Toot of the characteristic equation

(2.17) A1+ pidh =0

i=1
of equation ([2.4)). Let k = min{ky, ko, ..., km} and ny € N such that ny > —k and
let ¢ € (—00,0). If {x,} is a solution of the difference inequality

(2.18) Tng1 = Tn+ Y Pitn ok, <0, n=—-k—1-k. ... n—1
=1
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with the initial conditions
(2.19) Tp=q\y, n=0,1,....,—k—1,
then we have

Tpleqghy, n=—-k,—k+1,....,n

Proof. Since each p; < 0, observe that A\g > 1. So, the case where k = —1 is clear.
Assume now that k < —2. Let z, = I (n=1,2,...,—k—1,—k,...) provided
x

n—1
that x,_1 # 0. By using (2.17)), (2.18)) and (2.19)), we have

K
0< 2 k71+5 xklk zkflJrEpl lézk>)\0,
k—1
i=1

which implies that x_; < q/\ . In a similar manner,

T ki ke
0327k+1—1+2pi =ka+1—1+2p¢>\ok = Z_p+1 = Ao,

i=1 k i1
which implies that z_;41 < q)\akﬂ. So, the proof follows from induction. (]
Theorem 2.4. Assume that (2.1) and (2.2]) hold. Assume further that there exists
a positive constant & such that one of the following items is satisfied:
(2.20) filu) <u for u<—-0 and i=1,2,...,m,
(2.21) filuy>u for w>d6 and i=1,2,...,m
If every solution of (1.1) oscillates, then every solution of the linearized equation
(2.4) also oscillates.

Proof. Suppose that (2.20) holds. The case of is similar and is omitted.
Assume now, for the sake of contradiction, that 1.} has an eventually negative
solution (b,). Then, from [6, Lemma 7.1.1], we conclude that the characteristic

equation of (2.4

m
A=1+Y pAH =0
i=1
has a positive root Ag. Since p; € (—00,0), it is clear that A9 > 1. Let {z,} be the
solution of (|1.1]) with the initial conditions

Tn=¢q\y, n=01...,—k—1
where k = min{ky, ko, ...,k } and ¢ = —6)\](?“. Note that if we prove
(2.22) z, <0 for n=—k,—k+1,...

then we get a contradiction for the oscillatory of equation .

If condition were not true, then there would be an integer n; such that
ny > —k and that x, < 0forn=0,1,=...,n; —1 but x,, > 0 holds. By
we have

Tpy1 <z, for n=—-k—-1,—k ...,n1 —1.
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This yields that
Tp < T_p_1 :q)\akfl =—0<0 for n=—-k,—k+1,...,m
Hence, we get

(2.23) T, < —0 for n=—-k,—k+1,...,n1.
By using and ( -, it follows from ) that

Tpt1 —xn+2pixn_ki <0 for n=—-k—-1,-k,...,ny — 1.
i=1
Since the hypotheses of Lemma hold, we obtain that z,, < ¢gA\y* < 0. This
contradiction completes the proof. O

By combining Theorem [2.2] with Theorem [2.4] we obtain the following necessary
and sufficient conditions for every solution of the non-linear difference equation

D).
Corollary 2.5. Assume that (2.1) and (2.2) hold. Assume further that either

(12.20) or (2.21)) is satisfied and let

lim le for i=1,2,....m

u—oo U

Then, every solution of equation (1.1)) oscillates if and only if every solution of the
associated linearized equation (2.4)) oscillates.

3. OSCILLATION CONDITIONS FOR EQUATION (|1.2])
Consider the nonlinear advanced difference equation (1.2)) such that, for ¢ =

1,2,...,m, k; € {...,—2,—1} and the condition

(3.1) lim inf =——* filw)

U—00 u

=M;,, 0<M; <+
holds. In this section, we will use the convention 0° = 1.

Then we have the following

Theorem 3.1. For eachi=1,2,...,m, let k; € {...,—2,—1}, pin <0 (n € N)
and lim sup p;, = p; < 0. Assume that (2.2) and (3.1) hold. If the condition

n—oo

k 1 ki+1
(3.2) sz i Ty

is satisfied, then every solution of equation (1.2)) oscillates.

Proof. Assume that {z,,} is an eventually positive solution of (1.2)). Then, it is easy
to see that {z,} is eventually increasing sequence. As in the proof of Theorem
we claim that {z,} is unbounded above. Otherwise, there exists L > 0 such that
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lim z, = L. This implies that hm filxn—k,) = fi(L) > 0. Taking limit inferior

n—oo

asn—>oom.wehave

(3.3) liminf{i —Din) [i(Tn—k, )} 0.

n—oo £
=1

It follows from (3.3]) that

Z linrr_l)iolgf {(=pin) fi(zn—k,)} <0,
i—1
or

Zfl(L) hnn;l)lnf pzn = szﬁ I 7
i=1

which is impossible since p; < 0 and f;(L) > O for i = 1,2,...,m. So, {z,} is
eventually increasing and unbounded above, which gives lim z,, = +00. On the

n—oo

x
other hand, dividing equation (1.2)) by x,, and letting z,, = L we get eventually

that

n

m

fi(@n—k,)
3.4 L=1— P e G
(3.4) 2 i§=1p — (Zn—ki—1" Zn—k;—2 - Zn)

Let liminf z,, = z. Observe that z, > 1 and z > 1. Taking limit inferior as n — oo

n—oo

on the both sides of we may write

z>1+ thmf (—pin) lim inf (fl( n- )) liminf z,_g,—1 ... liminf z,

i=1
m m
=1- ZMZ-Z_]’“ limsupp;, =1 — ZpiMiz_’“ .
i=1 nee i=1
Therefore,
m
szMzz_kl > 1- Z,

i=1
which implies that z # 1 and that

m — k.

z
3.5 E piMi <1.
( ) el 1—2

. Then, it is not difficult to
—z

Now consider the function g defined by g(z) =

k; .
seethatg’(k +1) :Oandg”( )<0. Since p; <0 fori=1,2,...,m, we

conclude that

Z MkJrl

ki+1

=3 ntg () <3

Hrl
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Hence by (3.5
1)kit1
zplz e

Z

which contradicts (3.2)).

In a similar manner, one can easily show that equation (1.2)) has no eventually
negative solution. So, the proof is completed. O

Finally, using Theorem we have the following result.

Corollary 3.2. Let k; and p; be the same as in Theorem . Assume that (2.2)
and (3.1) hold. If

(3.6) (H|pz\M> ‘(’”kl)k“‘ 1,

_ m
where k = — > k;, then every solution of equation (1.2) oscillates.
i=1

S

Proof. Assume that {z,} is an eventually positive solution of (1.2)). By using (3.5
and (3.6]), and also applying the arithmetic—geometric mean inequality, we have

m l/m
i=1
P 1/m (k+ 1)k 15 /
= —D; ; > —=
m21[i1:[( pl)Ml} m‘ (k)F ‘(EWMZ) ’
which contradicts (3.6) and completes the proof. ([l
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