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ON THE LIPSCHITZ OPERATOR ALGEBRAS

A. EBADIAN AND A. A. SHOKRI

ABSTRACT. In a recent paper by H. X. Cao, J. H. Zhang and Z. B. Xu an
a-Lipschitz operator from a compact metric space into a Banach space A
is defined and characterized in a natural way in the sence that F' : K — A
is a a-Lipschitz operator if and only if for each o € X* the mapping o o F’
is a a-Lipschitz function. The Lipschitz operators algebras L*(K, A) and
1*(K,A) are developed here further, and we study their amenability and
weak amenability of these algebras. Moreover, we prove an interesting result
that L*(K, A) and 1%(K, A) are isometrically isomorphic to L%(K)®A and
1%(K)®A respectively. Also we study homomorphisms on the LS (X, B).

1. INTRODUCTION

Let (K, d) be compact metric space with at least two elements and (X, || - ||) be
a Banach space over the scalar field F (= R or C). For a constant « > 0 and an
operator T': K — X, set

1T(t) = T(s)|
1 Ly (T) := —
(1) (T) S D
which is called the Lipschitz constant of T'. Define
T(x) —T(y)
To(z,y) = —F———, T#Y
)= 4 gy

LYK, X)={T: K - X : Ly(T) < o0}
and
(K, X)={T: K - X : |[To(z,y)|| = 0 as  d(x,y) — 0}.

The elements of L¥(K, X) and [*(K, X) are called big and little Lipschitz operators,
respectively [1].
Let C(K, X) be the set of all continuous operators from K into X and for each
T € C(K, X), define
ITlloe = sup | T()]]-
rzeK

For S, T in C(K,X) and A in F, define
(S+T)x)=S)+T(x), A\D)(z)=NT(x), (ze€X).
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It is easy to see that (C'(K,X), || - ||) becomes a Banach space over F and
L(K, X) is a linear subspace of C(K, X). For each element T" of L*(K, X)), define
HT”a = La(T) + HTHoo

In their papers [3], 4], Cao, Zhang and Xu proved that (L*(K,X), | - |lo) is a
Banach space over F and [*(K, X) is a closed linear subspace of (L*(K, X), || - |la)-
Now, let (A4, || -||) be a unital Banach algebra with unit e. In this paper, we show
that (L*(K, A), ||*|la) is a Banach algebra under pointwise and scalar multiplication
and [*(K, A) is a closed linear subalgebra of (L*(K, A), || - ||») and study many
aspects of these algebras. The spaces L%(K, A) and [*(K, A) are called big and
little Lipschitz operators algebras. Note that Lipschitz operators algebras are, in
fact, extensions of Lipschitz algebras. Sherbert [I1], 12], Weaver [13] [I4], Honary
and Mahyar [7], Johnson [8, 9], Alimohammadi and Ebadian [I], Ebadian [6], Bade,
Curtis and Dales [2], studied some properties of Lipschitz algebras. We will study
(weak) amenability of Lipschitz operators algebras. Also we study homomorphisms
on the LG (X, B).

2. CHARACTERIZATIONS OF LIPSCHITZ OPERATORS ALGEBRAS

In this section, let (K,d) be a compact metric space which has at least two
elements and (A4, - ||) to denote a unital Banach algebra over the scalar field F
(=R or C).

Theorem 2.1. (L*(K,A), || - |la) is a Banach algebra over F and 1*(K, A) is a
closed linear subspace of (L*(K,A), || - |la)-

Proof. As we have already L*(K, A) is a Banach space and [*(K, A) is a closed
linear subspace if it. Now let T, S € L*(K, A), and define

(TS)(t) = T(#)S(t) (t € K).

Then
ITSla = TSl + La(T5)
IT(#)S() = T(s)S()

< T|lso IS0 + s

< el + sup L=

ST lloolISlloo + 1T Moo La (S) + [15]/co La(T)

< (ITlloe + La(T)) (I1Slloo + La(S))

= 1T llallSla -
So that we see that (L*(K, A), || - ||«) is a Banach algebra and [*(K, A) is a closed
linear subspace of (L¥(K, A), || - |la)- O

Theorem 2.2. Let (K, d) be a compact metric space. Then L*(K, A) is uniformly
dense in C(K, A).

Proof. Let f € C(K,A). Then for every o € A* we have oo f € C(K), so that
there is g € L%(K) such that ||g — 0 o f||co < £. We define, the map n: C — A by
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n(A) = A-e. It is easy to see that nog € L*(K, A), and for every o € A*, we have

lo(g(z) e = f(@))| = lg(x) — (0o f)(@)| <&, (z€K).

Therefore |o(nog— f)(z)| < € for every 0 € A* and x € K. This implies that
l(nog— f)(z)|| < e for every x € K. Therefore, ||nog— f|loc < € and the proof is
complete. O

Remark 2.3. Let A, B be unital Banach algebras over F. Then the injective tensor
A®B is a unital Banach algebra under norm || - ||, [10].

Theorem 2.4. L*(K,A)={F: K — A|looF € L*(K,C), (Vo € A*)}

Proof. Use the principle of Uniform Boundedness. ([
Lemma 2.5. Let (Ey, || -|1), (E2, || - ||l2) be Banach spaces. Then for G € EyQE,
IGll. = sup {[|(id©6) (@)l : 6 € B3, o] <1}

Proof. See [10]. O

Theorem 2.6. Let (K, d) be a compact metric space and A be a unital commutative
Banach algebra. Then L®(K, A) is isometrically isomorphic to L*(K)®A.

Proof. It is straightforward to prove that the mapping V': L*(K)x A — L*(K, A)
defined by

V(f,a)=fa  (fel¥(K), ac A,
(fa)(z) :=f(x)a  (z € K),
is bilinear. Therefore there exists a unique linear map T: L%(K)®A — L*(K, A)

such that T(f ® a) = V(f,a) = fa, [10]. For every G € L*(K)®A, there is m € N,
fj € L*(K) and a; € A (1 < j < m) such that G = 377", f; ® a;, so we have

Gle=__sw 16d88)(G)la= s |(deg) (g @ a)
P b I £ S
o 25 fﬂ@ﬂzﬁ(; yZ)j_l e
= [522 o2 1)

’¢ j= 1 f]( ) fj(y)aj))w

w;&y d~ (I7 y)
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peA*||p||<1 txeK

12250 fi(@)a; — 220%, fj(y)aj\l}
d*(z,y)

ésupHij o | s IS0, £

zeEK

< s s ol 3 e
j=1

sup [tedl

(w)a; — 3755, fi(y)ayll
d*(z,y)

=[St (S tm) = [ S, = (S o)
j=1 o0 j=1 j=1 @ j=1 O‘
=[TGlla = Gl < ITGl|a-
Now let v > 0 be arbitrary, such that |TG|lo > ~. Then || 371, fiajlla > 7, and

so we have
m m
I (o 50) -
j=1 j=1

(@)a; — 3227, fi(W)agll
>

i
:>supHij agH"’Su ”Z] 1JJ

rek @ (x.y)
> o Lo | o)
e S0, f(@)e (Zf(; yz)j_l L

> o Il o (Ssow)] >
- s [||<id®¢)(j§_jlfj )| +pa((id®¢)<;fj 2a;))] >

= sup H(id®<b)(§:fj®“J’)Ha>7
j=1

peA* |l <1
m
=X snea)| > =6l >y
j=1

Since v > 0 is arbitrary, then we have ||TG||o < ||G||-. Therefore ||TG||o = |G|,
and this implies that T is a linear isometry map. So T one-one and continuous
map. Now, we show that T is a onto map. For this, we show that the range
of T, Ry is a closed and dense subset of LY(K, A). It is easy to see that Rp
is closed. Let f € LY(K,A) and v > 0. There exist a1,...,a, € A such that
X := f(K)c U, B(a;,7).Set U; = f~(B(aj,~)) where j = 1,...,n. Then there



ON THE LIPSCHITZ OPERATOR ALGEBRAS 217

exist fi,..., fn € L*(K,A) and o € A*such that supp(f;) C U, for j =1,...,n
and oo (f1 + ...+ fn) = 1. For every « € K we have,

1@ = (00 f)ar+---+ (o0 fa)an) (@)
= [F@)((@ 0 fi)@) + -+ (00 fu) )
~ (00 f)@ar ++-+ (g0 fu) (@)an) |
= [0 o M) (@) = ar) 4+ + (o 0 fa) (@) (f(x) — an)]|

< Y- J(o o @) 1) —ai| <.

since supp f; C U;. Therefore,

[f = (oo f)ar+-+ (o0 fa)an) ||, <7-

This implies that

Hf*iT(UOfi@)ai) a<fy.
i=1

We conclude that Ry = L%(K, A). So Ry = L%(K, A), since Ry is closed. Hence
T is a onto map. Also by product e on LY(K)®A

(f®a) e (g@b) = fg@ab (f,g € L*(K), a,b€ A),

clearly T is homomorphism. (Il

Furthermore T is open map, for this purpose, let 7 and 7" be topologies on
LY(K)®A and LY(K, A) respectively. Let U € 7, we show that T(U) € 7/. Let pbe a
limit point in L* (K, A)\T'(U). Then there exists a sequence {p, } in L*(K, A)\T(U)
converges to p. Since T is onto, there is a sequence {g,} and ¢ in L%(K)®A such
that T'(¢n) = pn and Tq = p. Therefore T(g,) converges to p in L*(K). Since

qn € LY(K)®A, we can find m € N, f;n) € L*(K) and a(n) € A such that whenever
1 <5 <m we have

(1) T(g) = fi"al™ .

Jj=1

Also, since ¢ € LY(K)®A there exist r € N, g; € LY(K) and b; € A such that

(2) p=T(q)=Zgibi.

Since ||T(gn) — plla — 0 as n — oo, for every positive number v there exists a
positive integer N such that

®) 15 a —3 g]
j=1 i=1

<7
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when n > N. By applying (3)), we have

sup H Zf(”) al" — igi(ﬂf)b
=1

(z€K)

(wy) Az, y)"

XHZJCJ(TL)(QJ)“;‘”) = gil@)b Zf(" (n)+zgz
J=1 i=1

Therefore if 0 € A* with ||o|| <1 then

ap [ S5 61e6”) - Yt

(z€K) (ay) AT, Y)~

<[ @eta Zgz 503 £V ol +Zgz
j=1

j=1

This implies that

(4) HZf”) " Zgz

Now by using ({)), for every ¢ € L%(K)* with ||¢]o <1 we have,

‘d)(Zf”) ) Zgz z)‘<%

<

hence

(5) PIEGRLOR Z¢ 6:)o

By 7 we conclude

©)  swp| 3o )oa) = 3 blaa(b)

=1

<7, el <1, flgfla 1.

Therefore ||g, — ql|c < v and hence ¢, — q or g, — T~ 'p in L*(K)®A. This show
that p € T(U)°.

Remark 2.7. By using the above theorem we can prove that [%(K, A) 2 [*(K)®A.

3. (WEAK) AMENABILITY OF L¥(K, A)

Let A be a Banach algebra and X be a Banach A-module over F. The linear
map D: A — X is called an X-derivation on A, if D(ab) = D(a) - b+ a - D(b),
for every a,b € A. The set of all continues X-derivations on A is a vector space
over F which is denoted by Z'(A4, X). For each z € X the map 6,: A — X,
defined by 0, (a) = a-x —x - a, is a continues X-derivation on A. The X-derivation
D: A — X is called an inner derivation on A if there exists an z € X such that
D = §,. The set of all inner X-derivations on 4 is a linear subspace of Z!(4, X)
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which is denoted by B'(4, X). The quotient space Z'(A, X)/B'(A, X) is deno-
ted by H'(A, X) and is called the first cohomology group of A with coefficients in X.

Definition 3.1. The Banach algebra A over F is called amenable if for every
Banach A-module X over F, H'(A, X*) = {0}. The Banach algebra A over F is
called weakly amenable if H'(A, A*) = {0}.

The notion of amenability of Banach algebras were first introduced by B. E.
Johnson in 1972 [8]. Bade, Curtis and Dales [2], studied the (weak) amenability of
Lipschitz algebras in 1987 [2]. In this section, we study the (weak) amenability of
L¥(K, A).

For every Banach algebra B, let ®g be the space of maximal ideal of B.

Definition 3.2. Let A be a commutative Banach algebra and let ¢ € ®4 U {0}.
The non-zero linear functional D on A is called point derivation at ¢ if

D(ab) = ¢(a)D(b) + ¢(b)D(a), (a,bc A).

Lemma 3.3. For each non-isolated point x € K and o € A*, if the map
¢: L*(K,A) — C is given by

o(f) = (oo f)(z), (feL¥K,A)
then (b € (I)LO‘(K,A)-
Proof. Obvious. d

Let (K, d) be a fixed non-empty compact metric space, set
A={(z,y) e KxK:z=y}, W=KxK-A.

We now examine the amenability and weak amenability of Lipschitz operators
algebras L*(K, A) and [*(K, A).

Theorem 3.4. Let (K,d) be an infinite compact metric space and take o € (0, 1].
Then L*(K, A) is not weakly amenable.

Proof. Let x be a non-isolated point in K. We define
W o= {{(@n,yn) 1021 : (Tnsyn) €W, (T, yn) — (z,2) as n — oo} .
For the net w = {(zy, yn) 122, in W, and o € A*, we put

(00 f)(@n) = (o0 f)(yn)
d(xn;yn)a

then |W(f)|lco < |lo|| | f]la- Hence, W is continues. Now set

Dy(f) =LIM (w(f)), (f € L*(K,A)),

E(f) = s (f € La(Kv A))
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where LIM(-) is Banach limit [I2]. We show that the linear map D,, is a non-zero
point derivation at ¢, which ¢ is given by Lemma 6. We have,

Du(fg) = LIM(w(fg))

_ (00 fg)(@n) — (00 fg)(yn)
=L d(l‘n, yn)a

= LIM W [0 0 (f(wn)g(zn) = f(zn)g(yn))]

— LM ﬁ [0 (£ (2n) (9(n) — 9(um)) + 9(n) (f(&n) — F(m)))]

= (070 f)(z) LIM (@(g)) + (0 © g)(x) LIM (w(9))
= ¢(f)Duw(9) + ¢(9)Duw(f)

Therefore, by the continuity f, g and properties of Banach limit we conclude D,,
is a non-zero, continues point derivation at ¢ on L*(K, A), an so by [5], L*(K, A)
is not weakly amenable. O

Corollary 3.5. L*(K, A) is not amenable.

Theorem 3.6. Let K C C be an infinite compact set, and take o € (0,1). Then
[*(K, A) is not amenable.

Proof. Let o € K. We define
M., :={f€l®(K,A): (cdof)(xg)=0 VoeA'}.
If o € A*, then for each f € Mgo we have
(00 f)(z)

W—>O as d(x,a:o)—>0
For 8 € (a,2a), set fg(z) = n(d(z,z0)"), + € K where, the map n: C — A

defined by n(X) = X-e. Then fg € My, and {fg + M7 : € (a,2a)} is a linearly
independent set in %ZO because xq is non-isolated in K. Therefore Mﬁo has infinite
zo

codimension in M, and so M., # M2 then by [5] M,, has not a bounded
approximate identity, and since My, is closed ideal in {*(K, A), then [*(K, A) is
not amenable. g

Theorem 3.7. Let (K, d) be a compact metric space and A be a unital commutative
Banach algebra. If% < a <1, thenI*(T, A) is not weakly amenable, where T is
unit circle in complex plane.

Proof. By Remark we have [%(T, A) = [*(T)®A. Since by [5], [%(T) is not
weakly amenable, hence [*(T, A) is not weakly amenable. O

Corollary 3.8. Let A be a finite-dimensional weakly amenable Banach algebra. If
0<a<i,thenl®(K,A) is weakly amenable.

Proof. By [10], [*(K)®A is weakly amenable. Now by [10], we have [%(K)®A =
[“(K)®A and this implies that [%(K)®A is weakly amenable and so [*(K, A) is
weakly amenable. O
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4. HOMOMORPHISMS ON THE L% (X, B)

Definition 4.1. Let (X, d) be a compact metric space in C, a € (0,1], (B, || -||) be
a commutative Banach algebra with unit e, and B* be the dual space of B, define

A(X,B) ={f € C(X,B): Ao f is analytic in interior of X, A € B*}
LY (X,B) = {f € LY(X,B) : Ao f is analytic in interior of X, A € B*}
I5(X,B) = {f € 1%(X, B) : Ao f is analytic in interior of X, A € B*}
In this case, we have
LY(X,B) = L*(X,B)NA(X,B)
and
I5(X,B) = *(X,B)N A(X, B).
So LY (X, B) = L4(X)®B and I4(X, B) 2 15(X)®B.

Theorem 4.2. Every character x on LY (X, B) (and % (X, B)) is of form x = 104,

for some character b on B and some z € X.

Proof. Since L% (X, B) & L5(X)®B, let j: LX) — L%(X,B), h— h®e, be

the canonical embedding. Then there is z € X such that x o 5 is the evaluation in

z, that is x o j = J, where J,(¢) = p(z). Consider the ideal
I:={feL%(X,B): f(z)=0}.

We will show that I is contained in the kernel of x. Given f € I we define,

(@) = w—z if w#z;
= 0 if w=z.
and

g(w) = j(f)z if w2z

f'(z) if w=z.

Since f has a Taylor series expansion

© ),
f) =Y L@ e

n!

around z, it is easy to see that A o g is holomorphic (A € B*), and hence g €
L% (X, B). We have
X(f) = x(i(#)g) = (x 0 7)(@)x(9) = 0:(2)x(9) = ¢ (2)x(9) = 0.

The evaluation §, is an epimorphism and since kerd, = I C ker x, we obtain
the desired factorization y = v o §, for some character ¥ on B. O
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