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ASYMPTOTIC BEHAVIOUR OF SOLUTIONS OF REAL
TWO-DIMENSIONAL DIFFERENTIAL SYSTEM
WITH NONCONSTANT DELAY

JOSEF REBENDA

ABSTRACT. In this article, stability and asymptotic properties of solutions of a
real two-dimensional system z’(t) = A(t)z(t) +B(t)z(7(t)) + h(t, z(t), z(r(t)))
are studied, where A, B are matrix functions, h is a vector function and
7(t) <t is a nonconstant delay which is absolutely continuous and satisfies
tlim 7(t) = co. Generalization of results on stability of a two-dimensional
— 00

differential system with one constant delay is obtained using the methods of
complexification and Lyapunov-Krasovskii functional and some new corollaries
and examples are presented.

1. INTRODUCTION

The investigation of the problem is based on the combination of the method
of complexification and the method of Lyapunov-Krasovskii functional, which is
to a great extent effective for two-dimensional systems. This combination was
successfully used in [3] for two-dimensional system of ODE’s; in [2] for system with
one constant delay and in [4] and [6] for systems with a finite number of constant
delays.

The article is related to the paper [I] where asymptotic properties of system
with one nonconstant delay were studied. The aim is, under some special conditions,
to improve the results presented in [I] and to illustrate the advancement with an
example.

The subject of our study is the real two-dimensional system

(0) 2 (t) = Az (t) + B(t)z(7(t)) + h(t,z(t), z(7(1)))

where A(t) = (ai(t)), B(t) = (bix(t)) (i,k = 1,2) are real square matrices and
h(t,z,y) = (hl(t,x,y), ha(t, z, y)) is a real vector function. We suppose that the
functions a;, are locally absolutely continuous on [tg, 00), b;r are locally Lebesgue
integrable on [ty,c0) and the function h satisfies Carathéodory conditions on

[to,00) x {(21,22) € R?*: 2] + 25 < R*} x {(y1,42) € R*: yf + y5 < R*},
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where 0 < R < oo is a real constant.
The following notation will be used throughout the article:

R set of all real numbers

R4 set of all positive real numbers

Rg set of all nonnegative real numbers
C set of all complex numbers

N set of all positive integers

Rez real part of z

Im 2 imaginary part of z

z complex conjugate of z

ACioc (1, M) class of all locally absolutely continuous functions I — M

Lioe (I, M) class of all locally Lebesgue integrable functions I — M

K(I xQ,M) class of all functions I x Q — M satisfying Carathéodory
conditions on I x §2.

Introducing complex variables z = x1 + ixs, w = y1 + 1y2, we can rewrite the
system @ into an equivalent equation with complex-valued coefficients

2 (t) = a(t)z(t) + b(t)z(t) + [A()z(7(t)) + B(t)Z(7(2)] + g(t, 2(t), 2(7(1)))

where

alt) = 5 (001(0) + azs(t)) + 5 (a21(6) — ana(0)
b@zémmw—@w»+;@mwawL
Mﬂ:%@ﬂﬂ+@ﬂm 2 Bar(0) ~ bua(t)
mw:;m@—mm»+;m 0+ i)

1 1
glt.2,w) = b (t.5(z +2), 52 (=~ 2),

1
+iha (.5 (2 + ),

1 1

5w+ ), - (w - 1))

1 1 1

Z(z -32), §(w +w), Z(w —@)) )
Conversely, the last equation can be written in the real form @[) as well, the

relations are similar as in [3].

2. RESULTS

We study the equation

(1) 2'(t) = a(t)z(t) + b(t)z(t) + At)z(7(t)) + Bl)z(7(t)) + g(t, 2(t), 2(7(t))) ,
where 7 € AC)oe(J,R), A,B € Lio.(J,C), a,b € AC\oc(J,C), g € K(J x Q,C),
where J = [tg, ), Q = {(z,w) € C?: |2| < R,|w| < R,}, R > 0.

Without the loss of generality, we will assume that R = oo, thus = C2.
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In this article we consider the case
(27) liminf (| Ima(t)] — [b(¢)]) >0, 7(¢t) <t, lim 7(t) = o0
t—oo t—oo
and study the behavior of solutions of under this assumptions.
Obviously, this case is included in the case litm inf (|a(t)| — |b(t)|) > 0 considered

in [I], but in this special case we are able to derive more useful results as we will
see later in an example. The idea is based upon the well known result that the
condition |a| > |b] in an autonomous equation z’ = az + bZ ensures that zero is a
focus, a centre or a node while under the condition |Ima| > |b| zero can be just a
focus or a centre. Details are contained in [3].

The conditions imply the existence of Ty > tg, T' > T7 and p > 0 such that
(2) [Ima(t)] > |b(t)|+p for t>Ty, t>7(t)>Ty for ¢t>T.

Denote

(3)  ~(t) =Ima(t) + /(Ima(t))2 — [b(t)[>sgn (Ima(t)), e(t) = —ib(t).
Since |y(t)| > |Ima(t)| and |c(t)| = |b(t)], the inequality
(4) (@) > [e(®)] +

is true for all t > T3. It is easy to verify that v, ¢ € AC)oc([T1,0), C).
For the purpose of this paper we denote

() = Re(y(1)y'(t) — E(lﬁ);’(lﬁ)) + 1 (O)(t) — 7 ()e(t)]
Y2(t) — le(t)[?

In the text we will consider following conditions:

(i) The numbers Ty > to, T > Ty and p > 0 are such that holds.

(ii) There are functions kg, k1, A: [T, 00) — R such that
[V ()g(t, 2, w)+e(t)g(t, 2, w)| < Ko(t)|y(t)z+c(t)Zl+r1(E)y (7(E))wte(r(8)) W +A(L)

fort > T, z € C and w € C, where kg, A € Lloc([T,oo),R).
(iii) g € AC’lOC([T, 00), R0+) is a function satisfying

(6) ' ()B(t) > ¥(t) a.e. on [T,00),
where 1 is defined for every t > T by

(5)

le(®)]
le(r ()]

(@)l
(7 (®)]

o () = ra(8) + (AW + 1BO)) -

(iv) The function A € Ly, ([T, 00), R) satisfies the inequalities 5'(¢) < A(t)5(t),
0(t) < A(t) for almost all t € [T, 00), where the function 6 is defined by

(8) 0(t) = Rea(t) + 9(t) + ko(t) + B(¢) .
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Clearly, if A, B, k1 are absolutely continuous on [T, 00) and t(¢) > 0 on [T, 00),
we may choose [(t) = ¥(t).

Under the assumption (i), we can estimate
[Re(ny =) + ve’ =o'e| _ (W] + 1D+ |e])

9] < <
72 = lef? 7?2 = lef?

A R A VT
=T < -+ IeD,
Yl =lel = n
hence the functions ¢ and 6 are locally Lebesgue integrable on [T, 00). Moreover, if
B € AC\o([T, ), Ry ), then in (iv) we may choose

A(r) = max(8(0), g ((;)) .

Finally, if A(¢) = 0 in (ii), then equation has the trivial solution z(t) = 0.
Notice that in this case the condition (ii) implies that the functions k;(t) are
nonnegative on [T, 00) for j = 0,1, and due to this, () > 0 on [T, c0).

In the proof of the main theorem we will need

Lemma 1. Let ay, ag, by, by € C and |az| > |ba|. Then

a1z + b1z Re(alch — blg) + |a1b2 — agbl|

Re
asz + bgf - |(l2|2 — |b2|2

forzeC, z#0.
For the proof see [4] or [3].
Theorem 1. Let the conditions (i), (ii), (ili) and (iv) hold and A(t) = 0.
a) If

t
(9) lim sup/ A(s)ds < o0,
t—o0
then the trivial solution of is stable on [T, 00);
b) if
t
(10) lim A(s)ds = —o0),

t—oo

then the trivial solution of is asymptotically stable on [T, 00).

Proof. The proof is similar to that of Theorem 1 from [I].

Choose arbitrary ¢; > T'. Let z(¢) be any solution of (1)) satisfying the condition
z(t) = zo(t) for t € [T1,t1], where zo(¢) is a continuous complex-valued initial
function defined on t € [T, t;1]. Consider Lyapunov function

t
) VO =U0 +50) [ UG)ds,
7(t)
where
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To simplify the following computation, denote w(t) = Z(T(t)) and write the
functions of variable ¢ without brackets, for example, z instead of z(t).

From we get

¢
(12) Vi=U+p5 U(s)ds + Byz + cz| — 7' By (1)w + c(7)w|
7(t)

for almost all ¢ > ¢; for which z(t) is defined and U’(t) exists.

Denote K = {t > t1: z(t) exists, U(t) # 0} and M = {t > ¢1: 2(t) exists, U(t) =
0}. It is clear that the derivative U’(¢) exists for almost all ¢ € K, and the existence
of the derivative which is zero almost everywhere in the set M can be proved in
the same way as in [I] or [2].

In particular, the derivative U’ exists for almost all ¢ > ¢; for which z(¢) is
defined, thus holds for almost all ¢ > ¢; for which z(¢) is defined.

Now turn our attention to the set . For almost all ¢ € K it holds that
UU' =U(\/(vz+cz)(7z + Ez))/ =Re|[(vz+e2)(Vz+72 +Z+cZ)]. As 2(t) is
a solution of , we have

UU" =Re{(vz+¢2)[v'2+ Z+v(az + bz + Aw + Bw + g)
+c(@z+ bz + Aw + Bw +79)] }
=Re{(vZ+¢z)[Yz+Z+ (ya+ cb)z + (vb + ca)z + v(Aw + Bw; + g)
+ ¢(Aw + Bw +79)]}

for almost all ¢ € K. Short computation gives (ya + cb)c = (yb + ca)y, and from
this we get

UV’ < Re{(y2 +22)(7'2 + ¢'2)} + Re{ (17 +22)(ya + ) (= + -7 |

+ Re{(vz + ¢2) (v(Aw + Bw) + c¢(Aw + Bw)) }
+Re{(vz+¢z)(vg+c9)}.

Consequently,

A e o VT CE
uu' <U Re(a+ —b) + U(ly| + |¢|)[Aw + Bw| 4+ Ulyg + cg| + U Re ————

¥ Yz + cz
for almost all ¢t € K. Applying Lemma [I] to the last term, we obtain

/ /=
e JETCE
Yz + cz

R
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Using this inequality together with , the assumption (ii) and the relation
Re (a + %b) = Rea, we obtain

UU' < U*(Rea+ 9 + ko) + U (k1 |y(T)w + c(r)w|)

+ U+ o) (A BI 13 ) — o)

V()] = le()]
< U%(Rea+9+ ko) + U1 + (14 + |B|)(7):flz|m|] y(r)w + e(r)w]

< U?*(Rea+ 9 + ko) + Utply(T)w + ()|
for almost all ¢ € K. Consequently,
(13) U' <U(Rea+ 9+ ko) + ¥|y(r)w + c(7)w|

for almost all t € KC.
Recalling that U’(t) = 0 for almost all ¢ € M, we can see that the inequality
(13)) is valid for almost all ¢ > ¢; for which z(¢) is defined.

From and we have
t
V' <U(Rea+9+ ko +B)+ (¥ —7'8) |y(t)w + c(r)w] +B'/ U(s)ds
7(t)

As the functions 7(t) and B(¢) fulfill the condition (), we obtain
¢

(14) V/(t) < U(B() + B'(1) / LU ds,

and from the assumption (iv) we get

(15) V/(t)—A@)V(t) <0

for almost all ¢ > ¢; for which the solution z(t) exists.
Notice that, with respect to (),

(16) V(t) =2 U(t) = (Iv()] = le®)])[2(6)] = plz(t)]
for all ¢ > ¢; for which z(¢) is defined.
Suppose that the condition @D holds, and choose arbitrary 0 < €. Put

A= max (]y(s)]+ le(s)]), = sup /A

SE€[Ty,t1] T<t<oco

and

5= peb™ (14 ()0~ 1) e [ " Aes - L),

where p > 0, Ty > to and T' > T3 are the numbers from the condition (i).
If the initial function zo(t) of the solution z(t) satisfies max |z¢(s)| <, then

1,4

the multiplication of (15| . by exp{— ft s) ds} and the integration over [t1, t] yield

(17) V) exp{—/t A(s) ds} _ V() <0
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for all ¢ > ¢; for which z(t) is defined. From and we gain

0] < V() < Vit exp{ [ As)ds} < [((e)] + el e)

t1

+8(0) mas [2(5) T (I (5)] + [e(s)1) ds] exp{ A(s) ds}
t
< |8 max Jzo() +0(0) max [e0(s)| A —T1)] exp{ / AG) ds},
ie.,
t1
pl=0 < & mas [e0(s)|[1 4+ 5(0) (1~ T0) exp{L -/ A(s)ds} < pie.

Thus we have |z(t)| < € for all ¢t > t; and we conclude that the trivial solution
of the equation is stable.
Now suppose that the condition is valid. Then, in view of the first part of
Theorem (1} for K > 0 there is a p > 0 such that e%a)i | |z0(s)| < p implies that
S 1,t1

the solution z(t) of exists for all ¢ > ¢, and satisfies |2(t)| < K, where K is
arbitrary real constant. Hence, from this and , we have

2] < V() < p V() esp{ [ Als)ds}

ty

for all ¢ > t;. This inequality with the condition give
lim z(t) =0,
t—oo
which completes the proof. O

Remark 1. Since
Re(yy' —ec) + [y¢ —+/¢|
72— |c]?

(VT 1D+ el _ T+ 1]
72 = lef? RIEC
it follows from ([4) that we can replace the function 9 in (8)) by ﬁ(|’7/| + ).

Y= <

We use following Corollary [I] to find an important example which shows, in
connection with the article [I], that it is worth to consider the condition .

Corollary 1. Leta(t) =a € C,b(t) = b € C, |Imal > |b|. Suppose that tlim T(t) =
oo, 7(t) <t fort > Ty, where Ty > to. Let po, p1: [T1,00) — R be such that
(18) l9(t, 2, w)| < po()]2] + p1(t)|w]

fort >Ti, |z2| < R, |lw| < R and py € Lioc([T1,0),R).
Let B € AC\oc([T1,00),Ry) satisfy

7' (1) B(t) > (m)z (p1(t) + |A@®)| + |B(t)]) a.e. on [Ty, 00).
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If

N |Tmal +[b]\ 2 B'(s)
(19) h?iil.fp/ max (Rea+ (m) po(s) + B(s), 30s) ) ds < o0,

then the trivial solution of equation is stable. If
t

(20) lim [ max (Rea + (

t—oo

|Tm a| + |b]
[Ima| — |b]

then the trivial solution of is asymptotically stable.

)" po(e) + B(5)

Proof. Choose T' > T such that 7(t) > Ty for ¢ > T. Denote z = z(t) and
w = z(7(t)) again. Since a,b € C are constants, then also v and ¢ are constants
and we have 9(t) = 0. Using the condition we get

vg(t, z,w) + cg(t, 2,w)| < (|9] + Iel) (po(t)]2] + pr(8)|w])
= 2= ) (ult)el + pr (Do)
vl =1l
[+ e
=yl = el
and it follows that the condition (ii) holds with

(po(t)|yz + 2| + pr () yw + cw])

_ b+l
A= Id

7]+ el
= pi(t)
Iyl = Iel

Ko(t) po(t) K1(t)

and A(t) = 0.

Since

1
I +lel _ [Tma|+ v/[Tmaf? = [b]% +[b] _ <Ima|+|bl>2

Yl =lel  |Imal+ /Imal® — o2 — |p|  \|Ima| — o]
in view of we obtain

[Ima| + [b] H
)= —F—— t Alt B(t
¥(t) (|Ima|—b| (or(t) + [A@®)] + [B®)) ,
7] + le] [Imal +[B[ 2
0(t) = Rea + t)+ 6(t) = Rea + t) + 6(t) .
() 1m0+ 00 () ) + 500
However, (3(t) is positive on [T, 00). Hence we may choose A(t) = max (6(t), %((f)))
and the assertion follows from Theorem [l O

Now we are able to give an example mentioned on the page in connection
with the article [I].

Example 1. Consider equation (I, where a(t) = —V/5 + 2i, b(t) = 1, A(t) =0,
B(t) =0,

2 . 1
t = ¢ — (V15 = V14) e tw.
g(,Z,’UJ) \/ge z+ 2t( )e w
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Assume that tg = 1, R = oo and 7(¢) = In(t). Put Ty = tg, T = e’* = e. Then
po(t) = %, p1(t) = % (v/15 — V14) e~". We have

maX(Ial L (Ial+\bl>%p0(t)+ﬂ(t)’ﬂ’(t)>

a ]~ o 300
B 2 2 BN _ 2
for
080 = 0 = (LY (5,0 4+ 140+ BO) = 2= (VI - VT e
0= (=) W3 |

hence we cannot apply Corollary 2.5 from the paper [1].
On the other hand, if we use

0900 = 180 = SV > (HEAEE G4 a0 B0
we have

| Tm a| + |b|
[Tuaal — |

p'(t)
)

= max(f\/3+2+§(\ﬁf\/ﬂ)e*t,fl)
g—\/5+2+§(ﬁ—x/ﬁ)<—%<0,

thus Corollary [I| guarantees the stability and also asymptotic stability of the trivial
solution of the considered equation.

max(Rea+ ( )épo(tﬂ'ﬁ(t),

The following corollary is similar to Corollary 2 in [5]. However, the conditions
are more general, therefore the proof is included.

Corollary 2. Assume that the conditions (i), (ii) and (iii) are valid with A(t) = 0.
If B(t) is monotone and bounded on [T, 00) and if

t
limsup/ [0(s)]+ds < o0,

t—oo

where [0(t)]+ = max{0(t),0}, then the trivial solution of is stable.

Proof. Suppose firstly that g is non-increasing on [T, 00). Then ' < 0 a.e. on
[T, 00).

If B(T») = 0 for some Ty > T, then B(t) = 0 on [T3, 00). Consequently, A has to
satisfy only the inequality 8(¢) < A(t) a.e. on [T, 00), so we may choose A(t) = 0(t)
on [Ty, 0). It follows that A(t) = 0(t) < max{0(t),0} = [0(t)]+.

On the other way, if 3(t) > 0 on [T',00), we may put A(t) = max{6(t), B }.
Then

p'(t) _
B(t) } < max{6(t),0} = [0(t)]+ .

A(t) = max{6(t),
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In both cases, A satisfies the condition (iv) and the inequality A(t) < [6(¢)]+ on
[T, o0), hence

t ¢
lim sup/ A(s)ds < lim Sup/ [0(s)]+ds < 0.
t—oo t—oo

Now assume that (3 is non-decreasing on [T, 00). Then 5’ > 0 a.e. on [T, 00).

If B(t) =0 on [T, 00), we may treat it as above.
Otherwise, there is some T3 > T such that 5(¢t) > 0 on [T3,00) and we may

choose A(t) = max{6(t), %} on [T3,00). Clearly A satisfies the condition (iv) on
[T3,00). Since ' > 0 a.e. on [T, 00), it follows that %/ > 0 a.e. on [T3,00). Hence

0 a0 0
A = max{o(o), 58 < (o, 50} < ool +

and then

limsup/ A(s)ds < limsup/ [0(3)]+ds+limsup/ %’((f)) ds

< limsup /75 [0(s)]+ds + limsup(In(B8(t))) — In(B(T3)) < oo
t—oo t—oo

since /3 is bounded on [T, o).

The statement follows from Theorem [11 O

Remark 2. If the function § does not satisfy the assumptions of Corollary [2] we
can try to find function §*(¢) > 8(¢) which is monotone and bounded on [T, 00)
such that all conditions stated in Corollary [2] become true.

However, in some cases it is not possible to find such function #* while the
trivial solution of the equation is stable, as we can see in Example

Example 2. Let us study the equation (1) where a(t) = —4—3i, b(t) = 1, A(t) =0,
B(t) =0,
1 ; 1
t,z,w) = —(1 —sint) e’ 2 + — (2 +sint)w.
oft.2,w) = S (1 —sint) ez + = (2 +sin)
Assume that tg = 1, R =00 and 7(t) = In(t). Put Ty = to, T =l =e. As g

satisfies the inequality from Corollary refcl with po(t) = %(1 —sint) and

p(t) = %(2 + sint), the condition (ii) is valid for ko(t) = 1 — sint, k1(t) =
1(2+sint) and A(t) = 0. Moreover, 9(t) = 0.

Since £1(t) € ACioc([T,00),R4) and 7/(t) > 0 on [T, 00), we may choose () =
(T’(t))flm(t) = 2 + sint, hence the minimal function §* which satisfies the
conditions of Corollary [2|is constant function 3* = 3. For this * we have 6*(t) =
Rea + 9(t) + ko(t) + 0*(t) = =4+ 0+ 1 —sint + 3 = —sint. It is not difficult to

¢

compute that limsup [[6*(s)]+ds = oo, hence Corollary [2|is not suitable to prove
t—oo T

stability of the trivial solution of equation .
Nevertheless, for 5 we get 6(t) = Rea+9(¢t) + ko(t) + B(t) = =4+ 0+ 1 —sint +

2+sint = —1 and since 8 > 0 on [T, 00), we may choose A(t) = max{6(t), %} =
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23_‘):15 ;. Then lim sup f A(s)ds <In2 < oo, hence, in view of Theorem the trivial
t—o0

solution of equation is stable.

Theorem 2. Let the assumptions (i), (ii), (iii) and (iv) hold and
¢

21) V() = v(®)z(t) + c(®)z()] + ﬂ(t)/ [7(8)2(s) + c(s)z(s) ds

(1)

where z(t) is any solution of (T)). Then

@) el < Veen( [ aea) + [ x@en( [ Awdn)as

fort>s>t; wheret; > T.

Proof. Following the proof of the Theorem [1, we have

V() < v()2(t) + c(t)Z(1)10(t) + 5'(t) /T:t) [7(s)2(s) + c(s)Z(s)| ds + A(t)
<AV () + A®)
a.e. on [t1,00). Using this inequality, we get
(23) VI(t) = ABV(E) < A(t)
a.e. on [t1,00). Multiplying by exp(— f;A(f)df) gives

Vies(- [ A€ de)] < Mpyesp - / A de)

a.e. on [t1,00). Integration over [s,t] yields

(21 V()esp(- / A a) = V(s) < / tw)exp(— / EA(a)da) dg ,

and multiplying (24) by exp( f K A(&)d¢ ) we obtain

V() < V(s) exp/A d§ / exp/A da

The statement now follows from . O

From Theorem [2] we obtain several consequences.

Corollary 3. Let the conditions (i), (ii), (ili) and (iv) be fulfilled and

lim sup /St A(6) exp(— /j A(U)da) d¢ < o0

t—o0o

for some s > T.
If z(t) is any solution of (1)), then

= ofew( [ A d)]
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Proof. From the assumptions and we can see that there are K > 0and S > s
such that for ¢ > S we have

V(t) exp<— /:A(g) dg) —V(s) < /: A€) exp(— /j A(o) da) <K <.
Then
0] < V(0 < (K + V() exo( [ A€ de)

O
Corollary 4. Let the assumptions (i), (ii), (ili) and (iv) hold and let
(25) limsupA(t) < oo and A(t) = O(™),
t—oo
where n > limsup A(t). If z(t) is any solution of (1), then z(t) = O(e™).
t—o0
Proof. The proof is identical to the proof of Corollary 6 in [4]. O

Remark 3. If A\(t) = 0, we can take L = 0 in the proof of Corollary {4} and taking
the inequalities from the proof of Corollary 6 in [4] into account, we obtain the
following statement: there is an n* < 1y < 1 such that z(t) = o(e™?") holds for the
solution z(t) of ().

Consider now a special case of equation with g(t, z,w) = h(t):
(26) 2'(t) = a(t)z(t) + b(t)Z(t) + A(t)z(7(t)) + B(t)z(7(t)) + h(t),
where h(t) € Lioe([to, o0), C).

Corollary 5. Let the assumption (i) be satisfied and suppose
(21) tisup (7 ()] + le(0)]) < o0

Let B € ACioc ([T, 00),Ry) be such that

@) 050 > (A0 + BO) i ae on (7,00),
If b is bounded,

(29) h?l sup [Rea(t) +9(t) + A(t)] <0

and

(30) t sup g((:)) <0,

then any solution of equation is bounded.
If h(t) = O(e™) for any n > 0,
o . ()
limsup[Rea(t) + 9(t) + 3(t)] <0 and limsup 50 <0,
t—oo t—oo

then any solution of satisfies z(t) = o(e™) for any n > 0.
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Proof. Choose R = 00, ko(t) =0, k1(t) = 0, A(t) = |h(t)| sup(|7(t)] + |c(t)]) and
t>T

B(t) = B(t), then g(t, 2, w) = h(t) satisfies the condition (ii) and B(¢) satisfies (iii).
Define 6(t) = Rea(t) + 9(t) + A(t) and A(t) = max (6(t), 55 o
and give the estimate

limsup A(t) < 0,

t—oo

) . The assumptions

hence the first statement of Corollary [5| follows from Corollary [4]
The second statement follows from Corollary [4] as well, since

limsup A(t) <0

t—oo
and z(t) = o(e™) for any n > 0 if and only if z(t) = O(e"") for any n > 0. O
Remark 4. If iA(t) = 0 in Corollary |5, then, with respect to Corollary |4| and
Remark 3] we gain the following assertion: R
Suppose that assumptions (i) and hold and for § from Corollary |5 the

inequality is valid. If and are satisfied, then there is 79 < 0 such that
2(t) = o(e™?) for any solution z(t) of

2 (t) = a(t)z(t) + b(£)z(t) + A(t)z(7(t)) + B(t)z(7(t)) .

Theorem 3. Let the assumptions (i), (ii), (iii) and (iv) be satisfied. Let A(t) <0
a.e. on [T*,00), where T* € [T, 00). If

(31) lim tA(s) ds=—o00 and X(t) =o(A(t)),

t—oo
then any solution z(t) of equation satisfies
tlim z(t)=0.
Proof. The proof is identical to the proof of Theorem 3 in [4]. O

Corollary 6. Let the assumptions (i) and hold and € ACioc([T, ), R;)
satisfy [28). If the conditions and are fulfilled and h € Lioc([to, o0), C)
satisfies tlim h(t) =0, then

lim z(t) =0

t—o0
for any solution z(t) of equation .
Proof. Choose R = 00, ko(t) =0, 1(t) =0, A(t) = |h(t)| sup(|v(t)| + |c(t)]) and
t>T

B(t) = ((t) in the same way as in the proof of Corollary Define

6(t) = Rea(t) + 9(t) + B(t) and A(t) = max(6(t), %}g) again.
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From and we have limsup A(t) < 0, i.e. for L < 0, L > limsup A(t)
t—oo t—oo

there is s > T such that A(t) < L for all ¢ > s. In particular, A(t) £ 0 for ¢t > s,

hence
0 [R(@)1sp (1)) + le(t)])

m —+ = lim =0,

oo A(t) oo A(t)
which gives A(t) = o(A(t)).
Since A(t) < L for all t > s, we get

¢ ¢
tlim A(g)d¢ < tlim Ldr = —.

Thus holds and we can apply Theorem [3| to the equation . ([

3. CONCLUSION

We tried to improve the results presented in [I] under the condition
ligg}f( |Im a(t)] [b(t)| ) > 0 instead of liggf(\a(t)\ —|b(t)]) > 0 considered in [1].
We obtained several results which are similar to the propositions in the related
article but they can be more efficient, which is illustrated by an example.
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