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ABSTRACT. In the presented paper we apply the theory of Lepage forms
on jet prolongations of fibred manifold with one-dimensional base to the
relativistic mechanics. Using this geometrical theory, we obtain and discuss
some well-known conservation laws in their general form and apply them to a
concrete physical example.

1. INTRODUCTION

In variational physical theories conservation laws are closely related to invariance
transformations connected with the corresponding Lagrange structure. This fact
is expressed by Noether theorems. Although it is usual in physics to treat these
problems directly in coordinates, the variational theories give a correct and effective
coordinate free way for to solve them. Our approach is presented in more general
form for mechanics as well as field theory in [5]. It is based on the theory of Lepage
forms and Lepage equivalents of Lagrangians on fibred manifolds developed by
Krupka (see e.g. [1]). Here we show the effectiveness of this approach by means
of some examples from mechanics. In mechanics itself this could look too simply.
Nevertheless, the use of such a method is very useful in situations where the base
of an underlying fibred manifold is multidimensional and thus the direct coordinate
calculations are not too lucid (moreover, they are sometimes incorrect from the
mathematical point of view). Immediate applications occur readily in classical field
theories, including classical bosonic strings.

2. UNDERLYING STRUCTURES

2.1. Notations.

Let (Y, 7, X) be a fibred manifold with one-dimensional base X, total space Y of
dimension m + 1 and the surjective submersion 7: ¥ — X. Denote by (J"Y, 7., X),
r > 0, the r-jet prolongation of (Y, 7, X) where we put J°Y =Y, mp = 7, and
st J°Y — JY, 0 < r < s, canonical projections. Let (V, 1) be a local fibred
chart on Y where V' C Y is an open set and ¢ = (t,¢7), 1 < ¢ < m. The pair
(U,), U=7(V), p = (t), is the associated fibred chart on X. A smooth mapping
~v: U — Y such that m oy = Idy is called a local section of m on U. Thus, the pair
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k o —1
(V;HZZ)T) Where VT = 7(7‘_,& (V), wr = (ta q07Qf7 e >q7(~7) and q]g = qu’);fa ]- S k S 7",
is the associated fibred chart on (J"Y,m,, X). For the simplicity we will use also

the notation ¢f = ¢° and ¢§ = ¢°.

A vector field £ on Y is called w-projectable if there is a vector field & on X
such that Tw & = &y o7 and it is called w-vertical if Tw & = 0. For w-projectable
vector field it holds & = £ (¢) % +£9(t,q%) 620 and for its s-jet prolongation J*¢ =

dgi_ dg®
€0 (1) 5 +€7(t,4") gow + 01 (6074 -, 4f) gor Where & = =57 — ] G-
Analogously, a m,-projectable vector field, 7, -projectable vector field, ws-vertical
vector field and 7, -vertical vector field are defined.

A differential form 1 on J*Y is called m,-horizontal if i¢n = 0 for every 7,-vertical
vector field on J°Y and it is called contact if J°vy*n = 0 for every section ~ of .
Analogously, a 7, -horizontal form is defined. Differential forms w” = d¢? —
q7dt, wg =dgf —q3dt,...,wl_; =dq7_; —qZdt and dg? form the basis of 1-forms
on J®Y adapted to the contact structure. Recall that every k-form n on J*Y can
be uniquely decomposed as follows: 77, ;n = px—17 + pxn where py_1n and pgn
are called (k — 1)-contact component and k-contact component of n, respectively.
A k-form 7 is called k-contact if pp_1m = 0, and is called (k — 1)-contact if pyn = 0.
For k = 1 we have px_1n = pon = hn the horizontal component of n.

2.2. Lagrange structures.
Let W C Y be an open set. A horizontal 1-form A on W, = 7 o (W) is called

Lagrangian of order r,ie. A=L(t,q¢°,q7,...,q°)dt + w dt. The pair

(m, A) is called Lagrange structure and hdy = (C%( dt is trivial Lagrangian. Let ) be
a compact submanifold of X with boundary 0. Denote by I'q 1 the set of sections
v of 7 defined on a neighbourhood of 2 such that v (2) C W. The mapping

(1) Aq: Fow>~vy— Aq (’}/) = / JTy A
Q

is called the variational function or the action function of the Lagrangian A over €.
For the m-projectable vector field £ on Y we have so-called first variation of the
action function Aq induced by &

(2) (@rehe) : T 3 7 — (Drreha) (7) = / Ty 0meA.
Q

The section 7 of 7 is called extremal of the Lagrange structure (m,A) on Q if
fQ J"y*0r¢ A = 0 for every m-projectable vector field £ defined in a neighbourhood
of v (£2) such that supp& C 71 ().

3. LEPAGE EQUIVALENTS AND CONSERVATION LAWS

3.1. Lepage equivalents.

Let us recall the concept of Lepage equivalent in mechanics (cf. [3], for the quite
general definition concerning a field theory see [5], [1]). Let W C Y be an open set.
A 1-form pon W, = 77;(1) (W) is called a Lepage 1-form, if pyde is a ms11 o-horizontal
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(n 4+ 1)-form. Recall that a 1-form ¢ on Wj is a Lepage 1-form, if and only if it
holds hig dp = 0 for every 7, g-vertical vector field & on Wy (see [1]).

Let A = Ldt = Ldt + % dt be a r-th order Lagrangian (including a possible
r-th order trivial Lagrangian, i.e. the total derivative of a function y on W, _1).
The Lepage equivalent of A is such a Lepage form 6, for which hf, = A (up to a
possible projection). For mechanics, the Lepage equivalent is unique and it is of
order 2r — 1. It holds

B r—1 /r—i—1 . dk 6E
(3) QA :Ldt+z Z (*1) @m (.LJ,L' .
i=0 \ k=0 i
For example, for a first order Lagrangian we have

oL
(4) Op = Ldt + ——w’ +dx.

0¢°
Now, using the formula d=zn = i=dn + di=n and taking into account the properties
of the Lepage equivalent of A we obtain the infinitesimal first variational formula
(5) JW*E)JTEA = J2r71’7*i']27‘71£ di + dJ2T71’Y*7:J2r71§0A .
Integrating and applying the Stokes theorem we obtain

(6) / JW*aﬁ&A :/ eril'y*i‘]’h‘flg dGA +/ JZT?l’y*ierflEeA.
Q Q o0

The 7y, o-horizontal form Ex = p; dfy is the well-known Euler-Lagrange form of A.
The following theorem is an immediate consequence of preceding considerations.

Theorem. Let A be a Lagrangian of order r on W, = ﬂ;& (W) and let 05 be
its Lepage equivalent. Then, the section v € I'qw is the extremal of Lagrange
structure (w, A) on Q if and only if for every m-vertical vector field & on W such
that supp (§ o y) C Q it holds

(7) er_l’y*iJ27»—1§ do, =0,
or equivalently, Ex vanishes along J*".

3.2. Invariance transformations and conservation laws.

A local automorphism « on Y is called an invariance transformation of Lagrangian A
if it holds

8) JaA—A=0.

A m-projectable vector field £ on Y is called a generator of invariance transfor-
mations of Lagrangian A if its local one-parametrical group consists of invariance
transformations of A. Then

(9) 8JT5A =0.
Thus, for the extremal v on € and for a generator of invariance transformations &

we have, using (6), (7) and (9),

(10) / JQT_l’y*ierflgeA =0.
o0
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The last integral represents the flow of the quantity J2"~1y*i j2r—1 ¢0a through the
boundary 9N of Q. It holds
T gz gln = TP TS, 5y igz1gln = higeroagOy
We call
(11) W (§) = hizr—1¢0s

the elementary flow, as a quantity obeying a conservation law along extremals. The
definition relation includes possible trivial Lagrangians as well, i.e. it contains
the “free” term hi j2r—1¢ dx (see above).

A local automorphism « on Y is called an invariance transformation of Fuler-La-
grange form En = FE,w? A dt if it holds
(12) Ja*Ey —Ey =0.
A m-projectable vector field & on Y is called a generator of invariance trans-

formations of Fuler-Lagrange form E,, if its local one-parametrical group of
transformations consists of invariance transformations of F,, i.e.

(13) OprgEn = 0.
Because of the identity
JQTOé*EA = EJ""OL*A

(see e.g. [1]), it is evident that every invariance transformation of A is an invariance
transformation of £, and for every invariance transformation of E the Lagrangian
A = J"a*A—A, or alternatively A = 0;r¢A, is trivial. Thus, it holds 9;-¢A = —hdn,
where 7 is a function on W,._; and sign “-” is formal. The corresponding flows (the
quantities remaining constant along extremals) can be obtained as follows. It holds

Iy OpreA = JQT_l’y*iJ21v—1§ dfp + dJQT_l’y*ierageA .
The left-hand side can be written as —J"y*hdn = —J"y* dn = —dJ"y*n. The first
term on the right-hand side vanishes along extremals. So we have
dJQT_l’}/* (iﬂr—lg@/\ + ’17) =0,
(14) \I/(f) :hiJzy-7159A—|—n,
where 7 is a function on W,._;. Recall that £ is a generator of invariance transfor-
mations of Ej.

In the following, we will focus on invariance transformations of Lagrangians
only.

4. LAGRANGIANS FOR RELATIVISTIC PARTICLES

4.1. First order Lagrange structures.
As typical Lagrangians of relativistic particles are of the first order, let us discuss
this case in general. The corresponding Lagrange structure is

d
(r,A), (V,mX), dimX=1, dimY =5 A=L(r,a" a")dr+ d—X dr
T
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where x = x(7,2"). The base X is a space of “non-physical” parameter, every
fibre over 7 € X is the time-space with metrics ¢ = (gag), 1 < @, < 4 where
9ap = gap(x"). The expression of A includes the minimal Lagrangian Ldr and
an arbitrary trivial Lagrangian hdy = <X d7. In examples we also put z* = ct,
where t is the time coordinate (see Sec.. Following the previous section we
have

) oL , 0 )
() = hiyieh, GAZLd”@”“dx, £=557+£“aﬁ,
oL dx
— _ u 0 u _ 0 M
15) W@ = (L-# g )4 phe rw W= P e

where £ is a generator of invariance transformations of the Lagrangian. It is given by
O - 8J1€A == ZJlédA + dZJlgA

After some simple calculations we obtain the condition for components of generators
of invariance transformations — Noether equation

oL ., 0L dg* 0L dgo

OL ., OL df dv,
oxH ok dr 83;” dT

(16) Y T

50

4.2. Generalized quadratic Lagrangian.

Let us generalize the standard quadratic Lagrangian by considering metrics fx =

frr(7)dT ® d7 on the base X of the underlying fibred manifold, i.e.
f=frr(r)dr @ A7 + gap(a”) da® ® da’.

Denoting F' = det (f,,) we can write

dX _ 1 T s a3 d
(17) A=Ldr +d7’ = ix/l?(f Gop T +mc)d7+deT

The Lepage equivalent is then

Oy = %\/F{(f” Jap il — m202) dr — 217 gap i dxa} +dy.
Putting L into (15)) we obtain the flows
(18)  W(¢) = %\/F{(f” Gap i%57 —m2?) €0 — 2177 gogi®€P} + Uy

where £ = §08% + f“% are again invariance transformations given by the Noether
equation (I6)). Using the condition

for JT =1 = e T AT =0
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we obtain after some calculations the following condition for invariance transform-
ations

_ 1 . TT agaﬁ TT 65# TT aé‘,u
aJlfA——Q\/F{JI [(f f“-i-f guaw‘i‘f guﬁ%

deo T 0 ov
o (E- e e 2

9 o (d& fTT 2 oV, _
e (dT f frr m2c2ﬁ37>}_

All coefficients of this polynomial in velocities must vanish, i.e.

e 1 Lo mo 2 9% ofm g, 08 2 0% _
dr frm m2e2yF o e g T JF 0z
990p op 9" 9" ds® 1.4/
(83:“ & F Guagyp T 900 Goa ) T 9a8 | gy ’5 7 ) =0

Recall that ¥g is given by , i.e. it contains unknown components of invariance
transformations.
For minimal Lagrangian, i.e. x = 0, we obtain

e’ f og”

1 R A -
(9) dr ngT agﬂa 07

We can see that the third condition is the equation for Killing vector field, the
solution of the first two equations is

09ap 3 ogr
m fﬂ JF!J;LB@ Jrgoth =0.

K 38
go(r) = K+\/f7m = — where K is a constant ¢ =0.

VF Tar
Thus, we can choose metrics f;, arbitrarily. The choice of a general Lagrangian

changes the conditions slightly, the main difference is the equation for £¥, now
the equation for the component of a homothetic Killing field.

4.3. A relativistic particle as a non-holonomic mechanical system.

In the preceding sections we have described a non-zero mass particle in the special
relativity theory as a system on the five-dimensional fibred manifold 7: RxR* — R,
where R* is the Minkowski space-time. The evolution space of such a particle is
the prolongation 7;: R x R* x R* — R. This corresponds to a “non-physical”
parameter 7 measured along the base of the underlying fibred manifold, trajectories
of the particle being four-dimensional curves. Such a situation corresponds to
a four-dimensional observer. On the other hand, the existence of the standard
condition on four-velocity can be considered as a constraint condition in evolution
space. Thus, a relativistic particle can be considered as a first order mechanical
system subjected to the non-holonomic constraint. This enables us to adapt the
description of the particle motion to a three-dimensional observer. Such an approach
was applied in [4] on the base of the geometrical theory of non-holonomic constraints
formulated in [2].
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The standard condition for four-velocity is

3
(20) (@2 =) (@) =1 = i' =+

p=1

where (7,2"), 1 < p < 4, are coordinates on R x R*, zf for 1 < ¢ < 3 are cartesian
coordinates and z* = ct, where ¢ is the light speed and t is time. Moreover,
z* = dz*/dr. The constraint condition defines a constraint submanifold Q
in the evolution space m: R x R* x R* — R. Excluding points with #* = 0
the condition gives a constraint submanifold Q as a union of two connected
components 9, and Q_, given by signs “+” and “-”, respectively. Without loss of
generality we choose the component Q.

Choosing appropriate coordinates, one can express the constraint condition (as
well as equations of motion of the particle) in a form adapted to a three-dimensional
observer. For #* # 0 consider new coordinates (7, ¢, t,v% i*), 1 < ¢ < 3, defined
by the transformation equations
(21) it = %v%‘*.

These coordinates are global, but they are not fibred coordinates for original
projection 7 of the underlying fibred manifold. Note that (¢, ¢, v’) are coordinates
on RxR?xR3, adapted to the fibration R xR? — R of R*. Here ¥ = (2!, 22, 23) is
a usual position vector and @ = (v',v?,v3) is the usual velocity. In new coordinates
we have for the constraint

2
(22) (1-“)(;&4)2:1:”;«4:&“:1.

5. QUADRATIC LAGRANGIAN

Now, let us put in frm=m?and xy =0, i.e.
1

(23) A=Ldr, L= —%gwa‘c%ﬁ— Sme”.
As the two special cases of invariance transformations we can consider

1) €9 =1, &* =0, i.e. the vector field is & = & = 8%’

2) ¢9 =0, i.e. the vector field &, = 5#8.% is vertical, £# being components of

the Killing vector field.
We obtain corresponding flows
m . LB o
V(&) = -3 (gapi®i® —?),  W(Ey) = —mgapi® £~

Denote
(24) v, = % (gag;taiﬁ — 02) and v, = mgaﬁjcﬁ.

The quantity (¥,) represents the four-momentum of the particle, as it will be
shown below. Recall that the problem is regular, because of regularity of metrics g.
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Let us to consider the Hamilton formulation of our problem, i.e. calculate the
momenta and Hamiltonian.

oL

. . 1
Pu = Y = mgauxo‘ = %= Epu [

)

_ 1 1,
H=1L +pﬂxu = %guypupy — §mc .

Hamiltonian equations thus read (after Legendre transformation (7,z#,&") —
(7,2, pu))
dpo. ~ OH 1 9g" dz®  OH 1

_ . oH 1 dz® _ 0H b,
dr Oz om zo PrPv Ps

(25) dr  Opa - Eg

Note that in Minkowski metrics p, = (Ec_l, —ﬁ) where p' is the usual three
dimensional momentum.

Example. Consider Friedman-Robertson-Walker metrics (cf. [6])

K m =N
guu=1, g=—a? (:104) Oik + Oim Okn % where K =0,%£1.

After some calculations we obtain for the Killing vectors

1) ¢V =1 —Kr267, ¢Vt =0, J=1,2,3,

2) VI = §etmatl, =0, J=1,2,3
and for the flows

m o oo
(&)= 5 [(gapd®d” — ) €0 — 2gapi”€?] .

Specially, consider the Killings vectors £1/1F = /1 — K12 §7%. Using the coordinates
for a three-dimensional observer introduced in sec. 4.3 and relations and ,

we have three conservation laws

V1— Kr?

(26) 77172 v; = Cz
Vi-s
with v; = —gijvj . Defining v;v* = v? we obtain, after some calculations,
m?v? 1 . L
27 = §9 — Ka'a’) C;C; .
27) ] 200k v'al) GG

As for momentum it holds p = \/%7 one gets important and well-known relation
=

(28) p(t)a(t) =p(to)a(to) -
The momentum is inversely proportional to the Robertson-Walker scale factor.
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