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HILBERT INEQUALITY FOR VECTOR VALUED FUNCTIONS

NAMITA DAS AND SRINIBAS SAHOO

ABSTRACT. In this paper we consider a class of Hankel operators with operator
valued symbols on the Hardy space HZ(T) where Z is a separable infinite
dimensional Hilbert space and showed that these operators are unitarily
equivalent to a class of integral operators in L?(0,00) ® =. We then obtained
a generalization of Hilbert inequality for vector valued functions. In the
continuous case the corresponding integral operator has matrix valued kernels
and in the discrete case the sum involves inner product of vectors in the
Hilbert space =

1. INTRODUCTION

If G, by, > 0 satisfy 0 < Y- a2, <ooand 0 <Y ~2, b2 < oo, then

(1.1) sz—i—n W(ﬂiaigbi)é

m=1n=

where the constant factor 7 is the best possible.
The integral version of the inequality (1.1)) is as follows:
If f, g>0and f, g € L?(0,00), then

where the constant factor 7 is the best possible.
The inequalities (1.1) and (1.2]) are the well-known Hilbert’s inequality (see
Hardy et. al [4}7 Ch-9). Hardy and Riesz [3] gave the following generalizations of

(1.1) and for conjugate parameters.

Letl 7=11<p< o0, am, by > 0 satisfy 0 < >°°_ af, < oo and
O<Zn 1 b2 < co. Then

(1.3) Z Z m + n sm(fr/p) ( Z ) (Z bq)%

m=1n=1

where the constant factor 7w/ sin(n/p) is the best possible.
The integral version of the inequality (1.3) is as follows:
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Let %+ é - 1’ 1 <P <00, f € LP(O,OO), g€ Lq(O,OO) Then

(1.4) /000 /000 fff(yy) dz dy < 7Sin(7;/p) (/000 fp(x)dx);(/ooo gq(x)dx)%

where the constant factor 7/ sin(7/p) is the best possible.

The inequalities and are well-known as Hardy-Hilbert’s inequality.
These inequalities are important in analysis and its applications (see [6], Ch-5], [4]
Ch-9)).

Let L?(T) denote the Hilbert space of square integrable, Lebesgue measurable
complex valued functions on the unit circle T = {z € C | |z| = 1}, with pointwise
algebraic operations and inner product

)= 5= [ S5,

Let L*°(T) denote the Banach space of essentially bounded, Lebesgue measurable,
complex valued functions on T with pointwise algebraic operations and essential
supremum norm

[flloo = ess Sup £ (2)].

For p = 2 or oo, let HP(T) be the closed subspace {f € L?(T) : f(n) =0forn <
0} of LP(T), with the restriction of the norm of LP. Here f(n) denote the nth Fourier
coefficient of f. The spaces H?(T) and H>°(T) are called Hardy spaces. The space
H?(T) is a Hilbert space and H>°(T) is a Banach space. Clearly, H>(T) C H?(T).

For ¢ € L>°(T), the Hankel operator S,, with symbol ¢, from H?(T) into itself
is defined by S,f = PJ(¢f) where P is the orthogonal projection from L?(T)
onto H%(T) and J: L?(T) — L*(T) is defined by Jf(e) = f(e~*). There are
some useful unitary equivalences between Hankel operators and Hankel integral
operators as we discuss in the following examples.

Example 1.1. Consider the function
(e = —i(r—0), 0<6<2r.
Then ¢ € L>°(T) and if
w(eie) _ Z aneme
then

0 if n=0;
Ap =
—Lif n#£0.
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Hence the matrix of the Hankel operator S, with respect to the standard ortho-
normal basis of H?(T) is the Hilbert’s matrix

1 1
1 2 3
1 1 1
2 3 1
I =
1 1 1
3 4 5

It is not difficult to see that the Hilbert’s matrix I' as an operator on (?(Z, ) is
unitarily equivalent to the integral operator

(1.5 (557) @) = [ ha+ 1), 1 € (0.9,

x

where E(m) = e; . This integral operator is known as Hankel integral operator. For

more details see [§].

Example 1.2. Consider the classical singular integral operator, the Carleman’s
operator defined on L?(0,0) by

(16) (Knf) (2) = / T b+ )7y,

where the kernel function is h(z) = 1. It is easy to verify (see [8]) that the
Carleman’s operator K}, is unitarily equivalent to the Hankel operator defined on
H?(T) whose matrix with respect to the standard orthonormal basis is

1 1
1 0 i 0 L
1 1
0 1 0 L
1 1
3 0 5
(1.7) S=2
1
0 5
1
5

Such integral operators are widely studied in the literature (see [7, [§]). It is not
difficult to see that ||.S,,|| = HKZ” = ||Kp|| = .

Example 1.3. Let ¢(z) = X(i%), |z| =1, z # —1 where

Cf1, tel[-1,1]
X(t)_{ té[-1,1].
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Then v is the characteristic function of the set {z € C: |z] = 1,Re z > 0}. In the
Hilbert space [?(Z, ) introduce the Hankel operator I'y, with symbol 1 defined by

(].8) wa ch+k+1xk s

for x = (2o, 21,22, ) € [*(Z,), where ¢, are the Fourier coefficients of the
function 1,

| 2 Tk
= o = = si (7) keN.
) = 5= [ e ue) o = = sin (7
The operator I'y, defined in (|1.8) is unitarily equivalent to the Hankel integral
operator K1 defined on L?(0,00) as

(30 = [ 2 ) 4y,

T Tty
For details see [9].

In this paper we observe that certain Hankel operators on HZ(T) are unitarily
equivalent to a class of integral operators on LZ(0,00), where Z is an infinite
dimensional separable Hilbert space and using the unitary equivalence of these
operators generalize the Hilbert inequality for vector Valued functions. In §22] we
deal with the Hankel integral operator K5 defined in . We show that the norm
of K> as an operator on LP(0, 00) is equal to w/ 51n(7r/p) 1 < p < oo and derive the
assoc1ated integral inequality. As a consequence of this we have obtained an integral
inequality involving the kernel [cosh(t — s)]~! in L?(—o00,00). In §Zl, we obtain the
discrete and integral version of Hilbert’s inequality for C™—valued functions and
show that in the continuous case the corresponding integral operator has matrix
valued kernel and in the discrete case the sum involves the inner product of vectors
in the Hilbert space C". In § we consider the case of HZ(T) and generalize the
results of §33] Further, we also generalize the discrete version of Hilbert inequality
for sequences in a Hilbert space H.

2. NORM OF THE HANKEL INTEGRAL OPERATOR K~h~
AND THE ASSOCIATED INEQUALITIES

In this section we find the norm of K7 as an operator from L?(0, c0) into itself,
1 < p < 0. But we establish first the discrete version of a Hilbert type inequality.

Theorem 2.1. If a,, by, € C satisfy 0 < > °_ |lam|* < 00 and 0 < 307 [by]* <
oo, then

(2.1) ’ mio m+n+1’_2(z|am|)é(iJ'b"'Q);
mn even "

and the constant factor 5 is the best possible.
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Proof. Let 9(z) = Y07 522 *"1. Then
2 : :
@(—k) _ & if k 1s.odd, k> 0;
0, otherwise.

Hence for m,n=20,1,2,---,

Cmn = (S92, 2") = (PJ(292™),2") = (J(z/)zm“),z”)
= (27" = (g, 27 EY)

B ﬁ if m+n+1 is odd;
0, otherwise.

Thus the matrix S given in is the matrix of S,y. Let f(2) = Y00 ) amz™
and g(z) = Y7, bn2™ and suppose f,g € H*(T). Now as we have mentioned in
example [[.2) that |[S.y|| = [[Kl|. It follows from the Hilbert integral inequality
(T:2) that [[Kp| = 7. Hence ||S.y|| = 7. It follows from Cauchy-Schwarz inequality
that

[(Szu S @) < AISzull 11 gl < A1 Hlgll-

But
(S fs g = (S0 (D2 am=™), (32 "))
m=0 n=0
= Z amBn<Sz¢2m,2n>
m,n=0
>, b
=2 —mn |
m+7n even

Thus

I IEE PN PO

m,n=0
m-+n even

O

We now proceed to show that the norm of the operator K~h~ as an operator from
L?(0,00) into itself is equal to m, if 1 < p < oo. It also gives us the following
Hardy-Hilbert type integral inequality.

Theorem 2.2. Let 1 + l =1,1<p<oo, feLP(0,0), g€ L10,00). Then

I e anay < ([ rwmw) ([T ews)

and the constant factor = is the best posszble.
P
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Proof. It follows from Hardy-Hilbert’s integral inequality (1.4)), that

[ [ et vy < ([ o) ([t ay)
_Smf / fP(x)dz ;(/mgq(y)dy)é
as e P! <1 for t € (0, 00).

It remains to show that the constant factor 1 in the inequality

(2.2) /0 e () dy < /O ) de

is the best possible.
Suppose there exists a constant k, 0 < k < 1 such that

(2.3) /000 e P fP(z)dx < k’/ooo fP(z)dx

for all f € LP(0,00).
Setting

we have

hence f € L?(0,00). Now

(2.4) /OOO(—P”” k) fP(z)d =;+§log<i).

Consider the function g(t) = —e P*+1—kpt, t € [0,00). Then ¢'(t) = pe P! —kp =
0 fort = %log% and ¢"(t) = —p*e P! < 0 for t = %log%. Hence ¢(t) > ¢(0) for
t= I%log +. Therefore 1+ klog (%) > 0. Now from ([2.4)) we get

| e = @,

This is a contradiction to the assumption (2.3)), which shows that the constant
™

factor 1 in the inequality (2.2)) is the best possible. Again the constant factor — =

Sin

is the best possible in the Hardy-Hilbert’s integral inequality (1.4). Hence the result

follows. 0
Remark 2.3. It follows from Theorem 2.2 that
T
K|l = || K| = —————.
H h” || hH sin(ﬂ'/p)

As a consequence of Theorem we obtain the following integral inequality
involving the kernel [cosh(t — s)] 7! in L?(—o0, 00).
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Corollary 2.4. If f,g € L?(—0c0,00) then
| [ eosh(e = )1 (5)g(6)d de] < 71 2ol 01

Proof. Consider the map W: L?(0,00) — L?(—00, c0) defined by
W) = Vae f(e*)

The operator W is a unitary operator Let f be a continuous function with compact

support in (0,00) and h(z +y) = x+y,x = €%y = e2*. Then
oS} 0o 2s 2s oS} st
f(y) f(e**)2e 1 / 2¢e%e
(Knf)(z) 0 THy Y o €2t 428 y V2t J_o €% + 25 f(s)ds
1 o0
= NG [w[cosh(t —8)] 7T W f(s)ds = (W*CW f)(x)
since if g € L?(—o00,0) then \f() \/ﬂg( logz) = W*g(zx). Thus K;, = W*CW

where C' is the convolutlon with (cosht)~!. That is,
€N = [ leoshlt = )] f(5)ds

Since K}, and C' are unitarily equivalent hence ||C|| = = and

|<Ofa g>| < 7T”fHLQ(—oopo)||g||L2(—oo7oo) .
Thus

| [ feoshit = )7 (610 ds ] < 771291 oe.0)-

— 00

3. HILBERT INEQUALITY FOR VECTOR VALUED FUNCTIONS

In this section we generalize the discrete version of the Hilbert inequality (1.1)
and here the sum involves the inner product of vectors in a Hilbert space H. Let
L(H) denote the set of all bounded linear operators from the Hilbert space H into
itself.

Theorem 3.1. Let (z,,) and (y,) be two sequences in H such that 0 < Y07 ||z, ||* <
00 and 0 < 377 | |lyn|* < 0. Then

oy S>3 ot o 52 ponl} { S bl

m=1n=1 m=1

where the constant factor w is the best possible.
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Proof. Let H # {0} be a Hilbert space and £ be an orthonormal basis for H. The
set {e € &| (z,e) # 0 for some z = z,, or y,} is countable, let us enumerate this
set as the sequence (eq, es,es,...). Then every z,, and y, can be expressed as

o0 o0
Tm = E AmkC€k 5 Yn = § bnrex
k=1 k=1

where amk = (Tm, k), buk = (Yn, ek). Then
-Tm7 yn Z amkbnk

By Parseval relation ||z,,[|2 = > pe |amk|?, for every m and ||y,||* = >y |bnk|?,
for every n. So, we have |ami| < ||| for all m and |bni| < ||y, for all n. Hence for
each k, >°°_ |amk|? < oo and >°°7 | |byk|? < co. Now using Hilbert’s inequality,
we have for each k,

o3 e Pl el 5 ) {3 e}
m=1 n=1

m=1n=1

Taking summation over k from 1 to p, and using Cauchy-Schwartz inequality, we
get

o0

>23° 3 bl
_ ﬂ{

It follows therefore that for every p > 1,

N

S P} {0 S )

m =1ln
‘bnk| }

Il
—
o~
Il
—

M]3 EM*@
M’E
M=

P} {3

Il
A
~
Il
-
3
-
£
Il
-

sy 0y bl s menz}%{Znynu 5
k=1m=1n=1 m=1

Notice that

o0 o0
(@ )| = | D s < D lam] (ol

k=1 k=1
It follows from the relation |am| [buk| < 3 (|amk|? + |ber|?) and the convergence of
the series > p- | |ami|? and > 5o | |bak|?. Thus letting p — oo in (3:2), we obtain
. In particular for the Hilbert space H = R, reduces to the Hilbert’s
inequality . Since the constant factor « in is the best possible, so we
conclude that the constant factor 7 in is the best possible. O

We shall now present the integral version of the inequality and derive some
related inequalities using tensor products.

Let ﬁ(%n (T) denote the Hilbert space of C"-valued, norm-square integrable,
measurable functions on T and HZ, (T) the corresponding Hardy space of functions
in £2,(T) with vanishing negative Fourier coefficients. We note that £, (T) =
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L*(T) ® C™ and HZ, (T) = H*(T) ® C™ where the Hilbert space tensor product is
used. When endowed with the inner product defined by

(e, = [z, for f.g e £2.(T),

the spaces L2, (T) and H2. (T) become separable Hilbert spaces. Here the measures
dz denotes the normalized Lebesgue measure on T. If ® is a bounded, measurable
M,, = M,,(C)-valued function (the algebra of n x n matrices with complex entries)
in £33 (T) = L>(T)® M, then Sg denotes the Hankel operator defined on HZ..(T)
by

Sef = PJ(®f) for fe€HE.(T),

where P is the orthogonal projection of £2, (T) onto H2,(T) and J: £2,(T) —
L2, (T) is defined by JF(e') = F(e™%) and (®f)(e") = ®(e') f(e™).
Let ® € L§f (T) and

P11 0 e 0
0 B0 e 0
¢ = . ) .
0 0 e Dnn
Then each entry ¢;; of ® is in L*°(T) and
S¢11 0 ce 0
so—| 0 e )
O 0 e S(z)n‘n

This is so as HZ.(T) = H*(T) @ H*(T) @ - - - & H*(T).

n—times
Let £2.,(0,00) = L*(0,00) ® C™ = L*(0, 00) & L?(0,00) & - - - & L*(0, 00). For F,
G € £2,(0,00), the norm is defined by

1Pz, = ([ IF@)IR o)’

and the inner product is defined by

<R®:Aﬂmmﬁ@mmW

With the above inner product £Z, (0, 00) is a Hilbert space. For detail see [1]. Let

—(z+y)
EIT 0 ... 0
H(z+y) = : :
0 0 e~ (@+y)

x4y nxn
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Define By : £2,(0,00) — L2,(0,00) by

(ByF) ( / H(z+y)F(y)dy.
The map By is well-defined, linear and for G € L2, (0, 00),

(BuF,G) = / / G*(x)H(z +y)F(y)dydx,

where G*(z) denotes the adjoint of G(x). Notice that

~ 0 0
11
0 KZM 0
Bp = . .
0 0 . K;
where Eij(a:) = % foralli, j =1,2,...,n

Lemma 3.2. The operator By : L2,(0,00) — L2.(0,00) is a bounded operator
and ||Bg|| = .

Proof. Let F' = (f1, fo,..., fn)T, where f; € L?(0,00) for all i = 1,2,...,n. Then
G =ByF = (91,92,...,9n)" and g; € L?(0,00) for all i = 1,2,...,n
Now

|ByF|? = / |(BoF) (@) |2 di = / 1G(@)|2n da
-/ (ggm)?)dx:];/o 95(a)? do
_Z/ K fJ )‘de
YK AP K IS <3 R
j=1 j=1 j=1
— S [T @R =r [ (S 15@E) d

= [P @) do = x| FIP.
0

Thus ||Bg|| < 7.
Now it remains to show that that HBH|| > .
Let f € L?(0,00) and F = (f,0,---,0)T. Then ||F| = | f||. So,

(K5 f. )= (BuF, F)| < |Bu||F|* = | Bl f]?

gives m = HK%HH < ||Bgl as K5, s self-adjoint. Hence |IBg|| = . O
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Now we generalize the Theorem [2.2] for the case p = ¢ = 2, to vector-valued
functions.

Theorem 3.3. If F,G € L2,(0,00), then
[ [ e@been o aa| <o [CiF@Pa)([Clewlay)
0 0 0 0

where the constant factor w is the best possible.

Proof. Since ||By|| =, so, the result follows from the fact that

(BuF,G) < w2, [Gllez, , forall F,G e L2.(0,50).

O
Now let ¢ () = —i(m — 0)e?®, 0 < < 2m, 1 <1, j <n and
é11 0 .. 0
0 Bao .. 0
¢ = : ) :
0 0 . Dnn
It is not difficult to see that
S, 0 . 0
Se = 0 5(2?22 O
0 0 . Se..
is unitarily equivalent to
KZH 0 e 0
0 0 e K~h—m

—x

where ?L”(:r) =¢—,1<4, j <n. Hence |[Se| = 7.

Let e = (0,0,...,0,1,0,...,0) with 1 in the k** place and vu = ¢ @ ey,
k=1,2,...,n,1=0,1,2,.... Then {ex}}_, form an orthonormal basis for C"* and
{1 k=12,....n51=0.1,...,00 form an orthonormal basis for H2, (T) = H*(T) ® C".

Theorem 3.4. Let F = f @ 2 € H2.(T) and G = g @y € H2.(T). Then

0o n ] il
SRz, e @ep)(g@y, et @ e
5 % I N<rlfoallgoyl.

oD I+ +1
Proof. Notice that
(Foym) = (f @ x,e™ @ ex) = (f,e") (@, ex)
and B
(Gomir) = (g @y, @ em) = (g,€" ")y, €m) -
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Hence
<S¢ﬁ,é>= Z Z <ﬁa7kl><éa7m1'><5<1>(7kz),7m1/>
k, m=1 1, '=0
= DY )G ){(Se @ Ien) (€™ @ ex), ¢! @ )
k, m=1 1, '=0
= Z Z <fa eilt><x7ek><g7€illt> <y7eM> <S¢eilt ®€kve“/t ® em)
k, m=1 1,1'=0
- S (7,6, T3, 0T Ty (Soe™, ) e, o)
k, m=1 1, '=0
23 Z (£, . ex)(g.€77) Tyen) (Spe™, ).
=11, I'=
Thus
(SeF,G)| = ‘ i zn: (foz e e g®y. e @ex)
eI o= I+ +1
and since Sg is a bounded linear operator in Hz, (T) and ||Ss|| = 7, we obtain
[(Se F,G)| < 7l F sz, ()| Gllwz, m) = 7 f @2l llg @yl
The result follows. 0

Corollary 3.5. If Y 0 > ° Jaw|* < oo and > p_y Y oio [brr|? < oo, then

|35 e = (S ewt) (L2 )’

1,I'=0 k=1 k=110'=0

and the constant 7 is best possible.

Proof. It is possible to find xy, yx, k =1,2,...,n, and sequences (¢;)i2,, (cr)io
such that ay = zrey, b = yrer, Y00 lal® < oo and Y- Jer|? < oo. Let
flet) = 32 ce™ and g(et) = Y207 cpe’t. Then f, g € H3(T). So, for z =
(xr)p_y, ¥y = (yk) n_, €C", we have f@x, g®y € H2.(T). Now

IF @ = [IF1*]ll* = Z ICz\QZ jokl? =D lalPlerl? =) lawl®

1=0 k=11=0 k=11=0
Similarly,
n oo
lg@yl>=>>" lbrrl?
k=11'=0
On the other hand, (f®x, et ®@ey) = (f,el)(x, ex) = zpe; = a and (g@y, et ®

er) = (g, e”/t)<y,ek> = yrcy = bgr. Hence the results follows from Theorem
Since ||Ss|| = 7, the constant 7 is the best possible. O
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4. HANKEL OPERATORS WITH OPERATOR VALUED SYMBOLS

Let = be a separable infinite dimensional Hilbert space. The measure m will
denote the normalised Lebesgue measure on T. The space L2 is defined to be the
set of all (equivalence classes of) measurable, norm-square integrable, =Z-valued
functions defined on T. When endowed with the inner product defined by the
equation

uw=Aw&ameQMe@,

the space L2 becomes a separable Hilbert space. The subspace of L2 consisting of
those functions with vanishing negative Fourier coefficients will be denoted by H2.
Each function in H2 admits a natural analytic continuation into D.

A function @ from T into £(E) is called weakly measurable in case the complex-va-
lued function z — (®(z)z,y) is Lebesgue measurable for every x and y in E. If @
is weakly measurable then the real-valued function z — ||®(2)|| is measurable and
the space of all (equivalence classes of) weakly measurable, essentially bounded,
L(E)-valued functions on T will be denoted by L7 =, (T).

o0

The space L ﬁ(E)(']I‘) is a C"— algebra with the algebraic operations defined
pointwise and norm defined by the equation

[2lleo = ess sup [|2(2)]], @ € LE(=)(T)

where || ®(2)|| = sup sup [(P(z)en, em)|, z € T, {en}5%, is the orthonormal basis

for Z and involution is defined by the equation ®*(z) = (®(z))*. The mapping
¢ — ®(¢)f, ¢ € T are measurable for f € Z. This follows from the Pettis theorem
(see [1]) as Z is separable.

For a function ® € L7z (T) we define the Fourier coefficients

1

2m
/ e” My dt, neZ.
0

The integral is understood in the strong sense, i.e.,

2
Cul(@)f = o /O e~ () fdt, f €

(1

We have clearly [[Cp(®)]| < [|®||o for all integers n. The space H7{z)(T) is the
subspace of Lz, (T) consisting of those functions ® whose Fourier coefficients
Cn(®) vanish if n < 0. For ® € L7 (T), we define the Hankel operator Sg
from HZ(T) into itself as So f = Q(J(Pf)) where Q is the orthogonal projection
from LZ(T) onto HZ(T) and the symbol ®f denote the function on T defined by
(®f)(e') = ®(e') f(e™) and J: LE(T) — LZ(T) is defined by JF(e't) = F(e™%).
In the following theorem we extend Theorem for Z-valued functions.
Theorem 4.1. Let H(x) = e @ Iz where Iz is the identity operator from

x

the Hilbert space = into itself. Let LZ(0,00) = L?*(0,00) ® E and define Ky :
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LZ(0, 00) — LZ(0, 00) by

(KyF)(x / H(z +y)F(y)dy.
Then for F,G € L%(0, 00),
|/ (K F) (), Ga)) da] < 7Pl iz 0.0 G2 0.0y -
Proof. Let h(z) = e;z and define K3 € L(L?(0,00)) by
K S 67(m+y) d
)@ = [ .

It is not difficult to see that the operator Ky is well-defined and since LZ(0,00) =
L? (0, OO)@E we have Ky = ZZO:O @K’ﬁ = K;;@IE where (K?l'®fg)(f®z) = Kﬁf@?j
if f € L?(0,00) and z € . Now |[Ky|| = H > @KEH = ||| = 7. Thus by
Cauchy-Schwarz inequality it follows that
(KuF,G)| <|Kull 11l £2 (0,00) |Gl L2 (0,00)
= 7| Fll 22 0,00) |Gl £2(0,00) -
Hence
| [ (K@), 662 do] < 71200 [Gllizi000)-

Theorem 4.2. If F = f@z, G =g®y € HZ(T) = H2(T) @ E, then

< .
T | <7l oallgeyl

1, 1'=0 k=0
Proof. Let ¢(e?) = —i(mr—0)e?,0< 60 < 2r and ® = ¢® I=. Then & € L7 =)(T).
Let S¢ be the Hankel operator from HZ(T) into itself with symbol ®. Notice that
since HZ(T) = H*(T) ® E, we have S = S, ® Iz. Thus ||Ss|| = ||Ss|| = 7. Let
T =ce®ep, k=0,1,2,... and [ = 0,1,2,.... The sequence {Yy;} form an
orthonormal basis for HZ(T). Then

(fozee)(g®y, et @ey)
(S FG
® llz(”;) I+17+1

Since o L

[(Se F,G)| < [ISa | |FI |Gl ==l f @zl gyl
the result follows. O
Corollary 4.3. Let F = f®x and G = g®y where f, g € H2(T) and z, y € =. Let

ci(f) and ¢y (g) denote the I'" and I' " Fourier coefficients of f and g respectively.
Then

‘ i {c(f)z, cv(9)y)=

L EBUE | < 1) Pl |Gl o
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Proof. Let T); =e¢'* ®@ep, k=0,1,2,... and [ = 0, 1,2,.... Then the sequence
{Yk} form an orthonormal basis for HZ(T). Hence (F, Yk} = c;(f)(x, ex) and
(9, Trrr) = cr(9)(y, ex)- Also

oo o0 : 37 —
Z Z (feor e @er) gy, el't @ey) Z Z (er(f)z, ex)lcr(9)y, ex)

1, 1'=0 k=0 i+ +1 1, /=0 k=0 I+ +1
Z Z {e(f)z en)ler cr(9)y) _ i (el(f)z, cr(9)y)=
Tttt I+ +1 Lo I+ +1
Now the result follows from Theorem [4.2] O

Corollary 4.4. If Y375 lan|* < oo and Y717, o b [* < oo, then

1

> (Y ) (X k)’

k, L, 1'=0 k, 1=0 k, 1'=0

and the constant 7 is sharp.

Proof. The proof is similar to the proof of Corollary (]
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