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ON LIFTS OF SOME PROJECTABLE VECTOR FIELDS
ASSOCIATED TO A PRODUCT PRESERVING GAUGE
BUNDLE FUNCTOR ON VECTOR BUNDLES

A. NTtvaMm, G. F. WANKAP NONO, AND BITJONG NDOMBOL

ABSTRACT. For a product preserving gauge bundle functor on vector bundles,
we present some lifts of smooth functions that are constant or linear on fibers,
and some lifts of projectable vector fields that are vector bundle morphisms.

1. INTRODUCTION

Weil functors (product preserving bundle functors on manifolds) were used in
[2] to define some lifts of geometric objects namely, smooth functions, tensor fields
and linear connections on manifolds.

Product preserving gauge bundle functor on vector bundles have been classified
in [7]: The set of equivalence classes of such functors are in bijection with the set
of equivalence classes of pairs (A, V), where A is a Weil algebra and V' a A-module
such that dimg (V) < occ.

In this paper, we adopt the approach of [2] to present some lifts of smooth
functions that are constant or linear on fibers, and some lifts projectable vector
fields that are vector bundle morphisms.

2. ALGEBRAIC DESCRIPTION OF WEIL FUNCTORS

Weil functors generalize through their covariant description ([3] and [6]) the
classical bundle functors of velocities T},. Their particular importance in differential
geometry comes from the fact that there is a bijective correspondence between
them and the set of product preserving bundle functors on the category of smooth
manifolds.

2.1. Weil algebra.
A Weil algebra is a finite-dimensional quotient of the algebra of germs &, =
C5(R?,R) (peN).
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We denote by M), the ideal of germs vanishing at 0; M,, is the maximal ideal
of the local algebra &,.

Equivalently, a Weil algebra is a real commutative unital algebra such that
A=R-14 N, where N is a finite dimensional ideal of nilpotent elements.

Example 2.1. (1) R=R-1 {0} =&,/ M, is a Weil algebra.
(2) J§ (R?,R) = R-1EP J5 (RP,R), = &,/ Mt is a Weil algebra.

2.2. Weil functors.

Let us recall the following lemma ([0, Lemma 35.8]): Let M be a smooth
manifold and let ¢: C*°(M,R) — A be an algebra homomorphism into a Weil
algebra A. Then there is a point z € M and some k > 0 such that ker ¢ contains
the ideal of all functions which vanish at z up the order k i.c. ker ¢ O (I;)" " with

I, ={f € C®°(M,R)/f(z) = 0}. More precisely, {z} = ) f~1({0}).
feker ¢
One defines a functor Fu: Mf — Ens by:
FaM := Hom(C*(M,R),A) and Faf (¢) :==¢o f*

for a manifold M and f € C*(M,N), where f*: C>*°(N,R) — C*(M,R) is the
pull-back algebra homomorphism.

Equivalently, if for a manifold M and a point z € M, Hom(C°(M,R), A) is the
set of algebra homomorphisms from C2°(M,R) into A, one may define a functor
Ga: Mf — Ens by:

GaM = | ) Hom(C*(M,R), A) and (Gaf), (¢x) =gz 0 f}
zeM

for a manifold M and f € C*°(M, N), where f3: C7
pull-back algebra homomorphism induced by f*.

F4 and G4 are equivalent functors: Indeed let ¢ € Hom(C*(M,R), A) and
{z}= N f{oh.

f€ker ¢

By the previous lemma, there is a unique ¢, € Hom(C2°(M,R), A) such that the
diagram

(N,R) — C*(M,R) is the

C®(M,R) —— s 4

|

(M, R)

commutes; the maps xpr: FaM — GoM, ¢ — ¢, are bijective and define a natural
equivalence x: Fq4 — G4.

Now, let T4 =G4 and wa pr: TAM — M, > (TAM), — o (TAM, M, 74 1)
is a well-defined fibered manifold. Indeed let ¢ = (U,u?), 1 <i < m be a chart of
M; then the map

det (man) " (U) — U x N™
Pa ($7 Pz (germx(ui - uz(x))) )
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is a local trivialization of T4M. Given another manifold M’ and a smooth map
f: M — M, let

TAf: TAM — TAM'
Qg — Pz of;-

Then T4 is a fibered map and T4: Mf — FM is a product preserving bundle
functor called the Weil functor associated to A.

Let ¢ = (U,u",), 1 < i < m be a chart of M; a fibered chart (", (U), u"®),
1<i<m,1<a<K (=dimA) of TAM is defined by u>® = pr, 0B o T4 (u?),
where B: A — R is a linear isomorphism and pr,: RX — R the a-th projection.

3. PRODUCT PRESERVING GAUGE BUNDLE FUNCTOR ON VECTOR BUNDLES

3.1. Product preserving gauge bundle functor on VB.

Let F: VB — FM be a covariant functor from the category VB of all vector
bundles and their vector bundle homomorphisms into the category F M of fibered
manifolds and their fibered maps. Let Byg: VB — Mf and Bra: FM — Mf
be the respective base functors.

Definition 3.1. F'is a gauge bundle functor on VB when the following conditions
are satisfied:
e (Prolongation) By o F = Byp i.e. F transforms a vector bundle E % M in

a fibered manifold FE 5 M and a vector bundle morphism E L Gover M LN

in a fibered map F'E L PG over f.

e (Localization) For any vector bundle £ % M and any inclusion of an open
vector subbundle i: 71 (U) < E, the fibered map Fr~'(U) — pp*(U) over idy
induced by Fi is an isomorphism; then the map Fi can be identified with the
inclusion p,' (U) — FE.

Given two gauge bundle functors Fy, Fo on VB, by a natural transformation
7: I} — Fy we shall mean a system of base preserving fibered maps 75: F1 E —
L E for every vector bundle E satisfying Fyf o T = 7¢ o F1 f for every vector
bundle morphism f: F — G.

A gauge bundle functor F' on VB is product preserving if for any product
F
projections Ej 2 FE| x By P, FE5 in the category VB, FE; PRl F(E; %

Es) gl FEs are product projections in the category F M. In other words, the
map (Fpry, Fpry: F(Ey X Ey) — F(E;) x F(Es) is a fibered isomorphism over
id s, x v, -

Example 3.1. (a) Each Weil functor 74 induces a product preserving gauge
bundle functor 74: VB — FM in a natural way.
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(b) Let A =R-14 @ N be a Weil algebra and V' a A-module such that dimg (V) <
oo. For a vector bundle (E, M, q) and z € M, let

TA,VE —
{(pz,%2) /e € Hom(C®(M,R), A) and v, € Hom,, (C2>/(E),V)}

where Hom(CS° (M, R), A) is the set of algebra homomorphisms ¢, from the algebra
C*(M,R) = {germ,(g) / g € C°(M,R)} into A and Hom,_ (C>%(E),V)
is the set of module homomorphisms v, over ¢, from the C°(M,R)-module
Cf(E,R) = {germ,(h) / h: E — R is fibre linear} into R.

Let T4VE = UMT;"VE and p’é’vz TAVE — M, (¢,9) 3 TV E 1.
S

(TAVE, M, pg’v) is a well-defined fibered manifold. Indeed, let ¢ = (¢~ *(U),z% =
utoq,y?), 1 <i<m,1<j<n bea fibered chart of E; then the map

Pe: (p};}a’v)fl(U) — UxN™x V"
(P, ) — (2, pr(germ, (u' — u'(2))), u(germ, (y7))) ;

is a local trivialization of T4V E. Given another vector bundle (G, N,¢') and a
vector bundle homomorphism f: E — G over f: M — N, let

TA,Vf: TA,VE _ TA’VG
(P2, 0) 7= (92 0 Farthu 0 £1),
where f.: C??x)(N) — CX(M) and fr: C’;ZS(G) — C>Y(E) are given by
the pull-back with respect to f and f. Then T4V f is a fibered map over f.
T4V VB — FM is a product preserving gauge bundle functor (see [7]).

Remark 3.1. Let F': VB — FM be a product preserving gauge bundle functor.

(a) F associates the pair (A", V) where A¥ = F (idg: R — R) is a Weil algebra
and VI = F (R — pt) is a A"-module such that dimg (V") < co. Moreover there
is a natural isomorphism ©: F — TA" V" and equivalence classes of functors F' are
in bijection with equivalence classes of pairs (A, V). In particular, the product
preserving gauge bundle functor associated to the Weil functor T4 is equivalent to
T4A,

(b) Let K = dim A and L = dim V¥ if ¢ = (7= }(U),2%,97), 1 < i < m,
1 < j <nis a fibered chart of E, a fibered chart (p'(U), 2", y7%), 1 <a < K,
1 < B < L of FE is defined by

v =\ o F (2)
Y0 =g o F (v)

where A4 = pr,oB, Mg = prgzoC and B: AF L RE C:VF — R are linear
isomorphisms. In the particular case F = T, A" = VI = D = R[X]/(X?)
is the algebra of dual numbers and the previous coordinate system is denoted

(3.1)
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(«%, abi, Y, yj) where

2 =Myo F(a)), & =)} 0 F(al),y = uho F(y').y = ud o F(y)
and B: D — R? the canonical isomorphism.

3.2. The natural isomorphism «x: FoT — T o F.

For a product preserving gauge bundle functor F': VB — FM, let k: FoT —
T o F be the canonical natural isomorphism associated to the exchange isomorphism
(Do A, Der V) 2 (AF @r D, VF @r D) ([7, Corollary 3]). Using the definition
of composed functors F'oT and T o F', one can check that locally

1,

rp (2,005 ) o (a0, ate, i, )

: e ; .38
with 2v* =2~ and y?” =4y . The following assertion is clear.

Proposition 3.1. (a) The diagram

F(TE) "~ T(FE)

TFE
m l

FE

commutes for any vector bundle E L M.
(b) If (F,7') is an excellent pair (i.e. 7': F — idyg is a natural epimorphism),
the diagram

F(TE) £~ T(FE)

\ iT(w/E)
TFE

TE
commutes for any vector bundle E -5 M.

Let X € X005 (E) be a projectable vector field on E i.e. a fibered map over
a vector field X on M. We assume that X is a vector bundle morphism. The
commutative diagram

(Fe)X
FE——TFE

o

FTE

defines a vector field on F'E called the complete lift of X and denoted X¢. The
natural operator F: T ~» TF is called the flow operator of F.

When we restrict ourself to vector bundles of the form (M, M,idys), x and F
are exactly the canonical flow natural equivalence and the flow operator associated
to the Weil functor 74", [6].
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4. PROLONGATION OF FUNCTIONS

We generalize for a product preserving gauge bundle F: VB — FM some
prolongations of [2].
Let f: E — R be a smooth function defined on a vector bundle ¢: £ — M.

Definition 4.1.
(a) The A-lift of f constant on fibers is f(V) := X o Ff, for A € C°(AF R).
(b) The p-lift of f linear on fibers (i.e. f € C° (E,R)) is f® := o Ff, for
pe C®VER).

In the particular case (F, M, q) = (M, M,id,), lifts of functions constant on
fibers correspond to lifts of functions associated to the Weil functor TA" [2]. Lifts of
functions linear on fibers correspond to lifts of smooth sections of the dual bundle
q¢*: BE*— M.

It is easy to check that (f o h)N = fN o Fh, for h: G — E a vector bundle
morphism and (f; + fo)*) = fl(/\) + fz(A) when A is a linear map. Replacing A with
1, the previous identities hold.

According to ,
b — (xi)(A%) and yjﬁ _ (yj)(uf;) ,
hence the following result holds:
Proposition 4.1. If two vector fields )A(, Y on FE satisfy
X =Y(FY) and X(g") =¥ (g"),

for any f constant on fibers, g linear on fibers, \ € C°(AF | R) and p € C*(VF R),
then X =Y.

5. PROLONGATION OF PROJECTABLE VECTOR FIELDS

5.1. Natural transformations Q(a): ToF — To F.

For a vector bundle g: E — M, let us denote ug: R x TE — TE, (a,k,) 2
RxT,E— a-k, € T,E, the fibered multiplication. This is a vector bundle
morphism over the projection R x E — E, hence for any a € A, we have a natural
transformation FT — FT given by the partial maps Fug(a,-): FTE — FTE. If
k: T — TF is the canonical natural isomorphism (subsection , one can deduce
a natural transformation Q(a): TF — TF by

(5.1) Q(a) = ko Fu(a,-)or™".

The restriction of Q(a) to vector bundles of the form (M, M,idys) is just the
natural affinor associated to a [5].

Let us compute the algebra homomorphism s, : AT — AT and the module
homomorphisms v, : VFT — VIT over g associated to the natural transformation
Fpu(a,-): Let p1: D — R1, pa: D — RJ the canonical projections associated to
the algebra of dual numbers and i,,: R — D, ¢t +— tu, u € D; since pr_g (s,u) =
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p1 (w) + pa2 (su) = T (adgr) (p1 (v) ,p2 o mo (idg X idp) (s,u)), m(s,u) = su then
for b e AT

o (Fins () = F (Tads) (Fip, ) (), F (p2 0 m) (a, Fiy (5))
= F(Tadg) (Fip, () (b), F (p2 o m) (Fidg (a) , Fiy (b))
= F (Tadg) (Fip, ) (b), F (pz o moidg xiy) (a,b))
= F (Tadg) (Fip, ) (b) . F (ipy ) © mo) (a,b)), mg (s, ) = st

= prr (p1 (u) @b+ p2 (u) @ ab) ,
where ppr: D ®p AF — AFT is the canonical algebra isomorphism. Hence

[ © g 0o ppr: D@r A — D g AF

u®@b—p (u) @b+ p2 (u) ®ab.

Similarly,
Vo (Fiy (v)) = F (Tadg) (Fip, () (v), F (p2 0o m) (a, Fiy, (v)))
= F (Tadg) (Fip, () (v), F (p2 om) (Fidg (a) , Fiy (v)))
= F (Tadg) (Fip, () (v), F (p2 omoidg xiy) (a,v))
= F (Tadg) (Fip, ) (v) s F (ipyu) © mo) (a,v)) , mo (s,t) = st
= Flip, (u) (V) + Flip, ) (a-v)

=vpr(p1 (W) @v+p2(v)®a-v),
where vpr: D®@g VF — VT is the natural module isomorphism over wrr. Hence
Vpr 0 Vg o Vpr: D@ VE — D@g VF
uRvip (u)@v+py(u)Ra-v.

5.2. Prolongation of projectable vector fields.
In this subsection, all projectable vector fields are vector bundle morphisms.

Definition 5.1. For a projectable vector field X € X5 (E), its a-lift is given by
X =Q(a) o (Fg)X , where F: T ~ TF is the flow operator of F.

Let A\: AT = R, u: V¥ — R linear maps and A\,: A" — R, py: VF — R given
by A (z) = A (az), pa (v) = p(a-v), for a € AF.
Theorem 5.1. We have
XOFO) = (X (1)) and X (g") = (X ()",
for any f constant on fibers and g linear on fibers.

Proof. Let 7 € C¢° (TR, R) such that 7,: T,R — R, z € R the canonical isomor-
phism. Identifying the module of 1-forms on a manifold M with C7° (T'M,R), the
differential of f € C* (M,R) is given by df = 7 o T'f and for a vector field X on
M, X (f)=(X,df) =7oTfoX.
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‘We have

XY =70TfNokgoFug(a,-)o FX

ToTAoT (Ff)okgoFug(a,-)o FX
=70TAokr_goF (ur—r (a,")) o F(TfoX)
Ao F(T)o F(TfoX)

= (X ().

The second equality is proved in the same way. [

Corollary 5.1. For any vector fields X,Y € Xp.05 (E), we have

[(X@ y®] = [x,y]“ .

Proof. Direct consequence of the previous result and Proposition 0

This generalizes (for product preserving gauge bundle functors on vector bundles)
some results of [2].
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