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BAUTIN BIFURGATION OF A MODIFIED GENERALIZED
VAN DER POL-MATHIEU EQUATION

ZDENEK KADERABEK

ABSTRACT. The modified generalized Van der Pol-Mathieu equation is ge-
neralization of the equation that is investigated by authors Momeni et al.
(2007), Veerman and Verhulst (2009) and Kaderabek (2012). In this article
the Bautin bifurcation of the autonomous system associated with the modified
generalized Van der Pol-Mathieu equation has been proved. The existence of
limit cycles is studied and the Lyapunov quantities of the autonomous system
associated with the modified Van der Pol-Mathieu equation are computed.

1. INTRODUCTION

The Van der Pol-Mathieu equation
2
(1) C;Tf —e(ap fﬂon)%c + w2 (1 +ehgcosyt)x = 0
with a small detuning parameter £ describes the dynamics of dusty plasmas and
it has recently been studied near 1: 2 resonance in [5]. In [7], using the averaging
method, the existence of stable periodic and stable quasi-periodic solutions near
the parametric frequency is proved. The autonomous system derived from Van
der Pol-Mathieu equation is mathematically investigated also in [I], where the
attracting sets of equilibrium points of this autonomous system are examined.
In [2] the generalized Van der Pol-Mathieu equation
d*z dx
(2) el g(ao — 50952")@
is investigated, where n € N, v = 2wg + 2dpe, a9 > 0, fo > 0, hg > 0, wy > 0,
e > 0 and dy € R, under the effect of parametric resonance. Using the averaging
method and the Bogoliubov theorem together with the method of complexification,
the existence of periodic and quasi-periodic solutions of has been proved.
In this work we consider the modified generalized Van der Pol-Mathieu equation
A’z

ez (o + Bo1z® + Boaz* — Bozz™™)

+ wi(1 4 ehgcosyt)x =0

dz

o + wi (14 ehgcosyt)x =0

(3)
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where n € N, n > 2, v = 2wy + 2dpe, ag € R, Bo1, Bo2, fos € R, hg > 0, wy > 0,
€ > 0 and dy € R. We shall study the autonomous system associated with .

2. PRELIMINARIES

First we shall state theorem that shows the connection between the solution of
the averaged equation and the solution of the original equation. It can be found in
[8, Theorem 11.1].

Theorem 1. Consider the initial value problems

(4) ' =cef(t,x) +e%g(t, ), x(0) =z,
(5) v =ef(y), y(0)=xo

with x, y, ©o € D CR", t > 0. Suppose that

(a) the vector functions f, g, 9 qre defined, continuous and bounded by a
ox
constant M (independent of €) in (0,00) x D, 0 < e < gg;

(b) g is Lipschitz-continuous in x for x € D;
(c) f is T-periodic in t with average f°(y) = 1/T fOT f(t,y)dt; T is a constant
independent of €;
(d) the solution y(t) of is contained in an internal subset of D.
Then the solution x(t) of satisfies |z (t) — y(t)| < Ke fort € (0,C/e), where

K, C are constants independent of €.

The following lemma will be useful for deriving the averaged equation. The proof
of this lemma can be found in [2].

Lemma 1. The following relations are true

2m
/ (acosT + bsinT)?"(asinT — beosT) sin T dr
0

27(2n — 1)1
2 2\n
= b —
a(a + ) 2n+1(n+1)|7

27
/ (acosT + bsin7)?"(—asin T 4+ beosT) cos T dr
0

27 (2n — 1!
=b(a® +b*)"
(@ ) 1)

Now we shall state Theorems 2 and 3] which show the conditions for Generalized
Andronov-Hopf (Bautin) bifurcation and the topological normal form for Bautin
bifurcation. These theorems can be found in [4], page 311.

Theorem 2. Suppose that a planar system ‘é—f = f(z,a), v € R?, a@ € R? with

smooth f, has the equilibrium x = 0 with the eigenvalues

A2(a) = pla) tiv(a),
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for all norms ||a|| sufficiently small, where w(0) = wy > 0. For @ = 0, let the
Bautin bifurcation conditions hold:

N(O):Oﬂ ll(o)zoy

where 11 (a) is the first Lyapunov coefficient (see [4, page 309]). Assume that the
following genericity conditions are satisfied:

(B.1) 12(0) # 0, where la(a) is the second Lyapunov coefficient given by 4l pages

309-310];

(B.2) the map a — (u(c),li ()T is regular at a = 0.

Then, by the introduction of a complex variable, applying smooth invertible
coordinate transformations that depend smoothly on the parameters, and performing
smooth parameter and time changes, the system can be reduced to the following
complex form:

dz

(7) = = (Br+i)z+ Bzl + s2lz]" + O(2%),

where 31,32 € R and s = signly(0) = 1.

Remark 1. The condition (B.2) in Theorem [2| can be replaced with transversality
condition

o ou

8041 6&2 _
(8) oL ol #0 at a=0.

dag Oaa

The following lemmas and theorem will be useful for the autonomous system
associated with the differential equation for By3 # 0. These lemmas and theorem
are given in [4, pages 308-314].

Lemma 2 (Poincaré normal form for the Bautin bifurcation). The equation

(9 L@zt Y @+ O(=).

2<k+1<5
with smooth functions gr(a), where AMa) = p(a) + iw(a), u(0) = 0, w(0) =
wo > 0 (u and w are smooth functions of their arguments), can be transformed
by an invertible parameter-dependent change of the complex coordinate, smoothly
depending on the parameters:

1
(10) Z=w+ Z thl (Ol)’wklf)l s hgl(a) = h32(0’) = 0,

for all sufficiently small |||, into the equation
dw

11 —

(11) o
Lemma 3. The system

d - -
(12) = B+ )2+ Bozlal? £ 22" + O(%),

= Me)w + cr(@)wlw]* + ca(@)wlw]* + O(jwl°).
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is locally topologically equivalent near the origin to the system

dz

(13) o (B1 + i)z + Boz|2* £ 2|2|*.
Theorem 3 (Topological normal form for Bautin bifurcation). Any generic planar
two-parameter system C.% = f(x,a), having at @« = 0 an equilibrium x = 0 that

exhibits the Bautin bifurcation, is locally topologically equivalent near the origin to
one of the following complex normal forms:

d ~ -
(14) dfi = (B1 + 1)z + Boz|2|* £ 2|2|*.

T i
- :
oy
) @ =
0 B
@ 1
H.
0

F1G. 1: The Bautin bifurcation.

Theorems [2| and [3] describe the Bautin bifurcation conditions. More precisely,
the equilibrium z = 0 has purely imaginary eigenvalues Aj 2 = +iwg, wg > 0, for
a = 0 and the first Lyapunov coefficient vanishes: I3 (0) = 0.

For s = —1 the point 8 = (B1,52) = (0,0) separates two branches of the
Andronov-Hopf bifurcation curve: the half-line H_ = {(31, ﬂ~2) ER2: 3 =0,6 <
0} corresponds to the supercritical bifurcation that generates a stable limit cycle,
while the half-line H, = {(f1,52) € R? : 51 = 0,0, > 0} corresponds to the
subcritical bifurcation that generates an unstable limit cycle. Two hyperbolic limit
cycles (one stable and one unstable) exist in the region between Hy and the curve
T={(f1,02) eR?: 3 = —%BQQ,BQ > 0}. The cycles collide and disappear on the
curve T', corresponding to a nondegenerate fold bifurcation of the cycles.



MODIFIED GENERALIZED VAN DER POL-MATHIEU EQUATION 53

The case s =1 can be described similarly. It can be reduced to the first case by
the transformation (z, 3,t) — (z, =8, —t).

Remark 2. Figure|[l| shows the Bautin bifurcation. The system has a single stable
equilibrium and no cycles in region 1. Crossing the Hopf bifurcation boundary H_
from region 1 to region 2 implies the appearance of an unique and stable limit cycle.
Crossing the Hopf bifurcation boundary Hy creates an extra unstable cycle inside
the first one, while the equilibrium regains its stability. Two cycles of opposite
stability exist inside region 3 and disappear at the curve T

The next theorem is very important for the proof of existence of limit cycles.
The formulation of Dulac criteria can be found in [6].

Theorem 4 (Dulac criteria). Suppose that f(z,z) is a complez-valued function of
the class C' in a region 2 C C and that q(z,%) is a real function of the class C*
in §2. Let D C {2 be a region such that the expression

Re aﬁ la(z, %) (2 )

is mon-negative or non-positive in D and is identically equal zero in no open subset
of D. If D is a simply connected region, then the equation z' = f(z,Z) has no
closed trajectory lying entirely in D. If D is a doubly connected annular region,
then there exists at most one closed trajectory in D.

The computation of the first and second Lyapunov quantities is described in
[3] where the authors consider a system in the case of expansion of the right-hand
side up to the seventh order

% = —y+ f202® + frizy + fooy® + fa02® + fa12%y + fr22y® + fosy® + faoz!
+ f12%y + foax®y® + frazy® + foay® + foor® + fuaty + far®y? + fasz®y?
+ framy® + fosy® + foox® + f12%y + faox'y® + f330®y® + faax®yt + frswy®
+ fosy® + fron” + for12%y + f20®yP + fazzty® + faaxPy '+ fosa®y®+ frewy®
+ fory",

dy 2 2 3 2 2 3 4

a7 + 9200”7 + g117Y + go2y” + g30T” + g21X7Y + g122Y” + Go3y~ + Jaox

+ 9317°y + 92227y + g1329° + goay® + gs02” + g x'y + gsax®y® + gasa®y’
+ grazy® + gosy® + 9602 + g512°y + gaox Y + g332°Y° + 9oyt + gr5ay°
+ 906y° + g702” + g612%y + g522°y” + guszy® + g3ax®yt + a5y’ + grewy’
+ gory” -
For the first Lyapunov quantity the following formula is stated:
11(0) = %(921 + fi2 + 3f30 + 3903 + f20/11 + fo2 11
(15) — 911920 + 290202 — 2f20920 — go2911) -
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The formula for the second Lyapunov quantity given in [3] is very complicated, we
give here only its special case for foo = fo2 = f11 = 920 = go2 = 911 = O:

7
l2(0) = — 5(9921930 + 9921 foz — 9f21 30 + 27 f30930 — 6f12912
+3f21921 — 9f30912 + 6f21 f12 + 27 f30 fo3 — 45905
(16) — 9923 — 9941 + 3921912 — 4550 — 9f14 — 9f32) .

Remark 3. The Lyapunov coefficient and Lyapunov quantity do not have the
same value. The value of the Lyapunov quantity is 27-multiple of the Lyapunov
coefficient. The Lyapunov quantity can be found in [3] and the Lyapunov coefficient
in [].

3. THE MODIFIED GENERALIZED VAN DER POL-MATHIEU EQUATION AND ITS
AVERAGING

Consider the modified generalized Van der Pol-Mathieu equation

d’z

dr
Fa e(ao + Bor2® + Boza® — Bozz®") —

o +wi(1 4 ehgcosyt)x =0,

where n € N, n > 2, ¥ = 2wy + 2dge, ag € R, Bo1, Boz2, B0z € R, hg > 0, wg > 0,
e > 0 and dyp € R. In this section we derive the autonomous system from the
differential equation and we use the same method as in [2].

We carry out the substitution 7 = (wy + doe)t and get the equation

d?z € 2 4 N
s 4= o [(ao + Borx” + Bozx™ — Bozw )%

+ (2dg — howq cos 27)3:] +0(£?).

The averaging method supposes that the solution and derivative of solution of
are in the form

(17) x(1) = a(r) cosT 4+ b(7)sinT,
(18) Z—f_(T) = —a(1)sinT + b(7) cos T,

where the functions a(7), b(7) are considered to be slowly varying. Using the
equality

da n db . 0

— CcoST + —sinT =

dr dr ’
we obtain the system of two equations for g—ﬁ and %. Using the averaging method,
Theorem [l] and Lemma [I, we derive the autonomous system of two equations



MODIFIED GENERALIZED VAN DER POL-MATHIEU EQUATION 55

associated with the modified generalized Van der Pol-Mathieu equation:

% = wio [%a - (do + ho:o)b + %a(cf +b%) + %a(aQ +b%)?
— Bosa(a® + bz)nM} ;
(19)
% = wio [(do - hofo)a + b+ %b(aQ +?) + %b(aQ +b?)?
— Gosb(a® + b2)”M] .

4. AUTONOMOUS SYSTEM ASSOCIATED WITH THE MODIFIED GENERALIZED
VAN DER POL-MATHIEU EQUATION

Using
e doe hoe Bo1€ Bo2e €B03(2n — 1)!!
a = b d - b A - b 61 - b 2 - b 3 — 01 - b
2wp wo 4 8wp 16wq we2" T (n +1)!

where «a, (1, 02, 03,d € R, A > 0, we can write the autonomous system in the
form

% = aa — (d+ )b+ Bra(a® + b*) + Baa(a® + b*)* — Bza(a® + b%)",
-
(20)
db
= (d— X a+ ab+ Bib(a® + b*) + Bob(a® + b*)* — B3b(a® + b*)™.
-

This system has a focus in origin for case |d| > .

In some of our considerations it seems useful to use the polar coordinates p,
© that we receive by using the method of complexification and by rewriting the
system as one equation with complex-valued quantities by using z = = + yi:

dz . _. 2 4 2n
(21) = (a+id)z — AZi + B1z|2|* + Baz|z|* — Bsz]2|*".
To introduce the polar coordinates p, ¢ we put z = pe'? in and by separating
the real and imaginary parts, we get the system

d . n

= p(a—Asin(2p) + 510" + Ban’ — B2”") = hlp. ).
(22) i

do _ d — Xcos(2¢p)

dr vl

The condition |d| > A implies that d— A cos(2¢) # 0 for all ¢, therefore the system
has the unique stationary point at the origin. For computation of the Lyapunov
quantities by [3] we change the autonomous system by transformation a = =z,



56 7. KADERABEK

b= d+/\ y, t =Vd? — X2 7 to the form

dr o B ( d—A y2)

at Ve VT Eae T

n dﬁz - ( +Z+7§ y2>2_%-x<x2+%~y2)n,

(23) " .

dt v —x Vo N\ T aex

" dﬂQ N y(‘””%'yz){ dﬂg e y(x2+%.y2)"'

The autonomous system (23]) has Jacobi matrix at the origin

_a -1
(24) 3(0) = (Vdi‘” . )
N
with eigenvalues Aj 2 = \/W + i. The modified generalized Van der Pol-Mathieu

autonomous system has an unique equilibrium in (0,0) which is the type of focus
for |d| > .

5. BAUTIN BIFURCATION OF THE MODIFIED GENERALIZED
VAN DER POL-MATHIEU SYSTEM FOR. (33 = 0

In this section we investigate the system for B3 = 0. This system has a
focus at the origin for |d| > A. We consider the parameter e in Theorem [2]in form

a = (aaﬁl)'

Theorem 5. Suppose B3 = 0, B2 # 0 and |d| > A. The modified generalized
Van der Pol-Mathieu autonomous system exhibits Bautin bifurcation at the
equilibrium (0,0) for sufficiently small ||| and for the second Lyapunov quantity
it holds that

(25) 12(0) =

e .<(d—/\)2 d—\

2 3).
WE e Clarae i T )

Proof. We have to prove that the conditions of Theorem [2]are fulfilled with respect
of parameter @ = («, 7). It holds that u(a) = Tz equals zero for ar =0 and

w(0) =1 > 0. We compute the first Lyapunov quantity of this system by for
the Bautin bifurcation:

7T b1 B d—\ B
l = — .
O ==t Ve T T
(26) 13 ,61 d—>\) B 27T51d o
Vd2 = X2 d+ M lgi=0  /d? - 2(d+ \)IB1=0

For the second Lyapunov quantity it is true by :

e _(S(d—w d—\

+2 +3).
4/ d? — N2 )

(27) 2(0) = (d+2)2 " “d+A
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We get 12(0) # 0 for (a, 51) = (0,0) and G2 # 0.
The transversality condition is satisfied for d # 0:

1
—— 0
(28) Vo aar | #0 at (a,61)=1(0,0).
ba VXAV
The expression % is not computed because it does not change the result. The
modified generalized Van der Pol-Mathieu system for B3 = 0 satisfies the

assumptions of Theorem [2| Lemma [2] Lemma [3] Theorem [3] and exhibits Bautin
bifurcation at the equilibrium (0, 0) for sufficiently small ||e/|. O

In this section we shall apply Dulac criteria, Theorem |4} to the equation (21)).

Put
1

f(sz) = (Ol —|—Zd>2’ — Azi —|—ﬂ12‘2|2 +62Z|Z|47 q(z,E) = 27

It holds that
5} _ _ ar1
Re g (19 2) = Re [ (@ +id)z = xzi + Prals + Bael)) |
Alm 22
(29) = ( +51+252|Z\2) = W+61+2ﬂ2|2|2'
Remark 4. If we consider Re 2 [¢(z, 2) f(2, Z)] = 0 from Dulac criterion, Theorem
[] we get the equation

1 4 o Almz?y
(30) o (28alelt + Bulsl + =55 ) = 0.

The nonzero solutions of this equation (30| are

61 |op —B1— /5% — 852/\Imz2 2 —51+\/ﬂf—8ﬂ2/\172|§2
zZ|T = A —

and

45, 45,
for B # 0 and 3% — 852)\IT;IZ2 > 0. Using the polar coordinates p, ¢, we obtain

|22 = sin (2¢) and the equation

(32) 2Bap* + B1p® + Asin (2¢) = 0.
Therefore the set of points that satisfies the equation can be written as
—f1 — / B} — 8BaAsin (2¢) o
432 ’
—b1 + /B — 8B Asin (2¢p)
5P
432

M—={(p,<p)6R2:p2= 6<0727T)}7

(33)

My = {(p.¢) € R : p? = e (0.2m),

where 3 # 0 and 7 — 832\ sin (2¢) > 0.

The following lemmas will be useful for the theorem concerning the existence
of closed trajectories. Figure [2| shows sets My and Ms from these lemmas. The
following considerations assume 33 < 0. It will be helpful to use 3y = —|3a].
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Lemma 4. Let 81 >0, B2 <0 and ng)\ < —1. Then the set

(34) My = {(p, ) € R* : 282p" + B1p” + Asin (2¢) > 0}

is a doubly connected region and it holds that

(35) My = {(p,p) €R*:0 < p1(p) < p < p2(p),p €(0,2m)} ,
where

B1—+/BZ+8|B2|Asin (2¢) . o
pip) = \/ i for pe (%,m)uU (3, 2n)

0 for @€ (0,5)U(m )

)

. \/ﬁl + VB + 8B Asin (29)

17| for ¢ €(0,2m).

Moreover, it holds that

(36) 0< () < 2\/ Vo SRR L o

Bl

an L2 \/ L+ VB =SB )<1\/51+\/ﬂ%+852|)\
|52 |52 T2 |52

for v € (0, 27).

! B VB SER
r= Ba] y

oo L [B+ VBT8R
2 B2

(a) The doubly connected region from Lemma (b) The doubly connected region from

Lemma [Bl

F1G. 2: The sets M; and My from Lemma [d] and Lemma
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Proof. Suppose §; > 0 and B2 < 0. We will use 2 = —|f2].

The condition sgl + < —1 implies that the discriminant D of satisfies

D = 37 — 862 \sin(2) > 7 + 862\ > 0.

Providing that \/'@1 £ Zﬁ‘éﬁl)\ @) S o iff sin(2p) < 0, ie. iff o € (5,7) U

(37”,27r), we can easily see that the equation has two positive solutions
p1(9), p2(p) for ¢ € (Z,m) U (2F,27) and one positive solution ps(¢) for ¢ €

(0.5)u(m 5).

Because of

20820" + B1p” + Asin (20) = 2632 (p— p1(#)) - (0 — p2(©)) - (p + p1()) - (p + p2(p))

for p € (%, 7) U (38, 2m) it is obvious that the set M; can be written in the form
(35). Clearly, the set M; is a doubly connected region and the inequalities ,
(37) are fulfilled. See Figure [2] (a)

These facts prove the lemma. [

Remark 5. Let us comment the inequalities and (37). We get the radius

1/ v %2—8\62 from py(p) for ¢ = 3T Tt The radius p2(¢p) is equal to value

2
61+\/me¢_%ﬂ7jand% 51+Wf r o =% 5% Tt holds

that

\//31 + /B =8B \/ﬁl + VT SB
2 | 32| 2|52 |B2|

The radius pa(¢) for ¢ =0, Z, 7, 2F gives the value 2‘%12‘.

Lemma 5. Let 81 >0, 83 <0 and 8?5)\ € (—1,0). Then the set

(38) My = {(p. ) € R? : 282p" + B1p” + Asin (2¢) < 0}

is a doubly connected region and it contains the subset of point

(39) Mz{(P,SD)GW:p 2\/61+”|%2+8|52 e (0, 27r)}.
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The set My can be written in the form

M, :{(/w) €ER*:p>p(p); e <Og> N <7r’ 377T>}

U{(p.9) € B 1 p € (0,p1(9)) U (pal9).0) 3 0 € (5.5 +%0)
(40) U — %o, T ) (37/”33%+900>U<27T7900327T)}

{
(

U{( €R2IP>O;@€<Z+§00,’R’—QPO)
(3

2
7+§00,27T )}a

where

4| 52|

T 3m 3w
fOT‘(p € (535 +§00> U <7T7500>7T) U (737 +900> U <27T7900327T)7

() = \/ﬁl — V/B7 + 8[B2[Asin (2¢)

2+ 8|B2|Asin (2
pz(@:\/ﬂﬁm Zw'f?' sin (2¢)

3T
Jor ¢ € (— <P0,2+S00>U<W*<P0, +<po>
(pg = — arcsin ﬂ% .
2 852| A

Proof. The discriminant of is nonnegative iff 37 > 8(xAsin(2y), i.e. iff
sin(2¢) > 821)\ The last inequality is satisfied for ¢ € <—Lp0, 5+ <p0> U <7r —

%o, 37” + cpo> Therefore the equation has no positive solutions for ¢ €
(g + o, ™ — <po) U (37” + @0, 2T — cpo). Taking into consideration the conditions

£ B1—+/ B3 +8|B2| A sin (2¢)

for the positivity o ﬁ A derived in the proof of Lemma M| we
(32

observe that the equation (32) has two positive solutions p1 (@), p2(¢) for ¢ €
(2, 7+ 4,00) (mr — o, m)U (£ 37” + @0) U (27 — o, 27) and one positive solultion

pa(ep) for o € {5 + o} U{m — o} U{F + o} U{2r — o} U(0,5) U (m, ).
The set Mo is a doubly connected region and the statement holds. See Figure

(b).
/32
In view of the fact that 0 < pa(p) < %\/ ar ,\Gﬁjsmﬂ)\ the region My contains

the set M as a subset.
Lemma has been proved. |

Lemma 6. Consider the autonomous system for B3 =0 and (B < 0. The
following assertions are valid:
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y

Fic. 3: The set M from Lemma [6

(1) Let f1 < 0. In the doubly connected region M = {(p,p) € R? : p? >
—% sirjl\fgo)} there is at most one closed trajectory of lying entirely
in set M.

(2) Let f1 >0 and ng)\ < —1. In the doubly connected region

My ={(p,0) €R*: 0 < pi1(p) < p < pa(), 0 € (0,2m)}

there is at most one closed trajectory of lying entirely in set My. The
functions p1(p), p2() are defined in Lemma [J}

(3) Let 81 >0 and 825)\ € (=1,0). In the doubly connected region

My = {(p,) € R? : 283p* + B1p* + Asin (2¢) < 0}
there is at most one closed trajectory of lying entirely in set Ms.

Proof. We shall apply Dulac criteria, Theorem[d] to the equation and Lemmas
M} B} We have already derived that

0 _ _ AlIm 22

Re 92 [4(2,2) f(z,2)] = W

Case (1). The set M is a doubly connected annular region containing the second
and the fourth quadrant, see Figure [3, The inequality p? > _/3% sin(2¢) can be

expressed as 2 2 < — (1. It holds that

[z]*
0 _ _ Alm 22
Re ——[q(2,2)f(2,2)]| = ——5— + b1 + 202]21* < 0
0z |z
for z € M and (B < 0. The existence of at most one closed trajectory of in M
now follows from Dulac criteria, Theorem [4]
Similarly the assertions (2) and (3) follow from Dulac criteria, Theorem 4 and

Lemmas @, O

+ B1 + 2Ba2|* .
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Remark 6. Suppose f; > 0 and ng)\ < —1. Lemmaand Remarkimply that

it holds
) A m 22
Re o~ (2, 2)f(2,2)] = “rore + B1 + 2B22]? < 0
0z |z
for the set
(41) My = {(p,p) ER*: p>pa(p) s ¢ €(0,2m)} .

From the proof of Lemma [ it can be seen that the set Mj is a subset of the
Complement of the set M; in R2. If we apply Dulac criteria, Theorem l to the
equation (21f) in the set M3, we get that there is at most one closed trajectory of
lying entirely in the set Ms.

For our following considerations it seems useful to use the system in polar
coordinates p, . The first equation in describes the rate of change of distance
from an origin and second equation describes the angular velocity. The trivial
solution p = 0 of the first equation p’ = 0 corresponds to the equilibrium (0, 0). Tt
holds that h(p,¢) =0 in for the solutions p of the equation

(42) a — Asin(2p) + B1p? + fap* = 0.

This equation can have zero, one, or two positive solutions for Bs # 0. The following
sets describe the nonnegative solutions of :

py = {pe R:p= \/_51 + VI~ 40a(a - Asin(2p)) € <0,27r)},

20

(43)
pz{peR:p:\/ — VB - 4ﬁ2a—)\sm(2<p));(p€<0’2ﬂ)}.

202

The number of positive solutions depends on the sign of discriminant D = 5% —
405 (ac — Asin 2¢).
Theorem 6. Consider the autonomous system for B5 =0 and B2 < 0, |d] > A.
The following assertions are valid:
(1) The system (20]) has at least two limit cycles around the origin for parameter
values satzsfymg —A>a> -+ A and £ > 0.
(2) The system (20) has at least one limit cycle around the origin for parameter
values satisfying 01 €R and o > A.
(3) The system ) has no limit cycle for parameter values satisfying —\ >
a> 3 —|—/\ ﬁl<007"oz< - A, B eR

Proof. Let 53 < 0. The system has the focus at the origin for |d| > A, which
is unique equilibrium of , and exhibits Bautin bifurcation at the origin for
sufficiently small ||e|| according to the Theorem [5| Therefore this system can have
zero, one, or two limit cycles near the origin. For the nonnegative solutions of

it holds h(p,¢) = 0 in (22).
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(a) The case (2) of Theorem [6]for o = 0.075, (b) The case (3) of Theorem [f] for a =
B1 = 0.0125, By = —0.009375, B3 =0, d =  —0.075, B = —0.0125, Bz = —0.009375,
0.15, A = 0.005. B3 =0,d=0.15, A = 0.005.

Fi1G. 4: Direction field of the system .

Case (1). Suppose —\ > a > % + X and ;1 > 0. The equation has

discriminant D = 32 — 483(a — Asin(2¢)). It holds that

2
(44) D = B} —4B2(a — Asin(2¢)) > B —4B2(a—A) >0 for a> 4%1 + A

2
Therefore the equation has two real roots which the sets describe. The set
of the points p_, for which it holds that h(p, @) = 0, is always a nonempty set of
real numbers for every polar angle ¢ and (3; > 0. The set p4 contains only positive

real numbers because it is true that

us) VB = e Xsin(2¢)) < —By+ /5 — 4hala+ 1) <0

for a< —=\.

It holds:
(46) pr<pi<p-<p3,
where

o= A o = Br+ /BE+4Ba](a— )

2|Ba| ! 2|3 )

(47) P \/ B1+ /B3 + 4[B2] (o = Asin(2¢))

) 2| 52| ’

*:\/ﬁ1+x/6%+4ﬁz|(aﬂ)
P2 216] ’
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and
(48) p3 < pr Spy<p’,

where

. \/ﬁl—mﬂ%(am b \/ﬁl—\/ﬁf+4lﬁzl(a—/\sin(2¢))
rs 2], I 21%| ’

p*:\/ﬁl—\/ﬁf+4ﬂz|(a—/\) o = B
! 2|3 ’ 2(3s| 7

for all ¢ € R. The set of points p_ is located in an annulus which is bounded by the
circular trajectories p3 and p3. This annulus will be denoted as A(p}, p3). Similarly,
the set of points p; is located in an annulus A(p%, pi). It holds that p’ < 0 for
p € (0,p1) U (p—,00) and p’ > 0 for p € (p4, p—) and every polar angle . These
facts are shown in Figure 5]

The direction field is directed towards the annulus A(p}, p3) and outward the
annulus A(p3, p}). The assumptions of the Poincaré-Bendixson theorem are satisfied
and the Poincaré-Bendixson theorem implies the existence of at least two limit
cycles around the stable focus at the origin. Thus the proof of assertion (1) is
complete.

(49)

s
S

TN

FiG. 5: Directional field of with the annulus A(p3, p3) for
the set of points p_ and the annulus A(p3, p}) for p.
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Case (2). Let 51 > 0, @ > A. The equation has D = 37 —48z(a—Asin(2p)) >
0 (see case (1)). It holds that

(50) By + /0% —4Bala — Asin2p) = —f + /57 — 4Ba(a — ) > 0

for a > A, therefore the set of points p; is empty. This fact implies that the
equation has only one positive real root — the set p_ is nonempty.

Let #1 < 0 and a > A. The set py is empty and the set p_ is nonempty because
for a > M\ it is true that

(51)  —B1— /87— 4Ba(a — Asin(2)) < —B1 — /B2 — 4fa(a — X) < 0.

The set of points with radius p_ is located in the annulus A(p7, p3) for 8; € R. It
holds that p’ > 0 for p € (0,p_) and p’ < 0 for p € (p—,00). This fact implies that
all trajectories go to the annulus A(p7, p3).

The origin is an unstable focus for & > A\ and the Poincaré-Bendixson theorem
implies the existence of at least one limit cycle. The assertion (2) has been proved.

Case (3). Let —A > a > % -+ A. This inequality implies that the equation
has the discriminant D = 87 — 482(a — Asin(2p)) > 0. The set of points p, is
empty for 01 < 0. For a < —A\ it holds that

(52) —f1 — \/ﬂ% — 4B (a0 — Asin(2p)) > —f1 — /B —4B2(a+A) >0

and therefore the set p_ is empty too.

2
The inequality a < fﬁ — A implies that the equation has discriminant

D = 32 — 4B35(a — Asin(2¢)) < 0 and therefore the set of points, for which it is
true that h(p, ) = 0, does not exist.

The derivation p’ is always negative for a positive real number p according to the
condition for a. The origin is a stable focus in this case and every trajectory goes
to the origin. Thus the proof is complete. ]

Remark 7. Figure [4| shows the existence of the stable focus and one limit cycle
from Theorem[6] The existence of two limit cycles can be seen in Figure[6] Figure[Gp
shows the periodic trajectory x(t) of a numerical solution of 2nd order differential
equation , whose amplitude corresponds to the unstable limit cycle and later to
the stable limit cycle.

The stability of the cycles is detectable from the first equation of and from

the eigenvalues of the focus at the origin. The equilibrium is stable for & < 0 and
. 2mB1d

unstable for & > 0. The first Lyapunov quantity {; = \/d"‘ft\#;(dﬂ\)' Therefore, the

Bautin bifurcation point o = 31 = 0 separates two branches corresponding to a Hopf

bifurcation with negative and positive Lyapunov quantity. Theorem [f] implies that

the behaviour of the system corresponds to the behaviour of Bautin bifurcation.
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(b) The numerical solution of the equation
for « = —0.075, 81 = 0.125, B2 =
0, d = 0.15, A = 0.005. —0.009375, 33 =0, d = 0.15, A = 0.005.

(a) The case (1) of Theorem [f] for «
~0.075, B1 = 0.125, B2 = —0.009375, (3

F1G. 6: Directional field of and numerical solution of that
show unstable and stable limit cycles.

6. BAUTIN BIFURCATION OF THE MODIFIED GENERALIZED
VAN DER POL-MATHIEU SYSTEM FOR (33 # 0

Now we suppose the system for B3 # 0. This system has the focus at the
origin for |d| > .
For the application of Theorem |§| we transform the system to the complex
z

variable z = x + iy and we shall use the relations x = 252, y = 2

5 -
dz a . B 2 S22
— = 7—&—2),2—&— cz(Az7 4+ 2dzz + Az
dt (\/d2 — A2 2V d? = N2 (d+ N) ( )
Ba 2. 4 32 2 2,22 =3
+ sz | A2 F4ANd27Z + 2(A° 4 2d°) 227 + 4Adzz
4v/d? — XN2(d + N)? [ ( )
_ B3
53 +X%z4] -
(53) } 27 d? — N2 (d+ A
The following theorem describes the existence of limit cycles.
Theorem 7. Suppose B35 # 0, B2 # 0 and |d| > A. The modified generalized

Van der Pol-Mathieu autonomous system exhibits Bautin bifurcation at the
equilibrium (0,0) for a = (o, 1) near the origin.

= -z ()\2’2 + 2dzz + )\Ez)n .

Proof. We shall use Lemmas 2] and [B
Consider 3 # 0 and |d| > A. The autonomous system can be transformed to
the form which is the same form as (9)) in Lemma It holds that u(e) = ﬁ

equals zero for « = 0 and w(0) =1 > 0. Therefore the conditions in Lemma has
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(a) Two limit cycles for a« = —0.075, 81 = (b) The numerical solution of the equa-
0.125, B2 = —0.009375, B3 = 0.0195313,  tion for @ = —0.075, /1 = 0.125,
d=0.15, A = 0.005, n = 3. B2 = —0.009375, B3 = 0.0195313, d = 0.15,

X = 0.005, n = 3.

Fic. 7: Directional field of and numerical solution of that
show unstable and stable limit cycles with a stable focus at the
origin.

been fulfilled.

Lemmas [2| and [3| imply that the system is locally topologically equivalent
near the equilibrium (0, 0) to the system for B3 = 0. Theorem proves this
theorem for G5 # 0. O

Remark 8. Figure[7]shows an unstable limit cycle inside a stable limit cycle. This
fact can be seen from the numerical solution in the neighborhood of the unstable
limit cycle in Figure [7p.

Figure [§| shows the system for B3 < 0. This system has the unstable focus at
the origin and the stable limit cycle inside the unstable limit cycle.

The modified generalized Van der Pol-Mathieu autonomous system for
B3 # 0 is locally topologically equivalent near (0, 0) to the system for B3 =0 in
view of the proof of Theorem [7] Remark [§] shows the existence of two limit cycles.

7. CONSEQUENCES FOR THE MODIFIED GENERALIZED
VAN DER POL-MATHIEU EQUATION

This section shows the theorem about the quasi-periodic behaviour of the
modified generalized Van der Pol-Mathieu equation . For parameters of the
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(a) Two limit cycles for oo = 0.075, 81 = —0.125, (b) The numerical solution of the equa-
B2 = 0.009375, B3 = —0.0195313, d = 0.15, tion 3| for o« = 0.075, B; = —0.125,
A =0.005,n = 3. Bs = 0.009375, B3 = —0.0195313, d =

0.15, A = 0.005, n = 3.

F1G. 8: Directional field of and numerical solution of that
show the unstable and stable limit cycles with an unstable focus
at the origin.

equation it holds that

2 2d 4\
Qo il ’ dO = ll ) h’O —
3 3 g
851&)0 8520.)0 53w027L+1(n + 1)'
Bo1 = s Boz= , Boz =
€ e(2n — 1!

The condition |d| > A for the existence of the focus at the origin in the autonomous
system is equivalent to |dg| > h04“’0. Using Theorem [1f Theorem |§I, Theorem
together with the substitution 7 = (wy + dpe)t and the estimated solution of ({3
2(7) = a(7) cos T + b(7) sin 7 we obtain the following statement:

Theorem 8. Suppose the modified generalized Van der Pol-Mathieu equation
for Boz < 0 and |do| > 2220 If By € R, ag > 22 or By > 0, —Hee > a4 >

2
8%3012 + hOQ“O, then, for small € > 0, the autonomous system has a stable periodic
solution and the equation exhibits quasi-periodic behaviour.

Remark 9. Figure |§| shows the quasi-periodic behaviour of the solution of
(drawn for Qg = —0.3, ﬂm = 2, ﬁog = —0.3, ﬁ03 = 1, do = 0.3, ho = 0.2, g = 0.1,
Wy = 1)
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(a) The quasi-periodic solution for n = 2 (b) The quasi-periodic solution for n = 5
and z'(0) = 0, z(0) = 1.5. and z/(0) = 0, z(0) = 1.3.

Fia. 9: The solution of with quasi-periodic behaviour.

8. CONCLUSION

The autonomous system associated to the modified generalized Van der
Pol-Mathieu equation has been studied. It has been proved that the modified
generalized Van der Pol-Mathieu autonomous system exhibits Bautin bifur-
cation at the equilibrium (0, 0) for 83 = 0; see Theorems [5| and @ These results
are generalized for the modified generalized Van der Pol-Mathieu autonomous
system for B3 # 0; see Theoremm and for the modified generalized Van der
Pol-Mathieu equation , that exhibits the quasi-periodic behaviour; see Theorem
The numerical results show the existence of limit cycles and complement the
theoretical results.
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