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LOCALLY FUNCTIONALLY COUNTABLE SUBALGEBRA
OF R(L)

M. Evrvasi, A. A. ESTAJI, AND M. ROBAT SARPOUSHI

ABSTRACT. Let L.(X) = {f € C(X): Cy = X}, where Cy is the union of
all open subsets U C X such that |f(U)| < No. In this paper, we present a
pointfree topology version of L.(X), named Ry.(L). We observe that Ry.(L)
enjoys most of the important properties shared by R(L) and R.(L), where
Rc(L) is the pointfree version of all continuous functions of C'(X) with coun-
table image. The interrelation between R(L), Ry.(L), and R.(L) is examined.
We show that L.(X) = Ry, (D(X)) for any space X. Frames L for which
Ree(L) = R(L) are characterized.

1. INTRODUCTION

In this paper, all spaces are assumed to be Tychonoff, all frames are completely
regular, and all rings are commutative with an identity element.

The notation C(X) denotes the ring of all real-valued continuous functions on
a topological space X (see [12]). Let C.(X) (resp. C¥ (X)) denote the ring of all
continuous functions of C'(X) with the countable (resp. finite) image. The ring
C.(X) was introduced and studied in [I0]. This subalgebra has more attendance
recently; see, for example, [1l 4, [T, 14, 17, 18]. In [I6], the authors introduced
and studied the ring R.(L) as the pointfree topology version of C.(X) (see also
[6 18, 9]). By L.(X), we mean the ring of all continuous functions that Cy is dense
in X for f € C(X), where C; = J{U: U € O(X) and |f(U)| < No}; see [I5]. Note
that C.(X) is the largest subring of C'(X) whose elements have the countable
image and that the subring L.(X) of C(X) lies between C.(X) and C(X). This
motivates us to introduce this subring in a pointfree topology, named, R¢.(L).

A brief outline of this paper is as follows. In Section[2} we review, some definitions
and results of frames and continuous functions.

In Section [3] we present a new subring of R(L) that contains R.(L). We define
Rec(L) the set of all a € R(L) such that (Cy)* = L, where C,, is the join of all
elements a € L with a|, € R.(|a) (see Definition [3.1]). We show that Re.(L) is a
subring of R(L). We observe that Ry.(L) enjoys most of the important properties
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that are shared by R(L) and R.(L). Next, we introduce other subrings of R(L)
(see Definition and study their relations with R(L), R.(L), and Ry.(L) (see
Proposition [3.21]).

In Section [4] we prove the equality of Ry.(L) and R(L) under certain conditions
(see Propositions and . Analogous to the main objective of research in the
context R(L), we will try to study some useful facts about R;.(L) and algebraic
properties of Ry.(L) (see Proposition |4.13)).

In the final section, we study the constant functions that are obtained from
the restriction of a frame map a € R(L) to the codomain M for every sublocale
M of L, and we denote R(ps,constant)(L) to be the set of all a € R(L) such that
a|/ € RY(M). A relation between R (M, constant) (L) and R.(L) is investigated.

2. PRELIMINARIES

2.1. Functionally and locally functionally countable subalgebra of C(X).
We know L.(X) = {f € C(X): C; = X}, where Cy = |J{U: U € O(X) and |f(U)|
< No}. In [I5], it was proved that L.(X) is a subalgebra as well as a sublattice of
C(X) containing C.(X), and this subring is called the locally functionally countable
subalgebra of C'(X). The properties of the subalgebra L.(X) were mentioned in
[15]. Similar to the above definition, Ly (X) and L;(X) are the locally functionally
finite and constant, respectively.

2.2. Frames and their homomorphism. Our notation and terminology for
frames and locales will be that of [I3] and [19]. We shall not discourse at length
upon the rudiments of pointfree topology here, however, we recall some basic
notion.

A frame (or locale) is a complete lattice L in which the infinite distributive law

a/\\/Sz\/{a/\s:sES}

holds for all ¢ € L and S C L. We denote by L and T, respectively, the bottom
and the top elements of L. The frame of open subsets of a topological space X is
denoted by O(X). An element p # T is a prime in a frame L if A y < p implies
that x < p or y < p. The set of all prime elements of L is denoted by % L.
Every frame is a complete Heyting algebra with the Heyting implication given
by
a—>b:\/{x€L: aAz <b}.

The pseudocomplement of a € L is the element a* =a — L =\/{zx € L: zAa= L}.
If ava* =T, then a is said to be complemented.

Recall from [3] (see also [2]) that the frame of reals L(R) is obtained by taking
the ordered pairs (p, ¢) of rational numbers as generators and imposing the following
relations:

(r,s)=(VrqAhs).
) = (p, s) whenever p <r < g <s.
(r,s):p<r<s<gq}.
q): p,q € Q}.
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For every p, ¢ € Q, put
P, q) ={reQ:p<z<q} and [p¢[:={recR:p<x<q}.

Corresponding to every operation ¢: Q* — Q (in particular ¢ € {+,-,A,V}) we
define an operation on R(L), denoted by the same symbol ¢, by

aoB(p.q) = \/ {alr,s) A Bluw): (rs) o (uw) € (p,0)},

where (r, s) ¢ (u,w) C (p,q) means that for each r < z < s and u < y < w, we
have p < x oy < ¢. For every r € R, define the constant frame map r € R(L) by
r(p,q) = T, whenever p < r < ¢, and otherwise r(p,q) = L. An element o of R(L)
is said to be bounded if there exist p,q € Q such that a(p,q) = T. The set of all
bounded elements of R(L) is denoted by R*(L), which is a sub-f-ring of R(L). The
cozero map is the map coz: R(L) — L, defined by

coz(a) = \/ {a(p, 0)Va(0,q9): p,qg € (@} .

A cozero element of L is an element of the form coz(a) for some a € R(L) (see
[3]). The cozero part of L, denoted by Coz(L), is the set of all cozero elements. Tt
is well known that L is completely regular if and only if Coz(L) generates L. The
homomorphism 7: L(R) — O(R) given by (p,q) —]p, q[ is an isomorphism (see [3]
Proposition 2]).

For a topology space X and every A C X and f € C(X), we have (f|4)~: O(R)
— O(A) with (f|a)"2(U) = f~1(U) N A for every U € O(R). Also, for every
a € R(L) and every a € L, we have al,: L(R) — |a with a|.(p, ¢) = a(p,q) A a.

An element o € R(L) is said to have the pointfree countable image if there
is a countable subset S of R with « € .S (we say « overlap of S ), where o €4 S
means that 7(u) NS = 7(v) N S implies a(u) = a(v) for any u,v € L(R). In [16],
it is shown that for any a € R(L) and any S C R, the following statements are
equivalent:

(1) a«S,

(2) 7(p,q) NS = 7(v) NS implies a(p,q) = a(v), for any v € L(R) and any
p:q €Q, and

(3) 7(p,q) NS C 7(v) NS implies a(p,q) < a(v), for any v € L(R) and any
p.qcQ

For any frame L, we put
Re(L) :={a € R(L): « has the pointfree countable image }.

For any completely regular frame L, the set R.(L) is a sub-f-ring of R(L). The
ring R.(L) is introduced as the pointfree version of C.(X) (see [16]). Also, R (L)
is the pointfree version of CF'(X). We denote the set of all constant functions of
R(L) by RY(L).

2.3. Sublocales. A sublocale of a locale L is a subset S C L such that
(i) for every AC S, NA€ S, and
(ii) for every a € L and s € S, a — s € S.
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The lattice of all sublocales of L is denoted by S(L). The meet in this lattice is
intersection. The join of any collection {S;: ¢ € I'} C 8§(L) is given by

\i/si - {/\M: MgLiJSi}.

The lattice §(L), partially ordered by inclusion, is a coframe. The smallest sublocale
of L is O = {T}, which is called the void sublocale. Indeed the largest is L.

3. THE SUBALGEBRA R;.(L) oF R(L)

In this section, we introduce the pointfree topology version of the ring L.(X).
We begin with the following definition.

Definition 3.1. For every o € R(L), we put
Co = {a €LlL:al, € ch(la)} and C, = \/%a.
We say that an element o of R(L) has the pointfree locally countable image if
(Cq)* = L. We put
Ree(L) := {o € R(L): o has the pointfree locally countable image} .
Also, Ryc(L) is called the pointfree locally functionally countable image subring of
R(L).

We show that this definition is a conservative extension for continuous functions
on topological spaces. Throughout this article, for f € C(X) and the isomorphism
7: L(R) — O(R), the frame map f~ o 7: L(R) — O(X) is denoted by f,.

Note that for any p < ¢ in Q, f(p,q) = f~'(Ip,q[) and fr|v = (flv) for every
U € O(X). Therefore, C; = Cy, for every f € C(X). By this fact, the following
proposition holds.

Proposition 3.2. If f € C(X), then f € L.(X) if and only if f- € R;.(9(X)).

Recall from [3] that for any space X, there is a one-one onto map Frm (L(R),
O(X)) — Top(X,R) given by the correspondence ¢ — @ such that
p < @(x) <q ifand only if = € p(p,q)
whenever p < ¢ in Q (also, see [5]). This means that R(OX) = C(X) for any
topological space X. Here, we give a counterpart of this result.

Proposition 3.3. For any space X, R (O(X)) = Lo(X).

Proof. We define §: L.(X) — R (O(X)) by 6(g) = g-. By Proposition 0 is
well defined and injective. Let o € Rio(O(X)). Then ao7!: O(R) — O(X) is a
frame map, and hence by [5], Theorem 1], there exists a unique continuous function
f: X — R, such that f~! = ao 77!, Therefore, O(f) = f~* o7 = a. Now let
p,q € Q and let U € O(X). Then

(M) (@) = Qe aD AU = (v (Ip, a)) AU = alp,q) AU = alu(p,q) -
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Therefore, (f~!|y) o7 = aly. Now, since f|y has the countable image, then
(f7'lv)"t o7 = a|y has a pointfree countable image ([16, Proposition 3.11]).

Therefore, C, = C¢ and hence f € L.(X). O
Lemma 3.4. For every a € R(L) and every a € L, if a € R.(L), then af, €
Re(la).

Proof. It is evident. ]

By this lemma, it manifests that R (L) C R.(L) C Re.(L) C R(L).

Remark 3.5. Note that the equality between these objects may not necessarily
hold. For example, let the basic neighborhood of z be the set {z}, for each
point x > /2 and for the rest of the real numbers (i.e., z < v/2), let the basic
neighborhoods be the usual open intervals containing x. This is a topology 7 on R
and in this case, we put X = R. Clearly, X is a completely regular Hausdorff space,
which is finer than the usual topology of R. Consider the function f: X — R defined
by f(x) = for > /2 and f(z) = /2, otherwise, so we have f € L.(X) \ C.(X)
(for more details, see [19]). Proposition implies f; € Ree(O(X)) \ Re(O(X))
(because Co(X) = R (O(X)), by [6, Lemma 3.16]). Now, consider the identity
function id: X — R, which is continuous. Then id € C(X) \ L.(X). It follows from
Proposition [3.3] that id, € R(D(X)) \ Ree (O(X)).

We need the following lemmas to show that Re.(L) is a sub-f-ring and R-subal-
gebra of R(L). The proof is routine, so we omit it.

Lemma 3.6. Let o, 8 € R(L) and a, b € L be given. Then the following statements
hold:

(1) If © € {+,-, A, V}, then alBla = OB,
(2) If a <b and alp € R(1b), then al, € R(la).
Lemma 3.7. If a, § € R(L), then Coop > Co A Cg for every & € {+,-, A, V}.

Proof. Let a, b € L such that a|, € R.(la) and 8|, € R.(|b). By part (2) of
Lemma [3.6] we have &|onp, Blans € Re(la Ab). Now, by part (1) of Lemma we
have

CVOB'a/\b - Oé|a/\b<>5|a/\b € :Rc(l(a A b))
for every & € {+,-, A, V}. Therefore,

CaNCs=\/{anb:abe L al, €Re(la), B, € Re(1b)}

< \/{c € L: a®f|. € Re(le)}

= Ladp,
for every © € {+,-,A,V}. O
It is evident that for every 0 # r € R, |, <« S if and only if ra|, « {rz: z € S}

for every a € R(L) and every a € L. By this fact and Lemma the following
proposition holds.
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Proposition 3.8. It follows that R.(L) is a sub-f-ring and an R-subalgebra of
R(L).

Remark 3.9. Recall that |a] = a V (—a) for every oo € R(L). For every p,q € Q,
we have

1 if ¢<0,
lal(p, @) = lal(p, =) Alal(=,9) = { —a(p,q) V alp,q) if p>0,
a(—q,q) if p<0<yq.

Now, let us state the results in relation to the absolute value function and the
rings R.(L) and R;.(L).
Proposition 3.10. If S is a subset of R and |a| € S, then || 4« SN [0,00) for
every o € R(L).

Proof. Put S; := SN[0,00). Let (p,q), v € L(R) with 7(p,q) NS; C 7(v) NSy
be given. We show that |a|(p, ¢) < |a|(v) by considering several cases. Therefore,
|a| < Sl.

First case. If p > 0, then 7(p,q) NS = 7(p,q) NS1 C 7(v) NSy = 7(v) NS, which
follows that |a|(p, q) < |a|(v).

Second case. If ¢ <0, then L = |a|(p, q) < |a|(v).

Third case. If 0 € 7(p,q) N Sy, then 0 € 7(v) N Sy. Therefore, there exists an
element n € N such that 7(=%, 1) C 7(v) N 7(p, q). On the other hand, we have

n’n

—1 -1 1 1
) = (p ) v (S 0) ()
and so |o](p, q) = |ol(p, ;55) V |el(5H 5) V|al(537,9)-
e Since 7(=1, 5) C 7(v), then |a(Z2, 1) < |a(v).
e Since 7(p, ;7 =L)N 51 C 7(p,q) NSt € 7(v) NSy, case (2) implies |a(p, n;_:l) <

| ().

e Since 7(

al(v).
Therefore, |a|(p,q) < |a|(v).

Fourth case. If 0 € 7(p,q) and 0 & St then 0 ¢ S. Since ((—o0,0)U(0,00)) NS =
RN S, then |a((—,0) V (0, —)) = |a\(T) = T. Therefore
lal(p, q) = lal(p, ) A
(P, @) A (|04\(— 0) V |a|(0, -))
= lol((p,q) A (=,0)) V|al((p, ) A (0,-))

= |al(p, )V |a|(0 q) -

H_laq)msl C T(p7 q)msl c T('Z))QSL , case (1) lmphes |Oé|(%+1,q) <

= |af

e Since 7(p,0)NS; C 7(p,q)NS1 C 7(v) NSy, case (2) implies |a|(p,0) < ||(v).
e Since 7(0,¢)NS1 C 7(p,q) NSy C 7(v) NSy, case (1) implies |«|(0, q) < |a|(v).
So, given the above relations, it follows that |«|(p,q) < |a|(v). O
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Proposition 3.11. If S C [0,00) and |o| « S, then « « SU{—x: x € S} for every
aeR(L).

Proof. Put S; := SU{—z: 2z € S}, and let (p,q),v € L(R) with 7(p,q) N
S1 C 7(v) N Sy be given. For every v € L(R), set v = 771 (7(v) N (0,00)) and
v™ =771(7(v) N (—00,0)). We show that |o|(p,q) < |a|(v) by considering several
cases. Therefore, || <€ .S7.

First case. If p > 0, then
T(p,g) NS

(p,q) NSt

(p,q) N'S1N(0,00)
(v) NS N(0,00)
(
(

-
.
cr
-

)
v) NS N(0,00)
r(vt)NS.
Hence |a|(p,q) < |a|(vT). Therefore, Remark [3.9] implies

a(p,q) = a(p,q) A (—alp,q) vV alp,q))
= a(p,q) Alel(p,q)
< a(p,q) Alal(v™)
= a(p.a) A ( (r' {2 e vth) Val?))
=a(p, ) AT ({—z: 2 €vt})) V (alp, g) Aa(vh))
:a(n Q) Na (*)
a(v’)
< Cv( )

Second case. If ¢ < 0, then by Remark

a(p,q) = a(p, ) A (= ap,q) vV alp,q) = alp,q) Alal(p,q) = ap,¢) A L < a(v).

The proofs of parts (3) and (4) are similar to those in parts (3) and (4) of the
previous proposition. (Il

Proposition 3.12. For every a € R(L), a € Ro(L) if and only if || € R(L).

Proof. Necessary. If a € R.(L), then (—a) € R.(L) and hence |a] = a V (—a) €
Re(L), because R.(L) is an f-ring.
Sufficiency. By Propositions and it is clear. O

For the proof of the next lemma, see [6], Lemma 3.7].

Lemma 3.13. Let a be a unit element of R(L). Then a € R.(L) if and only if
a"t e R.(L).

The previous propositions lead to the next result.

Proposition 3.14. For every «, 8 € R(L), the following statements hold:
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(1) Claj =
(2) If « is a unit element in R(L), then Cp—1 = Cy.
(3) C_y = C,.

(4) If a, B € Rie(L), then (Co ANCg)* = L

Proof. (1) It is evident.

(2) Let a be a unit element R(L). It is enough to show that €, = €,-1.
First, we show that for every L # a € L and the unit element o € R(L), we
have a, is unit and (a|,)™! = a~!|,. Clearly, a|, is unit, because

coz(aly) = ala(—,0) Vale(0,—) =aAcoz(a) =a AT =a=T,.
For every p,q € Q,
o a(p,q) = a7 (p.g) A

:aQ-%{%.xeTp,yx¢oD)Aa
ah(Tl({f;xeTQ%)¢p¢o}))

(o)™ (pr ) -
Therefore, (al,)™' = a™!|,. Now, by this relation and Lemma we have
a4 € G aly € Re(la) & (al) P €Re(la) & at, € Re(la) ©ac€ by,

(3) It is clear, because (—a)|, = —(a|,) for every oo € R(L) and every a € L.
(4) The following relation completes the proof:

(Ca ACR)* = (Ca ACy)™* = ((Ca ACg)™)"
= ((Ca)™ A(Cp)™) = (TAT) =T"= L.

We need the following lemma to show that R;.(L) is a sublattice of R(L).

Proposition 3.15. For every a € R(L), the following statements hold:
(1) o € Ree(L) if and only if |a| € Rec(L).

(2) Let o be a unit element in R(L). Then a € Rye(L) if and only if
ale fRzC(L),

(3) If @ € Rye(L), then —a € Ry (L).
Proof. It is clear by Proposition (]
Corollary 3.16. It follows that Ry.(L) is a sublattice of R(L).

Corollary 3.17. For every a € Ry.(L), coz(a) = T if and only if o is a unit
element in Ry.(L).

Here, we introduce another subring of R(L).
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Definition 3.18. For every a € R(L), we put
Fo={acL:a|l,cRf(la)} and F,= \/fa
An element « of R(L) has the pointfree locally finite image if (Fy)* = L. We define
RE(L) := {a € R(L): a has the pointfree locally finite image } .
Also, for every o € R(L), we put
lw={a€L:al,cR(la)} and 1,= \/[a.

An element « of R(L) has the pointfree locally constant image if (1,)* = L. We
define

R}(L) := {a € R(L): « has the pointfree locally constant image } .
One can easily see that R'(L) = R.

Remark 3.19. Similar to Proposition we can see that C'(X) = R (O(X))
and C}(X) = R} (O(X)) for any space X. We note that Proposition and
Corollary are also valid for Rf'(L) and R}(L).

Proposition 3.20. For any frame L, R¥ (L) C Rf (L) and R* (L) C R}(L).

Proof. Let a € RF (L) be given. Then there exists a finite subset S of R such that
o« < S. Suppose that a € L and that u,v € L(R) such that 7(u) NS = 7(v) N S.
Since a <« S, we have a(u) = a(v), and so a(u) A a = a(v) A a, which implies that
alq(u) = als(v). Thus, a|, € RF(la), and so (F,)* = (\/ L)* = (T)* = L. Hence,
al, € RE(la). O

For every r € R, in [16], it is shown that o = r if and only if o « {r}. By this
fact, we end this section with the next result.

Proposition 3.21. For any frame L, we have R} (L) C RE (L) C Rye(L) € R(L).

Proof. Let a € R}(L) and let a € [,. Then a|, € R'(|a). Hence, a, = r for some
r € R, which implies that «|, < {r}. This shows that a|, € R (|a) and so a € Z,.
Therefore, [, C .%#,. By the assumptions, we have (F,)* < (1,)* = L, which shows
that o € RE'(L). The inclusion RE (L) C Ry (L) is clear, because every finite set is
countable. ]

4. Ry.(L) VERSUS R(L) AND R.(L)

We are interested in characterization frames L for which Ry.(L) = R(L). First,
we give some definitions and notations.

Definition 4.1. [7] Let L be a lattice. Then the element L < p € L is called a
particle if p <'\/, a;, whenever \/, a; exists, implies p < a; for some 7.

For any frame L, we put P(L) := {p € L: p is a particle of L}.
Lemma 4.2 ([20]). We have R(2) 2 R, where 2 = {1, T}.
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Remark 4.3. Recall from [I5], Proposition 2.11] that if (X,D(X)) is a completely
regular and Hausdorff topology space such that I(X), the set of isolated points
of X, is dense in X, then L (X) = Lp(X) = L.(X) = C(X). Now, we study this
result in frames. Also, note that U € O(X) is a particle if and only if |U| = 1;

therefore I(X) = X if and only if (\/P(D(X)))* =1.

Proposition 4.4. Let L be a Boolean algebra and let (\/P(L))* = 1. Then
Rp(L) = RE (L) = Ree(L) = R(L) .

Proof. By Proposition we have R} (L) C Rf (L) C Ree(L) C R(L).
Conversely, it is enough to show that R(L) C R}(L). Let a € R(L) be given. If

p is a particle element, then p is an atom and by Lemma we have R(|p) =

R(2) = R. Therefore, a, € R(|p) = R implies that there is an element r € R

such that o, = r, which more implies p € [,. This shows that P(L) C [, and so

(V1a)* < (VP(L))" = L. Therefore, a € R}(L). O
Here, we give a condition that is R.(L) = R(L).

Proposition 4.5. For every frame L, Re.(L) = R(L) if and only if for every
a € R(L) and every L # a € L, there exists an element b # L such that b < a and
a'b € ch(lb)

Proof. Necessity. Assume that Ryo(L) = R(L), that o € R(L), and that 1. #a € L.
Then (C,)* = L and we conclude a A ¢, # L. Therefore, there exists an element
T € 6, such that x A a # L. Now, Lemmaimplies a|(znra) € Rc(i(x A a)).
Sufficiency. Assume that o € R(L) and that L # a € L. Then there exists
an element | # x, € L such that z, < a and «|,, € R.(lz,). Hence, for any
a € L, we have (Co)* < A cpzi- If t = A cp v # L, then, there exists an
element | # x; € L such that zy <t = A\, ., 2 and al,, € Re(l2¢). Therefore
vy < @y Axy = L, which is a contradiction. Hence A,.; ; = L, which implies
that (C,)* = L and we conclude o € Ry (L). O

Proposition 4.6. Consider the following conditions:
(1) Re(L) = R(L).
(2) For every a € XL, there exists an element b € L such that a < b and
Re(1b) = R(Lb).
Then (1) implies (2), and if L is Lindelof and \ XL = T, then (2) implies (1).

Proof. (1) = (2) It is sufficient to take b = T for every a € X L.

(2) = (1) Let L be Lindel6f and let \/ XL = T. For every a € XL, there exists
an element z, € L such that a < z, and R(|z,) = R.(lz,). The assumptions
imply that \/, 5, o = T and so there is a family {a,}nen C XL such that
V,en Ta, = T, because L is Lindelsf. Now, let v € R(L) be given. For every n € N,
since af,, € R(lxq,) = Re(l2q, ), we infer that there exists a countable subset
Sn € Rsuch that af,, <«S,.PutS:=J,cySn. Suppose that (p,q), v € L(R) and
that 7(p,¢) NS C 7(v) N S. Then for every n € N, we have 7(p,q) NS, C 7(v) NS,
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which follows that al,, (p,q) < als,, (v). Here

a(p,q) = ap, A\ 2a, = \/ e, (0,0) € \/ A, (0) = a(0)A ] 24, = a(v).

neN neN neN neN
Therefore, a € R.(L). O

Proposition 4.7. Let L be a frame such that for every a € XL, there exists an
element b € L such that a < b and R(|b) = R.(]b) and moreover \/ XL = T. Then
Ree(L) = R(L).

Proof. Let a € R(L) and let p € X L. Then there exists an element a € L such that

p < a and R(la) = R.(la). Since a|, € R(la) = R.(la), then a € €,. Therefore,
T= VpGELp <\ %a, and so a € Ry.(L). 0

We finish this section with some results on ring homomorphisms on R;.(L).

Definition 4.8. A frame L is said to be locally countably pseudocompact (briefly,
le-pseudocompact) if R} (L) = Rec(L), where R} (L) = Re.(L) N R*(L).

In what follows, by [9], for every a € R(L), we put
Ry :={reR: coz(aw—1) #T}.
Proposition 4.9. [9] If a € R.(L), then R, is a countable subset of R.

Let us remind the reader that although apparently C.(X) and C¥'(X) are not
defined algebraically, but they are in fact algebraic objects, in the sense that
if C(X) = C(Y), then C.(X) = C.(Y) and CF(X) = CF(Y). For this, it is
easy to see that whenever ¢: C(X) — C(Y) is a nonzero homomorphism, then
p(Ce(X)) € Ce(Y).

Proposition 4.10. If ¢: R(L) — R(M) is a ring homomorphism such that
©(1) =1 and a € Re(L), then Ry, is countable.

Proof. Since ¢ preserves order and ¢(1) = 1, we conclude that ¢(r) = r for every
r € R. By Proposition it is enough to show, R,(q) € Ra. Let 7 € Ry \ Ra
be given. Therefore, coz(aw — r) = T, which follows that there exists an element
B € R(L) such that (a« —r)8 = 1. Thus p(a —r)p(f) = ¢(1) = 1 and hence
coz (p(a —r)) = T, which is a contradiction. O

Remark 4.11. Note that the converse of Proposition [£.9]is not true, in general. For

example, we consider the isomorphism ¢: O(Q) — O(R) given by ¢(7(p, ¢)NQ) =

7(p,q). Then v: R(O(Q)) — R(O(R)) given by ¥(a) = ¢ o e is an isomorphism.

We assume that a: LR — D(Q)) is given by «(p,q) = 7(p,q) N Q. Then
P(a)(p,q) = poalp,q) = ¢(T(p,q) NQ) =7(p.q)

for every p,q € Q. It is clear a € R.(O(Q)). Indeed () & Re(O(R)), because

() is not an overlap of S for every S C R.

In [3], Banaschewski showed that any 0 < o € R(L) is a square. It is shown that
this result holds for R.(L), that is if 0 < a € R.(L), then there exists an element
B € R.(L) such that o = 32. Here, we study this result for Ry.(L).
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Proposition 4.12. If0 < a € R(L) and a = 52, then § € Ree(L).

Proof. Since al, = #%|. = (B]s)? and a|, € R.(la) for every a € %, then
Bla € Re(la). Therefore

Co = \/{a €L:al,eRe(la)} < \/{a € L:fl, €Re(la)} =Cp,
which implies that (Cg)* = L, then 5 € Re.(L). O

Now, an interesting function is introduced as below; see [2]. For a complemented
element a of L, define the frame map e,: L(R) — L given by

T if p<0<l<yg,
ad if p<0<q¢g<1,
(& s =
a(p;q) if0<p<l<g,

1 otherwise,

for each p, ¢ € Q.

Proposition 4.13. Every homomorphism ¢: Rec(L) — Rec(M), takes R;.(L)
into R, (M).

Proof. If ¢ = 0, then it is trivial. Let ¢ # 0; then ¢(1) # 0. Since ¢(1) is an
idempotent element in R(M), then coz(¢(1)) is complemented and

T 0,1€7(p.aq),

coz (p(1))  0¢7(p,q),1 €7(p,q),
0e7(pa)1€7(p.q),

1 0,1¢7(pq).

Therefore ¢(1) < 1, which implies that ¢(n) < n. Let 0 < a € Ry.(L) be
given. Then, by Proposition there exists an element 3 € Ry.(L) such that
a = 2. Therefore, p(a) = p(B)? > 0. Now, if o € Rj_(L), then |a| < n for
some n € N, which implies that ¢(|a]) < ¢(n), and so |p(a)] < n. Therefore,
ola) € Ry, (M), 0

Corollary 4.14. If M is not an le-pseudocompact frame, then Rypo(M) cannot be
a homomorphic image of R} (L) for any frame L.

Proof. Suppose that there is a frame map ¢: Ryp.(L) — Rpe(M) such that
©(R;.(L)) = Ree(M). By Proposition we have

@(“RZC(L)) - R;C(M) c :RZC(M) = SO(ZRZC(L)) y
which shows that R}, (M) = Re.(M). That is a contradiction. O

Corollary 4.15. If ¢ is a homomorphism from Ry.(L) into Re.(M) whose image
contains Ry, (M), then o(R;. (L)) = R;,(M).
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5. CONSTANT FUNCTIONS AND SUBLOCALES

First, we recall some concepts of sublocales. For more information on locales, see
[19]. If M is a sublocale of L, then the associated frame surjection is the surjective
frame homomorphism vy;: L — M given by

vp(a) = /\{m EM:a<m}= /\ (M Nep(a)).

Let M be a sublocale of L and let v € R(L). We define the frame map | : L(R) —
M given by

oM (p,q) = vm(ap,@)) = \{m € M: a(p,q) <m},
and we denote R s constant) (L) to be the set of all a € R(L) such that alM e RY(M).

Remark 5.1. Let vy, : L — M be the associated frame surjection to M and let
a, 8 € R(L). Then vy o (aOf) = (varoa)O(vpr0f) for & € {4+, -, A, V}. Therefore,
R (M constant) (L) is a sub- f-ring and an R-subalgebra of R(L). Moreover, note that
for any frame L, it is clear that Rz, constant) (L) = R(L) if and only if every function
in R(L) is constant.

Proposition 5.2. Let L be a completely regular frame. Then R(r, constant)(L) =
R(L) if and only if L = 2, where 2 = {1, T}.

Proof. Suppose that there exists an element a € L such that T # a # L. Since
L is a completely regular frame, there exists a subset {ay},en € R(L) such that
a =V, e coz(ay). Hence for every v € A, we have L < coz(a,) < a < T, which
follows that a = 1, a contradiction. The converse is evident. (Il

Proposition 5.3 ([9]). If L is a connected frame, then R.(L) = R. In fact, |Ro| =1
and o 4 Ry, for every o € R (L).

Proposition 5.4 ([16, Proposition 3.19]). Let a: L(R) — L and 8: L — M be
frame maps.

(1) If « 4 S, then Boa «S.

(2) If B is monomorphism and S o« 4 .S, then o « S.

By these propositions, we have the next result. We conclude this section with
the following fact.

Proposition 5.5. Let M be a connected sublocale of L. Then Re(L) € R(arconstant)
(L). In particular, if M is a connected sublocale of L and vyr: L — M is a
monomorphism, then Re(L) = R(ar constant) (L)

Proof. Since M is connected, by Proposition we have R.(M) = R. Suppose
that @ € R.(L). Then, there exists a countable subset S C R such that o « S.
Therefore, Propositionimplies a|M = vyroa 48, which follows a|M € R.(M) =
R. Then o € Rz constant) (L), as desired. O
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