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ABSTRACT. We study the notion of strong r-stability for the context of
closed hypersurfaces ™ (n > 3) with constant (r 4+ 1)-th mean curvature
H,41 immersed into the Euclidean sphere S**1, where r € {1,...,n —2}. In
this setting, under a suitable restriction on the r-th mean curvature H,, we
establish that there are no r-strongly stable closed hypersurfaces immersed in
a certain region of S a region that is determined by a totally umbilical
sphere of S*t1. We also provide a rigidity result for such hypersurfaces.

1. INTRODUCTION AND STATEMENTS OF THE RESULTS

The notion of stability concerning closed hypersurfaces of constant mean curva-
ture in Riemannian manifolds was first studied by Barbosa and do Carmo in [§],
and Barbosa, do Carmo and Eschenburg in [9], where they proved that geodesic
spheres are the only stable critical points in a simply connected space form of the
area functional for volume-preserving variations. On the other hand, with respect
to the notion of strong stability related to constant mean curvature closed hyper-
surfaces (that is, for all variations, not necessarily volume-preserving variations), it
is well known that there are no strongly stable closed hypersurfaces with constant
mean curvature in the Euclidean sphere S"™! (for instance, see [3, Section 2]).
Following the same direction, the author together with Aquino, de Lima and dos
Santos obtained in [6] an extension of this result when the space form is either the
Euclidean space R™*! or the hyperbolic space H" 1. More precisely, they proved
that there does not exist a strongly stable closed hypersurface with constant mean
curvature H immersed in either R"*1 or H**! (n > 3) and such that its total
umbilicity operator ® satisfies the condition

n(n—1)(H? +c¢)
(n—2)[H| ’
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where ¢ = 0 or ¢ = —1 according to the space form be R"*! or H"*!, respectively.
When n = 2 they also showed that there does not exist strongly stable closed
surface with constant mean curvature immersed in either R? or H?.

In [1], Alencar, do Carmo and Colares extended the results of [8] and [9] to
the context of closed hypersurfaces with constant scalar curvature in a space
form. More specifically, they showed that closed hypersurfaces with constant
scalar curvature of a space form are the critical points of the so-called 1-area
functional for volume-preserving variations and, for the case S**! and R"*!, they
also proved that a closed hypersurface with constant scalar curvature is stable if
and only if it is a geodesic sphere. More recently Alfas, Brasil and Sousa [4] and
Cheng [12] have studied the notion of strong stability of closed hypersurfaces with
constant (normalized) scalar curvature R immersed into S"*!, where they obtained
characterizations of the Clifford torus via some estimates of the first eigenvalue of
stability when R =1 and R > 1, respectively.

The natural generalization of mean and scalar curvatures for an n-dimensional
hypersurface of space forms are the r-th mean curvatures H,., for r € {0,...,n},
where Hj is identically equal to 1 by definition. In fact, H; is just the mean
curvature H and Hs defines a geometric quantity which is related to the scalar
curvature.

In [7], Barbosa and Colares studied the notion of r-stability (see item (a) of
Remark [2| to understand this concept) for closed hypersurfaces immersed with
constant (r+ 1)-th mean curvature H,11, r € {0,...,n — 2}, in space forms. In this
setting, they showed that such hypersurfaces in a simply connected space form are
r-stable if and only if they are geodesic spheres. Moreover, in [14], the author and
de Lima were able to establish another characterization result concerning r-stability
through the analysis of the first eigenvalue of an operator naturally attached to
the r-th mean curvature.

Motivated by all the work described above, a question appears naturally:

Are there closed hypersurfaces which are strongly r-stable with constant
(r 4+ 1)-th mean curvature H,y1, 7 € {1,...,n —2}?

With the intention of addressing this issue and seeking a possible answer (affir-
mative or not), we can slightly change our question and propose the new question:

On what conditions is it possible to guarantee the existence (or nonexis-
tence) of hypersupefaces with constant (r + 1)-th mean curvature Hyy1,
r€{l,...,n—2}, that are strongly r-stable?

Our proposal here is to investigate the strong r-stability concerning closed
hypersurfaces ¢ : ¥ ¢ S"*! with constant (r + 1)-th mean curvature H, 1, r €
{1,...,n — 2}, immersed into the (n + 1)-dimensional Euclidean sphere S"*1, with
n > 3 (see Definition . For this, in Section [2| we recorded some main facts about
the hypersurfaces immersed in S"*! and in Section [3| we describe the variational
problem that gives rise to the notion of strong r-stability. Next, initially we
prove that geodesic spheres of S"*! are strongly r-stable (see Proposition 7 which
provides an affirmative answer to our first question. Afterwards, to achieve our goals,
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we make use of the Riemannian warped product (0,7) X in-+ S™, 7 € (0, 7), which
models a certain open region Q7*! of S"*! (see equations , and )
and, in Proposition [3] we calculate the differential operator L, (associated with the
variational problem that defines the notion of strong r-stability) acting on an support
function ¢ (see equation (.9)) naturally attached to a hypersurface ¢ : X" 4
Q7 ¢ S with constant (r + 1)-th mean curvature H, 1, r € {1,...,n — 2},
immersed in Q™*!. Then, under a suitable restriction on H, and H, ., we use the
formula of L,(£) to show that if a closed hypersurface ¢ : ¥ 9» Q"+l c S+ with
constant (r + 1)-th mean curvature H, 1, r € {1,...,n — 2}, in S"*! is strongly
r-stable, then it must be a geodesic sphere contained in the closure of the upper
domain enclosed by the geodesic sphere of Q" C S"*! of level 75 = % (for a
better understanding of this region, we recommend the reader to see Definition ,
which provides a partial converse of Proposition [2 More specifically, we have
established the following rigidity result for strongly r-stable hypersurfaces in S**1:

Theorem 1. Let ¢: X" & QnFl € §"FL (n > 3) be a strongly r-stable closed
hypersurface with constant (r + 1)-th mean curvature Hy4q, r € {1,...,n —2}. If
the r-th mean curvature H, of 1 : ¥™ & Q"L obeys the condition

(1.1) H..y>H.->1 on X"

then ¥(X™) is isometric to a geodesic sphere contained in the closure of the upper
domain enclosed by the geodesic sphere of Q"1 C S"*1 of level 1o = 7 /4.

The motivation to assume the hypothesis in Theorem (1| is described in
Remark [3] while the restrictions r # {0,n — 1,n} are explained in item (b) of
Remark 2l As an immediate consequence of this result, we establish a result of
nonexistence for strongly r-stable closed hypersurfaces immersed in S"*!, which
can be understood as an answer to our second question.

Theorem 2. There is no strongly r-stable closed hypersurface X" (n > 3) with
constant (r 4+ 1)-th mean curvature Hyyq, v € {1,...,7 4+ 2}, immersed into the
lower domain enclosed by the geodesic sphere of Q"1 C S"*L of level 1o = /4,
with r-th mean curvature H, satisfying the inequality Hy.41 > H,. > 1 on X".

From our results listed above we can conclude that the region of S**! that
contains the set of closed hypersurfaces ¢ : X" 95 S"*! (n > 3) with constant
(r+1)-th mean curvature H,y1, r € {1,...,n— 2}, which are strongly r-stable and
whose r-th mean curvature H,. satisfies the condition , is small. It is in this
configuration that our results can be understood as a half-space type property of
strongly r-stable closed hypersurfaces in the Euclidean sphere S"*! (cf. Remark .

Finally, in Corollary [[] and 2] we write Theorems [T] and [2] for the case of closed
hypersurfaces immersed into S™*! with constant (normalized) scalar curvature R.
The proofs of the main results of this work is carried out in Section [4]

2. BACKGROUND

Unless stated otherwise, all manifold considered on this work will be connected,
while closed means compact without boundary. Let S"*! be the (n+ 1)-dimensional
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Euclidean sphere. We will consider immersions 1 : ©" 9 S®*1 of closed orientable
hypersurfaces " in S”t!. In this setting, we denote by dX the volume element
with respect to the metric induced by v, C°°(X") the ring of real functions of class
C* defined on X" and by X(X") the C°°(X™)-module of vector fields of class C'*°
on X". Since X" is orientable, one can choose a globally defined unit normal vector
field N on X™. Let

A XXM - X2

Y — A(Y) = —VyN.

denote the shape operator with respect to NV, so that, at each ¢ € X", A restricts
to a self-adjoint linear map A,: T;X — T, 3.

According to the ideas established by Reilly [16], for 1 < r < n, if we let S, (q)
denote the r-th elementary symmetric function on the eigenvalues of A,, we get n
functions S, € C*°(¥™) such that

(2.1)

det(t] — A) = (—1)"S """,
r=0
where I: X(X") — X(X") is the identity operator and Sy = 1 by definition. If
g € X" and {ey,...,e,} is an orthonormal basis of T,% formed by eigenvectors of
Ag, with corresponding eigenvalues Aq, ..., \,, one immediately sees that

(22) S,- = 0’7.(/\17 ey /\n) 5

where o, € R[X1,...,X,] is the r-th elementary symmetric polynomial on the
indeterminates X1q,..., X,.

For 1 <r < n, one defines the r-th mean curvature H, (also called higher order
mean curvature) of 1: X" ¢ S"T1 by

(2.3) (:) Hy =8, =Sy hn)

In particular, for r =1,
1 n
H =- A =H
1= ; !

is the mean curvature of the hypersurface ¥: X" 9 S+, which is the main
extrinsic curvature. When r = 2, Hs defines a geometric quantity which is related
to the (intrinsic) normalized scalar curvature R of ¢: ¥™ & S*+1. More precisely,
it follows from the Gauss equation of ¢ : ¥ 9» S**+! that

(2.4) R=1+ Hy.

We can also define (cf. [16, Section 1)), for 0 < r < n, the so-called r-th Newton
transformation P,.: X(X") — X(X") by setting Py = I and, for 1 <r < n, via the
recurrence relation

P.=S,1— AP, ;.
A trivial induction shows that

Pp=8,1— 8 1A+ S, A% — ... 4 (—1)TA",
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so that Cayley-Hamilton theorem gives P,, = 0. Moreover, since P, is a polynomial
in A for every r, it is also self-adjoint and commutes with A. Therefore, all bases
of T,(¥") diagonalizing A at p € X" also diagonalize all of the P, at p. Let
{e1,...,en} be such a basis. Denoting by A; the restriction of A to (e;)* C T,(X"),
it is easy to see that

det(tI — A;) = Z(_l)j‘sj<Ai) 1=,

where

(2.5) Si(A) =" Y AN
1<j1<...<jm<n
j1a~~~:an3£i

With the above notations, it is also immediate to check that
(26) Pr<ei) = Sr(Az)ez 5
and hence (cf. [7, Lemma 2.1])

tr(P,) = (n — 1)S, = by H, ;
(2.7) tr(AP,) = (r +1)Srq1 = by Hyp 5
tI‘(A2 r) = SlSH_l — (T‘ + Q)Sr+2 = nrbﬁHH,«_;,_l — bT+1Hr+2 R

where b, = (r + 1) (Til) =(n-r)(7).
Associated to each Newton transformation P, one has the second order linear
differential operator L,: C®(X") — C°(X"), given by

(2.8) L.(f) =tr (P Hess f) .

We observed that Lo = A, the Laplacian operator on X", and L; = O, the Yau’s
square operator on X" (cf. [I3], Equation (1.7)]).

3. THE VARIATIONAL PROBLEM

For a closed orientable hypersurface 1 : £" 9+ S"*! as in the previous section, a
variation of it is a smooth mapping X : (—¢,€) x £ — RP"™! such that, for every
t € (—¢,€), the map

X, ¥ ¢ Sl

(3.1) g — Xiq) = X(tq)

is an immersion, with X¢ = x. In what follows, we let d¥; denote the volume
element of the metric induced on ¥™ by X;, and N; will stand for the unit normal
vector field along X;.

The wvariational field associated to the variation X: (—¢,€) x X" — S"*! is
%—)f\tzo € X(X((—e,€) x X™)). Letting

(32) fo= (25N,
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we get

8X_f N 0X
ot Nt \ G ) o

where (-)T stands for the tangential component.
The balance of volume of the variation X : (—¢,¢€) x £ — S"*1 is the functional

V:(-€e) — R
toe v =[x,
7% [0,t]

and we say that X: (—e,e) x ¥" — S"*! is a volume-preserving variation for
x: X" 4 SPHLIf V(t) = V(0) = 0, for all t € (—¢,¢€). Moreover, following [7], we
define the r-th area functional

A (—e,e) — R
Loe A :/nFr(Sl(t),Sg(t),...,S,(t))dEt,

where S,.(t) = S,.(t,-) is the r-th elementary symmetric fuunction of ¥" via the

immersion and F, is recursively defined by setting Fy = 1, Fy = S1(t) and,

for2<r<n-1,

(n—r+1)
r—1

The following lemma is well known and can be found in [7].

F.=5.(t) + F._5.

Lemma 1. Let 1: X" & S"*1 be a closed hypersurface. If X : (—e¢, €) x X" — Sntl
is a variation of ¥: X" 9» S*H! then

(a) jtV fzn ftdXy, where fy is the function defined in . In particular,
X: (—€,€)x X" — S s a volume-preserving variation forw ¥" s Sntl
if and only if [ fedEe =0 for all t € (—¢,€).

(b) LA (t) = =by [, Hry1(t) frdSy, where b, = (r + 1)(T11) and H,11(t) =
H,_H(t ) is the (r 4+ 1)-th mean curvature of ¥™ via the immersion (3.1)).

Remark 1. From [9, Lemma 2.2], given a closed hypersurface 1: X" o S**1 if
f € C>(X™) is such that

(3.3) / fan=o,

then there exists a volume-preserving variation X : (—e, €)xX™ — S+ for¢): ¥" o
S"*+! whose variational field is just %X[,—o = fN.

In order to characterize hypersurfaces of S**! with constant (r+1)-th mean curva-
ture, we will consider the variational problem of minimizing the r-th area functional
A, for all volume-preserving variations of the closed hypersurface 1: ©™ 9= S"*1,

The Jacobi functional J, associated to the problem is given by

T (—€6) — R
t — j?“(t) = .Ar(t)-i-QV(t),
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where g is a constant to be determined. As an immediate consequence of LemmalI]
we get

d
G0 = [ (b Hoa )+ o) fiasi,

where f; is the function defined in (3.2) and b, = (r + 1)(TL) and H,41(t) =
H,1(t,-) is the (r + 1)-th mean curvature of X" via the immersion (3.1)). In order

to choose p, let
— 1
e — H,,1d%
n Area(Xm) / i

be a integral mean of the function H, 1 along the X™. We call the attention to the
fact that, in the case that H,,1 is constant, one has
(34) ﬁ == HT+1 B

and this notation will be used in what follows without further comments. Therefore,
if we choose ¢ = b,’H, we arrive at
d _
ﬁjr(t) = br/ {=H,41(t) + H} fedS,.
E’H,
In particular,
d _
At ‘ —b, | {-H, dx..
dtj()t:O /zn{ +1+H} fo
Now, following the same ideas of [8, Proposition 2.7], from (3.5), (3.4) and

Remark [1| we can establish the following result, which characterizes all the critical
points of the variational problem described above.

(3.5)

Proposition 1. Let 1: ™ & S™! be a closed hypersurface. The following state-
ments are equivalent:

(a) ¥: X" 9 S"*1 has constant (r + 1)-th mean curvature functions H,1;

(b) we have 6y A, = %Ar(t)h:() = 0 for all volume-preserving variations of
P: X" 9 SMFL

(c) we have 6;F, = £T,(t)t=0 = 0 for all variations of 1: L™ & S*+1.

Motivated by the ideas established in [4], [2] and [I2], we exchanged our studying
problem and now we wish to detect hypersurfaces ¢: X" ¢ S**! which minimize
the Jacobi functional 7, for all variations of ¥: X" 9= §"*!. Then, Proposition
shows that the critical points for this new variational problem coincide with those
of the first variational problem, namely, are the closed hypersurfaces ¢: " §» S**!
with constant (r 4+ 1)-th mean curvature H,.,;. Currently, geodesic spheres of S™*!
and Clifford hypersurfaces of S"*! are examples for these critical points. So, for
such a critical point, we need computing the second variation 5]2“% = %jr(t)h:o
of the Jacobi functional 7,.. This will motivate us to establish the following notion
of stability.

Definition 1. Let 1: ¥" & S"™! (n > 3) be a closed hypersurface with constant
(r 4+ 1)-th mean curvature H, 1, r € {1,...,n — 2}. We say that : ¥ 9» S"*! is
strongly r-stable if (5]2“% >0 for all f e C™(X").
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From [7, Proposition 4.4] we get that the sought formula for the second variation
6j2cjr of J, is given by

(3.6) 83Ty = —(r+1) L FE)AE,
where

b,
(3.7) L=1L,+ rnﬁHHT“ —byi1Hypo + . H,

is the Jacobi differential operator associated with our variational problem. Here,
L, is the differential operator defined in , H, H., H.,1 and H, 5 are the
mean curvature, the r-th mean curvature, the (r 4+ 1)-th mean curvature and the
(r 4 2)-th mean curvature of 1: X" 45 S"*1 respectively, and by = (k + 1)(kil)
for k € {r,r + 1}.

Remark 2. Regarding our definition of strong stability, we note that:

(a) From a geometrical point of view, the notion of r-stability, namely, when
§7A, > 0 for all f € C*°(%") satisfying the condition (3.3), is more natural
than the notion the strong r-stability. However, from an analytical point of
view, the strong r-stability is more natural and easier to use. The analytical
interest is due to its possible applications to Geometric Analysis such as:
the approach of bifurcation techniques related to our variational problem,
the study of evolution problems related to the differential operator of Jacobi
L, problems of eigenvalue of L, the search for notions of parabolicity for
L, uniqueness (or multiliqueness) of solutions to problems of initial value
involving £, among others.

(b) In Definition |1} we put the restriction r # 0 due to the fact that there are
no strongly stable constant mean curvature closed hypersurfaces in S"*?
(cf. [3l Section 2]), whereas the constraint r # {n + 1,n} is due to the
explicit expression that admits 5?\7,« (see equations and )

In [7, Proposition 5.1] was established that the geodesic spheres of S"*! are
r-stable. We note that the proof of this result can be used to affirm that the geodesic
spheres of S"*! are also strongly r-stable. Here, for completeness of content, we
present a proof.

Proposition 2. For any r € {1,...,n — 2}, the geodesic spheres of S**1 (n > 3)
are strongly r-stable.

Proof. Let X" be a geodesic sphere of S*™! and let ¢: ¥™ 9= S"*! be its inclusion
map into S"*!. Since X" is totally umbilical then its principal curvatures are all
equal to a certain constant A. By choosing the normal vector we may assume that

A > 0. Thus, from (2.2)), (2.3) and (2.5)), respectively, we have for r € {1,...,n—2}
that

n
Sy = ( )AT = constant, H, = \" = constant
T
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and

(3.8) Sp(A;) = (n B 1) A" = constant.
T

Next, if eq,..., e, are the principal directions of X", from (2.8)), (2.6) and (3.8),
we get

n

Z (Hess(f)(ei), Pr(ei))

1

(_ ) (s = (" rar.
for all f € 000(2")

Then, from (3.6 and (2.7)), we obtain
n—
(3.9) 5]%%:—/"{( ) )X‘AerbTH,f

<.

+ ( Ijr THHr1 = br+1HT+2)f}de

/{( )X”fAf+(n—r)(:f)Mf?

+ [n(ril)M“ —(n—r—1) (rL)x“] f2}ds
:_<n;1>)\’”/2n{fAf+nf2+n>\2f2}dE
<”;1>X‘/m{fAfn(1+A2)f2}dz.

Now, let ; be the first eigenvalue of the Laplacian A of ¢: X" 9 S*+1, which
admits the following min-max characterization (cf. [I1l Section 1.5])

(3.10) g = min{ —/ande/ Enf2d§] L fe o™ ,f;éo}.
Since A > 0, from and (| we get

83 Iy > (nr I)M /2 {m —n(1+ )} f2dx,
for all f € C°°(X"). But, since +(X") is isometric to an n-dimensional Euclidean

sphere with constant sectional curvature equal to A2+1, we have that n; = n(A\2+1).
Hence, for every f € C*°(X™) we get

51Ty > <n ; 1>A’“/ {m —n(1+X*)} ffdE =0.
En

Therefore, according to Definition |1} ¢: X" ¢ S**! must be strongly r-stable. [
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4. PROOF OF THE MAIN RESULTS

In order to obtain a rigidity result concerning to strongly r-stable closed hyper-
surfaces immersed into (n + 1)-dimensional unit Euclidean sphere S"*!, we need
to describe a Riemannian warped product that models a certain region of S™*!.

Let P be the north pole of S"*! and S™ be the equator orthogonal to P. From [15],
Example 2], the open region

(4.1) Qntl.= s\ (P, -P}
is isometric to the Riemannian warped product
(4.2) (0,7) Xginr S*, 7€ (0,7) .

At the moment, making P = (0,...,0,1) € S*"! and identifying the point
qg=(q1, - yqns1) € S" with ¢ = (q1,---,qns1,0) € S we have that the
correspondence

. . n n+1 n+1
(43) Ui (0,7) XgmrS” — QUlCS

(1,q) = ¥(r,q) = (cosT)g+ (sinT)P,
defines an isometry between (4.2]) and (4.1)). We denote by
(4.4) O Q" S (0,7) X gins S

as being the inverse of W.
If d7? and do? denote the metrics of (0,7) and S™, respectively, then
(,)=(m1)" (de) + (sin7)?(mgn )* (doz) ,
is the tensor metric of the Riemannian warped product (4.2]), where 7; and 7gn

denote the projections onto the (0,7) and S™, respectively. In this context, the
vector field

0
(sinT) o € X((0,7) X ginr S™)
T
is a conformal and closed one (in the sense that its dual 1-form is closed), with
conformal factor cos 7. Moreover, from [I5, Proposition 1], for each 79 € (0,7), the
slice {To} x S™ of the foliation
(0,7) 79 — {70} x S"
is a n-dimensional geodesic sphere of S"*1, parallel to the equator S, with shape
operator (see (2.1)) A,, given by
Ay 0 X{m0} xS") — X({r} xS")

(4.5) v = A (Y) = —Vy(-0,) =

(cosTp)

(sinTp)

with respect to the orientation given by —a%. Thus, from (2.2)), (2.3)) and (4.5)), we
get for r € {0,...,n} that the r-th elementary symmetric function S, and the r-th

mean curvature H, of each slice {rp} x S™ are
(4.6) S, = (:) (cot )" and H, = (cotm)",

respectively. We note that S, and H, are constant on {7} x S™.
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In order to facilitate the understanding of certain regions in the Euclidean sphere,
we have established the following notions.

Definition 2. Fixed 7y € (0, 7), the region
&1 ((0,79) Xsinr S”) ={q€S" : ®(q) € (0,70) XsinrS"}
of S**1 that corresponds to
(0,70) X sins S™ C (0,7) X gin+ S"
will be called of upper domain enclosed by the geodesic sphere of Q7*1 of level 7.
Similarly, the region
O ((10,7) Xgins S") ={q €S : ®(q) € (70,7) X gin+ S" }
of S"*1 that corresponds to
(10,7) X sinr S™ C (0,7) X gin+ S"”
will be called of lower domain enclosed by the geodesic sphere of Q" *! of level 7.
In turn, the regions
O ((0,70] Xsinr S™) ={qeS" : ®(q) € (0,70] Xsins S"}
and
O ([10,7) Xginr S") ={q €S : ®(q) € [10,7) X ginr "}
of S**1 that corresponds to
(0,70] X sins S™ C (0,7) X ginr S™
and
[70,7) X sins S™ C (0,7) X ginr S”,

respectively, will be called of closure of the upper domain and closure of the lower
domain enclosed by the geodesic sphere of Q™! of level 7y, where ® is the isometry

given in (4.4)).

For example, from Definition [2] we have that the upper domain enclosed by the
geodesic sphere of Q"1 of level 7 = 7/2 is the open upper hemisphere (minus the
north pole P) of S"*1, which is isometric to the Riemannian warped product

(og) Xsmr ST, 7€ (0,7/2)

According to the ideas established in [, Section 5], we will consider that the
orientable hypersurfaces 1: X" 9 Qn*+1 ¢ S**+! for which their Gauss map N
satisfies

9
_1< ar
1 < <¢*(N(q))’ 3T>¢(¢<q>> =

for all ¢ € ™. In this setting, for such a hypersurface 1: ¥" ¢ Q"1 C S"+! we
define the normal angle 6 as being the smooth function

h: 3 [o,g)

(4.7) g — 6(g) = arccos <—<¢*(N(q))’§>q><w<q>>>‘
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Thus, on 3" the normal angle 8 verifies
0
48 0< 9:—<<I>*N,—><1.
(18) cos (V) 5 <
Moreover, since the orientation of the slice {ro} x S™ is given by f%, the normal
angle 6 of {ro} x S™ is such that cosf = 1.

We need the following result, whose proof is a consequence of a suitable formula
due to Barros and Sousa [10].

Proposition 3. Let ¢: X" ¢ Q"L €SP (n > 2) be an orientable hypersurface
with constant (r + 1)-th mean curvature H,.11, r € {0,...,n —2}. If
E: ¥ —- R

g +— &(g) = —sinTcosb(q),

where 0 is the normal angle of X" defined in (4.7), then the formula of the differential
operator L, defined in (2.8)) acting on & is given by
nb,

(410) L@ =- (25

—b.H.sinTcosf — b, H, 1 cosT.

(4.9)

HHT+1 - br+1H'r+2 + b'rHr) 5

where H, H,, H,.4+1 and H,,o are the mean curvature, r-th mean curvature, (r +
1)-th mean curvature and (r + 2)-th mean curvature of 1 : ¥™ & S respectively,
and by, = (k + 1)(kil) for k € {r,r + 1}. Here, for simplicity we are adopting the
abbreviated notations H; = Hjop= o @1, j € {1,r,r + 1,7 + 2}, where ® is the
isometry described in .

Proof. From Theorem 2 of [10],
nb,

(4.11) Lo(€) = —(T S HHygy = b Hro err)g
— b, H, ©.(N)(cosT)(cosT) — b, Hy41cOST.

Observing that

— = o\ 0 , 0 . 0
VecosT = <VCOST,E>E = (cosT) 3= _SthE’
from (4.8) we have that
(4.12) ®,(N)(cosT) = (VeosT,®.(N))
= 7<%,<I>*(N)>sin7 = sin T cos .
Substituting (4.12)) into (4.11)) we obtain (4.10]). O

Remark 3. For 1 <r <n-—1, from (4.6) we can observe that the (r 4+ 1)-th mean
curvature H, 1, of slice the {ro} x 8", with 79 € (0, %), of the Riemannian warped
product (0,7) X gin- S™ verify the inequalities

H T =My >He > > Hy >H > 1.

Taking into account this situation, we established in Theorem [1| a rigidity result
for strongly r-stable closed hypersurfaces immersed into S™*1.
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Proof of Theorem [Il Since the hypersurface
(4.13) Dop: X" % (0,7) Xginr S"

is strongly r-stable, where & is the isometry described in ({4.4]), from (3.6]) and (3.7])
following Definition [I] we get

r+1

for all f € C>°(X™), where L, is the differential operator defined in (2.8)), d®(X)
denotes the volume element of X" induced by (@.13), by = (k + 1) kil) for
k € {r,r + 1} and, for simplicity, we use the notations H; = H; o1~! o &1,
j €{1,r,r+1,7+2}. In particular, considering the smooth function £ = — sin 7 cos 6
defined in (4.9)), from Proposition [3[ we obtain

by
0<— / {L,.( £+ ( N HH, i — by Hyn + bH) f} Fdo(x)
P (x(zn))

(4.14) 0<b, (—H,sinTcosf — H,11 cosT)sinT cos f dP(X)
(4 ()

< br/ (H,cos8 — Hy11) cosTsin T cos 6 dP(X)
D (¢p(Xm))

< br/ (cos@ — 1) H, cosTsinT cos 0 dP(X)
((2m))

where in the last inequality we use the condition (|L.1]). Now, since H, > 1 on X",
the normal angle § of $" verifies the inequalities established in({.8)), and cos 7 and
sin T are positive values when 7 € (0,7/4], then from the (.14) we obtain

0< br/ (cos® — 1) HycosTsin 76 d®(X) <0.
(y(2))

Therefore, cosf = 1 on X" and, consequently, there is 79 € (0,7/4] such that
(p(Em)) = {mo} x S™. 0

With respect to the notion of strong stability related to closed hypersurfaces with
constant mean curvature immersed into Euclidean sphere S"*1, it is well known
that there are no strongly stable closed hypersurfaces with constant mean curvature
in "1 (cf. [3 Section 2]). In the context of the higher order mean curvatures,
from Theorem [I] we can establish a nonexistent result to strongly r-stable closed
hypersurfaces immersed in S"*! (see Theorem .

Proof of Theorem [2l Assuming that there is a strongly r-stable closed hypersur-
face 1: " ¢ QL € S"L (n > 3) with constant (r +1)-th mean curvature H, 1,
r €{l,...,r+2}, immersed into the lower domain enclosed by the geodesic sphere
of Qntl c S+ of level 79 = 7/4 and with r-th mean curvature H,. satisfying
Hy41 > H, > 1 on X", from Theorem [l] we get that ¢(X") is isometric to a
geodesic sphere contained in the closure of the upper domain enclosed by the
geodesic sphere of Q"1 C S"H! of level 79 = 7/4, obtaining a contradiction. [
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Remark 4. Consider all closed hypersurfaces ¢ : ¥" 9 S**1 (n > 3) with
constant (r + 1)-th mean curvature H,41, r € {1,...,n — 2}, which are strongly
r-stable and that satisfy the condition H,,1 > H, > 1, where H, is the r-th mean
curvature of ¥ : 3" ¢ S"t! from Theorems [1| and [2] we can conclude that the
region of the Euclidean sphere S"*! that contains all these hypersurfaces is small
when compared to the set of closed hypersurfaces of S**! that do not verify all
these assumptions. It is in this context that our results can be understood as a
half-space type property for this class of hypersurfaces of S**!.

For the case r = 1, taking into account , we can exchange the second mean
curvature H, for the normalized scalar curvature R in equation and then
rewrite our Definition [1|in terms of R. In this context, an immediate application of
Theorem [I] and Theorem [2] gives the following results.

Corollary 1. Let ¢ : 3" & Q7L C S*L (n > 3) be a strongly 1-stable closed
hypersurface with constant normalized scalar curvature R. If the mean curvature
H of ¢ : ™ 9 Q"L obeys the condition R—1> H > 1 on X", then y(X") is
isometric to a geodesic sphere contained in the closure of the upper domain enclosed
by the geodesic sphere of Q"L C S of level 7o = /4.

Corollary 2. There is no strongly 1-stable closed hypersurface ¥™ (n > 3) with
constant normalized scalar curvature R immersed into the lower domain enclosed
by the geodesic sphere of Q"L C St (n > 3) of level 79 = /4, with mean
curvature H satisfying the condition R—1> H > 1 on X™.
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