ARCHIVUM MATHEMATICUM (BRNO)
Tomus 58 (2022), 65-84

OSCILLATORY BEHAVIOR OF HIGHER ORDER
NEUTRAL DIFFERENTIAL EQUATION WITH MULTIPLE
FUNCTIONAL DELAYS UNDER DERIVATIVE OPERATOR

R.N. RaTH, K.C. PANDA, AND S.K. RATH

ABSTRACT. In this article, we obtain sufficient conditions so that every solution
of neutral delay differential equation

k
(50 = " pi@urs(e)) ™ + v (OG (1) — w® Hy(h(1))) = F(1)
=1

oscillates or tends to zero as t — oo, where, n > 1 is any positive integer,
pi, Ti € C’(")([O, 00),R) and p; are bounded for each i = 1,2,..., k. Further,
f € C([0,0),R), g, h, v, u € C([0,00),[0,00)), G and H € C(R,R). The
functional delays r;(¢t) < t, g(t) < ¢ and h(t) < ¢ and all of them approach
oo as t — oo. The results hold when v = 0 and f(¢) = 0. This article
extends, generalizes and improves some recent results, and further answers
some unanswered questions from the literature.

1. INTRODUCTION

In this article, we obtain sufficient conditions for every solution of the higher
order neutral delay differential equation (NDDE in short)

k
11 (w0~ Y p@wtren) " + oG wlo(0) ~ ulH (y(h1) = £(1).
=1

to oscillate or to tend to zero as t — oo, where, n > 1 is any positive integer,
Di, Ti € O(")([O,oo),R) and p; are bounded for each ¢ = 1,2,...,k. Further,
f€C(0,0),R), g, h,v,u € C([0,00),[0,00)), G and H € C(R,R). The functional
delays r;(t) < t, g(t) <t and h(t) <t and all of them approach co as t — oo.

The results hold when u = 0, f(¢) = 0, and G(u) = u.

Some of the following assumptions would be needed later in this article.

(HO) litrgioglf G(z(t)) > 0 if ligioglfm(t) >0 and lign sup G(z(t)) < 0 if

limsup z(t) < 0.

t—oo
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(H1) zG(x) > 0 for = # 0.

(H2) v(t) >0, /Oo v(s)ds = 0.

to
(H3) There exists a bounded function F' € C™ ([0, 00), R) such that
FO(t) = f(1).
(H4) The function F(t) in (H3) satisfies flim F(t) =0.

(H5) /Oo t"Lu(t) dt < oo.

to

(H6) H is bounded and wH (u) > 0 for u # 0.

(H7) /OO t"Lo(t) dt = oo.

to
oo
Note that if / t" 71| f(t)| dt < oo then, (H3) and (H4) hold.

In recent yeartbEj there have been much interest in studying the oscillatory and
asymptotic behaviour of neutral delay differential equations and it’s applications.
For some recent results, one may go through the publications [I, 2] [7, (8, [T0} [T}, (T3]
and references cited there in. However, study of NDDEs of the form with
several functional delays under the derivative operator; seems to be relatively scarce.
It is found that the authors [11 [7} [8, [10} [IT, [13] use the result [2, Lemma 1.5.2], as
the main tool, to study NDDEs

(1.2) (y(t) — p(yy(t =)™ + g(OG(y(t — o)) = f ()

where n > 1, is any positive integer. But this lemma cannot be applied to the study
of because of the presence of multiple functional delays under the derivative
operator. In this article, by following the suggestion in [2, Notes 1.8, page 31|, we
extend [2, Lemma 1.5.2] from one delay to multiple delays for it’s own sake and for
it’s application to study the oscillatory behavior of . Then these results are
further applied to study the behavior of solutions of

k

(13) [y = S pe®u(r®)] "+ a0C(wa) = £0).

i=1

where ¢(t) changes sign. The paper [9] is concerned with the study of oscillatory and
asymptotic behaviour of NDDE ([1.2)) with ¢(¢) having fixed sign. We considered the
general case that ¢(t) may change sign and generalized the results in [9] by dropping
the conditions (i) G is non decreasing and liminf G(u)/u > § > 0. Further, this

|u|—o0
article could address the proposed problems [2, Open problem 2.8.3, page 57, Open
problem 10.10.2, page 287].
“Let t; be a fixed positive real number and

to = min { tigltfl (ri(t), ra(t), ..., rr(t)), gfl g(t), tiéltfl h(t)}.



OSCILLATORY BEHAVIOR OF NEUTRAL EQUATION WITH MULTIPLE DELAY... 67

By a solution of (L.1), we mean a function y € C([tg,o0),R) such that y(t) —

Z pi(H)y(ri(t)) is n times continuously differentiable on [ty, c0) and the neutral

equatlon is satisfied by y(t) for all ¢ > t;. It is known that has a
unique solutlon provided that an initial function ¢ € C([to,t1],R) is given to satisfy
y(t) = ¢(t) for all ¢ € [to, t1]. Such a solution is said to be non-oscillatory if it is
eventually positive or eventually negative, otherwise it is called oscillatory.”

In this work we assume the existence of solutions of and study only their
qualitative behaviour. In the sequel, unless otherwise specified, when we write a
functional inequality, it will be assumed to hold for all sufficiently large values of ¢.

2. LEMMAS

In this section, some lemmas are presented which will be used to find sufficient
conditions for oscillation of solutions of (1.1)).

Lemma 2.1 ([5, p.193]). “Lety € C™([0,00),R) be of constant sign and # 0 in any
interval [T, 00), T > 0,and y™ (t)y(t ) < 0.Then there exists a number tg > 0 such
that the functions y(j)( t),j = 1 2,. — 1, are of constant sign on [tg,00) and
there exists a number m € {1, - 1} when n is even orm € {0,2,4,...,n—1}
when n is odd such that

y(ty () >0 for j=0,1,2,....m, t>t,
(71)"+j*1y(t)y(j)(t)>0 for j=m+1m+2,...,n—1, t>1ty.”

Lemma 2.2 ([12]). “Let u(t) and v(t) be two real valued continuous functions
defined for t >ty > 0. Then

1imtinf u(t)—f—limtinf v(t)
< lim inf (u(t) + v(t))

< lim sup u(t) + lim tinf v(t) (or lim inf w(t) + lim sup v(t))

o t—o00 - t—oo t—o0

IN

lim sup (u(t) + v(t))
(2.1)

IN

lim sup u(t) + lim sup v(¢)

t—o0 t—o0

provided that no sum is of the form oo — 00.”
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Lemma 2.3 ([12]). “Let u(t) and v(t) be two non negative real valued continuous
functions defined for t > tg. Then

limtinf u(t) x limtinf v(t)
< hmtglgo (u(t) x v(t))

<
< lim sup u(t) x lim tinf v(t) (or lim inf w(t) x lim sup v(t))

t—o0 t—o0 t—o0

IN

lim tsilopo (u(t) x v(t))

(2.2) < lim sup u(t) x lim sup v(t)

t—o0 t—o0

provided that no product is of the form 0 x oc.”
The following lemma generalizes an important result [2, Lemma 1.5.2].

Lemma 2.4 ([I3]). “Suppose that 7(t) is a continuous and strictly increasing
unbounded function such that T(t) <t. Let u, v, p: [tg,00) — R be such that

(2.3) u(t) = v(t) —pt)v(r(t)), t>71-1(to)-
Suppose that p(t) is in one of the ranges

(2.4) 0<p(t)<p1,

(2.5) -1<-p<p) <O,

or

(2.6) —p2 <p(t) < —p1 < -1,

where p, p1, p2 are positive real numbers. If v(t) > 0 fort >ty > 0 and litm info(t) =
— 00
0 and tlim u(t) = L € R exists, then L =10.”

By following the suggestion in [2, Note 1.8, page 31|, we now extend the above
lemma from single functional delay to several functional delays for its application
to study the qualitative behaviour of solutions of (L.1J).

Lemma 2.5. Suppose that, for each i =1,2,...,k, p;,r; € C([tg,o0),R), p; are
bounded, r;(t) < t and tlim ri(t) = oo. Further, suppose that y € C([tg,o0),R).
Assume y(t) >0 fort > to. Let

k
(2.7) (1) = y(O) = S p Oy ), t=t >t
j=1

If litm infy(t) =0 and lim z(t) = ¢ € R exists then the following statements are

t—o00
true.

(a) Ifp;i(t) >0 for each j then § <0 and p;(t) <0 for each j then § > 0.
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(b) Further, suppose that y(t) is bounded and p;(t),j =1,2,...,k, satisfy one
of the following four conditions.

pi(t) >0 foreveryj:l 2,...,k and
(2.8) Zhgrisogppj <p<l.

pi(t) <0 forevery j=1,2,...,k and

k
(2.9) Zlitrgglfpj(t) >-—p>—1.

pi(t) <0 forevery j=1,2,...,k and there exists,i € {1,2,3, ,k}

(2.10) such that hm suppl Z lim 1nfpj
J#i
pi(t) >0 forevery j=1,2,...,k and there exists,i € {1,2,3,...,k}
(2.11) such that hm 1nfp1 th suppj )>1.
J#i

Then 6 =0 and tlim y(t) = 0.

Proof. (a) Since tlim z(t) = ¢ exists finitely then hm mf z(t) = hm sup z(t) =9.1If
p;j(t) > 0 then z(t) < y(t) and htm inf z(t) < htm mfy( ) This unphes d < 0. Again
if p;(t) <0 then z(t) > y(t) and this implies ¢ > 0. Hence the result follows.

(b) Consider case (i) i.e.; suppose p;(t) satisfy (2.§). As p;(t) >0, by part (a)
above 6 < 0. Then applying Lemma [2.2] and [2:3] we have

t—o0 t—o0

k
0 > ¢ = limsup z(¢t) = limsup (y(t) - ij (t)y(rj(t))>

t—oo

k
> limsup y(t) + 1itrgi£f ( - ij (t)y(rj(t)))

> limsupy(t) — Hfl Sup ( Z pi(t)y(r; (t)))

t—oo

> limsup y(t) — Z li?isolip (pi(®)y(r;(1)))

t—oo

> limsup y(t th suppJ hm supy(rj( ))

t—o0
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> limsup y(t (1 — th SUPPJ( ))

t—o0 j=1

> limsupy(t)(1 —p) > 0.
t—oo

Hence § = 0 and limsup y(t) = 0 by (2.8]). Then lim y(¢) = 0.
t—oo t—o0

Next consider _case ii i.e; p;(t) satisfy (2.9). Clearly, z(¢t) > 0 due to (2.9) and
this implies 6 > 0. Application of Lemmas and to (2.7) yields:

t—o0o

k
0= hm inf z(t) = litrgigf (y(t) - Zm(t)y(w(t)))

k
< lim
_hglolgfy( —i—hmsup(z ))

t—oo j=1

< th sup(— pj( ) li?is;lp (y(rj (t)))

J=1 t—o0

= Z — hm 1nf (p;(t hm 0 sup (y(r; (1))

< phm sup (y(t)) < pa.
t—oo
Hence we get
(2.12) a>->9.
p

Again

k
0 = limsup z(¢) = limsup (y(t) - ij (t)y(rj(t)))

t—o0 t—oo

“-

Il
-

> limsupy(t) + litm inf (

t—o0o

i Oy (r;(1))

J

> limsupy(t +th1nf< (1)y (r; (t)))

t—o0

k
> lim sup y(t) + ; lim inf(—p; (¢)) lim inf y (r; (1))
= liin supy(t) = «.

From this and (2.12)) it follows that
a>6>a,
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a contradiction. This implies § = 0 = a.. Then tlim y(t) = 0.
Next consider case iii: i.e.; p;(t) satisfy (2.10). Then proceeding with the appli-

cation of Lemmas and to (2.7) we obtain
k
0 = liminf 2(¢) = liggioglf (y(t) - ij (t)y(rj(t))>

t—oo
< limsup (y(t) + 3 =ps(Oy(r; (1)) + liminf (= pi()y(ri(®)))
t—oo
J#i
< limsup y(t) + lim sup Z —p;()y(r;(t))
t—o0 t—oo i

+ h?iigp ( — pi(t)) hﬁg}f (y(m(t)))

<limsupy(t) + Z h?i)solip ((=pj@®)y(r; (1))

t—o0
<li I I (t
< lim sup /(1) +Z imsup (= p; (1)) limsup (y(r; (¢))
(2.13) < limsup (y(1)) {1 - ; lim inf p, (t)] .

Again we have

k
d = limsup z(¢) = lim sup (y(t) — ij(t)y(rj(t))>

t—o0 t—o0

k
Zligglfy( +11msup(z —p;(t)y(r;(t ))

j=1

> limsup(—p; (t)y(ri(t)) + hm mfz ri(t)))
oo e JFi

> lim sup y(r; (¢ ))hm inf(— )+ thlnf i (£)y(r;(1)))
oo J#i

> liirisup y(t)(— hm suppz Z hm 1nf i (1)) ligiogfy<rj ()

> JFi
(2.14) > liin supy(t)( — liin sup p;(t)) -

From (2.13) and (2.14)), it follows that

lim sup y(¢ ( E liminf p;(t) — 1 —lim suppi(t)> <0.
t—oo
J#i

Using , we obtain o = lim sup y(t) = 0. Then hm y(t) = 0 and further, using
and we obtain 5 = hm z(t) = 0.
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Next consider case iv: i.e.; p;(t) satisfy (2.11). Then proceeding with the appli-
cation of Lemmas and to (2.7]) we obtain

k
§ = liminf z(¢) = lim inf (y(t) - ij(t)y(rj (t)))

t—oo t—oo

< limsupy(t) + hggi;}f Z —p;(t)y (rj (t))

t—o0

< limsupy(t) — hm sup ij

<a-— litrgg)lepj Yy rj( ) — hgrisup (Pz(t)) (y(rl(t)))
J#i *
< a—y liminf (=p;(1)) (y(r;(1))) ~lim inf (p;(1)) lim sup (y(r4(1)))
i#i °°
<a- Z litrgiorclf p;(t) litrgiolgf y(r;i (1)) — litrgiorolf (pi(1)) liin sup y(t)
i o

(2.15) < a1 —liminf p;(t)) .

t—o0
Again we have

§ = limsup z(t) = lim sup (y(t) - ij(t)y(rj (t)))

t—oo t—oo

k
zhtrgloglfy +hmbup<z )

t—o0

> —lim inf (ij (t)y(m(t))>

— lim inf (pl( )y ( — lim supz p;(t

t—o0 t—oo

> —litrg)(i;lfy(n( ) hin sup p; (¢ th sup i ()y(r;(t)))

> — Z lim sup p; (t) li?isogp Y (Tj (t ))

—,. t—o00
J#i

— limsup y(t (th sup p;(t )

t—o0

(2.16) = —a(zhmsuppg( ))

J#i
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From (2.15) and (2.16)), it follows that

_Q(thsuppj( )) <5< a(l - ligigfpi(t)) .

t—oo
J#i

This implies

a(l - liggjlfpz + Zhnlsogppj( )) >0.
JFi
By (2.11)), we obtain o < 0. Since y(¢) > 0 then « = 0. This implies tlim y(t) =0.

By (2.16)), it follows that § > 0. Using (a), we obtain 6 = 0. Thus the lemma is
proved. ([

Remark 2 6. If pz( ) = p(t) and p;(t) = 0, for j # 4, then the conditions (2.8)),

[2.9), (2.10), (2.11) due to the boundedness of p;(t) reduces to the following
Condltlonb (i) OSp( )<p <1, (i)-1<—p<p(t) <0, (iii) —p1 < p(t) < —p <
—1 and (iv) p1 > p(t) > p > 1 respectively. These conditions are assumed in

[6l 18, 9, 10, 11].

Lemma 2.7. Assume y(t) < 0 fort >ty and limsupy(t) = 0. Suppose that z(t)
t—oo
is defined as in (2.7). Further, assume and tlim z(t) = 0 exists finitely. Then

(a) Ifp;i(t) >0 for each j then § > 0 and p;(t) <0 for each j then § <0.
(b) Further, suppose that y( is bounded and p]( ), 5 =1,2,...,k, satisfy one

of the conditions , , or . Then § =0 cmd hm y(t) = 0.

Proof. Proceeding as in the proof of above lemma with the substitution z(t) =
—y(t) > 0, one may complete the proof of the lemma. O

Remark 2.8. Observe that u(t) and v(t) are not assumed to be bounded in
Lemmas or However, we assume that y(t) and y(r;(¢)) are bounded. This
is done, only to avoid the statement, “provided that no sum is of the form oo — oo’
in Lemma [2.2 and, “provided that no product is of the form 0 x co0” in Lemma
However, if p;(t) satisfies or , then the terms in z(¢) are positive when
y(t) > 0. Hence in the hmltmg case the sum cannot yield co — oo form. Further, if
litrgg}fpj(t) > 0 for each j in the case when p;(t) satisfies then the product

)

—p;(t)y(r;(t)) in the limiting case cannot be of the form 0 x co. Thus, if p;(¢)
satisfies (2.9) or (2.10)), we can relax the condition of boundedness on y(t) in the
Lemma 2.5l We state this as a lemma.

Lemma 2.9. Assume y(t) > 0 for t > to with liminf y(t) = 0, and let z(t) be
defined as in (2.7)). Assume tlirglo z(t) = 0 exists is ﬁmte Let p;(t) satisfy (2.9 . or

(2.10). Assume litm inf [p;(¢)| > O for the case p;(t) satisfying - Then 6 =0
and tlim y(t) =0.
—00
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3. OSCILLATION OF SOLUTIONS UNDER POSITIVE COEFFICIENTS

Theorem 3.1. Suppose that (H1), (H3)-(H5), (H7) hold. Assume that p;(t) for
ji=1,2,3,...,k satisfies one of the conditions (2.8)—(2.11)). Then every bounded
solution of (1.1)) oscillates or tends to zero ast — c.

Proof. Assume y is a bounded and eventually positive solution of (1.1)). Then
there exists a ¢y such that for ¢ > to: y(t), y(h(t)), y(g(t)), y(r;(t)) are positive.
Define

_1\n—1 00
(3.1) c(t) = ((nl—)l)'/t (s —t)" 'u(s)H (y(h(s)))ds for t>tg.

By assumptions (H2) and (H4), the above integral converges, thus c¢(¢) is a well
defined real-valued function, and

(3.2) lim ¢(t) =0.

t—o0

Note that the nth derivative of ¢ is ¢ (t) = —u(t)H (y(h(t))). For simplicity of
notation, we define

k
(3.3) 2(t) =y = 3 _pi(y(ri®)
and
(3.4) w(t) = z(t) + c(t) — F(t),
where F(™(t) = f(t). Since v(t) > 0, then from (3-4), (H1) and it follows that
(3.5) w™ (1) = —o(t)G(y(g(1)) < 0.

Then it follows from (3.5) that w,w’, ..., w™ Y are monotonic and of constant
sign on some interval [t1,00). As y(t) is bounded, then z(¢) and w(t) are bounded.
Let A\ := tlim w(t) which exists as a finite number because w is monotonic and

— 00

bounded. Integrating on (3.5)), n times,
(1)n71
(n—1)!

w(t) — A = | = o6 late) ds.

Since w is bounded, the above integral is convergent. This in turn, by (H7), implies
liminf G(y(g(s))) = 0. As G(z) # 0 for z # 0, liminfy(g(s)) = 0 and because
§—00 S§—00

tlirglo g(t) = oo, litrgglfy(t) =0.

Since tlirgo w(t) exists, c(t), F(t) approach zero, and each p;(t),j =1,2,...,k
are bounded, it follows that tlg(r)lo z(t) exists as a finite number. Applying Lemma
we prove tlirgo y(t) = 0. With the application of Lemma the proof for the

case y(t) < 0 is similar. Thus the theorem is proved.
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Theorem 3.2. Suppose that (HO)—(H6) hold. Assume that there exists positive
scalars p and pj : j = 1,2,...,k such that the functions p;(t) for j =1,2,... .k
satisfies the condition

k

(3.6) —1<-p;<p(t) <0 for j=1,2,... .,k and » pj=p<1.
j=1

Then every solution of (1.1) oscillates or tends to zero as t — oo.

Proof. Let y(t) be a solution of ( ., which is eventually posmve for t > to.
Then proceeding as in Theorem [3.1] set c(t), 2(¢) and w(t) by (3.1), (3.3) and (3.4)
respectively to obtain . By (H2), w™ (t) is not identically zero in any interval
[t1,00). As in the proof of Lemma we can show that there exists t; > tg such
that w,w’, ..., w™ Y are monotonic and of constant sign on [t1,00). However, we
do not know yet that w > 0.

Suppose, if possible, y is unbounded. Then there exists an increasing sequence
{a;} such that

lim a; =00, lim y(a;) =00, with y(a;) = max y(s).
j—o0 j—o0 t1<s<a;

By (3.2), for each ¢ > 0, there exists Ny such that
c(aj) <e for j> Ny.

Since g(t), h(t), r;(t) for each 4, approach co as t — oo, there exists N1 > Ny such
that:

aj,g(a;), h(a;),ri(a;) >t1 for j> Ny.

By (H3), there is an upper bound 7 for |F|. Using that y(¢) > 0, the definition of
{a;}, and that each r;(t) < t, we have: by (3.6),

k
w(a;) = y(a;) ZPZ 7"1 aj)) + c(a;) — F(ay)

Taking limits in the inequality above, we have lim w(a;) = co. Since w,w’,
jﬂoo

w™ V) are monotonic and of constant sign, it follows that w > 0 and w’ > 0. Now

by Lemmaﬂ w™ <0 and w > 0 imply w("*l)(t) > 0 for t > t;.
Next we show that y is bounded below by a positive constant, which will be
used for bounding the G term from below.
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Using that w is positive and increasing, and that each r;(¢) < ¢ and (| ., we
have:

u-i@mwaw—gmmmm
) + _Zk:pi(f)W(Tz(t))
Zm ) +clt) = F(t)
+;mmpl [ﬁjr, )y (s (ra() | +e (i) =F(ri(0) |
Sym+dw—ﬂw+Z¥MWﬂm»—meﬂ

Note that each p;(t) and p;(r;i(t)), i=1,2,...,k, j =1,2,...,k have the negative
sign and y > 0 in the inequality above. This implies

(u})ﬂ >|<wa+2m [[leCra@)l + 1F@rae)] -
This implies
(172p1> )+e+n+2ple+n) for t>1t;.

Since lim w(t) = oo, it follows that thm y(t) = co. Then there exists t3 > t1 such
— 00

t—oo
that for ¢ > to: y(t), y(g(t)), y(h(t)), y(r;(t)) for each i, are bounded below by a
positive constant. By (HO)—(H1), for s > 2, G(y(g(s))) is bounded below by a
positive constant «. Integrating (3.5]),
t

w D (1) = w D (ty) +/ —u()G(y(g(s))) ds < w"V(t2) — a/ v(s)ds.

to to
Note that by (H2), the right-hand side approaches —oco, while the left-hand side
is positive. This contradiction implies that the solution can not be unbounded
and eventually positive. Hence y(t) is bounded. Since (H2) implies (H7) then we
proceed as in the proof of Theorem to prove tlirgo y(t) = 0. The proof for the

case when y(t) is eventually negative is similar. Thus the theorem is proved. O
Remark 3.3. The condition (3.6]) is equivalent to the condition (2.9)).

Theorem 3.4. Suppose that (HO)—(H6) hold. Assume that the condition
k
(3.7) 0<p(t)<p; <1, fori=1,2,....k and Zpi:p<1.

i=1
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holds. Then every solution of (L.1|) oscillates or tends to zero as t — oc.

Proof. By contradiction assume y is an eventually positive solution of ([1.1]), which
does not tend to zero as t — oo. Then there exists a ty such that for ¢ > tg:
y(t), y(h(t)), y(g(t)), y(r;(t)) are positive and limsupy(t) > 0. Define c(t), 2(t)

t—o0o

and w(t) by (3.1),(3.3)) and (3.4) respectively to obtain (3.5). By (H2), w™ (t) is

not identically zero in any interval [¢;,00). Then from Lemma it follows that
w,w, ... 7w("_l) are monotonic and of constant sign on some interval [t, 00). We
do not know that w > 0 yet. Since (3.7]) holds,

k
w(t) > y(t) - Zpiy(m(t)) +e(t) = F(t).

Taking the limit superior, using that w is monotonic and that ¢(t) and F(t) converge
to zero, we have

k
A= lim w(t) > (1 — i) limsupy(t) > 0.
Jim. w(t) > ( ;pz) m sup y(t)

Then w(t) is positive for ¢ large enough. By [5, Lemma 5.2.1], w™ < 0 and w > 0
imply the existence of ¢; such that w™ =1 (¢) > 0 for ¢t > t,. Next we show that
litm infy(¢) > 0, which will be used for bounding G(y(g(s))) from below by a

positive constant. Using that 0 < p;(¢), j =1,2,...,k and y > 0, we have
w(t) < y(t) +c(t) — F(t).

Taking the limit inferior, using that w is monotonic and that ¢(t) and F'(¢) approach
zero, we have

0< A= tlim w(t) < litm infy(t).

Then there exists a to > t; such that for ¢t > to: y(t), y(h(t)), y(g(t)), y(r:(t))
for each i, are bounded below by a positive constant. By (HO)—(H1), for s > to,
G(y(g(s))) is bounded below by a positive constant «. Integrating (3.5)),

t

W) = D(t) + [ oG o) ds < w Vitz) ~a [ o(s)ds.

to ta

Note that by (H2), the right-hand side approaches —oo, while the left-hand side is
positive. This contradiction implies that the solution can not be eventually positive
without approaching zero.

The proof for the case when y is eventually negative and does not tend to zero
as t — oo is similar. This completes the proof. O

Remark 3.5. The condition (3.7)) is equivalent to the condition (2.8]).
Theorem 3.6. Assume (HO), (H1), (H3)-(H6). Further, assume
(3.8) —p; <p;j(t) <0 for j=1,2,... k.
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1
Suppose that there exists a real o > 0 such that r(t) > — fori=1,2,..., k. Further

Q

Suppose that, the delay functions satisfy g(r;(t)) = r;(g(t)). for 7 =1,2,...,k and
(3.9)

/ v*(t)dt =00, where v*(t) =min {v(t),v(r1(t)),v(r2(t)), ..., v(ri(t)}.

to

Let there exists a positive constant §, such that for x; >0,i=1,2,....k+ 1 and
u>0

k+1 k41
(3.10) G(Z x;) <46 ZG(%) and G(uz;) < G(u)G(z;)

and that for x; < 0,1=1,2,....k+1 and u > 0,

k+1 k+1
(3.11) (Zx) >5ZG and  Gluz;) > G(uw)G(x;).

Then every solution of (1.1) is oscillatory or tends to zero as t — oo.

Proof. By contradiction assume y is an eventually positive solution of (|1.1]), which
does not tend to zero as t — oo. Then there exists a ty such that for ¢ > ty:
y(t), y(h(t)), y(g(t)) and y(r;(t)): i = 1,2,..., k are positive and hm sup y(t ) > 0.

Define ¢(t), z(t) and w(t) by (3.1 , and (3.4) respectively to obtaln (BH).

Then, w™ < 0 and w,w’,...,w™ Y are monotonic and of constant sign on some
interval [t1,00). From pJ( ) <0 foreach j=1,2,...,k and y > 0, it follows that
w(t) > y(t) + c(t) — F(t). In the limit

A= lim w(t) > limsupy(t) > 0.

t—o0 t—o0

Since ¢(t) and F(t) approach zero then lim z(t) = lim w(t) = A > 0. z(¢) is

t—o0 t—oo

bounded below by a positive constant, for all ¢ large. Using y(¢) + Z piy(ri(t
t—oo

— Zpi(t)y(ri(t) , lim g(t) = oo, and g(r;(t)) = ri(g(t)), i = 1,2,...,k, it

follows that y(g(t)) + Z piy(g(ri(t))) is also bounded below by a positive constant,

on some interval [ta, ) Then by (HO)—(H1), there exist a positive constant a such
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that a < G )+ ZPZ 74 ( USlng

k

o < Gylg®) + > piy(g(ri(t)))

i=1

k
< o[6(ta(0)) + X G(statrs(t))]
<s[c(y +2Gpl ylg(ri(1))]

1
Since 7;(t) > > and w™ (r;(t)) < 0, it follows that aw™ (r;(t))ri(t) < w™ (r;(t))
for i =1,2,...,k. Using this, from (3.5]), we obtain

k
a0) +a 3 G ()

+ZGpl ri(t))

< —v*(t)a/d.
Integrating,

w(n—l) +O‘ZG w(n 1) ( ))

t
< w™ Y (ty) + aZG(pi)w(”_l) (ri(te)) — (04/6)/ v*(s)ds.
i=1 t2
In the limit as t — oo, by (3.9)), the right-hand side approaches —oo while the
left-hand side is positive. This contradiction proves that eventually positive solutions
must converge to zero. For eventually negative solutions,one may proceed as above
to get the desired result. Thus the proof is complete. (Il

Remark 3.7. The condition (3.8]) is less restrictive than the condition (2.10)).

Remark 3.8. The condition implies (H2) but the converse is not necessarily
true. However, if v(t) is monotonic then both and (H2) are equivalent. Indeed,
if v(t) is decreasing then v*(t) = v(¢). Hence the equivalence of and (H2)
is immediate. On the other hand if v(¢) is increasing then assume that (H2)
holds. As v(t) is increasing, implies v*(t) = v(r(t)) where r(t) = min{r;(¢) :
i =1,2,...,k} for large ¢. Clearly, 7(t) < ¢t and r(t) — oo as t — oo. v(t) is
increasing implies, there exists § > 0 such that v(r(t)) > ¢ for t > ¢;. Hence
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/ v*(t)dt = / v(r(t))dt > 5/ dt = oo. Hence (3.9) holds. Thus, (3.9) and
t t t
(HlQ) are equivalelnt7 when v(t) is monotonic.

Theorem 3.9. Assume (HO)-(H6) to hold. Further, assume that p;(t) j =1,2,...,k

1
satisfy (3.8). Suppose that there exists a real o > 0 such that ri(t) > — for
«a

i =1,2,..., k. Further Suppose that, the delay functions satisfy g(r;(t)) = r;(g(¢))

for j =1,2,... k. Suppose that (3.10), (3.11) hold and that v(t) is monotonic.
Then every solution of (L.1) oscillates or tends to zero as n — co.

Proof. The proof follows from that of Theorem [3.6] and the Remark O

Remark 3.10. The prototype of the function G satisfying (HO), (H1), (3.10) and
B-11) is G(u) = (8 + |ul*)|u|*sgnu, where X > 0, > 0,\+p > 1,3 > 1. For
verification we may take help of the well known inequality(see [3} p.292])

{(u+v)”, 0<p<1,

uP + P >
2P (0P, p>1.

4. OSCILLATION OF SOLUTIONS UNDER OSCILLATORY COEFFICIENTS

In this section, we find sufficient conditions so that every solution of the higher
order (n > 1) neutral differential equation oscillates or tends to zero as
t — oo, where ¢(t) is allowed to change sign. Let ¢*(¢t) = max{q(t),0} and
g~ (t) = max{—q(t),0}. Then q(t) = ¢*(t) — ¢~ (t) and the equation can be
written as

i (n)
(4.1) {y(t) - Zpi(t)y(m(t))} + 4" ()G (y(g(t)) —a~ (1)G(y(g(t)) = f(t).

i=1

Now we proceed as in the previous section by setting v(t) = ¢* (), u(t) = ¢ (t)
and H(z) = G(z). Assumptions (H2), (H5), (H6) and (H7) become
(B2): / g (t)dt = 0. (B5): / t""1g7(t)dt < co. (B6): G is bounded and
to tO
(B7): / t" g (t) dt = oo respectively.
to

Therefore, the study of (|1.3)) reduces to the study of (1.1]) in Theorems
and Thus, we have the following results for (T.3) where ¢(t) changes sign.

Theorem 4.1. Suppose that (H1), (H3)—(H4),(B5),(B7) hold. Assume that p;(t)
forj=1,2,3,... k satisfies one of the conditions (2.8))—(2.11)). Then every bounded
solution of (1.3)), where q(t) changes sign, oscillates or tends to zero as t — oo.

Theorem 4.2. Suppose that (HO), (H1), (B2), (H3), (H4), (B5), (B6) hold. Assume
that there exists a positive constant p such that the functions p;(t) for j =1,2,...,k
satisfies the condition (3.6)). Then every solution of (1.3) oscillates or tends to

zero as t — 00.
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Theorem 4.3. Suppose that (H0), (H1), (B2), (H3), (H4), (B5), (B6) hold. Assume
that the condition (3.7) holds. Then every solution of (1.3|) oscillates or tends to

zero ast — 00.

However, theorems in [4] can not be applied to (4.1)) or to (1.3, because the
condition “G is bounded”is not compatible to the condition that “lim inf G(u)/u >

|u|— o0
>0
For the results in this section, we need G to be bounded, continuous, and to
satisfy (HO) and (H1). The prototype of such a function G(y) is y*" sgn(y)/(1+5").
5. EXAMPLES

The following examples illustrate Theorems [I.1] and [£.3]
Example 5.1. Consider the higher order NDDE

(5.1) (y(t) — (1/2e)y(t — 1) — (1/2¢*)y(t — 2)"™ + q(t)y(t — 3) = £ ()
where
si.n(t), 2kn <t < (2k+ )7, k=0,1,2,...
(5:2) 4 = S;ff? Qk+D)r<t<(2k+2)m k=0,1,2,...
and

sin(t)e '™, 2kn <t < (2k+ 17w, k=0,1,2,...

(5.3) f(t) = { sin(t)e~t+3
T, (2k+1)7§t§(2/€+2)ﬂ',k:0,172,
Clearly,
(5.4) o) = sin(t), 2kr <t<(2k+1)m, k=0,1,2,...
' T =0, 2k+ Dr<t<(2k+2)m k=0,1,2,...
and
0, okm <t < (2k+ )m, k=0,1,2,...
(5.5) ¢ (t) = { sin(t)

2 Rk+1)r <t<(2k+2)m, k=0,1,2,...

It may be verified that the NDDE (j5.1)) satisfies all the conditions of theorem [4.1
Hence every bounded solution of (5.1]) oscillates or tends to zero as ¢t — oo. As
such, it admits a positive solution y(t) = e~* which tends to zero as t — oo.

Example 5.2. The following higher order NDDE
(56)  (u(t) — (1/2e)y(t — 1) — (1/26*)y(t — 2))™ + a()G(y(t — 3)) = f(1)
where G (u) = u?sgn (u)/(1 +u?) and ¢(t) as in and

S 45 sin(t), 2kr <t < (2k+Dm, k=0,1,2,...
(5.7) f(t)= b sin(t)
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satisfies all the conditions of Theorem Hence every solution of ([5.6) oscillates
or tends to zero as t — oco. As such, it admits a positive solution y(t) = e~* which
tends to zero as t — oo.

Remark 5.3. The results of this article seems to be significant as no result in
literature can be applied to the NDDEs (5.1) and (5.6).

6. CONCLUDING REMARKS

The open problem [2, Problem 2.8.3, p.57] says:

Extend the following result to equations with oscillating coefficients.
Theorem 2.3.1 in [2]: Under the assumptions that ¢(t) > 0 and
t
(6.1) lim inf q(s)ds > e !

t—T1
every solution of

(6.2) YO +atyt—7) =0, t>1
oscillates.

If we put n =1, f(t) =0, G(y) =y, k =1 and p;(t) satisfying (2.8) = 0 for each j
in (1.3]) then the following corollary follows from Theorem {4.1]

Corollary 6.1. Suppose that (B2) hold . Assume

(6.3) / T dt < oo

to
Then every bounded solution of
(6.4) y'(t) +a(t)y(g(t)) = 0.
oscillates or tends to zero as t — oo.

Again if we put n = 1, f(¢) = 0, k = 0 in (1.3)) then the following corollary
follows from Theorem

Corollary 6.2. Suppose that (H0), (H1), (B2), (B6) and (6.3) hold. Then every
solution of

(6.5) y'(t) +a(t)G(y(g(t)) =0
oscillates or tends to zero as t — co. Or equivalently every unbounded solution of

(6.5) oscillates.
Note that (6.1) implies

(6.6) /00 q(t)dt = o00.

to
Further, (B2) is equivalent to under the assumption . Thus, Corollaries
answer the open problem [2 Problem 2.8.3, p.57] partially. Further, Theorem
answers the open problem [2, Problem 10.10.2, p.287]. Furthermore, as the condition
“@ is non decreasing”is not assumed, and ¢(¢) has no fixed sign, in our results,
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therefore, due to Remark [2.6] Theorems [£.3] and [£.2] of this article improve and
generalize the [I0, Theorem 2.2], and Theorem improves and generalizes [10]
Theorem 2.6], and Theorem [4.1] improves and generalizes [9, Theorem 3.5]. Last
but not the least Lemmas and are two very important results of this paper.
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