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CURVATURE AND THE EQUIVALENCE PROBLEM
IN SUB-RIEMANNIAN GEOMETRY

ERLEND GRONG

ABSTRACT. These notes give an introduction to the equivalence problem
of sub-Riemannian manifolds. We first introduce preliminaries in terms of
connections, frame bundles and sub-Riemannian geometry. Then we arrive to
the main aim of these notes, which is to give the description of the canonical
grading and connection existing on sub-Riemann manifolds with constant
symbol. These structures are exactly what is needed in order to determine
if two manifolds are isometric. We give three concrete examples, which are
Engel (2,3,4)-manifolds, contact manifolds and Cartan (2,3,5)-manifolds.

These notes are an edited version of a lecture series given at the 42nd
Winter school: Geometry and Physics, Srni, Czech Republic, mostly based
on [8] and other earlier work. However, the work on Engel (2,3,4)-manifolds
is original research, and illustrate the important special case were our model
has the minimal set of isometries.
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1. INTRODUCTION

When are two spaces different? Let us start with a simple object. The two-dimen-
sional vector space R? with its usual Euclidean metric. We give it the standard
coordinates (x,y) with corresponding vector field 9., 0,. The Euclidean metric
9Eucl is given by

<af67 890>51Euc1 =1, <3y’ ay>gEuc1 =1, <ara ay>gEucl =0,
which can be written as either

1 0
9Eucl = <O 1> or JEucl — dIEQ -+ dy2 .

A general Riemannian metric g = (-,-); on R? is an inner product of tangent
vectors that varies from point to point. It can be written as

g= <g11 g12> or  g=g11da® + 2gadx dy + gaady?,
912  g22

where g;; are smooth function with gi1922 — ng > 0 and g1; > 0. This inner
product can be considered as describing a shape as follows.

Example 1.1. Let us consider the following subsets of R? with the standard
Euclidean metric.

(i) Consider the subset

M= {(z,y,9%) : (z,y) eR?} .

We can view this space as R?
with the inner product

g =daz® + (1 + 4y?)dy? .




THE EQUIVALENCE PROBLEM IN SR GEOMETRY 297

(ii) Consider the subset
M = {(z,y,zy) : (z,y) €R?} .

We can view this space as R? 10

with the inner product N 0

g = (1+y?)dz? +(1+22)dy* 422y dx dy . -1
*_ -20

(iii) We finally consider a punctu-
red sphere M = S?\ {(0,0,1)}.
We can see this as R? using
stereographic projection. Let
(p°, pt, p?) be the coordinates of
R3, and define
U S
1— pO ’ 1— pO :
The corresponding Riemannian
metric is given by
4
= (dz* + dy?).
g (1+x2+y2)2( v+ dy)

0.5

0.0

-0.5

The main question which this note will focus on, the equivalence problem, is the
following: How do we know if two spaces are the same? Roughly speaking, “the
same” in the setting of Riemannian manifolds means that we can preform a change
of variables such that one Riemannian metric transforms into the other, which will
mean that all of the distances are preserved.

Let us look at the Example [I[.T] and ask the simple question: Are any of these
examples just a change of variables away from being R? with the Euclidean
metric? The answer is that this happens only in (i), with coordinate change
(u,v) = (z, f{ V1 +t2dt). But how can we prove that it is impossible for the other
examples, given that there are infinitely many coordinate changes? Or look at the
following example:

r+y
dxd

It is very difficult to find the change of variable to obtain the standard Euclidean
space!. Proving directly that a Riemannian metric cannot be rewritten as a flat
metric is even more difficult. The answer is found in the invariant called Gaussian
curvature and we can make a change of variable to get the Euclidean metric if and
only if this invariant vanishes. That the Gaussian curvature is an invariant inde-
pendent of choice of coordinates was observed by Carl Friedrich Gauss’ Theorema

g=(1+2%) dz* +2 dy? .

IThe change of variable is (u,v) = (z + %log(l +y?),tan"ty + %xQ)
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Egregium in 1827. It was further generalized by his student Bernhard Riemann to
more dimensions and shapes. The result in the end is the flatness theorem.

Theorem 1.2. A Riemannian manifold is locally isometric to the Fuclidean space
R™ if and only the curvature tensor of the Levi-Civita connection vanishes.

For the definition of the Levi-Civita connection, see Section [3.3] “Locally isome-
tric” means that we can locally do a change of variable transforming the manifold
to the Euclidean space with the standard Euclidean metric. We can make similar
theorems for the sphere, hyperbolic space and so forward.

Our dealings with Riemannian manifolds will mainly serve to build intui-
tion for the main topic: the equivalence problem of sub-Riemannian manifolds.
Sub-Riemannian geometry is a much younger subject?, with a much less established
structure. For a sub-Riemannian manifold, we have an inner product, but only
in some directions, since the metric is only defined on a subbundle. Also in this
setting, we can ask: when are two sub-Riemannian manifolds the same? Consider
two sub-Riemannian structures on R3, given by the following orthonormal bases

1 1
Xlza:v_§yaza X228y+§$8z,

for the first structure and
Y = (% + tan~? z) Oz ,
T ftan"lz 1
R, W P —
(14 22)(5 +tan™" 2) x

25+ tan~! 2

for the second structure. How would you know that these are just a change of
variable from each other®? The equivalence problem for such manifolds is much
more complicated. Through this notes, we aim to give some insight into challenges
and results in this setting.

Outline. In Section [2| we introduce the concept of affine connections and how
such connections help us give a canonical basis for the frame bundle. In Section [3]
we work with Riemannian metrics and the Levi-Civita connection. We will also
prove the flatness theorem in Riemannian geometry, using the theory of Cartan
connections. In Section @] we define sub-Riemannian manifolds. We consider the
flat sub-Riemannian spaces called Carnot groups, and define symbols at a point,
which is a local nilpotent approximation of a sub-Riemannian manifold. Finally,
we introduce sub-Riemannian frame bundle, and we use this construction to give
a formula for a canonical choice of connection and grading for sub-Riemannian
manifolds with constant symbol. We end with the following three examples. In
Section |5} we do a complete computation of this connection and grading for the
case of sub-Riemannian manifolds of growth vector (2, 3,4). In Sections [6] and [7] we
give examples of flatness theorems for respectively contact manifolds and manifolds
with growth vector (2,3,5), while leaving most of the details to [§].

Yy =

2The term sub-Riemannian was first introduced in 1986 [16].

3The change of variable (z,y, 2) — (u,v,w) with z = w, z = usiny

Z4tan—lw’

U Cos v

__ucosv__ gp =
Z4tan—1w and u
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Preliminaries, general references and further reading. These notes assume
that the reader is familiar with the basic theory of manifolds, tangent bundles
and differentials of maps between manifolds. The reader should also be familiar
with Lie theory and principal bundles. Riemannian geometry and connections are
introduced in the text, but it can be an advantage to have some pre-knowledge of
these topics. We recommend the books [I0} [IT], I5] for more information, which can
also be used as references for the information found in Section 2] and Section [3l For
references and further reading on sub-Riemannian manifolds, which is presented in
Section {4 we recommend books [I1 [12].

Formatting choices of the text. The original manuscript of the lecture notes
contained several exercises. These have been turned into results (proposition,
lemmas, etc) inside the text, reformulating them somewhat, and including the
proofs.

2. CONNECTIONS

2.1. Manifolds, acceleration and connections. On a general manifold with no
further structure, there is really no good definition of a double derivative. Consider
a smooth curve v: [a,b] — M into a manifold M. We can define the derivative
41 [a,b] — TM as a section of the tangent bundle over . We note that 4(t) = 0
implies that v is constant. However, if we define %(y) =%: [a,b] = T(TM), then
4 = 0 also implies v is constant. Hence, it is not really a good replacement for the
second derivative in the Euclidean space. The problem can be considered as follows:
If X: M — TM is a vector field, then X, : TM — T(TM) determines change
in both the ‘manifold part’ and a ‘fiber part’, but there is no canonical way of
separating these. We could pick local coordinates, but this will not be a canonical
choice, and it can sometimes be difficult to see which part of our expressions are
coordinate dependent and which ones are not.

To get a proper definition of acceleration, we need the following additional
structure. An affine connection on 7'M is a map

V:T(TM)xT(TM) - T(TM), (X,Y)— VxY,
with the properties

(I) Linearly property: the map (X,Y) — VxY is C*°(M)-linear in X and
R-linear in Y.

(1) Leibniz property: If f is a smooth function on M, then
Vx(Y)= (XY + fVxY.
We observe the following important consequences from the definitions of connections.

(i) Since VxY is tensorial in X, the vector VxY|, only depends on X|,.
Hence, it makes sense to write V, Y where v is just an element in T'M.

(ii) With a little more work, we can show that V,Y only depends on the values
of Y along a curve tangent to v. We can hence define covariant derivatives
VY (t) where Y (t) is a vector field defined just along the differentiable
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curve y(t). We note that if f(¢) is a function depending on ¢, we have the
Leibnitz property

Vi fY () = FOY @) + F(H)V5Y (D).
(iii) A vector field Y (¢) is called parallel along the curve ~(t) if
V.Y (t) =0.
Parallel vector fields are the closest we can get to constant vector fields on
a manifold. For any v € T’ ;,)M, there exists a unique parallel vector field
Y'(t) such that Y (t9) = v. This allows us to define the parallel transport
map
Py t: Ty M — TyyM , Py v Y(t), Y(t) parallel with Y (to) = v,
which is a linear isomorphism of vector spaces. In particular, parallel
transport sends bases of the tangent space to bases of the tangent space.
(iv) Finally, we can take Y'(t) = 4(t) in (ii), to define a ’double derivative’ V4.
We define v to be a geodesic if it satisfies
Viy=0.
Geodesics are analogues of constant speed curves in the sense that they
are determined by an initial value and velocity.

We consider the following tensors associated to failure of commutativity of the
covariant derivatives. We first have the torsion tensor

T(X,Y)=VxY -VyX - [X,Y].
This can be interpreted as follows: Let f: (a1,b1) X (ag,be) — M, (s,t) — f(s,t)
be a parametrized surface in M. Then
Vasatf - vatasf = T(88f7 atf) .

Hence, derivatives in s, t commute only if the torsion tensor vanishes. Next, we
have the curvature

R(X,Y)Z =VxVyZ - VyVxZ —VixyZ.

It plays a similar role to torsion for vector fields, in the sense that if Z(s,t) is a
parametrized vector field for the surface f(s,t), then

Vo.tVo,tZ —Vo,tVo,1Z = R(0sf, 0. f)Z .
We finally note this important property for connections.
Theorem 2.1. Let x € M be any point. Then there is a local basis X1,..., X,

of vector fields around x such that for any vector field Y, we have Vy X|, = 0,
j=1...,n.

The main consequence of this result is that any information of the connection
that is independent on a choice of basis does not depend on covariant derivatives
of vector fields.
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Proof. Let y : U — R" be a local chart such that the image of U is a convex open
set such that y(z) = 0. We will use this map to identify U with U = y(U) and so
it is sufficient to prove the result for U C R” and z = 0. Let (Y1,-.-,yn) be the
coordinates and define Vg, 0, = >/, Fuﬁyk For any y € U, define ~,(t) = ty.
We then define X1|,, .. , X \y by parallel transport along v, (t). In other words, if
Y (y,t) = 22:1 Yz (y, t)ayk is the solution of

i+ S g YalkhL () =0, Y(.0) = Xio

11,i2=1

then X,|, = Y(y,1) which is a smooth function in y. Finally, by definition each
X is parallel at any direction at 0. The result follows. ]

Remark 2.2. Rather than just restricting ourselves to the tangent bundle and
vector fields, we could have defined an affine connection on a general vector bundle
E, where now in the expression VxY, X is a section of T'M while Y is a section
of E. All of the above properties holds, except that there is no definition of the
torsion tensor or geodesics. Observe from the proof of Theorem that it can be
modified to work on any vector bundle choosing an initial basis of the vector bundle
at the initial point. Also, if some property of a basis is preserved under parallel
transport (such as being orthonormal, symplectic, etc), then we may assume that
the local basis in Theorem has this property.

2.2. Frame bundles. Let M be a general differential manifold of dimension n
and let R™ be the Euclidean space. Even if M happens to be diffeomorphic to R™,
there is a structure that exists on R™ that we do not have on M. Namely, R” has
a canonical basis of vector fields spanning the tangent space, in this case given by
the derivatives corresponding to the standard coordinates. The frame bundle is
a smart construction that steals this property from R™ to M, but at the expense
that we have to work on a fiber bundle above M instead on M directly. We also
need a connection V on M to have the full canonical basis.

Let eq,...,e, be the standard basis of R™. A frame at x € M is a choice of

basis uq, ..., u, for T, M. Equivalently, we can consider a frame as an invertible
linear mapping w : R™ — T, M. The correspondence is given by
(2.1) uj = u(e;).

We write the set of all such frames as GL,(M).

Let GL(n) be the general linear group of real invertible n x n matrices. If we
have a frame u: R™ — T, M, then for any a € GL(n), we can define a new frame
u-abyu-a=uoa:R" — T, M by precomposition. In other words, if U = u - a,

then
n
Uj == Zaijui .
i=1

Lemma 2.3. For any pair of elements u,U € GL, (M), there is a unique element
a € GL(n) such that U = u - a.
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Proof. Since ui,...,u, and Uj,...,U, are bases, every vector should have a
unique decomposition in these bases. Hence, there must exist unique coefficients
(a;;) and (A;;) such that we can write

n
Uj = Zaijui, ’LLj = ZA”U'L
i=1 j
Hence
n
up = Z Ajrajiug,
ij=1

showing that (a;;) is invertible with inverse (A;;). If we write a = (a;;) € GL(n),
it follows that U = wu - a, which is unique by construction. (Il

We use the above action to construct a principal bundle called the frame bundle
GL(n) — GL(M) & M,

with the fiber over x € M being GL;(M). On the frame bundle, we have the
following structures.

(i) The vertical bundle: The frame bundle GL(M) is an n + n?-dimensional
manifold, and considering differential 7, of 7: GL(M) — M, and taking
its kernel, we obtain the vertical bundle ¥V = kerw, of rank n?. Such a
bundle exists for all fiber bundles.

(if) Canonical vertical vector fields: If we take a frame u at GL, (M), we can
rotate it at € M without moving on the manifold. Derivatives of such
rotations will hence be in V. Let gl(n) be the the set of all real n x n-matrices,
the Lie algebra of GL(n). If A € gl(n), we define

d
Ealu = —q e € V,.
dt =0

This formula gives us a globally defined vector field £4 on GL(M). The
map A — &4, has a trivial kernel and since gl(n) and V,, have the same
dimension,

Vi ={alu : A€ gl(n)}, u € GL(M).
Hence, V is a trivializable bundle. Such vector fields exists on all principal
bundles.

(iif) The tautological one-form: We define an R™-valued one-form 6 = (04, ...,6,)
by
O(w) = v tmaw, w e T, GL(M).
In other words, we take w living in T, GL(M), use 7, to send it to T7 ()M,

then 6(w) is the result of writing m,w in the frame u. Observe that ker 6 = V.
The form 6 is very special for the frame bundle of the tangent bundle.
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Since we have an action of GL(n) on GL(M), we can also consider the induced
action of GL(n) on T GL(M). To define this, write rq(u) = u - a, u € GL(M),
a € GL(n). For any vector w € T GL(M), define

w-a:=(Tq)w.
Lemma 2.4. For any A € gl(n), a € GL(n),
§a-a=~Eada1)A-

Proof. For any frame u € GL(n), we observe

d d
alu-a=—u-exp(At) - ali=o = —u-a- (™" exp(At) - a)|i=0

dt dt
d _
= qu-a exp(Ad(a™")At)|i=0 = Ead(a-1)alu-a »
giving us the desired result. O

2.3. Connections on frame bundles. An Ehresmann connection H on 7:
GL(M) — M is a choice of complement to V. In other words,

TGL(M)=H®V.

We can interpret this complement at follows. If u € GL, (M), then 7, ,: T,, GL(M)
— T, M has kernel V,. If we choose a complement H,,, then m, ,|x, is invertible
and we can define an inverse h,, so that h,v is the unique element in H,, satisfying
T«hyv = v. An Ehresmann connection is called principal if it is invariant under the
action GL(n). That is

Hy a=Hyaq-

Equivalently, hy,v - a = hy.qv for any u € GL, (M), v € T,M, x € M, a € GL(n).
We can also describe principal connections in the following way.

Lemma 2.5. Given a principal connection H with corresponding horizontal lifts,
define a one-form w: T GL(n) — gl(n) such that

w(hyv) =0, w(éa)=A.
Then w(w - a) = Ad(a™Yw(w), w € TGL(M), a € GL(n).

The form w is called the connection form of H.

Proof. Write an arbitrary vector w € T,, GL(n) as w = hyv+£4l, where maw = v
and w(v) = A. Then by the previous result,

W+ a = hyqv+ &l ad(@1)Alua

and so
w(w-a)=Ad(a™HA = Ad(a " Hw(w).

Since w was arbitrary, the result follows. O
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We can construct a principal connection from an affine connection. Let U(t) be
a curve in GL(M) such that 7(U(t)) = v(t). Assume that 4(0) = v, that U(0) = u
and that each Uj(t) is parallel along ~(t). We can then define

hyv=U(0),
so the derivative of a parallel frame moving in the direction of v. We then define
Hy ={hyv : ue GL,(M),ve T,M}.
Lemma 2.6. H is a principal Ehresmann connection.

Proof. If U(t) is a parallel frame and since linear combinations of parallel vector
fields are still parallel, it follows that U(¢) - a is also a parallel frame. If U(0) = u,
then
h _ 4 =h
WU Q= %(U(t) < a)|t=0 = hy.q¥ -
It follows that H is a principal Ehresmann connection. ([

Now something interesting happens: We get a canonical basis of H. For any
j=1,2,...,n, define

Hjly, = hyu; .
For any element in p € R", we can define H, = Z;.l:l p;H;.
Lemma 2.7. We have bracket relations for p,q € R", A, B € gl(n),
(2.2) [Hp, Hgl = —Erep.q) — Hi(pq) - [€a, Hy] = Hag, [€4,€8] = &4, 5
where
T(p, @)l = u'T(ulp),u(e)),  R(p,@)lu =u"Rlup),u(@))u.
Before the proof, we introduce the Hessian V? of a connection V, from
Viy =VxVy —Vy,v, X YeI(TM).
Observe that Vg{,y is tensorial in both X and Y. Furthermore,
Vg{,y - V%cx = R(X, Y) - VT(X,Y) .
Finally observe that if X, Y, Z are vector fields and « is a one-form, then
X(Vya)(Z) = (Vi ya)(2) + (Vexya)(Z) + (Vya)(VxZ).

Proof. We prove the equation (2.2)) in the following steps. For any one-from «
and r € R", introduce function Fy ,: GL(M) — R by

For(u) = a(u(r)).

For any v € GL(M), and p € R™, let y(t) = v*P(¢) be a curve with 4(0) = u(p)
and let U(t) = U*P(t) be the result of parallel transport of u(p) along v(t) and we
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have
d

HyFy . (u) = aa(U“’q(t)(T))h:o = (Viua0)) (u(r)) = (Vu(q)a)(u(r)) ,

EaFyr(u) = %a(u(exp(At)r)) lt=0 = a(u(Ar)) = Fo ar(u),

d

HyHyFop(u) = a(VU"»P(t)(q)a)(Uu’p(t)(r))|t:0 = (vi(p),u(q)a)(u(r)) )
d

EaH Fy r(u) = —(Vu(exp(At)q)oz) (u(exp(At)r))|t=0

dt

= (vu(Aq)a) (U(T)) + (vu(q)a) (U(Ar» )
HplaFyr(u) = HyFo ar(u) = (Vyp)a) (u(Ar)) ,
§B€al o r(u) = EpFo ar(u) = Fu par(u).

From the above equations, we see that if w € T GL(M) and if (F, ,).w = 0 for
any o € I'(T*M) and r € R”, then w = 0. Hence, we can use the functions F,, , to
determine vectors. Furthermore, using the above relations,

[Hp, Hpl For (1) = (Vi) u(@) @) (1) = (Vi) uim @) (u(r))
= (R(u(p), u(9)) = Vr(u(p)u@)@) (u(r))
= *Oé('lLR(p, Q)|’MT) - (vu’l_"(p,q)\ua) (’LL(T'))
= —SR(p.g)f For(u) = HT(p,q)\uFaaT(“) )

[5147 Hp]Fa,r(u) = (Vu(Aq)a) (u(r)) = HAqFoc,r(u) ,

[fAv gB]Fa,T = Fa,[A.B]r = g[A,B]Fa,r .
The result follows. O
3. RIEMANNIAN MANIFOLDS AND CURVATURE

3.1. Riemannian manifolds and compatible connections. A Riemannian
manifold (M, g) is a connected manifold M and a smoothly varying inner product
g = (-,-)4 on the tangent space. For any smooth curve v: [a,b] — M, define its
length by

b
L(y) = / G3E), A2 d

Define the Riemannian distance dy(x,y) as the infimum of lengths of curves
connecting x and y. An isometry ¢ between two Riemannian manifolds (M, ¢g) and
(M, §) is a diffeomorphism such that

<Q0*’U7 (p*w>§ = <’U, w>g .
Let V be an affine connection on TM. We say that V is compatible with the
Riemannian metric g if

X(Y1,Ya)g = (VxY1,Y2) g+ (Y1,VxYa),.
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We have the following alternative description.

Lemma 3.1. The following are equivalent.
(i) The connection V is compatible with the Riemannian metric g.

(ii) For any point x € M, any orthonormal frame uy,...,u, of T,M and
any smooth curve v: [0, T] — M with v(0) = x, if Ur(¢),...,Un(t) is the
result of parallel transporting the frame along v, then this frame is also
orthonormal for any t.

Proof. (i) = (ii): We see that if U (t),...,U,(t) is a parallel basis along a curve,

then
)y = (V500 Uy (1)) + Ui(8), V505 (1)), = 0.

Hence, if the frame was orthonormal at ¢t = 0, it will remain orthonormal.

(ii) = (i): Let X, Y1, Ys be any vector field and « € M any point. Let v : (—¢,¢) —
M be a curve such that y(0) = x and such that 4(0) = X|,. Let Uy (t),...,Un(t)
be a parallel orthonormal frame along ~(t), and write

Yilio = D_ YUt
i=1
Then
VinY; = ZY’

Hence, we have that

d u orthonormal d
XV, Ya)o(2) = - (Vily), Yalo(o)gle=o = ZY1 )Y (t)|1=0

_ZYI +ZY1

= <VA~/(())Y1,Y2>g + <Y17 vA'/(O)YQ>9 = <vXYl’ Y2><7(37)
+ (Y1, VxYa)4(x).

Since the vector fields and point were arbitrary, the result follows. O

We will use the above result in the following way. For any x € M, we define
O (M) as the space of linear isometries from the Euclidean space R™ to T, M. It
can also be considered as the space of all orthonormal frames of T, M using the
correspondence in . We then have a transitive action of the orthogonal group
O(n) on O4(M) by precomposition, u-a =uoa, u € O,(M), a € O(n). Recall
that O(n) is the group of n x n real matrices satisfying a’a = 1. It has Lie algebra
s0(n) of skew-symmetric matrices satisfying AT + A = 0.

We can use this action to build a principal bundle

O(n) — O(M) M,

called the orthonormal frame bundle. We still have the tautological one-form 6 on
this bundle with the same definition, and we have the vector fields £ 4 which are only
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defined for A € so(n). Since the compatible connection V preserves orthonormal
frames under parallel transport, we can create the principal connection H with
corresponding connection form w and canonical horizontal vector fields Hp, p € R"
in the same way we did in Section

3.2. Integrability of Lie algebra valued forms. First a definition for Lie
algebra-valued forms. Let « be a real valued k-form on M and let A be an element
in the Lie algebra. Then o ® A is a k-form with values in g, that is

(OL ® A)(vla v avk) = (OL(Ul, e Uk))A

Any g-valued k-form can be written as a sum n = Zf‘:1 ol ® Aj, where { is

the dimension of the Lie algebra. For such forms n = Zle ol ® Aj and ¢ =
2?21 (7 ® Bj, we can define
¢

)= (o' AB) @A Byl
ij=1

Observe the following properties.

(i) [, 9] = (—1)des@) destn Ly p),

(ii) If n is a one-form, then [n,n](v,w) = 2[n(v), n(w)].
Example 3.2. Let G be any Lie group with Lie algebra g. The left Maurer-Cartan
form 7 on G, is a g-valued one-form given by

nw)=a1- v, veT,G.

We can check that this one-form then satisfies,

(3.1) dn+ 500 = 0.

To see that this result holds, we only need to check that it holds for left invariant
vector fields. If A, B are elements of the Lie algebra and A is the vector field defined
by left translation of A, then

dn(A, B) = An(B) — Bn(A) — n([A,B]) = —[A, B] = —[n(4),n(B)]..

since 7(A) and n(B) are constant.

Next, let f: M — G be any smooth map and define ¢ = f*n. Then by the
properties of the pull-back, we have that v is a g-valued one-form also satisfies
& + 3¢, 9] = 0.

We now have the following important result. Recall that a one-form « can locally
be seen as the differential of a function if and only if dae = 0. We have a similar
result for Lie algebra-valued forms.

Theorem 3.3 ([I5]). Let G be a Lie group with Lie algebra g an let n be its
Maurer-Cartan form. If 1 is a g-valued one-form on a manifold M, then there is
locally a function f from M to G such that v = f*n if and only if

A+ 5[] = 0.
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Let us now return to the orthonormal frame bundle O(M). Recall the brackets
in (2.2)) for the vector fields Hp, {4, p € R™, A € so(n). Notice that if 8 is the
tautological one-from and w is the connection form, we observe the relations

0(Hy) =p, 0(¢a)
w(Hp) =0, w(éa)

)

=0
=A.
Using these relations, we have the following.

Proposition 3.4. The equations (2.2]) can be rewritten as
1
(3.2) df + [w, 0] = O, dw + i[w,w] =Q,

where

®(§A7 ) =0, Q(€A7 ) =0, @(HZN Hq) = T<p7 (]) ) Q(Hpﬂ Hq) = R(p, q) .

Proof. We only need to show that the above formulas hold for the vector fields
H,, pe R and {4, A € so(n). Note that df(Hy, Hy) = —0([H,, Hy)), since 0(H,)
is a constant. We then see that

de(Hp’Hq) + [Wae](Hvaq) = de(Hpqu) = _9([HvaqD
= e(gﬁ(p,q) + H’f(pg)) = T(p7 q) = G(th Hq) :
The other calculations are similar. O

We can rewrite (3.2)) in se(n), the Lie algebra of the group of Euclidean trans-
formations E(n). The group E(n) can be written as matrices,

(8 ]1)>7 a € 0O(n),peR",

but we can equivalently consider this group as the space O(n) x R™ with group
operation

(a,p) - (b,q) = (ab,p+ aq) , a,b€O(n), p,g € R™.

The corresponding Lie algebra can be considered as the space so(n) x R™ with
brackets,

[(A,p), (B, q)] = ([A, B], Ag — Bp), A,B € so(n), p,g € R".

We can then write ¢ = (w, 6) and the equations (3.2]) now become

Ay + 5160 = (9,0).

We see that the curvature and the torsion is exactly the obstruction to i being
able to be integrated, at least locally.
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3.3. The Levi-Civita connection and the flatness theorem revisited. For
a Riemannian manifold (M, g), the Levi-Civita connection is the unique connection
that is compatible with g and with torsion 7" = 0.

We mentioned in the introduction that we can determine if a manifold is flat
using the Levi-Civita connection. We will do a proof of the flatness theorem in
Riemannian geometry using frame bundles.

Theorem 3.5 (Flatness theorem). A Riemannian manifold (M, g) is locally isome-
tric to the Euclidean space if and only if the curvature of the Levi-Civita connection
vanishes.

Proof. =: We can verify directly that the curvature of the Levi-Civita connection
of the Euclidean space vanishes, and the curvature is a local invariant.

«: Let n be the Maurer-Cartan form on se(n). Assume that the curvature of the
Levi-Civita connection vanishes. Then the corresponding form ¢: O(M) — se(n)
satisfies 1 + %W, 9] = 0. This means that locally for some open set V- C O(M), we
have a function f: V' — E(n) such that ¢ = f*n. Since ¥ is a linear isomorphism at
every point, f is a local diffeomorphism. Since ¥(v-a) = Ad(a=1)y(v) for a € O(n),
we have
f@-a)=f(z)-a,

meaning that f descends to a map from V/O(n) to R™. Finally, since the map
v +— hyv — 0(h,v) is a linear isometry on every point, the descended map is an
isometry on every tangent space. (]

Observe that in this proof, we needed two steps:

e Normalize the connection to remove the torsion.

e Then we can set up the condition of the curvature vanishing afterwards.

3.4. Cartan connections. The form 1 is a special case of what is known as a
Cartan connection. Consider first a manifold M of dimension n. Let g be a Lie
algebra with a subalgebra h of codimension n. Let H be a Lie group with Lie
algebra h and let Ad be a representation of H on g extending the usual adjoint
action of H on h. Assume that we have a principal bundle

H—-PLS M.

A Cartan connection ¥ on P modeled on (g,b) is a g-valued one form ¢: TP — g,
such that

(i) For each p € P, |, is a linear isomorphism from T, P to g.
(ii) For each a € H, v € TP,

Y(v-a) =Ad(a"Hp(v).
(ili) For every D € b, p € P, we have ¢(2p - expy (tD)]i—9) = D.

The curvature of a Cartan connection is the obstruction to integrability in the
sense of Section It is represented by a smooth function x: P — A%(g/h)* ® g
such that,

W), 6(0) = i [0,
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It follows from the definition of Cartan connections that if ¢ (w) takes values in b,
then w inserted into dy + 3[¢, 1] will vanish. Hence, we write A?(g/h)* ® g as the
codomain of the curvature.

4. SUB-RIEMANNIAN GEOMETRY

4.1. Bracket-generating subbundle. Let M be a connected manifold. Let F
be a subbundle of the tangent bundle T'M. A subbundle is called bracket-generating
if the following property holds: Let T'(E) be sections of E, that is, all vector fields
that take values in E. We consider such vector fields and all possible brackets

span{Xl, [X17X2]7 [Xl, [XQ, Xg]]7 ey } s Xj € F(E) .
If the above vector fields span the entire tangent bundle, we say that E is
bracket-generating. Relative to E, we say that an absolutely continuous curve

v: [a,b] — M is horizontal if 4(t) € E. ) for almost every t. The bracket-generating
then has the following consequence

Theorem 4.1 (The Chow-Rashevskii theorem). Assume that E is bracket-genera-
ting. Then for every pair of points in x,y € M, there exists a horizontal curve
connecting these points.

Example 4.2. We consider M = R? with a subbundle F = span{X,Y}.
(a) If X =0, and Y = 9,, then E is not bracket-generating.
(b) f X =9, — %xaz and Y =0, + %y@z, then E is bracket-generating since

[X,Y]=0,.
(c) If X =9, and Y = 9, + 3220, then E is bracket-generating since
[X,Y] =20, [X,[X,Y]]=0,.

We define E' = I'(E), E*! = E* 4 [E, E*] and write E¥ = E*|,. We call the
minimal number s(z) such that B3 = T, M the step of E at x. For each point of
xz, we define

®(z) = (rank B}, rank E2, ... rank E3(®)),
as growth vector at x € M. We say that F is equiregular if & is independent of
e M.

Example 4.3. We again consider M = R? with a subbundle F = span{X,Y}.
(a) If X =0, — 320, and Y = 9, + $y0., with [X,Y] = 9, then & = (2,3) so
FE is equiregular.
(b) If X =9, and Y = 9, + 220., we have brackets
[(X,Y] = 20., (X, [X, Y]] =0,

and growth vector

6($, y,z) = {

so E is not equiregular.

(2,3)  z#0,
(2,2,3) z=0
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4.2. Sub-Riemannian structures. On a connected manifold M, a sub-Riemann-
ian structure is a pair (F, g) where E is a subbundle of the tangent bundle and
g = (-,+)g is a smoothly varying inner product on E. The triple (M, E, g) is called
a sub-Riemannian manifold. For a horizontal curve 7: [a,b] — M, we define the
length

b
L(y) = / G3E), A ()2 d

We define the Carnot-Carathéodory distance or the sub-Riemannian distance on
M by
dg(x,y) = inf{L(y) : ~ is a horizontal curve from z and y} .

Example 4.4. Let M = R3 and define

1 1
Write E = span{X,Y} and (X, X), = (Y,Y), =1, (X,Y), = 0. The sub-Riemann-
ian manifold (M, E, g) is called the Heisenberg group and is an example of a Carnot
group, which we will return to in Section [4-3]

00

Unit ball in the Heisenberg groups Examples of geodesics in the Heisenberg group

Example 4.5 (The Hopf fibration). We can consider the Hopf fibration as the
surjective map from S® C C? to the corresponding complex projective line CP! =
52, given by
7 (z,w) — [z,w] (equivalence class) .

Let S3 have its usual metric and define E = (ker 7)1 with g the restriction of this
metric to E. We then have a sub-Riemannian manifold (S3, E, g).

Identify S® with the Lie group SU(2) whose Lie algebra su(2) is spanned by
three elements X, Y, Z, having cyclic bracket relations

X,Y]=2, [Y,Z]=X, [ZX]=Y.

Define K = exp(RZ). We can see 7 as the map SU(2) — SU(2)/K, E =
span{X,Y} and (X, X), = (YY), =1and (X,Y), =0.

An isometry of sub-Riemannian manifolds ®: (M, E, g) — (M, E, §) is a homeo-
morphism such that dg(®(x), ®(y)) = dgy(z,y). From [4], we know that when E
and F are equiregular, then ® is diffeomorphism ®: M — M with ®,F C E and
such that

(Dyv, Drw)g = (v, W)y .
When (M, E, g) = (M, E, §), these isometries together form a Lie group.
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4.3. The flat spaces: Carnot groups. Let g be a nilpotent Lie algebra. A
stratification of a nilpotent Lie algebra is a decomposition

g=01092D - Dgs,

such that

(01,86 = gkt1, [91,85] = 0.
A Carnot algebra is a Lie algebra g with a stratification and an inner product (-, -)
on gi.

Let G be the corresponding simply connected Lie group. We can then define a
subbundle E by left translation of g;. In other words, E, = a - g;. We can define a
sub-Riemannian metric g on F by

(v,wy, = (a™ - v,a™t - w).
The sub-Riemannian manifold (G, E, g) is then called a Carnot group.

Example 4.6 (The n-th Heisenberg group). Consider the Lie algebra g = g1 @ ga,
where

g1 =span{Xy,..., X, Y1,..., Yo}, g2 = span{Z}.
[Xi, X;] =0, Vi, Y;] =0, (X3, Y;] =042 .

The standard metric on g; is such that X7,..., X,,Y1,...,Y, form an orthonormal
basis. We can realize the corresponding group G = {(z,y, z) € R® x R" x R, with

We have that the corresponding left invariant vector fields are given by
1. 1 .
Xj =04 — 53/]82’ Y; = 8yj + §$]8z7 Z =0,.

Since the Lie group is nilpotent, we have that the exponential map exp : g — G is
a diffeomorphism. The group operation is then given by the Baker-Campbell-Haus-
dorff formula

exp(A) - exp(B) = exp (A + B+ %[A, B]+ - )

s (—1)7-1 [XPryar... XPiY ]
=exp Z ; Z J ) ) J a0 ]
j=1 J i +pi>0 Zizl(pz + (Jz) Hi:1 Di-q;-

1=1,...,5

This sum is finite and gives us a group operation. For Carnot groups, we often use
exponential coordinates and so the identity is often denoted 0 rather than 1.

Example 4.7. The Engel algebra is the algebra given by non-tivial brackets
9=019g2® g3 =span{X,Y} & span{Z} & span{W}.
X.Y]=2, [X.Z]=W.
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The corresponding Engel group can be considered as R* with the product

(,T, Y, %, w) : ("Z‘v g, 2, ’[D)
- N 1, 1 1,5 5 .

= (Jc—i—m,y—l—y,z+z+§(xy—yx),w+w+§(mz—zm)+ﬁ(m g+ y—(y+y)xm)) .
Example 4.8. Let V be an inner product space and consider T°(V) be the
truncated tensor algebra of V', where we have divided out any tensor product of
length s 4+ 1 or longer. We can then obtain a Lie algebra § = frees(V') by dividing
out the elements R y+yRrand rRYR 2+ yR®2®x + 2 ®x ®y. This has a
natural stratification f = f; @ - - - @ fs, where f; is the image under the quotient of
V®J, Since f; = V is an inner product space, we have that § has the structure of a
Carnot algebra.

Observe that if g=g1 ®--- @ g, is a general Carnot algebra, then it will be a
quotient of frees(gy) by dividing out the additional relations.

A special property for Carnot groups is that they have dilations. If g is a Carnot
algebra, for any r > 0, we define a linear map dil,.: g — g by
dil,(A) = r*A for any A € gy, .
Lemma 4.9.
(a) For a stratified Lie algebra,
96,851 € Givs s
where we interpret gir; =0 if i +j > s.
(b) The map dil, is a Lie algebra isomorphism.
Proof.

(a) We will do induction in ¢. For ¢ = 1, we know that [g1,g;] C gj+1, for any
j > 1. Next, assume that for some i, we have [g;, g;] C g;4; for any j > 1.
Then any element in g;+1 can be written as [A, B] with A € g1, B € g,
and with C' € g;, we have that

[[A, B],C] = [[A,C], B] + [A,[B, C]].
We note that [B,C] € g,4; by induction hypothesis and so [A, [B,C]] €
Gitj+1. Similarly, [A, C] € gj41, so by the induction hypothesis [[A, C], B] €
gi+j+1. The result now follows.
(b) If A € g;, B € g;, then [A, B] € gi}; and so
[dil, A,dil, B] = [r*A,ri B] = v [A, B] = dil,[A, B],
so dil, is a Lie algebra homomorphism that is also invertible with dil,~ e
dily /.. d
Since G is simply connected, there is a Lie group isomorphism Dil,.: G — G
such that
Dil,-(exp(A4)) = exp(dil, A).
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Proposition 4.10.
(a) If ~y is a horizontal curve in G, then L(Dil,.~) = rL(7).
(b) For any z,y € G, dy(Dil,(2),Dil,(y)) = rdg(x,y).

Proof.

(a) Since the structure is left invariant, we have that

B =0 ™A
Furthermore,
: -1 d . d . -1 .
(Dllr 7(t)) . %(Dllr v) = £(Dﬂr7(t)) . (Dllr ~y(t+ s))|5:0
d .. - . - .
= Dil, (y(£)™" - y(t 4 8)) [s=o = dil, (v () - 4(2)) -
Finally, since v(t)~! - 4(t) is in g1 for almost ever ¢, we have for the same
values of t,

dil, (v (1) - 3(1) =y () - 3(8)-
Computing the length gives us

b
, d d 1/2
L(Dil, 7) = / <%D11T7(t),%D11T7(t)>g dt

b
= [ @040 40)) de = L),
(b) Note that Dil, has inverse Dil; /.., so 7 = Dil, 7y is an invertible map from
all horizontal curves from z to y to all horizontal curves from Dil,.(z) and
Dil,-(y), and furthermore, Dil,. v has length rL(y). It follows that

dy(Dil,(x), Dil,(y)) = inf{rL(y) : 7 is a horizontal curve from z and y}
=rdy(x,y). O

Since dilations satisfy the property dq(Dil,(z), Dil,(y)) = rdq(z, y), they are the
analogue of scaling by a constant in the Euclidean spaces. We can interpret this fact
as saying that the Euclidean space and the Carnot group look the same when we
“zoom in”. Note that zooming in on any Riemannian manifold by replacing a distance
dg by rd, and letting r become large, it will converge towards the Euclidean space,
not only topologically, but also metrically. Sub-Riemannian manifolds (M, E, g)
with E equiregular will all look like Carnot groups when we “zoom in”, but not
necessarily the same Carnot group at every point. This zooming in can be made
formal using Gromov-Hausdorff convergence of pointed metric spaces. For more
details, we refer to [3].

Remark 4.11. In the definition of Carnot groups, some authors include the
possibility of just having a norm on the space gi, leading to sub-Finsler geometry.
This part of the theory has yet to be fully developed.
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4.4. Isometries of Carnot groups. Let l,: G — G be the left translation I, (b) =
a-b, a,b € G. Since the sub-Riemannian structure is left invariant, each such map
will be an isometry. Next, we consider a Lie group isomorphism ®: G — G. If we
consider the induced Lie algebra isomorphism ¢ = ®, 1: g — g, then for ® to be
an isometry, we must have that ¢ maps g; to itself isometrically. We will then call
@ a Carnot algebra isometry.

Theorem 4.12 ([9]). Assume that ®: G — G is an isometry of a Carnot group
with ®(1) = a. Then l,—1 o ® is both an isometry and a Lie group isomorphism. In
other words, any isometry of a Carnot group is the composition of a left translation
and a Lie group isomorphism.

From this result, it follows that after left translation, every isometry & is a Lie
group isomorphism uniquely determined by the isometry ¢ = ®, ; of the Carnot
algebra g which in turn is determined by the linear isometry g = ¢|q, . However,
if ¢: g1 — g1 is a linear isometry, it cannot necessarily be extended to a Carnot
algebra isometry.

Example 4.13. We consider the Carnot algebra isometries of the examples of
Section

(a) For the free nilpotent Lie algebra frees(V'), any linear isometry of V' can
be extended to an isometry of the Carnot algebra.

(b) For the Heisenberg algebra g = g1 @ g2 = span{Xy,..., X, Y1,..., Y} &
span{Z} as described in Example Then an isometry ¢ : g1 — g1 can
be extended to an Carnot algebra isometry if it preserves the 2-vector

iXi/\Yi.
i=1

Hence, it can be considered as the intersection of O(2n) and Sp(n), which
is isomorphic to U(n).

(c) The Engel algebra has an isometry group isomorphic to Z/2Z, as only
+idgy, can be extended to a Lie algebra isometry.

4.5. Symbols. Let (M, E, g) be a sub-Riemannian manifold. Assume that E is
equiregular. Then we have a growing flag

E°=0CE'=FECEFE?*C..-.CE*=TM,
of subbundles. Define
symb, = E, ®E?/E, & - @ ES/ES.
and a Lie algebra structure on symb, by
[X, mod ESYY, mod ES7']=[X,Y]|, mod EXN™' X, € E.Y, € EJ.

where X and Y are any vector field extending X, and Y. Since [X,Y]|, mod Eiti~!
is tensorial in X and Y, this map does not depend on the extensions of X, and
Y,.. This makes (symb,, [-,-]) into a nilpotent Lie algebra with a stratification
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symb, ; = EJ/EJ~1 and with an inner product on symb, ; = E; in other words,
a Carnot algebra.

From the Carnot algebra symb,, we get a corresponding Carnot groups
(Symb,,, E,§). This Carnot group is what (M, E, g) looks like when we “zoom in’
close to z. We refer to [3 6] for details.

We say that (M, E,g) has constant symbol g if symb, is isometric to Carnot
algebra g for any x € M.

)

Example 4.14 (Hopf fibration). We consider again SU(2) with the sub-Riemannian
structure as in Example Then for any point symb, = span{X,Y} ® span{Z
mod E}, with

[X,Y]=Z mod E, [X,Z mod E]=[Y,Z mod E]=0.
We see that symb,, is the Heisenberg algebra.

Example 4.15. Consider R® with coordinates (1,2, y1,%2,2) with (E,g) given
by an orthonormal basis

Ay :89017 By :(1""9%)(81/1 +x18$1)'

A2 = 8:62, BQ = 8y2 + xl(?xl .

is isometric to the 2nd Heisenberg algebra
(X1, V1] = [X2,Ya] = Z,

but with an orthonormal basis given by /1 + y?X1,\/1 + y?Ya, X, Ya, where v,
is now considered as a constant. These are not isometric for different values of y?.

Then symb

Z1,22,Y1,Y2,2

If there is just one Carnot algebra in the class of growth vectors, then all
sub-Riemannian manifolds with that growth vector will have constant symbol.

Example 4.16. Consider two 2-dimensional Riemannian manifolds ¥ and 3,
whose Gaussian curvature never coinsides. On M = O(X) x O(X), consider the
sub-Riemannian structure (E, §) with orthogonal vector fields H,, + H,, and
H., + ﬁ@. Here H.; and ﬁej corresponds to the canonical horizontal vector fields
of the Levi-Civita connection on the orthonormal frame bundle of respectively
¥ and ¥, as defined in Section Define M = M/ O(n) as the quotient by
the diagonal action and let (E,g) be the induced sub-Riemannian structure on
(M, E,g). Then (M, E, g) has growth vector (2,3, 5). Since there is only one Carnot
group with this growth vector, these have all constant symbol.

This sub-Riemannian manifold correspond to the dynamical system of rolling 3
on ¥ without twisting or slipping. For details, see 5L 7).

4.6. Affine connections: Why we cannot have everything we want. Let
(M, E, g) be a sub-Riemannian manifold. Let V be an affine connection of T M.
If we want V to preserve the sub-Riemannian structure, we should demand that
parallel transport take orthonormal frames of F to orthonormal frames of E. We
therefore introduce the following definition.

Definition 4.17. A connection V is said to be compatible with the sub-Riemannian
structure (E, g) if
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(i) for any Y € I'(H) and X € I'(T'M), we have that VxY takes values in F

as well,
(ii) for any Y7,Y2 € I'(H) and X € I'(T'M), we have
X(Y1,Y2)y =(VxY1,Y2), + (Y1,VxYa),.
We can also describe this property using parallel transport.

Lemma 4.18. A connection V is compatible with the sub-Riemannian metric if
and only if V always takes an orthonormal basis of E to another orthonormal basis
of E.

Proof. Let E have rank k. First assume that (i) and (ii) holds for V. Let v(t) be a
curve in M, and let Y7 (¢),...,Y%(¢) be an orthonormal frame of vector fields along
~(t). We see that

k k
Vs Z a;(t)Y;(t) = Z (a;(1)Y;(t) + a;(1)V5Y;(1)) -

By property (i), there are coeflicients cf such that V;Y; = Z:Zl céYi, and we can
write

n k k
Vi) ai(0)Yi(t) = (dg‘(t) + th‘(ﬂ%(ﬂ) Yj(t) .
j=1 i=1 i=1
We can then solve the equation
d i
S as = (@),
to get a parallel vector field with an arbitrary initial value in E. It follows that any
vectors in F remains in E under parallel transport. Next, if Y7 (¢),...,Yx(t) is a
parallel basis along ~ that has orthonormal initial value. then from (ii)
d
S0, Y;(0), =0,

so they remain orthonormal.

Conversely, we can prove (i) and (ii) from the property of parallel transporting
orthonormal bases to orthonormal basis, by using that VxY = V4 Z(t) for Z(t) =
Y- O

Proposition 4.19. Assume that E is a proper subbundle* of TM and that E is
bracket-generating. Then there are no torsion-free affine connections that are also
compatible with (E, g).

This result highlights that we cannot use the same normalization condition for
a connection of a sub-Riemannian manifold as we did for a Riemannian manifold.

4meaning that E is not the full tangent bundle
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Proof. Assume that V is an affine connection that is both compatible with (E, g)
and torsion-free. Let Y7, Y5 be any pair of vector fields with values in E. Then by
(i), we have that

[Y1,Y2] = Vy, Yy — Vy, Y7,

takes values in F as well. This shows that any bracket of vector fields in F, also
takes values in E. Since F is bracket-generating, it follows that £ = T M. But we
assumed that this is not the case, so we have a contradiction. [l

4.7. Sub-Riemannian frame bundles. From now on, we will restrict ourselves
to sub-Riemannian manifolds with constant symbol g. Let G be the corresponding
Carnot group with sub-Riemannian structure (E, §). Define Gy = Isom(g) as the
Lie group of Cartan isometries with Lie algebra gy = isom(g). We then see that g
consists of derivations of g preserving the stratification and whose restriction to g;
is skew symmetric. Define a new algebra g = go @ g such that both gy and g are
subalgebras and with

(D, A] = DA.

Proposition 4.20. g is the Lie algebra of isometries of the isometry group G=
Isom(G, E, §).

Proof. Let ¢: g — g be a Carnot algebra isometry with corresponding isometry
®,: G — G that is also a Lie algebra automorphism. By Theorem .12} we can
define an invertible map from Gy x G to G by (p,a) = Uy, q =1,0P,. We observe
that

G, 0Dy, =Dy 0., o 01, = l¢¢(a) od,.

Hence
Py, 0, © (I)ﬂpzaaz = lal‘l’m(az) ° lfbm(a;l)@wllazq)tpz = lal‘?’m (a2) © q)991992 :

As such, we can consider G as Gy x G with the group operation (p1,a1) - (p2,a2) =
(192, a1p2(az)). Computing the Lie algebra from this multiplication rule, we get
the Lie algebra g. O

Let (M, E, g) be a sub-Riemannian manifold with constant symbol g. Define a
vector bundle of symbols symb = (symb, ),car — M over M. We will call this the
non-holonomic tangent bundle. We now define non-holonomic frame as a Carnot
isomorphism u : g — symb,. We will write the space of all such frames as .%#,. We
again have a right action of Gy on %, by precomposition. This gives us a principal
bundle

GngHM

Let v be a Cartan connection with values in g. We can write it as ¢ = (w, 0) where
w and 6 have values in respectively gg and g. Observe the following.

e The form w: T'# — go is a principal connection on the bundle .. It
corresponds to an affine connection V on symb such that parallel transport
maps are Carnot algebra isometries.
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e Write H = kerw and define h,v as the horizontal lift of v € T, M to T,,.%,
u € Z with respect to this connection. The form 6: T.% — g corresponds
to a vector bundle isomorphism I: TM — symb in the following way. For
any v € T, M, and u € F#,,

(4.1) I:vw hyv € TyF — 0(hyv) € g — u(f(hyv)) € symb,, .
We can see this map as a way choosing complements to
Ek:-‘rl _ Vk+l D Ek,
by I7Y(E*+1/EF). We will call such an I an E-grading.

e From the previous structures, we can define a connection V = I~V I on
TM.

The above definition makes sense because of the following.

Lemma 4.21. The map I is well defined, that is, the mapping I, = I|r, p in (4.1)
does not depend on the choice of element u € F,.

Proof. If u € %, then any other element is on the form u-a = uoa with a € Gy,
we then observe that

(u-a)(0(hy-qv)) = u(a(@(hyv - a))) = u(a(a ' O(h,v - a))) = u(0(h,v)). O

In summary, any choice of Cartan connection on .% gives us an identification
I: TM — symb and connection V on TM. The connection V has the following
properties.

(i) The connection V is compatible with sub-Riemannian metric (E, g),

(ii) Recall that I gives a decomposition TM = Vi @ - -- @ V such that EF+1 =
E* @ V*t1. Each vector bundle V* will be parallel with respect to V.

(iii) Define a tensor T such that
T(v,w) = -1 [Iv, Tw] .

Then VT = 0. We can consider T as the degree-zero part of the torsion T
of V since

T(v,w) = Z Pry,, T (pry, v, pry, w).
i,j=1

We will call (E, g,I) a graded sub-Riemannian manifold and say that a connection
satisfying the above is strongly compatible with (E, g, I). We refer to [§] for details,
where also the following result is found.

Theorem 4.22 (Partial flatness theorem). If V is strongly compatible with (E, g, 1),
and if

(4.2) R=0, T=T,
then (M, E, g) is locally isometric to a Carnot group.

To make the converse statement, we need a canonical choice for such gradings I
and connections V.



320 E. GRONG

4.8. Canonical grading and connection. Let (M, H, g) be a sub-Riemannian
manifold with constant symbol g, and with sub-Riemannian frame bundle Gy —
F# — M. Then on .%, there is a canonical condition for the curvature given by
Morimoto [I3| [I4]. Let us introduce some preliminary concepts below in order to
understand this theory.

e On the set of linear k-forms on g with values in § = go @ g, we define
the Spencer differential/the Lie algebra cohomology differential by O :
Negr g — AN Tlg*®g, k=1,...,n, by

(0) (Ao, ..., Ay) = Z(—l)i[Ai,a(Ao, LA A

=0
+ Z(—l)lJr]a([Ai, Aj], Ao, ceey Ai, ey Aj, ey Ak) .
i<j
e We can introduce an inner product on § from the inner product on g; in

the following way. Let B(A, B) = [A, B] be the Lie bracket. First, give
A%g; an inner product such that if Ay,..., A,, is an orthonormal basis
of g1, then A; A A; is an orthonormal basis for 1 < ¢ < j < n. Then
we can then define an inner product on go by requiring B to map the
orthogonal complement of ker BN A%g; onto gs. Next, since gy, is the image
of {ANB: Aeg;ANBegg_j,j=1,...,k—1} under B, we can proceed
iteratively in the same manner to define an inner product on g for any
k = 3,...,s. In conclusion, there is a unique way to extend the inner
product to g such that the map B|erm): : (kerB)t — go @ --- D g, is a
linear isometry.

We can see g1 & - - - @ g5 as the image of a surjection from the truncated
tensor algebra T(g1) by dividing out the additional relations. Induce the
inner product from this surjection P: T(g;) — g by requiring P to map
(ker P)* onto g isometrically.

Next, any element D € gg is a map from g to itself and can be considered
as an element in g* ® g, the latter having an induced inner product from
the previous statement.

e We finally write 0* for the dual of O with respect to the inner product on g.
With these definitions in place, we have the following result [14].
Theorem 4.23. There is a unique (g, go)-Cartan connection ¥: TF — g with
curvature k: F — N2g* ® § satisfying 0%k = 0.
Following [8], we can use this result to define a canonical choice of grading I
and connection V. Let us first introduce some definition,

e By I we can get a Carnot algebra structure on each 7, M. We can extend
the sub-Riemannian metric g to a Riemannian metric g7, by using the
argument in Section (ii).

e Define a subbundle s of EndTM consisting of isometry algebras s, =
isom(7T, M) on each fiber.
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e Finally define x: TM — A2TM by (x(v), w1 A wa)g, = —(v, T(w1,w2))g,-
In other words, s, = I gol.

Theorem 4.24. There is a unique grading I and connection V that is strongly
compatible with (M, E, g,I) and whose torsion T and curvature R satisfies for any
Desandanyv eV, we VI with0<j<i<s,

(4.3) (R(x(v)), D)g; = (T(v,-), D)y, ,

(4.4) (T'(x(v)), w>91 =—(T'(v,"), T(w, ')>91 :

We can now state the full flatness theorem.

Theorem 4.25. Let (M, E, g) be a sub-Riemannian manifold with constant symbol
and let I and V be the canonical grading and connections. Then (M, E, g) is locally
isometric to a Carnot group if and only if the curvature and torsion of V satisfies

().

We will look at the canonical grading and curvature in three concrete examples.

5. EXAMPLE: ENGEL-TYPE SUB-RIEMANNIAN MANIFOLDS

Let us consider the Engel algebra given by g = g1 @ go @ g3 = span{A;, A2} &

span{B} @ span{C} with identities

[A1, A2] = B, [A1,B]=C.
We can make it a Carnot algebra by making A; and As into an orthonormal basis.
We remark that the isometry algebra for the Engel algebra satisfies go = 0.

Let (M, E, g) be a sub-Riemannian manifold with growth vector (2,3,4). Then
the only possible symbol is the Engel algebra. Since s = 0, we have no condition in
(4.3) and any strongly compatible connection V will be flat. Consider the symbol
at every point

symb =FE & E?/E ¢ E3/E?.
We note that the map
E®E?/E — E*/E?, (X,,Y,mod E) — [X,,Y, mod E] = [X,Y], mod E?,
has a one-dimensional kernel E[0] C E. Let E[1] be the orthogonal complement of
E0] in E.

Working locally, we can choose a local orthonormal vector field X; in E[1] and
Xo in E[0]. Then there is a unique local Ann E? section v, such that

dip(X1, [Xo, X1]) = 1.

Next, define § = —dy (X1, ). Then there are unique vector fields Z and Y such
that

0Y)=0, 0(Z)=1, do(Z,)|lg =0,

'(/}(Y) =1, ’Qb(Z) =0, dQ(Y, )|E =0.
From these definitions, it follows that [Xg, X1] = Z mod F and that X7, [Xo, X1]]
Y mod E?. We now have the following result
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Theorem 5.1. Assume that
[Xo, X1] = Z + coXo + 1 X1,
Define Xo = 7 + %CoXO + %chl, and if
(X1, Xo] =Y + CoXo + C1 Xy + 27,

we define
1 1 1 3,
X3 =Y — gCOZ + 5(00 — gX]_C() + %Co)XO
1 1 1
+ 5(01 + gXOCO + ¢([X2 — 2c0Xo,Y]) + 17)0100)

Then the canonical grading I is given by E = V1,
V? = span{X,}, V3 = span{ X3},

Finally, the canonical connection V is the unique connection making Xo, X1, Xo,
X3 parallel.

Remark 5.2 (Complexity of Morimoto’s connection). One observation we can
make from Theorem [5.1] is that the connection and grading given above does not
seem like the most simple solution. In fact, it would seam like a more natural choice
to considerer V2 and V3 spanned by respectively Z and Y. We run into similar
problems in other examples, and for this reason, gradings and connections presented
in Section [6] and Section [7] will actually be simplified alternatives to those defined
by Morimoto’s result. The apparent complexity of Cartan connections satisfying
Morimoto’s normalization conditions has previously also been observed in [2]. These
observations could indicate that there exists an alternative normalization condition
for Cartan connections on sub-Riemannian manifolds that would be preferable for
practical computations.

Proof of Theorem [5.1l Let I be the canonical grading. Relative to I, define X,
and X3 by,

X2 :prVZ[XO,Xl], ngprva[Xl,Xg].
Then Xy, X1, X2 and X3 form an orthonormal basis of g;. We see that all vector
fields X; are parallel, so we have that

T(X;, X;) = —[X,, Xj].
Furthermore, these are orthonormal with respect to g;r. We also see that
x(X2) = Xo A X1, x(X3)=X1 AN X5
We can define
Xo=Z-Wi, and X3=Y —0Z — Wa,
for vector fields Wy, Wy with values in E. Define a form ay with W € I'(E) by
aw(Y)=0, ay(Z2)=0, aw(X)=W,X),, XeI(E).

We can then describe g; such that for X € T'(E),

(X, )r=oax +aw, (X)0+aw,(X)¢, (X, )r=0+9¥, (X5 )r=1v.
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Using the above notation, we can then look (4.4) for all relevant cases: We first
consider degree 2 and 1, giving us

[X03X1]3X0>I = aXo([XOaXl]) + <X03 W1>
T(X2,X1), T(Xo, X1))1 = ([ X1, Xo], Xo)1
O([X1, X))+ =—-W1,Xo) + ¢,

—(T'(x(X2)), Xo)1 = (
=

and

—(T'(x(X2)), X1)1 = ([Xo, X1], X1)1 = ax, ([Xo, X1]) + (X1, W1)
= (T(X2, Xo), T(X1, X0))1 = ([Xo, X2], X2)1
= 0([Xo, X2]) = = (W1, Xq).

Putting these results together, we have
[Xo, X1] = Z — 2W; + X

If we next consider degree 3 and 2, then

(X1, Xo], Xo)r = 0([ X1, Xo]) +90([ X1, Xo]) = (Xo, Wi) +¢
T(X3,X1), T(X2, X1))r = ([X1, X3], X3)1
Y([X1, X3]) = —dip(X1, X3) = 0(X3) = —¢

—(T'(x(X3)), X2)1 = (
=

giving us that
—2<p = <W1, X0> .

Summarizing we have

1 1 1 2 1
Y= —§<W17X0> = 5%, (W1, Xy) = 501 Xo=2+ gcoXo + §C1X1.

Finally, using degree 3 and 1, we obtain
—(T(x(X3)), Xo)1 = ([X1, X2], Xo)
= ax, ([ X1, Xo]) + (W1, X0)8([ X1, Xa]) + (W2, Xo)
= ax, ([X1, Xa]) + (W1, Xo)® + (W2, Xo)
= (T(X3, X1), T(Xo, X1))1 = —([X1, X3], Xo)1
= —0([X1, X5]) — pu([X1, X3])
= X1p — (W, Xo) + ¢*

_|_
_|_
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and
—(T'(x(X3)), X1)1 = ([X1, Xa], X1)
= ax, ([X1, Xo]) + (W1, X1) (W1, Xo) + (W2, X3)
= (T'(X3, Xo), T(X1, Xo))r + (T'(X3, X2), T(X1, X2))1
= ([Xo, X3, Xa)1 — ([X2, X3], X3)1
= 0([Xo, X3]) + ¢ ([Xo, X3]) — ¥([X2, X3])
= —Xop — (W2, X1) + ([ Xo,Y])
—P([X2,Y]) — (W1, X1) — (X1, Wa).
From these we summarize that
2(Wa, Xo) = —ax, ([X1, Xa]) — (W1, Xo)® + X190 + ¢°

1 3
= —ax, ([X1, X2]) + =Xi1co — ==¢}

5 25
and
2(Wa, X1) = —Xop — ¥([X2 — 9Xo, Y]) — (W1, X1)
—ax, ([X1, Xa]) — (W1, X1)(W1, Xo)
1 1
= —2Xoco — P([X2 — X0, Y]) + —coc1
) 10
1
— ax, ([X1, Xa]) — 510
Combining these equations, the result follows. O

6. EXAMPLE: CONTACT MANIFOLDS

6.1. The Heisenberg algebra. As in Example the n-th Heisenberg algebra
is the step 2 nilpotent algebra h,, = g1 & g2 where

g2 = span{Z}, g1 =span{Xy,..., X, Y1,..., Yo},
and with the only non-zero brackets being
X;,Y]=2, j=12...n
For any vector A = (A1,...,A,) € R" such that 1 = A1 < Ay < -+ <\, , we define
(X5 X )ar = (Vi Yi)ay = X2.

We write this Carnot algebra as b, (). All Carnot algebra structures on b, are
isometric to one of these structures. The isometry algebra go = isom(h,(A)) is
given by

9o :span{Dij : i<j,)\i :)\j}U{Qij : ZS],)\z ZAJ}
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1 1
Dij(Xk) = 0ri Xj — 0k Xi Qij(X) = §5kiTj + §5ij¢,
1 1
D;;(Yy) = 0 Y; — 0x; Y5, Qi (Yr) = *§5k¢Xj - §5iji,
D Z =0, Qi Z =

6.2. Contact manifolds with constant symbols. Let (M, E, g) be a sub-Rie-
mannian manifold of dimension 2n + 1 assume that E has rank 2n. We assume
that E is a contact distribution, that is X AY — [X,Y] = [X,Y] mod F is
non-degenerate.

Working locally, we can assume that E = ker 6 for a one-form #. We normalize
f by requiring that the maximal imaginary part of the eigenvalues of df is 1. We
can then write

do(v,w) = (v, A" Jw),, v,we E,J? = —idg

where Al is symmetric on E and has eigenvalues 1 < A\, < --- < A\, each
appearing twice. The symbol of (M, E, g) at each point b, (A\;). Hence (M, E, g)
only has constant symbol if A\, = A is constant.

Let 1 = A[1] < A[2] < --- < A[k] be the eigenvalues without repetition, with
corresponding eigenspace decomposition E = E[1] @ - - - @ E[k]. Let pr[l],..., pr[k]
be the corresponding projections. We define the Reeb vector field Z such that

0(Z)=1, di(Z,-)=0.

We define I such that V! & V2 = E @ span{Z} with g; defined such that Z is a
unit vector field. We define a tensor 7 and connections V,V’ such that for any
Y, Y1,Y, e I(E), X e T(TM),

k
1 .
(TxY1,Y2) = 52 Lx —pe1x 90) (Pr[i]Ye, pr[j]Ya)
j=1
VZ=V'Z=0,
k
VxY = Z prlf] Ve x oY + D pr(f][X — prlf] X, pr{j]Y] + 7x Y,
=1

VY =VxY + - (va)
We then have the following result.

Theorem 6.1. For I and V' as above, V' is strongly compatible with (M, E,g,I)
for any contact manifold with constant symbol. It is locally isometric to a Carnot
group if and only if V' has curvature R’ =0 and torsion T' = df ® Z.

We remark that V' is not the connection of Theorem but can still be used
for flatness theorems of contact manifolds. See [8] for details.
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7. EXAMPLE: (2,3,5)-MANIFOLDS

We consider finally a sub-Riemannian manifold (M, E, g) with growth vector
® = (2,3,5). Then there is only one Carnot algebra with this growth vector, namely
the free nilpotent Lie algebra g = freez(R?) on a two-dimensional vector space and
of step 3 as introduced in Example [4.8] This can be considered as a Lie algebra

9= g1 g2 ® g3 =span{Ay, A2} @ span{B} & {C1, Ca},
with brackets
(A1, Ao] = B, [4;,B] =Cj,
and with A;, As being an orthonormal basis. Computing the canonical grading
and connection in this case becomes very complicated and we refer to [8]. We

can however give the following explicit result for when such a manifold is locally
isometric to a Carnot group.

Theorem 7.1 (Flatness theorem for (2,3, 5)-manifolds). Let (M, E, g) be a sub-Rie-
mannian manifold where E has growth vector (2,3,5). Let X1, X2 be any local
orthonormal basis of E. Introduce a basis X3 = [X1,Xs], X4 = [X1, X3] and

X5 = [Xo, X3] with [X;, X;] = 22:1 cijk, Define vector fields Z, Y1 and Ys by
Z = X3+ (35 + ¢34 + c35) X1 — (¢l + iy + c35) X2,
Vi =Xy — (¢l + ¢15) Xa + (34— Xa(clat+ )+ cau(clat el5) + Balcay + €35)) X
— (4 — Xa(cly + &s) + cla(cly + F5) + Sy + 35)) Xz,
Y, = X5 - (034 + Cgs)XS + (035 - X2(C§5+ 035)—&— 035(04114"’ 0?5)"‘ 035(04214"‘ 035))X1
— (s — Xu1(c55 + B5) + ci5(cia + l5) + c15(caq + 35)) Xa,
and let g be the Riemannnian metric making X1, Xo, Z, Y1, Y5 into an orthonormal
basis. Write V9 for the corresponding Levi-Civita connection.
Then g, Vo = span{Z} and V5 = span{Y1,Y2} are independent of choice of

basis X1, Xo. Furthermore, if we define a connection V making the decomposition
V = FE & Vo & Vs parallel and further determined by the rules VZ =0 and

(Vx,Xj, Xi)g = (Vx, Y5, Yi)g = (V% X5, Xi)g

(VzXj, Xk)g = (V2Y}, Yi)g = ([Z, X;], Xi)g + 5 (L29)( Xy, X&),

|~

1 _
(Vy, Xj, Xi)g = (Vv Y}, Yi)g = ([Ye, Xj], Xi)g + i(ﬁYi.‘])(Xjan)

then (M, E, g) is locally isometric to the Carnot group with growth vector (2,3,5)
if and only if the curvature vanishes and the only non-zero parts of the torsion T
are given by

T( X2, X1)=2Z, T(Z,X1)=Y1, T(Z,X2)=Y>.
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