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LARGE TIME BEHAVIOR IN A QUASILINEAR
PARABOLIC-PARABOLIC-ELLIPTIC

ATTRACTION-REPULSION CHEMOTAXIS SYSTEM

Yutaro Chiyo

Abstract. This paper deals with a quasilinear parabolic-parabolic-elliptic
attraction-repulsion chemotaxis system. Boundedness, stabilization and blow-up
in this system of the fully parabolic and parabolic-elliptic-elliptic versions
have already been proved. The purpose of this paper is to derive boundedness
and stabilization in the parabolic-parabolic-elliptic version.

1. Introduction and main result

In this paper we consider the quasilinear attraction-repulsion chemotaxis system

ut = ∇ ·
(
(u+ 1)m−1∇u− χu(u+ 1)p−2∇v + ξu(u+ 1)q−2∇w

)
,

vt = ∆v + αu− βv ,
0 = ∆w + γu− δw ,
(∇u · ν)|∂Ω = (∇v · ν)|∂Ω = (∇w · ν)|∂Ω = 0 ,
u(x, 0) = u0(x), v(x, 0) = v0(x)

(1.1)

in a bounded domain Ω ⊂ Rn (n ∈ N) with smooth boundary ∂Ω. Here m, p, q ≥ 1,
χ, ξ, α, β, γ, δ > 0 are constants, ν is the outward normal vector to ∂Ω,

u0 ∈ C0(Ω) , u0 ≥ 0 in Ω and u0 6= 0,(1.2)
v0 ∈W 1,θ(Ω) for some θ > n , v0 ≥ 0 in Ω and v0 6= 0.(1.3)

The model (1.1) was proposed by [12] to describe the aggregation of microglial cells
in Alzheimer’s disease. Also, u, v and w represent the cell density, concentrations
of attractive and repulsive chemical substances; α and γ idealize the rates at which
the cell produces substances; β and δ represent the rates at which substances are
transformed into another ones which do not involve in the movement of the cell.
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Let us overview previous results on the attraction-repulsion chemotaxis system
ut = ∇ ·

(
∇u− χu∇v + ξu∇w

)
,

τvt = ∆v + αu− βv ,
τwt = ∆w + γu− δw ,

(1.4)

where χ, ξ, α, β, γ, δ > 0 are constants and τ ∈ {0, 1}. This system has been
investigated in several studies. For instance, in the case that τ = 1 boundedness
(including global existence) was studied in [5], finite-time blow-up (blow-up for
short) was analyzed in [9] and stabilization was studied in [11]. Also, in the simplified
case that τ = 0 there are more precise studies. Indeed, blow-up with logistic source
was discussed in [2] and stabilization was investigated in [10, 13]. On the other
hand, as to the quasilinear version, such as (1.1), of the above system (1.4) with
τ = 0, there are several studies. Indeed, boundedness and blow-up were classified
by the size of p, q in [4] and stabilization was obtained in [1, 3].

In summary, boundedness, stabilization and blow-up in the attraction-repulsion
system (1.4) have been well studied in the fully parabolic case (τ = 1) and in the
parabolic-elliptic-elliptic case (τ = 0). However, the quasilinear parabolic-parabolic-
-elliptic attraction-repulsion chemotaxis system has not been analyzed. The purpose
of this paper is to derive boundedness and stabilization in (1.1).

The main result of this paper reads as follows.

Theorem 1.1. Let n ∈ N. Let m, p ≥ 1 fulfill p − m ∈ [0, 1] when n = 1,
p −m ∈ [0, 2

n ] when n ≥ 2 and let q ≥ 1. Assume that u0, v0 satisfy (1.2), (1.3).
Then there exists a unique triplet (u, v, w) which solves (1.1) in the classical sense
and is bounded, that is,

‖u(·, t)‖L∞(Ω) ≤ C
for all t > 0 with some C > 0 in the cases that p−m ∈ [0, 1) for n = 1 and that
p−m ∈ [0, 2

n ) for n ≥ 2. Also, there exists λ0 > 0 such that if

‖u0‖L1(Ω) < λ0(1.5)

only in the cases that p−m = 1 for n = 1 and that p−m = 2
n for n ≥ 2, then the

same conclusion on boundedness holds. Moreover, assume further that u0 satisfies

χ‖u0‖p−mL1(Ω) <
1

C〈p−m〉
,(1.6)

where C〈p−m〉 > 0 is a constant appearing in the Poincaré-Sobolev inequality (see
(2.14)). Then the bounded solution (u, v, w) has the property that

(u(·, t), v(·, t), w(·, t))→
(
u0,

α

β
u0,

γ

δ
u0

)
in [L∞(Ω)]3 as t→∞ ,(1.7)

where u0 := 1
|Ω|
∫

Ω u0.

Remark 1.2. We need the condition (1.5) only to assert boundedness.
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2. Proof of Theorem 1.1

We first give a result on local existence in (1.1).

Lemma 2.1. Let m, p, q ≥ 1, χ, ξ, α, β, γ, δ > 0. Then for all u0, v0 satisfying the
conditions (1.2), (1.3) there exists Tmax ∈ (0,∞] such that (1.1) admits a unique
classical solution (u, v, w) such that u ∈ C0(Ω × [0, Tmax)) ∩ C2,1(Ω × (0, Tmax)),
v, w ∈ C0([0, Tmax);W 1,θ(Ω)) ∩ C2,1(Ω× (0, Tmax)). Moreover, if Tmax <∞, then
limt↗Tmax ‖u(·, t)‖L∞(Ω) =∞.

Proof. Let T ∈ (0, 1], M := ‖u0‖L∞(Ω) + 1 and N := ‖v0‖W 1,θ(Ω). We introduce
the set S := {ϕ ∈ X | 0 ≤ ϕ ≤M in Ω× [0, T ]}, where X := C0(Ω× [0, T ]). Also,
we define Φ(û) := u for û ∈ S, where u is the solution of

ut = ∇ ·
(
(û+ 1)m−1∇u− χû(û+ 1)p−2∇v + ξû(û+ 1)q−2∇w

)
in Ω× (0, T )

with (∇u · ν)|∂Ω = 0, u(x, 0) = u0(x), where v and w are the solutions of

vt = ∆v + αû− βv in Ω× (0, T )

with (∇v · ν)|∂Ω = 0, v(x, 0) = v0(x) and

0 = ∆w + γû− δw in Ω× (0, T )

with (∇w · ν)|∂Ω = 0, respectively. Then, by an argument similar to that in [8, 15],
we can verify that Φ is a continuous and compact map of S into S. Therefore, from
the Schauder fixed point theorem and standard regularity theory for parabolic and
elliptic equations, we obtain local existence in (1.1). �

The first purpose of this section is to derive global existence and boundedness.
To achieve this, we obtain an Lr-estimate for u with sufficiently large r.

Lemma 2.2. Let s ∈ (0, Tmax). Let m, p ≥ 1 fulfill p −m ∈ [0, 1] when n = 1,
p−m ∈ [0, 2

n ] when n ≥ 2 and let q ≥ 1. Let u0, v0 satisfy (1.2), (1.3). Then there
exist r0 > 1 and λ0 > 0 such that if u0 satisfies ‖u0‖L1(Ω) < λ0 only in the cases
that p−m = 1 for n = 1 and that p−m = 2

n for n ≥ 2, then for all r > r0,

sup
t∈(s,Tmax)

‖u(·, t)‖Lr(Ω) ≤ Kr(2.1)

with some Kr > 0.

Proof. Let s ∈ (0, Tmax) and r > 1. By the first equation of (1.1) and integration
by parts, we have

1
r

d

dt
‖u(·, t)‖rLr(Ω) = −

∫
Ω

(u+ 1)m−1∇u · ∇ur−1(2.2)

+ χ

∫
Ω
u(u+ 1)p−2∇v · ∇ur−1

− ξ
∫

Ω
u(u+ 1)q−2∇w · ∇ur−1

=: I1(·, t) + I2(·, t) + I3(·, t)
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for all t ∈ (s, Tmax). This corresponds to [6, (28) with D(s) = sm−1, S(s) = sp−1,
ε = 1] with additional term I3, but we use [4, (3.13) and (3.16)] to derive

I3(·, t) ≤ ξ(r − 1)
r + q − 2

(
2δ
∫

Ω
ur+q−2w + δc1

∫
Ω
w − γ

∫
Ω
ur+q−1

)
(2.3)

≤ ξ(r − 1)
r + q − 2

[
2δ
( γ

2δ

∫
Ω
ur+q−1 + c2

)
+ c3 − γ

∫
Ω
ur+q−1

]
= ξ(r − 1)
r + q − 2(2δc2 + c3) =: c4

for all t ∈ (s, Tmax) with some c1, c2, c3 > 0. Thus, combining (2.3) with (2.2), we
can observe from [6, p. 223, lines 12 and 13] that there exist r1, r2 > 1 such that

d

dt
‖u(·, t)‖rLr(Ω)(2.4)

≤ −‖u(·, t)‖rLr(Ω) + (c5r)c6r − 1
2A(r,m, p, u0)‖∇u

r+m−1
2 (·, t)‖2L2(Ω)

+ c7‖∆v(·, t)‖r+p−1
Lr+p−1(Ω) + c8‖∆v(·, t)‖r+1

Lr+1(Ω) + c9

for all t ∈ (s, Tmax) and all r > max{n2 (p−m)− p+ 1, n2 (2−m)− 1, r1, r2} with
some c5, c6, c7, c8, c9 > 0, where A(r,m, p, u0) > 0 is a constant defined as

A(r,m, p, u0) :=


2r(r−1)

(r+m−1)2 if p−m ∈ [0, 1) (n = 1),
p−m ∈ [0, 2

n ) (n ≥ 2),
4r(r−1)

(r+m−1)2 − c10r‖u0‖c11(r+p−1)
L1(Ω) if p−m = 1 (n = 1),

p−m = 2
n (n ≥ 2)

with c10, c11 > 0, where the value −c10r‖u0‖c11(r+p−1)
L1(Ω) in the critical case is derived

from [6, p. 222, line 4]. Then, from an argument parallel to that in the derivation
of [6, (38)], the differential inequality (2.4) implies that

‖u(·, t)‖rLr(Ω) ≤ ‖u(·, s)‖rLr(Ω)

+
[
(c5r)c6r + c9 + (c12rC

r+p−1
MR )c13r + (c14rC

r+1
MR )c15r

]
+ c7rC

r+p−1
MR ‖∆v(·, s)‖r+p−1

Lr+p−1(Ω) + c8rC
r+1
MR ‖∆v(·, s)‖r+1

Lr+1(Ω)

for all t ∈ (s, Tmax) and all r > max{n2 (p−m)− p+ 1, n2 (2−m)− 1, r1, r2} with
some CMR, c12, c13, c14, c15 > 0 via estimates for

∫ t
s
‖∆e

σ−t
r+p−1 v(·, σ)‖r+p−1

Lr+p−1(Ω) dσ

and
∫ t
s
‖∆e

σ−t
r+1 v(·, σ)‖r+1

Lr+1(Ω) dσ by the maximal Sobolev regularity ([6, Lemma 2.1])
and the Young inequality. More precisely, we estimate these two terms as∫ t

s

‖∆e
σ−t
θ1 v(·, σ)‖θ1

Lθ1 (Ω) dσ ≤ c16rC
θ1
MR‖∆v(·, s)‖θ1

Lθ1 (Ω)

+
∫ t

s

eσ−t
[1

4A(r,m, p, u0)‖∇u
r+m−1

2 (·, t)‖2L2(Ω) + (c17rC
θ1
MR)c18r

]
dσ
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with θ1 ∈ {r + p − 1, r + 1} and c16, c17, c18 > 0. Therefore, by following an
argument similar to that in [6] and taking ‖u0‖L1(Ω) sufficiently small such that
A(r,m, p, u0) > 0 only in the cases that p−m = 1 for n = 1 and that p−m = 2

n
for n ≥ 2, we arrive at (2.1). �

Proof of Theorem 1.1 (Boundedness). Taking r = r∗ > 1 in Lemma 2.2 suf-
ficiently large such that r∗ fulfills the assumption of [14, Lemma A.1], we have
supt∈(0,Tmax) ‖u(·, t)‖L∞(Ω) <∞, which means that Tmax =∞ by the extensibility
criterion, and boundedness holds. �

The second purpose of this section is to prove stabilization. To this end, we
introduce the function

Φ(s) :=
∫ s

1

∫ σ

1

1
η(η + 1)p−2 dηdσ , s ≥ 0 ,

where p ≥ 1 is a constant appearing in the attraction term in (1.1). In order to
obtain an energy inequality we first calculate and estimate d

dt

∫
Ω Φ(u).

Lemma 2.3. The first component u satisfies that

d

dt

∫
Ω

Φ(u) +
∫

Ω

(u+ 1)m−p+1

u
|∇u|2 ≤ χ

∫
Ω
∇u · ∇v(2.5)

for all t > 0.

Proof. We see from the first equation in (1.1) and the identity Φ′′(u) = 1
u(u+1)p−2

as well as straightforward calculations that

d

dt

∫
Ω

Φ(u) = −
∫

Ω

(u+ 1)m−p+1

u
|∇u|2 + χ

∫
Ω
∇u · ∇v(2.6)

− ξ
∫

Ω
(u+ 1)q−p∇u · ∇w

for all t > 0. Here we can estimate the third term on the right-hand side by zero.
Indeed, we rewrite the third equation in (1.1) as

0 = ∆
(
w + γ

δ

)
+ γ(u+ 1)− δ

(
w + γ

δ

)
,(2.7)

and thereby we invoke integration by parts to obtain

I := −ξ
∫

Ω
(u+ 1)q−p∇u · ∇w(2.8)

= ξ

q − p+ 1

∫
Ω

(u+ 1)q−p+1∆
(
w + γ

δ

)
= ξδ

q − p+ 1

∫
Ω

(u+ 1)q−p+1
(
w + γ

δ

)
− ξγ

q − p+ 1

∫
Ω

(u+ 1)q−p+2.

Moreover, applying the Hölder inequality to (2.8) and noticing that (2.7) yields∥∥∥w(·, t) + γ

δ

∥∥∥
Lq−p+2(Ω)

≤ γ

δ
‖u(·, t) + 1‖Lq−p+2(Ω)
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for all t > 0, we obtain

I ≤ ξδ

q − p+ 1‖u(·, t) + 1‖q−p+1
Lq−p+2(Ω)

·
(∥∥∥w(·, t) + γ

δ

∥∥∥
Lq−p+2(Ω)

− γ

δ
‖u(·, t) + 1‖Lq−p+2(Ω)

)
≤ 0 ,

which along with (2.6) implies that (2.5) holds. �

In order to state the next lemma we define the function
V (x, t) := v(x, t)− α

β
u0 for x ∈ Ω , t > 0 .

Lemma 2.4. The first component u satisfies that for all t > 0,
d

dt

[ ∫
Ω

Φ(u) + χ

2α

∫
Ω
|∇V |2 + χβ

α

∫
Ω
V 2
]

(2.9)

+
∫

Ω

(u+ 1)m−p+1

u
|∇u|2 + χβ

α

∫
Ω
|∇V |2 + χβ2

α

∫
Ω
V 2 + χ

α

∫
Ω
V 2
t

≤ χ
∫

Ω
(u− u0)2 .

Proof. Noting from the second equation in (1.1) that Vt = ∆V + α(u− u0)− βV
and testing this equation by Vt and V , we can see that

d

dt

[1
2

∫
Ω
|∇V |2 + β

2

∫
Ω
V 2
]

+
∫

Ω
V 2
t(2.10)

= −α
∫

Ω
∇u · ∇v + α

∫
Ω

(u− u0)2 − αβ
∫

Ω
(u− u0)V,

1
2
d

dt

∫
Ω
V 2 +

∫
Ω
|∇V |2 + β

∫
Ω
V 2 = α

∫
Ω

(u− u0)V(2.11)

for all t > 0, respectively. Thus, multiplying (2.10) and (2.11) by χ
α and χβ

α ,
respectively, and adding them to (2.5), we obtain (2.9). �

We finally derive an energy inequality.

Lemma 2.5. Let m, p fulfill p−m ∈ [0, 1] when n = 1, p−m ∈ [0, 2
n ] when n ≥ 2

and let C〈p−m〉 > 0 be a constant appearing in the Poincaré–Sobolev inequality (see
(2.14)). Then the first component u satisfies that

d

dt

∫
Ω
F (u, v) +

[ 1
C〈p−m〉‖u0‖p−mL1(Ω)

− χ
] ∫

Ω
(u− u0)2 ≤ 0(2.12)

for all t > 0, where

F (u, v) :=
∫

Ω
Φ(u) + χ

2α

∫
Ω
|∇v|2 + χβ

α

∫
Ω

(
v − α

β

)2
.

In particular, if u0 meets (1.6), then∫ ∞
0

∫
Ω

(u− u0)2 <∞ .(2.13)
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Proof. We first see from the fact (u+ 1)m−p+1 ≥ um−p+1, the mass conservation
‖u(·, t)‖L1(Ω) = ‖u0‖L1(Ω) (t > 0) and the Poincaré–Sobolev inequality that∫

Ω

(u+ 1)m−p+1

u
|∇u|2 ≥ 1

‖u0‖p−mL1(Ω)

(∫
Ω
|∇u|

2
p−m+1

)p−m+1

≥ 1
C〈p−m〉‖u0‖p−mL1(Ω)

∫
Ω

(u− u0)2(2.14)

for all t > 0, which along with (2.9) implies that

d

dt

∫
Ω
F (u, v) + 1

C〈p−m〉‖u0‖p−mL1(Ω)

∫
Ω

(u− u0)2 ≤ χ
∫

Ω
(u− u0)2

for all t > 0, which entails (2.12). Also, integrating (2.12) over (0, t), using the
positivity of F and (1.6), and taking the limit t→∞, we derive (2.13). �

We are now in a position to complete the proof of Theorem 1.1.
Proof of Theorem 1.1 (Stabilization). We first derive L∞-convergence of u. Since
the first component u is bounded in time, we see from parabolic regularity theory
([7]) that there exist σ ∈ (0, 1) and c1 > 0 such that

‖u‖
C2+σ,1+σ

2 (Ω×[1,∞)) ≤ c1 ,(2.15)

which implies that the function t 7→ ‖u(·, t)− u0‖2L2(Ω) is uniformly continuous in
[0,∞). Hence, in light of time integrability of ‖u(·, t)−u0‖2L2(Ω) (see (2.13)), we infer
that ‖u(·, t)− u0‖L2(Ω) → 0 as t→∞. Also, employing the Gagliardo–Nirenberg
inequality, we can find c2 > 0 such that

‖u(·, t)− u0‖L∞(Ω) ≤ c2‖u(·, t)− u0‖
n
n+2
W 1,∞(Ω)‖u(·, t)− u0‖

2
n+2
L2(Ω) .(2.16)

Noting from the estimate (2.15) that ‖u(·, t) − u0‖W 1,∞(Ω) ≤ c3 := c1 + u0, we
derive from L2-convergence of u and the estimate (2.16) that

‖u(·, t)− u0‖L∞(Ω) → 0 as t→∞ .

We next show L∞-convergences of v and w. We put U(x, t) := u(x, t)−u0, V (x, t) :=
v(x, t) − α

βu0 and W (x, t) := w(x, t) − γ
δ u0 for x ∈ Ω, t > 0. Then the second

equation and boundary condition in (1.1) yield

Vt = ∆V + αU − βV , (∇V · ν)|∂Ω = 0 .

Recalling that (et∆)t>0 acts as a contraction on L∞(Ω), we have that for all t > 0,

‖V (·, t)‖L∞(Ω) ≤ e−tβ‖et∆V (·, 0)‖L∞(Ω) + α

∫ t

0
e−(t−s)β‖e(t−s)∆U(·, s)‖L∞(Ω) ds

≤ e−tβ‖V (·, 0)‖L∞(Ω) + α
(∫ t

2

0
+
∫ t

t
2

)
e−(t−s)β‖U(·, s)‖L∞(Ω) ds .
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Also, using boundedness of U i.e. ‖U(·, s)‖L∞(Ω) ≤ c3 (= c1 + u0) and the estimate
e−(t−s)β ≤ e−

t
2β for s ∈ [0, t2 ], and for all ε > 0, ‖U(·, s)‖L∞(Ω) < ε for s ∈ [ t2 , t]

with sufficiently large t by L∞-convergence of U , we see that
‖V (·, t)‖L∞(Ω) → 0 as t→∞ .

On the other hand, since 0 = ∆W + γU − δW and (∇W · ν)|∂Ω = 0, in view of the
maximum principle we see from L∞-convergence of U that

‖W (·, t)‖L∞(Ω) ≤
γ

δ
‖U(·, t)‖L∞(Ω) → 0 as t→∞ .

Therefore we arrive at (1.7). �
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