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UNIFORM ATTRACTORS IN SUP-NORM FOR SEMI LINEAR
PARABOLIC PROBLEM AND APPLICATION TO THE ROBUST
STABILITY THEORY

OLEKSIY KAPUSTYAN, OLENA KAPUSTIAN, OLEKSANDR STANZYTSKYI,
AND IHOR KOROL

ABSTRACT. In this paper we establish the existence of the uniform attractor for
a semi linear parabolic problem with bounded non autonomous disturbances
in the phase space of continuous functions. We applied obtained results to
prove the asymptotic gain property with respect to the global attractor of the
undisturbed system.

1. INTRODUCTION

Stability property of stationary points plays an important role in robust control
theory. The notion of input-to-state stability, firstly appeared in [23] now is widely
used to nonlinear systems of different nature [24]. Other approaches in the control
theory for nonlinear systems can be found in [2]-[11]. In recent years there have
appeared many papers devoted to adaptation of input-to-state stability theory
to infinite dimensional case [7]-|13]. One of the central object in the qualitative
theory of dissipative infinite-dimensional systems is a global attractor [19], [22].
Stability properties of global attractors, including impulsive perturbations, can
be found in [1]-[5], [9]. Recently in [6], [21] there have been obtained results
about input-to-state stability and asymptotic gain properties with respect to global
attractors of semi linear heat and wave equations in L? space. This results requires
that the corresponding non autonomous problem generated semi process family
with uniform attractor [3] which tends to the global attractor of undisturbed system.
In the present paper we apply this scheme to the case of the phase space Cy of
continuous functions supplied with sup-norm. Similar results for other type of
perturbations were studied in [25], [26]. The work consists of two parts. In the
first part we set the problem, provide necessary definitions and auxiliary results,
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and prove that under suitable assumptions mild solutions of the perturbed system
generate a semi process family on Cy which has a uniform attractor. In the second
part we use this result to establish the asymptotic gain properties with respect to
the global attractor of the unperturbed system.

2. SETTING OF THE PROBLEM AND UNIFORM ATTRACTORS

We consider the following problem

— Aut f@w)+h(ta), () € (0,00) X O,
(2.1) ulpn =0,

u(0, ) = uo(x),
where u(t, z) is an unknown function, Q@ C R is a bounded domain with sufficiently
smooth boundary,

Y9 ou u ou
u MZZI oz (a () 81@) + ; (x) oz, + c(z)u
Assume that
—A is a strongly elliptic self adjoint operator with bounded sufficiently
smooth coefficients,

f+ R — R is locally Lipschitz, f(0) =0 and

(2.2)

(2.3) 3C >0 such that V|s| > C s- f(s) <0.
Assume that h € L*(0, —|—OO'X) where
X =Co(Q) = {v e CQ)v=0on 0}

supplied with the sup-norm ||’UHX = sup |v(z)]. In the future we will use the spaces

H' =Wh2(Q), H} = {v € H! ’U|§Q = 0} H? = W?2(Q), L? = L*(22). We will
study qualitative behaviour of mild solutions of in the phase space X.

Definition 2.1. The function v € C([0,77; X) is a mild solution of (2.I) with
initial data ug € X if for all ¢ € [0,T] we have

(2.4) u(t) = T(t)uo + / T(t — s)F(u(s))ds + / T(t — s)h(s)ds,
0 0

where F': X — X, F(u)(z) = f(u(x)), T(t) is a Cp semigroup of bounded operators,
generated by A in X.

We prove that for all initial condition ug € X there exists a unique global mild
solution of with «(0) = ug, which will be denoted by u(t) = S (¢, 0, ug).

Taking the set 3(h) of all time shifts of h we show that the semiprocess family
{Ss}oes(n) (see definition below) has uniform attractor Oy in the phase space
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X and, moreover, for the global attractor © of the unperturbed system (h = 0) we
have:

(2.5) distx (Ox),®) — 0 as h— 0,

where

distx (A, B) = inf ||a — b||x .
istx (A, B) sup inf lla —bllx
Limit equality (2.5)) allow us to get the following result concerning robust stability:
there exists a continuous strictly increasing function «y, vanishing at the origin,
such that Yuge X

(2.6 T 31, 0,u0) o < 7([Al]oc).

where
ul|le := inf [|€ —u|lx, |[|h|lsc = sup ||h(t .
[ulle feQllf x, Al tzlgll )l x

To prove , we need some auxiliary results. First let us assume that
h € L% .(0,400; X). Then, using Lipschitz continuity of f, we can use the classical
result [17] (see Th. 1.4, Ch. 6) and claim that for every ug € X there exists T =
T'(uo, h) > 0 such that there exists a unique mild solution of ([2.1)), u € C([0,T7; X)
with «(0) = ug. Moreover, condition allow us to use well-known comparison

principle [12] and deduce the following estimate holds

MCy
A

t
(2.7) lu(®)lx < Me ™ |luollx + +/M€_W_s)|lh(8)||x ds,
0

where constant C; > 0 depends on f and positive constants M, \ are taken from
the inequality

(2.8) IT(#)|| < Me™™ Vt>0.

This estimate shows that every mild solution is global, i.e., defined on [0, +00).

In the sequel we will use the following facts. It is known that A is the infinitesimal
generator of an analytic semigroup (still denoted by T'(t)) in LP(Q2), p > 2 [17].
Both in LP(Q2), p > 2 and in X, we have the following estimates [3], [10]: there
exist ¢ > 0, a € (0,1), 0 € (3,1) such that

c
(2.9) Yuo € L(Q) I T(#)uollr < lluol 2
c
(2.10) 13pt]¥ up € X IT(tyuoll e < 5 uollx -

Let us consider linear nonhomogeneous problem

{‘fﬁ = Au+g(t),

(2.11)
uli—o = up € L3(),

where g € L2(0,T; L?(f2)) is a given function.
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We consider mild solution of (2.11)), i.e. u € C([0,T7]; L*(R)),
t
(2.12) u(t) = T(t)uo + /T(t —8)g(s)ds.
0
It is known [17] that mild solution of (2.11)) is a weak solution of (2.11)), i.e.
u € L%(0,T; H}) such that Vv € H}, Vi € C5°(0,T)
T T
(2.13) / nder/(A%u( ), AZv)nds = / v)nds,
0 0 0
where (-, ) is a scalar product in L2, |Ju|| = v/(u,u). Moreover, every weak solution
w of (2.11]) is a mild continuous of (2.11) in [0,7]. Additionally, if ug € H{ then
ue C[0,T); H) N L?(0,T; H?), uy € L*(0,T; L?). All this facts help us to prove
the global existence result.
Now we are in position to construct the semi processes family, generated by the

equation (2.1)).

Let h € L>(0,+00; X) and let X(h) C L2 (0,+00; X), (£(0) = {0}) be an
arbitrary shift invariant (i.e. Vd € 3(h), Vs > 0 d(s + -) € ¥(h)) topological space
generated by h.

Let us consider the problem where h is replaced by d € 3(h)

— Aut fu) +d(t,7), (L) € (0,00) X O
u(0,x) = uo(z),
From the previous arguments we deduce that every solution of (2.14) is global. We
denote by
Sd(t7 7, ’LL-,—)
the solution of ([2.14]) at the moment ¢ > 7 with initial data (7,u,) € [0,00) X X.
Then the family {S4(t, 7, ur)}qex(n) generates a semiprocess family [19], i.e. VI >
7>0 Yur € X Vde X(h)
Sd(Ta T; U-,—) = 'LL-,— )
Sa(t,s,Sa(s, T,ur)) = Sa(t, 7,ur) VE>s>171,
Sd(t + p, T + D, u‘l’) = Sd(--l—p) (ta T, U’T) Vp Z 0.
Every semiprocess family satisfies the cocycle property
Sd(t +p,0, u) = Sd(~+p) (ta 0, Sd(p7 0, ’LL)) .
In particular, for d =0
So(t +p,0,u) = So(t,0, 50(p,0,u)) ,

i.e. Sy is a semigroup.
It is known [§] that under conditions (2.2)), (2.3) the semigroup Sy processes a
global attractor ® C X, that is
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1) © is a compact set;
2) ©=5(t,0,0) Vt>0;
3) for every bounded set B C X

sup distx (So(¢,0,u),0) =0 as t— o00.
uEB

In the sequel we denote for ¥ = X(h), B C X

s(t, 7, B) UUSdtTu

deXueB

Definition 2.2. A compact set Oy C X is called a uniform attractor of the
semiprocess family {Sg}4ex if for every bounded set B C X we have

(2.15) distx(Sx(t,0,B),0x) -0 as t— oo,
and Oy is the minimum among all closed sets satisfying (2.15]).

The following well known result provides conditions for existence of uniform
attractor.

Lemma 2.3 (|3]). Let {Sq}tacs be a semiprocess family with a first countable space
>, and
1) there exists a bounded set By C X such that for every bounded set B C X,

IT=T(B) Vt>T Ss(t,0,B)C By;

2) Vd,, C ¥ Vt, — oo V bounded {u,} C X the sequence {Sq, (tn,0,un)} is
precompact in X.

Then {Sa}aes has a uniform attractor Oy.

If, additionally, for allt > 0 the map

(2.16) X x ¥ (u,d) — Sq(t,0,u) € X
is continuous, then Ox is negatively invariant, i.e.
(2.17) Vt>0 ©Ox C Sx(t,0,05).
Remark 2.4. From we get inclusion: Oy, C By.

Assume that

K
(2.18) hit,z) =Y hy(t)e;()
J=1
where K > 1, hj € L*(0,+00), ¢; € X.
Let us put

W:=c l(L2w(o+ )) {(hl('+5)7'~-ahK('+s))5ZO}7

loc

(2.19) {Zd |{d1,...,dK}eW}.
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It is known [22] that the set
Wy = CZLfO’Z’(O,+oo) {9(-+s)|s =0}

t41
(0,400) & [lgll+ :==sup;>o [ llg(s)l5ds < oo. Moreover, such
¢

2,w
loc

a set is shift-invariant, and V¢ € Wy,

is compact in L

1€+ < llgll+ -
Therefore, the set ¥ defined by (2.19) is shift-invariant, and
(2.20) vd € X(h) |d]l+ < Al -

Theorem 2.5. Assume that conditions (2.2)), (2.3)), (2.18) take place. Then the

semiprocess family {Sa} ey, generated by mild solutions of the problem (2.1), has a

uniform attractor As, which satisfies (2.17]).

Proof. For every d with ||d||+ < oo inequality (2.7) implies

MCy
A

So, from ([2.20) for every d € X(h) we get that for all bounded B ¢ X 3T =T(B)

Vt>T

(2.21) Se(t,0,B) € By={ue X | |u|x <1+C},

_ 1 a1
lu(t)llx < Me™*[|uol|x + Iz —e )3

for some positive constant C', which does not depend on B. Therefore, assumption
1) from Lemma takes place. Moreover, for every bounded B C X and every
u(+) with u(0) = ug there exists K = K(B) such that for all d € ¥ and all ug € B,
t>0

1f (w())lloe < K.
Then due to (2.10)) for ¢ > 0 and 6 € (3,1)
C / C / C
(2.22) [lu(®)||cr+e < t—5||u0||x +/§de+ / 5—5||h||oods <r(t).
0 0

Due to compact embedding C1T® € X and inclusions: for {d,} C X, t, — oo,
[ugllx <7

fn = Sdn(tn707ug) = Sdn(tnatn -1, Sdn(tn - 1,07U8)) =

= Sdn(<+tn—1)(1a 07 Sdn (t’n - 17 07 Ug)) C 52(17 0; BO)

for sufficiently large n > 1, where By is taken from (2.21f). So, we conclude that
{&n} is precompact in X, and, therefore, semiprocess family {Sg}4es possesses a
uniform attractor Oyx. [l

Let us prove ([2.17)). For this aim we prove the following result.
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Lemma 2.6. Assume that for d” = (d7,...,dy), d=/(di,...,dy)

K
(2.23) d* —d in (LZ’M(O,—i—oo)) . uy —ug in X .

loc

Then for allt € [0,T] we have
(2.24) Un(t) = Sq, (t,0,up) — u(t) = Sq(t,0,up) in X.

Proof. Due to (2.21)) both {u,} and {f(u,)} are bounded in C([0,T]; X). Let us
consider u,, as a weak solution of (2.11]) with right side

K
ult) = Jlun) + Y (O

Then {g,} is bounded in L?(0,T; X), {u,} is bounded in L?(0,T; H}), {un,} is
bounded in L?(0,T; H~'). So, due to Aubin-Lions Lemma there exists a function
u € C([0,T]; L?) such that up to subsequence:

u, — u weakly in L*(0,T; H '),
U, — win L?(0,T; L?) and almost everywhere (a.e.) in  (0,7) x Q,

(2.25) Vit €[0,T] un(t) — u(t) weaklyin L2,
Then f(u,(t,x)) — f(u(t,z)) a.e. and, therefore,

K
gn — g =f(u)+ Y _d;(t)e weakly in L*(0,T; L?).
j=1

So, u is a weak solution of with the right hand side g. Thus, due to the
previous arguments we have that u is a mild solution of (2.11)) in L? and, therefore,
a mild solution of (2.1)) in L2. Then u is a mild solution in X. Indeed, due
to the and vVt €[0,T] u,(t) — u(t) in X. Then for all t € [0,T]
u(t,) € X = f(ult,) € X =geL*0,T;X) = u(t) € Sa(t,0,up). Lemma is
proved.

Property (2.24)) implies (2.16]), and, therefore, (2.17). Theorem is proved. [

3. APPLICATION TO THE ROBUST STABILITY THEORY

In this section we want to obtain asymptotic gain property (2.6)).
Theorem 3.1. Under conditions (2.2)), (2.3)), (2.18) problem (2.1) for ||h|lcc < Ro

possesses asymptotic gain property w.r.t. global attractor © of the undisturbed
(h=0) system.

Proof. Let us assume that we have the limit property

(3.1) dist (Ox(n),©) — 0 as ||h[|c — 0.
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Let us prove that (3.1]) implies (2.6). Indeed, according to construction ¥(0) = {0},
and h € X(h). So, for ug € X, z € Ogy , t > 0, u(t) = Su(t,0,up) we have: for
0 € 0:

u(t) =0l x < [lu(t) —zllx + |z —0llx =
- B
;QGIIU(t) 61l x

IN

— inf ||z — 0||x =
lu(t) = zllx + jnf ||z — 0] x

inf |u(t) —0||x < inf |Ju(t) —z||x + su inf |z —0||lx =
jaf ) Ol < _pf @) ~<llx +_sup juf |0l

Hu(t)H@ < distx (u(t),@g(h)) + dist x (@Z(h),@) =
|1 (£, 0,up)|lo < distx (Sg(h)(t,O,UO), @g(h)) + distx (@g(h), @) .

The first summand in the right part of this inequality tends to zero for every h.
Let us put

v(s) := sup distx(Asm), A) + 5.
IPlloe<s

Due to (3.1)) v € K and distx (Ox1), ©) < ¥(||h]|s), S0 we have the required result.
Let us prove (3.1). Assume that (3.1)) does not take place. It means that there
exists h, — 0 in L>(0, +00; X), there exist ¢ > 0 and 2, € Oy, ) such that

(3.2) dist(z,,0) > €.

From Theorem we have that Ox(,) C K, where compact K depends on Ry (see
estimation (2.22f)). Then

Zn € @E(hn) - Sz(hn)(t,o, (“)E(hn)) - Sz(hn)(t7o, K) .

Therefore, z, = un(t) = Sy, (t,0,&n), where &, — £ in X, ||dn|+ < [[hn]lec — O.
Then from Lemma

Due to the uniform attraction we can choose t > 0 such that

distx (So(t, 0, By),0) < g .

Then from (3.3))
zn — u(t) € Og(0),
that is a contradiction with (3.2)). Theorem is proved. (]
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