ARCHIVUM MATHEMATICUM (BRNO)
Tomus 59 (2023), 201-213

WEAK-STRONG UNIQUENESS FOR A CLASS
OF DEGENERATE PARABOLIC CROSS-DIFFUSION SYSTEMS

PHILIPPE LAURENCOT AND BOGDAN-VASILE MATIOC

ABSTRACT. Bounded weak solutions to a particular class of degenerate par-
abolic cross-diffusion systems are shown to coincide with the unique strong
solution determined by the same initial condition on the maximal existence
interval of the latter. The proof relies on an estimate established for a relative
entropy associated to the system.

1. INTRODUCTION

Let © be a bounded domain of R, N > 1, with smooth boundary 89 and outer
unit normal n, and assume that the constants a, b, ¢, and d satisfy

(1.1) (a, b, ¢, d) € (0,00)* and ad > be.
We consider the evolution equations

ouf = div(fV[af + bg])
g = div(gV[cf + dg])

supplemented with homogeneous Neumann boundary conditions

(1.2a) } in (0,00) x £,

(1.2b) Vi -n=Vg-n=0 on (0,00) x 092,
and non-negative initial conditions
(1.2¢) (f,9)(0) = (f™,¢") in Q.

The porous medium equation [27] as well as the thin film Muskat problem [10]
arise as special cases of .

We point out that (|1.2a]) is a quasilinear degenerate parabolic system with a full
diffusion matrix, so that the study of its well-posedness is already a challenging
issue. On the one hand, owing to its parabolic structure, the system fits into
the theory developed in [2], from which the local existence and uniqueness of a
strong solution starting from an initial condition with positive components can be
inferred, see Theorem [2.I] below. However, comparison principles cannot be applied
in the context of and the degeneracy featured in might lead to the
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breakdown of the positivity of the components in finite time and thus to that of
their regularity. As a consequence, strong solutions cannot be extended beyond
a finite time in general. On the other hand, non-negative global weak solutions
to , which are also bounded, are constructed in [20] 22], but the uniqueness
of such solutions is an open problem, even in dimension N = 1. This is in sharp
contrast with the porous medium equation for which several uniqueness results
for weak solutions are available in the literature, see [1l, [3] [7, 211, [24], 25| 27] and
the references therein. It is actually the strong coupling in which makes it
difficult to generalize the methods from the above references to this two-phase
version of the porous medium equation.

The goal of this paper is to prove a weaker result, namely that, given a sufficiently
smooth initial condition (", ") with positive components, all bounded weak solu-
tions to coincide on the time interval on which the strong solution exists. For
that purpose, we shall rely on the availability of a suitable relative entropy functional,
an idea which has proved instrumental in several recent works on weak-strong unique-
ness/stability results for (systems of) partial differential equations. In particular, this
method has been applied in various settings such as: the compressible Navier-Stokes
system [II] and the Fourier-Navier-Stokes system [12], the (isentropic) Euler equa-
tions [5] [16], hyperbolic-parabolic systems [9], the Navier-Stokes-Korteweg and the
Euler-Korteweg systems [0 [I5], the Navier-Stokes equation with surface tension [14],
(reaction-)cross-diffusion systems [8] [19], entropy-dissipating reaction-diffusion equa-
tions [13], energy-reaction-diffusion systems [I7], and Maxwell-Stefan systems [I8].

Before stating precisely our main result, let us first make precise the meaning
of weak and strong solutions to (1.2)). Here and below, for p € [1,00], Ly 4+ (2, RR?)
denotes the positive cone of L, (2, R?); that is,

Ly + (R :={(f,9) € L,(Q,R?) : f>0and g >0 ae. in Q}.

Definition 1.1 (Bounded weak solution). Assume (1.1)) and let u'® := (", g'")
be an element of Lo (2, R?). Given T € (0, 00], a bounded weak solution u to (L.2))
on [0,T) is a pair of functions u = (f, g) such that:

(i) for each t € (0,7),

(1.3) (f9) € Loo,+((0,8) x 2, R*)NLa((0, 1), H (2, R*))NW3 ((0,1), H' (2, R?));
(ii) for all p € H(Q) and t € (0,7),

/Q (F(t, ) — F™(@))e(e) do

(1.4a) +/O /Qf(s,x)V[af + bg)(s,z) - Vo(x)dads =0
and

/ (9(t.2) — g™ (2))p(z) dz
Q

(1.4b) +/0 /Qg(&m)V[cf +dg(s,x) - V(z)dads = 0.
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Observe that the boundedness and weak differentiability required on f and g

in (1.3)) guarantee that the integrals in (1.4]) are finite.
We next turn to strong solutions to (1.2)) and first introduce some notation: for

p> N and s € (1 + N/p, 2|, we set

H,5(Q):={2€ H)(R) : Vz-n=0o0n 00N},
where H,(€2) denotes the Bessel potential space, see [2, Section 5] for instance, and
(1.5) 05 :={u=(f,9) € Hj (L, R?) : f>0and g>0inQ}.

We observe that the continuous embedding of H3(€2) in C*(€2) for p > N and
s € (1+ N/p,2] guarantees that O; is an open subset of Hj (2, R?).

Definition 1.2 (Strong solution). Assume (L.1) and let p > N, s € (1 + N/p,2),
T € (0,00, and u'™ = (f",g"") € Op. A strong solution u to (L.2) on [0,7) is a
pair u = (f, g) such that

u € C([0,T),05) NCH(0,T), Lp(2,R?) N C((0,T), Hy 5(2,R?)),
which satisfies in a strong sense (and in particular a.e. in (0,7") x Q).

One may easily check that a strong solution to on [0,T) in the sense of
Deﬁnition is also a bounded weak solution on [0, T") in the sense of Deﬁnition
We emphasize here that strong solutions emanate from initial conditions with
positive components, while only non-negativity of initial conditions is required for
weak solutions.

The aim of this paper is to establish a weak-strong uniqueness result for (1.2)
as stated in Theorem [I.3] below. As in [I3], the main tool to be used in the proof is
the relative entropy functional

(1.6)  H(uylug) 1=/ { [fl In (é) —(fi—fz)i +9{91 In (971) —(gi—gz)i }dx,
Q J2 c g2

which is well-defined for u; = (fi, ¢;) € Lo 1 (Q,R?), i = 1, 2, provided that fs and

g2 are bounded from below by positive constants. It is important to remark that

H (uq|ug) controls the square of the Lo-norm of u; — ug, see below, if u; and

ug are additionally bounded functions.

The main step in the proof of Theorem is to derive the integral inequality
which measures the “distance” between a bounded weak solution in the sense of
Definition [1.1] and a strong solution in the sense of Definition Gronwall’s
inequality then provides the weak-strong uniqueness property for the evolution

problem (1.2)).

Theorem 1.3. Consider ui" € Lo 1 (0, R?) and uy® € OF for some s € (1+N/p,2)
andp > N. Let ug = (f2, g2) be the strong solution to with initial condition us®
defined on its mazimal existence interval [0,T), TT € (0, 00], see Theorem be-
low. If ur = (f1, 1) is a bounded weak solution to on [0, TT) with initial condi-
tion ui® and T € (0,T+), there exists a positive constant C = (a,b, ¢, d, u1,uz, T)
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such that
(1.7)  H(ui(t)|ua(t)) < H(ul™ud™)+ C/O H(uy(s)|uz(s))ds forallt €[0,T].

In particular, if ui" = uf" € OF, then uy(t) = ua(t) for all t € [0,TF).

We emphasize that Theorem applies to any pair of initial conditions u{" €
Loo+(9,R?) and ui" € O; for some s € (1 + N/p,2) and p > N. Indeed, the
existence of a bounded weak solution to on [0, 00) with initial condition u?{"
follows from [20] [22], while that of a strong solution to (1.2)) on some maximal time
interval with initial condition u4" is provided in Theorem '- below.

2. PROOF OF THE MAIN RESULT

We start this section by considering the evolution problem in the setting
of strong solutions as specified in Definition [I.2} Using the quasilinear parabolic
theory developed in [2], we then prove in Theorem that is well-posed in
this strong setting. The remaining part is then devoted to the proof of Theorem [T.3]

2.1. Strong solutions to the evolution problem (|1.2]). In order to construct
strong solutions to (1.2) we reformulate ([1.2a)) in a suitable framework. For that
purpose, we fix p > N and s € (1 + N/p,2) and introduce the mobility matrix

X1 bX
(2.1) M(X) = (mjk;(X))lgj’kSQ = (ZX; dX;) 5 X = (Xl,XQ) € RQ .
The problem (|1.2)) can then be recast as

du in
) = e@@u),  u(0) =",

where the quasilinear operator @ : O5 — L(H} 5(Q,R?), L,(Q,R?)) is defined by
the relation

(2.2)

N
O (u)[v] := div(M (u)Vv) = Z 0; (M (u)0;v), u€ 0 ve H, 5(Q,R?).
i=1
Observing that, for u € Oy, the matrix-valued function M (u) belongs to CH(Q, R2x2)

and that M(u(z)), * € €, has its spectrum contained in the right-half plane
{Rez > 0}, we infer from [2, Theorem 4.1 and Example 4.3 (e)] that ®(u) is, for
each u € O3, the generator of an analytic semigroup in £(L,(€2, R?)). Since

[Lp(Q), H} 5(Q)]s2 = Hy 5()

p

where [-, -] is the complex interpolation functor, see [26, Theorem 4.3.3], we may
now apply to (2.2) the quasilinear parabolic theory presented in [2, Section 12]
(see also |23, Remark 1.2 (ii)]) to obtain the following result.

Theorem 2.1. Letp > N, s € (1+ N/p,2), and assume that (L.1)) is satisfied.
Then, given u'™ € O, the problem (1.2) has a unique mazximal strong solution

u € C([0,T7),05) N C'((0,T7), L,(,R?*)) N C((0,T), H 3(2,R?)),
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where TH € (0,00] denotes the mazimal existence time.

2.2. Proof of Theorem (1 -. Let T € (0,7T1). Since {ua(t) : t € [0,T]}is a
compact subset of O;, there is o € (0, 1) (possibly depending on T') such that, for
te 0,17,

o < minmin {f2(t,z), g2(t, )} and
(2.3) z€Q
max { |V f2(t) ]|, Vg2 (t) |0 } < 0

Moreover, since u; is a bounded weak solution, we may assume that also
(2.4) luy (t, )| + |ua(t,z)| < o™ ae in (0,T) x Q.
Given n € (0, 1), let

mwmmw»:épwmwmﬂﬂ7

f2(t) ) - (h(t) - fz(t))} da

+ i/ﬂ [gl(t) In (%) —(g1(t) — gg(t))} dz, te[0,T].

As a consequence of (2.4) and of Definition we have u;(t) € Loo (2, R?) for
i=1,2and all t € [0,T], and the dominated convergence theorem, together with
the lower bound in (2.3]), yields

(2.5) lim (o1 () ua (1)) = H(m(Dlua(®)) ;1€ [0,7).
Furthermore, by virtue of Definition Definition (2.3), (2.4), and the
continuous embedding of OF in C'(€2, R?) we have
i, 01 € LQ((07 T)7 Hl(Q)) n W21((07 T), HI(Q)/)

and

In fo, Ings € Lo((0,T), H' () N W5 ((0,T), H'(Q)').
These properties, together with (2.3)), (2.4)), and suitable versions of the Lions-Mage-
nes lemma, see, e.g., [4, Theorem I1.5.12] and Lemma imply that

[t = Hy(ur(t)[uz(t))]: [0, T] = R

is continuous and

Hyp (uy (8)ug(t)) — Hy(ui|ug")
o K fi+n f1
B /0 <3tf1’ln( P ) * f -1-77>(H1)’7H1 ds

(2.6) _/ < tf2’§1>(Hl>/ m

/ 5‘tgl,1n 91+77)+ g1 > ds
g2 g1+n/ (HY H

d
/ tf2, (Hl)/ H1 s
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for all ¢t € [0,T], where (-,-)(g1y g is the duality bracket between H'(2) and
H'(Q)'. Reformulating (2.6 with the help of (1.4)), we find

Hy (u () (1)) — Hyp (uy"[u3")

——/Ot[)flv(af1+b91)'(ffiln fo>d @

_/Ot/s2 [ﬁV(afl +b91).v( h >_f2V(af2+b92).v<£)] dads

fi+n
b [t Vg1 Vg
- Vet +dgr) - (2 — 22) dzd
C/o /le (e 91) (91 +n g2 ) e

_ i/ot/Q [91V(Cf1 +dg1) - v(glgijrn) — g2V (cfa +dgo) - v(Z;)} dads .

Hence,
(2.7) Hy(ur(t) | uz(t)) = Hy(ui"|ug") = T, (t) + T*(t),
where
‘ \Y%
Tr}(t) = 772/ / V(afi +bg1) - (fl_’_fl)Q dzds
+7? //ch1+dg1 ( ) dxds
and

_/Ot/Q [v(af1+bgl). (V- ;1Vf2) ng(anergQ).v(j:;)] dods

_ i/ot/Q [V(Cfﬁ— dgi) - (Vg1—%Vgg)—92V(cf2+d92) ) V(g;)} deds .

In view of Deﬁnition (i), both functions V(af1+bg1)-Vf1 and V(cfi +dg1)- Vg1
belong to Ly ((0,t) x Q) and

lim 7> 7Vf1 =
=07 (fi ;’177)2 a.e. in (0,t) x Q,
lim 72 G =

n—0 (91 +mn)

asVfi =0a.e.on{(s,z) : fi(s,z) =0} and Vg; = 0a.e.on{(s,z) : gi(s,x) =0}.
The dominated convergence theorem now implies that

(2.8) 1in% T)(t)=0  forallte[0,T].
77*)

Hence, letting n — 0 in , we deduce from ) and (| . ) that
(2.9) H(uy (t)|ug(t) — H(ul™[ul") = T2( ) fortel0,T].
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With respect to T2(t), we note that

_/Ot/Q -nyV(fH-Sgl) +ng1~V(f1+(clgl>} dxds

¢ b b d
+// ﬁsz (f1+*g1> + glng'V<f1+g1)} dads
0 a a gz c

f2
(2.10) o
b b d
+// Vfl'v(f2+92)+ngV(fg—&-ggﬂ dzds
0JQ a a c
! b b d
[ 20 (et 2an) + 22V 9 (14 Sa2) | o
0 _f a a gz c
Introducing

blad — be) [t
TIQ(t) = —()/ / |Vg1|2 — 1+ g Vg1 -Vga —‘r |V92|2 dxds
ac 0o Ja g2

and T121 (t) :=T?(t) — TI2 (t), we note that
b(ad — bC) t 1 a1 2 g1 — g2 2
T2(t) = -~~~/ Vo — =1+ 22w _ v
! (t> ac /0 ~/Q ‘ g 2 ( * 92) 92’ 2g2 92‘ dads

_ t _ 2
(2.11) < M/ / ’91 g2 ng‘ dads |
ac o Jal 292

thanks to (1.1)). Furthermore, in view of the relation
d b ad-bc
_l’_

& a ac

TI2[ //‘V fi+ 91 ‘ dzds
// fi+ 91 K ;;)vaJr ( %)Vgg} dads
// fo+ 92 '<f1Vf2+fngg> dzds
[ o1 o]
//Q‘ 1+ Vf2—|— (1+91)Vgg’ dads

)
// f2+b92 (;lvfz-F**ng)dde

)

2
V(f1+§91) —%[(1—&- dxds
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Observing that

‘( )Vf2+ ( g)ngr—v(ﬁ-f'g%) : (;;Vﬁ-f—g%ng)

= 1T (et pe) + 2Vt 2 2V -V (ot L) - (10 S V)
= i V<f2+gg2) ?Vf — Q%Vgg’z

Yoo 2wl

S%fl Vf‘ ﬁ919292v9227

the last estimate resulting from Young’s inequality, we are led to

(2.12) T” //“flfzhvb’ n 2‘919_292%2]2] dads .

On behalf of (2.9)), , and (2.12]) we conclude that
N b(ad — be) [* - 2
Hun(Olua(e) < ) + "D [ 020 s
ac 0 292

o et e

Recalling (2.3]), we deduce that there exists a positive constant C = C(a,b, ¢, d)
such that

t
213) Hun(Olua(®) < Hl) +Co* [ [1fs = b + Zlor - ] s

for all t € [0, 7). In view of the inequality

lz — y|?

(2.14)  zln (g) -y > =

2 max{z,y} (z,y) € [0,00) x (0,00),

which follows from [I8], Lemma 18], it is not difficult to infer from (2.13)), by taking
also into account the boundedness of u; and wg in (0,7") x Q provided by (2.4),
that

(215)  H(w(t)us(t) < Hui"[u") + C / H(uy(5)|uz(s)) ds

for all ¢ € [0, T]. This completes the proof of (L.7).
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ANNEXE A. A VERSION OF THE LIONS-MAGENES LEMMA

In this section we establish a version of the Lions-Magenes lemma, see Lemmal[A]]
below, which is used in the proof of Theorem [I.3] when differentiating the mapping

@Fiéuuﬂmﬂ@+ny-ﬂmd4:mjvﬁR, with 51> 0.

for some appropriate non-negative function f. Before stating the result, we note
that the function ®(s) := sln (s +1n) — s, s > 0, satisfies ®”(s) = (s +2n)/(s+n)?,
s > 0. Thus

@00 < 0.

Lemma A.1 (Lions-Magenes lemma). Let Q C RY be a bounded open set and ® €
C2(R) satisfy ||®"||oc < 00. Assume that

f € La((0,T), H () N Wy ((0,T), H'(R)").
Then
PHHQ:AFU@NQGQMHR)

and for all 0 <ty <t <T we have

[ euma- [ o= [ (a2 )

to (HY),H?!

As we are lacking a precise reference for Lemma [A7T] we include below a proof
for the sake of completeness. As a first step, we establish in Lemma [A.2] an auxiliary
result which is used in the proof of Lemma

Lemma A.2. Let Q C RY be a bounded open set and let f € CY(Z, L2(Q)), where
T C R is an interval. Let further ® € C%(R) satisfy ||®"]| s =: L < co. Then,

PHMQ:Aﬁu@mﬂemaR)
and

(A.2) Iﬁﬁi%A¢U@MM:Lkﬂﬂm&ﬂﬂm, teT.

Proof. We may assume without loss of generality that ®(0) = ®’(0) = 0 (as the
claim is obvious for affine functions). Then

(A3) |@(r)=®(s)| < L(|r|+[s)lr—s|, |®'(r)=2'(s)| < Llr—s|, (r,s) € R*.
In particular, since ®(0) = ®'(0) = 0,

[@(FE)I < LIF®F  and [ (f) < LIF(), teT,
and it follows that

O(f(t) € L1(Q) and  ®'(f(t)0.f(t) € L1(), tel.
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Let t # to € Z. We then have

’%ﬁ%)*/ (I)/(f(to))atf(to)dx’
/‘ t—t <t0))_q)/(f(to))atf(to)‘dm
0
// (1 - e + 702D a0 s
<J1( +J2()
where

f) — flto)
t— 1o

(1= 8)f(to) +s(8)) | — 0uf(to)|| dsd,

/ / @/((1 = )7 (t0) + 57()) = @' (F(t0))O0f (t0)] sz
By -, Holder’s inequality, and the regularity of f,

70 < L)l + 150l [ L= - L)) — 0

Ja(t) < LIF(E) = F (ko)

Therefore, I is differentiable at ¢y and its derivative is given by (A.2). It next
readily follows from and the regularity of f that ®'(f) and 9;f both belong
to C(Z, L2(f2)), from which we deduce that I’ € C(Z) with the help of Holder’s
inequality. ([

atf(tO)Hz — 0.

We now recall a basic property which is used in the proof of Lemma below.
Let X, Y be Banach spaces such that the embedding of X in Y is continuous and
dense and let T' > 0. Then, C*([0,T], X) is dense in

EQ(Xv Y) = LQ((OvT)’X) N W21((O»T)7 Y) ’
see, e.g., [4, Lemma I1.5.10].

Proof of Lemma [A 1l Since C>([0,7], H'(Q2)) is dense in Ex(H*(Q), H(Q)),
there is a sequence (f,)n>1 € C([0,T], H'(£2)) such that

(A4) i (| fo = fllLoo.m).mr @) = o 100 fa = 0efl L, 0.1), 1100y = 0-

Moreover, thanks to the continuous embedding of Ex(H(Q), HY(Q)") in C([0, T},
Ly(9)), see, e.g., [4, Theorem I1.5.13], we deduce from (A.4]) that

(A.5) lim, swp 1£2(6) = S0 = 0.

n—0o0 4co,

Let 0 <ty <t <T.By Lemma@

8) [ a(u®)dr— [ @10 dr = [ (OBl 1y -

to
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On the one hand, we infer from , , and Holder’s inequality that

lim @(fn(t))dz:/é(f(t))dx and

Jm [ 0t do = [ (00 do.
Q Q

On the other hand, it readily follows from (A.3]) and (A.4) that

T
lim [ [|®'(fu(7)) = ' (f(7))ll3d7 = 0.
n—oo O

Moreover, the boundedness and continuity of ®”, (A.4), and Lebesgue’s dominated
convergence theorem entail that

' (fn) € Lo((0,T), HY(R)) with V&' (f,) =" (f)Vfn, n>1,

and
T

lim [ | ®"(fu(7))Vfn(r) — " (F(7))VI(T)|3dT =0.

n—o0 0
Therefore,
A [197(fn) = @' (Dl za(07), 12 = 0-
Combining this convergence with (A.4)), leads us to

(A.8)  lim <atfn(7—)’¢,(fn(7))>(H1)/7H1 dr

n—oo t()

= [ @8 gy 7 = 0.

to

The identity (A.1]) is then a direct consequence of , , and . O
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