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A HARDY-LITTLEWOOD-LIKE INEQUALITY
ON TWO-DIMENSIONAL COMPACT
TOTALLY DISCONNECTED SPACES

K. NAGgy

ABsTrRACT. We prove a Hardy-Littlewood type inequality with respect to a system called
Vilenkin-like system (which is a common generalisation of several well-known systems ) in
the two-dimensional case.

1. INTRODUCTION

Let P denote the set of positiv integers, N := P U {0}. For any set F let E? the
cartesian product E x E. Thus N? is the set of integral lattice points in the first quadrant.

Let m = (mg, mq,....,mg,...) (2 < my € N,k € N) be a sequence of natural numbers
and denote by Gy, a set of which the number of elements is my. A measure on Gy, is
given in the way that ug({j}) := mik (j € G, k € N). Let the topology be the discrete
topology on the set G, . Let G, be the complete direct product of the compact spaces
G, (k € N) with the product of the topologies and measures (x). The elements of Gy, are
of the form = = (zg, z1, ..., Tk, ...) with z, € G,,,, (k € N). Gy, is called a Vilenkin space.
The Vilenkin space G, is said to be bounded Vilenkin space if the generating sequence
m is a bounded one. In this paper the boundedness of G, is supposed. A base of the
neighborhoods can be given in the following way:

In(z) =Gy In(x):={y € Gun:y=(T0,.eryTn-1,Yn,.-)} (¥ € Gp,n € P),

I,, :=I,,(0) for n € N. Denote by L?(G,,) the usual Lebesgue spaces (||.||, the coresponding
norms ) (1 < p < o0), A, the o-algebra generated by the sets I,,(z) (z € Gy,) and F,, the
conditional expectation operator with respect to A, (n € N).

If we define the sequence (My : k € N) by My := 1 and My, := mgmy...mi—1 (k € P)
then each n € N has a uniqge representation of the form n = ZZO:O nx My, where
0 < ng <my (ng € N). Let [n| := max{k € N : ng, # 0} (that is M),) <n < Mj, 41 ) and
nk) .= Z;’ik n M.
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Now, introduce an orthonormal system on G,, called Vilenkin-like system (see [G]).
The complex valued functions r} : G, — C are called generalised Rademacher functions
if the following properties holds:

i. r7 is Ap41 measurable, rk =1 for all k,n € N.
ii. If My, is a divisor of n,l and n**1 = [k¥+1 (n, [k € N), then

— 1 if ng = lk
B ={ |
0 if ng 75 lk,
where Z is the complex conjugate of z.
ii. If My is a divisor of n (that isn=mngMp+ngr1Mpy1+ ...+ n|n|M|n|), then

mk—l

> k@) = my
ng=0
for all z € G,,,.
iv. There exists a 6 > 1 for which |7} [[cc < /™.
Now we define the Vilenkin-like system ¢ = {1, : n € N} by

oo

Y= [J )™ (neN).

k=0

The notation of Vilenkin-like systems is due to G&at [G]. We remark that ¢ is an
orthonormal system and some well-known systems are Vilenkin-like systems (e.g. the
Vilenkin system, the Walsh system and the UDMD product system) (see [G], [SWS], [V],
[SW], [GTT ).

Suppose that the sequences m = (mg, my, ..., mg, ...) and m = (mg, m1, ..., My, ...) are
bounded.

The Kronecker product {1y, m : n,m € N} of two Vilenkin-like systems {1, : n € N}
and {¢, : n € N} is said to be the two-dimensional Vilenkin-like system. Thus

wn,m(xa y) = wn(x)im(y)v

where x € G, y € Gj.

For a function f in L'(G,,) the Fourier coefficients, the partial sums of the Fourier
series, the Diriclet kernels are defined as follows.

/fwndu,szz Eye, (n€P, Sof = 0)

k=0

x) = i@bk(y)wk—(l‘) (n € P, Dy:=0).
P
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It is well known that

Suf(y) = /G F(2) Doy, 2)dp() (& € Gy 1 € N).

If f € LY(G,, x Gy) then the (n, k)-th Fourier coefficients, the (n, k)-th partial sum of
double Fourier series are the following.

n—1k—1

Fn k) = /G T S = XY FG D,

§=0 =0

It is simple to show that, in case f € LY(G,, x G),
Saf @) = [ [ 0D D (Ot

Let I,,(z) (z € Gy,) denote the n-th intervals generated by m, that is
Io(x) == G, In(@) :={y € G : y = (T0s o, Tn—1,Yn, -..)} (& € G, n € P).

Define 7 = n(n) := min(l € N : M,, < M;). Then there exists a constant, ¢ for which

M, < My < cM,, for all n € N (c does not depend on n, but do depends on max;jen m;
and max,en m; ). The atomic decomposition is a useful characterisation of Hardy spaces,
to show this let us introduce the concept of an atom.

A function a € L*(Gyp x Gr) is said to be an atom if there exit a rectangle
Ip(z) x I (2*) (x:= (2',2?) € Gy, X Gy, k € N) such that
(i.) supp a C I(z") x I (x?)
(it) [lafoo < MM
(i) [y, a1y, @2y @ = 0.
We say that f € LY(G,, xGy,) is an element of the Hardy space H (G, XGy,) (or in brief
H ), if there exists A\; € C (j € P) constants and a; (j € P) atoms that 3322, [A;| < oo

and f = Z;’;l Aja;. Moreover, H is a Banach space with the norm || f|| g := inf(Z;iO A1)
where the infimum is taken over all decompositions of f.

2. THE MAIN RESULT AND THE PROOF

Theorem. Let § > 1 be a constant, for all f € H(G,, x Gy) there exists a C > 0
constant that

A

>y Py,
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Proof of Theorem. Throughout this paper C' will denote a constant which may vary at
different occurances and may depend only on (3, sup m,, and sup m,,.

Since f € H(G,, X Gy,), f can be written in the form f = Z;i1 Ajaj, where a; are
atoms and Y 72, |A;] < oo,

Let I (z') x I;(x?) be an interval for which (i), (i) and (iii) hold. Thus
a(n,m) :/ ) a(T, Y)Pnm(T,y)-
Ik(CEl)XIE(IQ)

IfOo<n< M,and 0 <m < ]\;[7c then o, m(z,y) = wn(l‘)@m(y) is constant on the set
Ii;(z1) x It (z*). Consequently, a(n,m) = 0 and

Mp—1Mp—-1
n:112n51< nm el m—1 nm —ys m:ME nm
BSm <P
_ Vi —1
P S DI (IO S i U]
n=1 m:ME nm TL:Mklmfl nm
1<2<p FSmsh

By the Cauchy-Buniakovski-Schwarz inequality and Bessel’s inequality,

00 00 X 00 oo 1 oo 00 1
S X X ammP | SN s <lal | Y
1 n=Mj m:]\;[,.c n=DMj, m=1\7[,; n=Mj, m:]\;[,.c

Using the properties of the atoms we have

lall> = / al? < MR (I () x Ty () = \/ M,
Iy (21) x I (22)




Notice that Y, 7 < 2
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. From this

2
m

> < MM <C.
1
Discuss Y .
2
If My, < % then = 0. Consequently we have M, > % From Cauchy-Buniakovski-
2
Schwarz inequality and Bessel’s inequality we have
Mk 1 oo 1
Z <\ MM, Z Z (nm)?
2 n=1 m=Mj,
l<n<p
Mp—1 oo 1 My —1 [BMy] 1 [BM ] M}, 1 %,
< <C = < =,
2. S 2 2 e <C X BSup
nEh m=ing (M) m=; 1=[ 2 17 k
<2<p ’ o

The definition of k£ implies ) < C.
2

[SWS].

[FS].

[SWI.

[GT).

[HR].
[W].

v].

> < C can be proved in the similar way as we have done in case ).
3 2

This completes the proof. [

Thanks to Professor Gyorgy Gat for his professional advice.
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