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THE FEKETE-SZEGO THEOREM FOR CLOSE-TO-CONVEX
FUNCTIONS OF THE CLASS K, (a,f)

MASLINA DARUS

ABSTRACT. For 0 < a < 1 and 0 < 8 < 1. Let Kgp(a,B) be the class of
normalized close-to-convex functions defined in the open unit disc D by

s (e )| <2

such that g € S*(3), the class of analytic normalized starlike functions of order

B, i.e. for z € D,
§R<29/(z)> -8
9(2)

For f € K.n(a,B) and given by f(2) = z + a22? + azz3 + --- , some sharp
bounds are obtained for the Fekete - Szegé functional |a3 — pa3| when p is real.

iyes

)

1. INTRODUCTION

Let S denote the class of normalized analytic univalent functions f defined by
(L.1) f(2) :z—i—Zanz"
n=2

for z € D ={z:|z] < 1}. A classical theorem of Fekete and Szeg6 [4] states that
for f € S given by (1.1),

-2
lag — pal| < 1+2exp(ﬁ), if 0<u<l,
4M_37 if ,U,Z 1,

and that this is sharp.

Later, several authors attempted the related problems for either p is complex or
w is real. For the subclasses C,S* and K of convex, starlike and close-to-convex
functions respectively, sharp upper bounds for the functional |a3 — ua%| have been
obtained for all real 4 [5], [7], [6]. In particular for f € K and given by (1.1), Keogh
and Merkes [5] showed that

3_4Ma if /~L§07

1 4 .1 2

_+_a if _§M§_7
’ag_uagg 3 9u % 3
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and that for each p there is a function in K such that equality holds. In [9],
Fekete - Szegd functional is obtained for close-to-convex function defined as follows.

Definition 1. Let 0 < o < 1, 0 < 8 < 1 and let f be given by (1.1). Then
f € Kps(a, B) if and only if, there exist g € S¥(B) such that for z € D,

Re(zf/(z)) >a

9(2)

where S¥(B) denotes the class of starlike functions of order B defined in a sector,
i.e. g € SX(B) if and only if, g is analytic in D with g(z) = z + byz? + b3z + - -+

and /
(i )|= %

The authors [9] prove the following:

forze D.

Theorem 1. Let f € Kps(a, ) and be given by (1.1), then for 0 < a < 1,
0< B <1 andp real,

i ﬂﬁm;
30%(1 — p) +2(1 — @) + =—(2 = 3p)?,
, 23 443
P osig—a St S3019)
2 —2a+ 3,
3lag — pai| = . 45 482+ a) +1]
i 3(1+6)§M§3£ﬂ(3+a)+1—o§]7
3ﬁ2(,u—1)+2(1—oz)+ﬁ 511:31)((13’1 ;)2) ,
if 48(2+ o) + 1] <u< 224 0)

3B3+a)+1—a]
362(u— 1) + 3u<(1 - ?f +2(1—a)(B(3u—2) - 1),
. 2(2 +
U g

For each p, there is a function f € Kys(«, 8) such that equality holds.

In this paper, we look into the class Kgp,(«, 8) defined as the following;:

Definition 2. Let 0 < « < 1, 0 < 8 < 1 and let [ be given by (1.1). Then
f € K (o, B) if and only if, there exist g € St () such that for z € D,

!
arg <Zf (Z))‘ < T
9(2) 2
where S} (3) denotes the class of starlike functions of order 3 defined in a half plane,

i.e. g € S5(B) if and only if, g is analytic in D with g(z) = z + baz® 4+ bgz3 + -+~
and

(58)

(1.2)

forze D.



THE FEKETE-SZEGO THEOREM FOR CLOSE-TO-CONVEX FUNCTIONS. .. 15

2. REsuULT

We prove the following:

Theorem 2. Let f € K (a,B) and be given by (1.1), then for 0 < a < 1,

0<pB<1 andp real,
1-8+2-3uw1+a-p)2,

‘ 2(a — )
if Nﬁm»
(1-83)3-28-3u(l-p)) +2a+
. 2(a—P) 2
Slog—padl={ 7 3ra-p F=F
1+ 2a—p3,

L, 2 22+ a—p)
if 3 <p< m7
B-1+Bu-2)(1+a-7p)?
. 224+ a—-0)
G ()
For each p, there is a function f € Kgp,(a, 3) such that

equality holds.

We first state simple lemmas which we shall use throughout the paper.

Lemma 1. ([8, p. 166.]) Let h € P i.e. h be analytic in D and be given by

h(z) =1+ ciz + c2® + -
and Rh(z) > 0 for z € D, then |c,| <2 and

_dl (bﬁ)'
- 2
Lemma 2. ([2]) For 0 < g <1, let g € S;(5) and
g(2) = 2+ by2® + bg23 4.

C2

Then for u real,

3
by — Zﬂbg

< (1= f)max{1,[3 — 26 — 4u(1 - B)[}.

Lemma 3. Let f € Kgp(«, 8) and be given by (1.1), then

laz| <1+a -3,

and

3las| < 2% + (4o +3 —26)(1 - B).

Proof. Since g € S} (), it follows from (1.3) that

(2.4) 29'(2) = g(2)[p(2)(1 — B) + 5]
for z € D, with p € Pgiven by p(z) = 1+ p12 + p22? +
we obtain,

(2.5) by = (1 — B)p1,
and
(2.6) 2b3 = (1 — B)p2 + (1 — B)b2p1.

Also it follows from (1.2) that
(2.7) 2f'(2) = g(2)h(2)"

---. Equating coefficients,
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where h € P. Writing h(z) = 1+ c12 + cp2? + - -+ and equating coefficients in (2.7)
we have

(28) 2a9 = by + 1

and

(2.9) 3a3 = by + coar + c1byor + %(a —1)c?

The result now follows on using the classical inequalities |c1] = |c2| < 2, [p1] =
|p2] < 2, and the inequalities |b| < 2(1 — ) and |b3| < (1 —5)(3 —24) which follow
from (2.5) and (2.6). O

Proof. Tt follows from (2.5),(2.7),(2.8) and (2.9) that
2

9 3 9 C% o o
(2.10) 3 (ag — pa3) = ( by — Z,ub2 +alc——= Z(Q 3u)cs + 5(273u)01b2.

And so equation (2.10) gives

3 c? 1 «
(2.11) Blag — paj| < |bg — b3+ e — 51 702 = 3pllet] + 512 = Bulleba]
2(a — 2
We first consider the case % <p< 3 Equation (2.11) gives
s — ] < (1= 5)(3 — 20~ 31— )+ (2 - D) + ez -0l
a
+ 5(2 = 3p)|ea|[b2]
2
<0-H)6-28-3u1-0) +a (2= )+ jedC- 30l

+a(l = 5)(2=3p)lc|
=T(z) say, withz=|c],

where we have used Lemmas 1 and 2 and the fact that |ba] < 2(1 — ) for g €
Sy (8). An elementary argument shows that the function YT attains a maximum at

2(1 = B)(2 = 3u)

To = —— a2 —3p) and so |az — pa3| < Y(xg), which proves the theorem if
< g and a > 0. Choosing ¢; = 2(21__(5()2(2__335) 2 =2, by = 2(1 — 3) and
= (1-0)(3—20) in (2.10) shows that the result is sharp. We note that |c;| < 2,
e pu> M
' “31+a-p)
Next consider the case yu < M. Then
31+a—-0)
2(a =) 2(a—p)
a2l < e — 2T P) 2 _sa=p) 2
|Cl3 /“1’0'2|— as 3(1+a—,3)a2 +<3(1+C¥—ﬁ) 12 |a2‘ ’
3+ 2a—3p 2(a— ) 9
— 1 —
= 3 +<3(1+a6) ) (+a=py,
15 (23w )
= 1+a-B)>
s T3 1+a-p0)
2(a = B)

for a > 0, where we have used the result already proved in the case y = m,

o —
and the fact that for f € Ky (a, ), the inequality |az| < 1+« — § holds. Equality
is attained on choosing ¢; = ¢; = 2, by = 2(1 — ) and b3 = (1 — 3)(3 — 283) in
(2.10).
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2 < 22+ a—p)
3 31+a—p)
g(2)[B+ (1 — B)p(2)] for p € P, with p(z) =1+ p1z + p222 + - -+, and so equating
coefficients we have that by = p1(1 — 3) and 2b3 = (1 — B)p2 + (1 — 8)%p3.

22+ a—
2+a=5) Iyus (2.10) gives

3(1+a—p)

22+a-p) , 1 p d\ , 1=Bla-1+p) ,
_3(1+a—5)“2_6(1_ﬂ)(p2_§1>+§<02_3>+ 120+a-—p 7
a(l =) o? 9

T30 ta- Y T 60 ra—_p "

Suppose now that . Since g € S;(3) we can write zg'(z) =

We deal first with the case u =

as

and so if a+ (3 <1,
2

22+a—p) L 1 Bl ol @l (0-Al-a-8) ,
e Sl N i) RO I ST 6 T DR |
% 3ira-p® Ssl AP G gy Dita—g Pl
a(l—p) a? 9
t3ira- gl saa =g lal
1 Pt , @ i\, =B -a-F)
“1-p)(2-2E )+ (2-2
<5l ﬁ)( 2>+3 ( 2 )T Rata—p M
a(l - p) o’ 2
+ 3(1+OZ—/6) |p1||81‘ + 6(1+C¥—5)|Cl‘ )
1+2a—-p a(l—p)
= 3 - 6(1+a—ﬁ)(|p1| - |Cl‘)2a
< 1+2a—ﬂ’
- 3
where we have used Lemma 1.
Now write
s (Q+a-p)Br-2) 22+a-0) ,
48 T K = 2 B30 +a-—p "
31+a—-p0) (224 a—0) 2 5
+ 2 (3(1+a—,[3) #) (a3 = 5a3),
and the result follows at once on using the theorem already proved in the cases
2(2 — 2
= H and p = 3 for « + 8 < 1. Equality is attained when f is given
by
P
f (Z) - (1 o 22)1+a,g'
2(2 —
We finally assume that p > M. Write
31+a—p)

22+ a—03) ) (2(2+a—ﬁ) )
2 2 2
az —pas; = (a3 — ———ra5 | + | =D>0——5 — p ] a3,
8T HE (3 31+a—pB)" 31+a-—p) )"
and the result follows at once on choosing the theorem already proved for u =
22+a—-p)
31+a-p)
3. Equality is attained on choosing ¢; = 2i, ¢co = —2, by = 2i(1 — 8) and b3 =
—(1=8)(3—-2p) in (2.10).

We remark that whenever 3 = 0 the theorem reduces to [1]. We also note that

!/ /
') 2 )
9(2) 9(2)
and both defined in a half plane respectively. O

and the inequality |as| < 1 4+ a — (8, which was proved in Lemma

defined in a sector

[3] and [2] give a complete result for both
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