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FAMILY OF ANALYTIC FUNCTIONS OF COMPLEX ORDER
B.A. FRASIN

ABSTRACT. In this paper, we introduce the class Q7 (®, ¥; o, b) of analytic
functions of complex order b and type a(0 < a < 1). Coefficient inequalities,
distortion theorems, closure theorems, radii of close-to-convexity, starlike-
ness, convexity and fractional calculus for functions belonging to the class
Q7 (P, U;a,b) are obtained. Furthermore, we obtain the integral means
inequality for the function f(z) belongs to the class Q7 (®,¥;«,b) with
the extremal function of this class. Also, we consider g-d-neighborhood for
functions in this class.

1. INTRODUCTION AND DEFINITIONS

Let A denote the class of functions of the form:

(1.1) ) =2+ anz",

which are analytic in the open unit disk & = {2z : 2z € C and |2| < 1}. A
function f(z) € A is said to be starlike of complex order b (b € C\ {0}) and
type a(0 < o < 1), that is f(z) € S*(b), if and only if

(1.2) R%H%('ﬁé’? —1)}>a (= €U;b e C\{0}),

and is said to be convex of complex order b (b € C\{0}) and type a (0 < ae < 1),
denoted by C, (b) if and only if

12f"(2) }
1.3 Re<1+ - >« zeU; be C\{0}).
(13) {14355 ( (o)
Note that S*(b) = S*(b) and C,(b) = C(b) the classes considered earlier by
Nasr and Aouf [2] and Wiatrowski [7].
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180 B.A. FRASIN

Further, let P, (b) denote the class of functions f(z) € A such that
1
(1.4) Re{1+g(f’(z)—1)}>a (zelU; be C\{0}).

Given two analytic functions f(z) = z + > a,2" and g(2) = 2+ > ¢,2"
n=2 n=2

their convolution or Hadamard product f(z) . h(z), is defined by

(1.5) f(z)xg(2) = z+Zancnz" (z€elU).
n=2
Let 7 denote the subclass of A whose members have the form:
(1.6) fz)=2—) a,z", (an >0)
n=2

we denote by S*[b], C, [b] and P, [b], respectively, the classes obtained by taking
the intersections of S*(b), C,(b), and P, (b) with T, that is,

(L7 S =8H)NT, CB =C.()NT, Pl =P.(b)NT.
We can obtain the above classes by using the following:

Definition 1.1. Given b (b € C\ {0}) and @ (0 < v < 1). Let the functions

(1.8) O(2) =2+ Z Apz"and  U(z) =2+ anz"
n=2 n=2

be analytic in U, such that A\, > 0, u,, > 0 and A\, > pu,, for n > 2, we say that
f(z) € Aisin Q(®,¥; ,b) if f(z) % ¥(2z) # 0 and
1 f(z) x ®(z)
1. 1+ —-+7=5 -1

(1.9) Re{ +b(f(z)>x<\11(z) >« (zel)
Further, let
(1.10) Qr (P, V;a,b) = Q(P,¥;,0) NT.

We note that, by suitably choosing ®(z),¥(z) we obtain the above subclasses
of 7 of complex order b and type

z z z+ 22 z

a: Qr ((1_2)2, 1_Z;a,b) = SI[b]; Q1 ((1_2)3, (1_2)2;0476) = C,[bl;

and

o (ﬁ,z;a,b) =P.[0].

In fact many new subclasses of 7 of complex order b and type a can be
defined and studied by suitably choosing ®(z),¥(z). For example

or (1) - frorem nefie (K)o
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and
or (%z a,b) _ {f(z) €T :Re {1 4 % (=f'(2)) — 1)} > a}
and 50 on.

In this paper, we shall obtain coefficient inequalities, distortion theorems,
closure theorems, radii of close-to-convexity, starlikeness, convexity and frac-
tional calculus for functions belonging to the class Q7 (®,WV;«,b). Further-
more, we obtain the integral means inequality for the function f(z) belongs
to the class Q7 (P, V; «r,b) with the extremal function of this class. Also, we
consider g-0-neighborhood for functions in this class.

2. COEFFICIENT INEQUALITIES

Theorem 2.1. Let the function f(z) defined by (1.6) be in the class

QT((I), \I’; «, b)
Then
1) 3 [(Re(B)As + (1 - a) b — Re(®)) ju] [au] < b (1~ )

The result (2.1) is sharp.
Proof. Suppose that f(z) € Q7 (P, ¥;a,b). Then

o iSO 0 e,

or equivalently

(- S0 e
(2.3) Req — =2 >a—1 (zel)
1= > ppapzn=!
n=2

Now choose values of z on the real axis and let z — 1~ through real values to
find that

- 2_320% - ﬂn) ’an’

(2.4) = Re->a—1,
1= 3 i |an]
n=2
whence
A — ) |ay
. nZ:fz( ] fin) |an| Re(2b) I
1= 3 a1

n=2
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and so
. [b*
26) 3w m)lal < g -a (1 - Zun|an|)

which is equivalent to (2.1).
The equality in (2.1) holds true for the functions f(z) defined by

o> (1 -« n
BT T = R (’(‘1 . a) ]b\)2 TR M
0]
Corollary 2.2. Let the function f(z) defined by (1.6) be in the class
Qr (P, V;a,b).
Then
(2.8)  an| < " (1~ ) (n>2).

(Re()) M + (1 — ) [b% — Re(®)) s
The result (2.8) is sharp for the function f(z) given by (2.7).
Putting ®(z) = z/(1 — 2)? and ¥(z) = z/(1 — 2) in Theorem 2.1, we have

Corollary 2.3. Let the function f(z) defined by (1.6) be in the class S*[b].
Then

(2.9) > (R (1 —a) o = Re(0))] lan| < [b]* (1~ a)

n=2
The result is sharp for
o B> (1 =)
18 =2 = Ren + (1= ) b7 = Re®))
Putting ®(2) = (2 +2%)/(1 —2)% and ¥(2) = 2/(1 — 2)? in Theorem 2.1, we
have

2" (n > 2).

Corollary 2.4. Let the function f(z) defined by (1.6) be in the class C*[b].
Then

oo

(2.10) Z [(Re(b))n” + ((1 — «) b|* — Re(b)) n] |an| < b” (1 — )

n=2
The result is sharp for

b]* (1 — o)
(Re(b))n2 + ((1 — @) |b]* — Re(b)) n
Putting ®(z2) = z/(1 — 2)? and ¥(z) = 2z in Theorem 2.1, we have

fe) == -

2" (n>2).
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Corollary 2.5. Let the function f(z) defined by (1.6) be in the class P*[b].
Then

(2.11) S [(Re(B)n] laa] < [5* (1 - a)

n=2

The result is sharp for
b2 (11—«
o1« )z" (n > 2).

&= Remm .
For the notational convenience we shall henceforth denote
(2.12) on(a,b) = (Re(b)) A, + ((1 — @) 1b]* — Re(b)) pn (n>2).
3. GROWTH AND DISTORTION THEOREMS

Theorem 3.1. Let the function f(z) defined by (1.6) be in the class

QT(@ \I"Oé b)
If {o,(a,b)})", is a non-decreasing sequence, then
b]* (1 —a) B (1 =)
(3.1) 2| = W' AP <If(= )’§|Z|+W’Z\

where a5(cr, b) = (Re(b)) A2 + ((1 — a) 1b)* — Re(b)) pia. The equality in (3.1) is
attained for the function f(z) given by

o pra-a,
Proof. Note that
02(0,0) > lan| <Y ou(a,b) |an| < [b* (1 - )
n=2 n=2

or, equivalently

(3.3 Z| <020

this last inequality followmg from Theorem 2.1. Thus we have

(34) 1212 =3 Jaal |2 > 2] — |P Z|an|>\zr PO-a)

n=2 ( )
and
35) If(: |<!zI+Z!anHz\ < ||+ | Zran|<rz|+‘b' e O

for z € U. From the inequalities (3.4) and (3.5) we obtain the inequality
(3.1). O
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Theorem 3.2. The disk |z| < 1 is mapped onto a domain that contains the
disk )
] < o3(@,b) — [b]" (1 = a)
O'Q(Oé,b)
by any f(z) € Qr(P,V;a,b). The theorem is sharp with the function f(z)
given by (3.2).

Theorem 3.3. Let the function f(z) defined by (1.6) be in the class

QT((I), \If; «, b)
If {on(a,b)/n} ", is a non-decreasing sequence, then
20" (1 — o) : 2 (1 — o)
. - < <1l+—2|7].
o) 1= < ipe <14 2RSS

The equality in (3.6) is attained for the function f(z) given by (3.2).

Proof. In view of Theorem 2.1,

b o0 o0
(3.7) %an < oula,b) Jan < B (1 - a).
n=2 n=2
that is,
N 2[b]° (1 - a)
3.8 nla, < —F——.
(3:8) ; anl < =)

Form (3.8), we can easily prove that

= _ - 206> (1 — o)
3.9) [f () >1- nla,|lzI" P >1- |z nla,| >1—- ————212
(3.9) [f'(z)] = ;IIII > II;H oa(0D) E
and
! - n—1 - 2 |b’2 (1 — Oé)
(3.10) |f(2) < 14> nlan| [2["7 < 1412 ) nlan| <14+ —————2|

0'2(04, b)

for z € Y. Combining the inequalities (3.9) and (3.10) we obtain the inequality
(3.6). O

n=2 n=2

4. RADII OF CLOSE-TO-CONVEXITY, STARLIKENESS AND CONVEXITY

Theorem 4.1. Let the function f(z) be defined by (1.6) be in the class
QT(Q), \I’; «, b)

Then f(z) is close-to-convex of complex order b in |z| < ry, where

o (e 1/(n-1)
(4.1) ri=ri(a,b) = inf {%] (n>2).

The result is sharp for the function f(z) being given by (3.2).



FAMILY OF ANALYTIC FUNCTIONS OF COMPLEX ORDER 185

Proof. We must show that |f'(z) — 1| < |b| for |z| < ry, where r; is given by
(4.1). From (1.6) we have

oo
"(2) =1 < Znan El
n=2

Thus |f'(z) — 1| < |b| if

o0

(4.2) Z; (‘%') ap |2t < 1.

n—

But, by Theorem 2.1, (4.2) will be true if

()11 it

that is, if
onla,b) 107V
4.3 < |l > 2).
- f< | 022
Theorem 4.1 follows easily from (4.3). O
Theorem 4.2. Let the function f(z) be defined by (1.6) be in the class
QT((I)a \Ijv a, b)

Then f(z) is starlike of complex order b in |z| < rq, where

an(a b) 1/(n—1)
(44) 2 =rafa,b) = in [|b| (n+ o — 1) (1 - aJ

The result is sharp for the function f(z) being given by (3.2).

(n>2).

Proof. 1t is sufficient to show that

2f'(2) ‘
-1 <
e =
for |z| < 7y, where 75 is given by (4.4). From (1.6) we find that
S n— Da, 2"
) ’< 5= (0= D
f(z) 11— ay |z|”_1
n=2

Thus

%?—1‘§|b|if

(4.5) i (“ 5= ) an |2 < 1

n=2
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But, by Theorem 2.1, (4.5) will be true if

-1
<TL—|— |b| ) |Z|n—l < 0n<a>b)

d P (1-a)
that is, if
(4.6) |z| < { } (n>2).
[b] (n+ [b] = 1) (1 — )
Theorem 4.2 follows easily from (4.6). O
Corollary 4.3. Let the function f(z) be defined by (1.6) be in the class
Qr (P, V;a,b).

Then f(z) is convex of complex order b in |z| < r3, where

B . o (a, b) 1/(n—1)
(4.7) T3—T3(()é,b)—1£llf bl =1 —a) (n>2).

The result is sharp for the function f(z) being given by (3.2).

5. FRACTIONAL CALCULUS

In this section, we find it to be convenient to recall here the following of
fractional calculus which were introduced by by Owa ([3], [4]).

Definition 5.1. The fractional integral of order ¢ is defined, for a function
f(z), by
- I AR (9
5.1 D;°f(2) = / d¢ §>0),
ol DG emge e 070

where the function f(z) is analytic in a simply-connected region of the z-plane
containing the origin and the multiplicity of the function (z —¢)°~! is removed
by requiring the function log(z — ¢) to be real when z — ¢ > 0.

Definition 5.2. The fractional derivative of order J is defined, for a function

f(z), by

1 d [~ f(Q
5.2 Dif(z) = =——— | — L4 0<d<1
62 DU - i | cogmd 0<6<),
where the function f(z) is constrained, and the multiplicity of the function
(z — ¢)7? is removed as in Definition 5.1.

Definition 5.3. Under the hypotheses of Definition 5.2, the fractional deriv-
ative of order n + 9 is defined by
dr s

(5.3) DM f(2) = @sz(z) (0<§<1;neN).
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Remark 5.4. From Definition 5.1, we have DYf(z) = f(z), which in view of
Definition 5.3 yields D"*0f(z) = £.D%f(z) = f™(z). Thus, (lsirr(l) D0f(z) =

dzn
f(2) and lim D= f(2) = f'(2).

Theorem 5.5. Let the function f(z) be defined by (1.6) be in the class

QT(<D7 \Ija a, b))
If {on(a,b)} 7, is a non-decreasing sequence, then
1+6 2
20" (1 —a)
4 D° 12 1-
(54) D 1()] > ZT@2+0) b Lo)
and
1+6 2
2[0]" (1 — a)
) D 1 ‘Z| 1
(5:5) D 1)) < 129 T meners
for 0 >0, and z € U. The result is sharp.
Proof. Let
F(z) =T(2+0)z ’5D*‘Sf( )
(5.6) > ['(2496) .
"=z A
Z n+1+5) ne =% Z (n)anz
where
Fin+ HI(2+9)
. = > 2).
(5.7) A = =T+ (n22)
It is easy to see that
2
) An) < A(2
63 0<AM) SAE@) = 7.

Therefore, by using (3.3) and (5.8), we can see that

2 (1 —0) | .
69 IFE) 2 - AR Zanzr |-
610)  |FG) <]+ AR Zan<|z|+ 2P

which prove the inequality of Theorem 5.5. Further, equalities are attained for

the function f(z) defined by
146 21612 (1 —
(5.11) D;5f(z):2—{1+ P = a) z}

T(2+0) (0, b)(2 1 0)
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Theorem 5.6. Let the function f(z) be defined by (1.6) be in the class

Q7 (P, V; o, b).
If {o,(a,b)/n}., is a non-decreasing sequence, then
2|
2" (1 - o)
(5.12) ()] > r = 9) {1 b —0
and
1= 2
216" (1 — o)
1 D' 1
(5.13) D212 —rz—a){ T ez —o
for0<d <1, and z € U. The result is sharp.
Proof. Let
H(z) =T(2—=6)z"D. f(z)
(5.14) . T(n+1)T(2-9) -
= — " - - Q
z 2 T+ 1-0) a,z" =z Zn (n)a
where
I(n)I'(2 —9)
. = ——" > 2).
(5.15) Q(n) T 1-0) (n>2)
Since
1
Therefore, by using (3.8) and (5.16), we can see that
N 2007 (1—a) |
: > |2| — 2 > |z| —
20 (1 -«
18 OIS AR Y 0 < o

oo, b)(2 —6)

which give the inequalities of Theorem 5.6. Since equalities are attained for
the function f(z) defined by

5 2179 2(6]* (1 — o)

O

Remark 5.7. Letting 0 = 0 in Theorem 5.5, we have (3.1) of Theorem 3.1, and
letting 6 — 1 in Theorem 5.6, we have (3.6) in Theorem 3.3.
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6. INTEGRAL MEANS INEQUALITIES

The following subordination result will be required in our present investiga-
tion.

Lemma 6.1 ([1]). If f and g are analytic in U with g < f, then

. 21 0 5 9 27 0 s 9
(6.1) / lg(re®) [ d s/o Fre®)| d

where § >0, z =re? and 0 <r < 1.

Applying Theorem 2.1 and Lemma 6.1, we prove the following

Theorem 6.2. Let § > 0. If f(z) € Q7 (P, V;a,b), and {o,(a,b)} ", is
non-decreasing sequence, then, for z =re?, 0 < r < 1, we have

2 s 2m s
: | do IR
(62 | lren] an < [ et
where fo(z) =z — |b]* (1 — a) Joa(a, b) 22
Proof. Let

z):z—Zanz" (an, >0, z€U)

and
fo(z) =z = [b]* (1 — a) [oa(a, b)2?
then we must show that
)
2
o < /
0

21 00
/ 1-— E 2"t
0 n=2

By Lemma 6.1, it suffices to show that

- bj* (1 —
1—Zanz"_1 =< I—Mz.

é

2
PE(=a) | 4

1 —
02(a7 b)

n—>2 02(a’b)
Setting

- _ b (1 - o)
6.3 1-— anz”1:1—|—wz.
(6.3) ; o D) (2)

From (6.2) and (2.1), we obtain

This the completes the proof of the theorem. O
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Remark 6.3. Taking different choices of ®(z) and ¥(z) in Theorem 6.2, we can
obtain integral means inequalities for functions belonging the classes S*[b],

C.[b] and P_[b].

7. NEIGHBORHOODS OF THE CLASS Q7 (P, U; a,b).
For f € T of the form (1.6) and 6 > 0, we define

(7.1) MP(f)={9€T: g(z) =2~ anz", an“ la, — by <6},
n=2 n=2
which was called the p-d-neighborhood of f. So, for e(z) = z, we see that
(7.2) MP(e)={g € T: g(z) =2—> buz", Y n""'|b,| <6},
n=2 n=2

where p is a fixed positive integer. Note that M?(f) = N,(f) and M}(f)
= M,(f). N,(f) called a é-neighborhood of f by Ruscheweyh [5] and M,(f)

5

was defined by Silverman [6].
In this section, we consider p-d-neighborhood for function in the class

Q7 (P, V;,0).
Theorem 7.1. If {0, (a,b)/nPt1}2, is a non-decreasing sequence, then,
Q7 (P, ¥;a,b) C MP(e),
where § = 201 | (1 — @) Joa(a, b).
Proof. It follows from (2.1) that if f(z) € Q7 (P, V;a,b), then

S 2 b (1 — o)
7.3 nPtla, <
( ) ; - 0'2(Oé, b)
This gives that Q7 (®, ¥;a,b) C MP(e). O

Putting ®(z) = z/(1 — 2)? and ¥(z2) = 2z/(1 — 2) in Theorem 7.1, we have

Corollary 7.2. S*[b] C MP?(e), where 6 = 2P*! b]* (1 — @) /[Re(d) + (1 —
o) [Bl°].

Putting ®(z) = (2 + 2?)/(1 — 2)3and ¥(z) = 2/(1 — 2)? in Theorem 7.1, we
have

Corollary 7.3. C,[b] C MP(e), where § = 2P b (1 — a) /[Re(b) + (1 —a) |b]?].
Putting ®(z2) = 2/(1 — z)?and ¥(z) = 2z in Theorem 7.1, we have
Corollary 7.4. P,[b]. C MP(e), where § = 27 |b]* (1 — @) / Re(b).
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