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RECENT RESULTS ON THE DERIVED LENGTH OF LIE
SOLVABLE GROUP ALGEBRAS

TIBOR JUHASZ

ABSTRACT. Let G be a group with cyclic commutator subgroup of order
p™ and F a field of characteristic p. We obtain the description of the group
algebras F'G of Lie derived length 3.

1. INTRODUCTION AND RESULTS

Let us consider the group algebra F'G of a group G over a field F' as a Lie
algebra with the usual bracket operation and define the Lie derived series and
the strong Lie derived series of FG as follows: let §%(FG) = §O(FG) = FG
and

S (FG) = [(FG), o (FG)),
JeD1EG) [ 40O

where [X, Y] is the additive subgroup generated by all Lie commutators [z, y] =
xy —yx with x € X and y € Y. We say that F'G is Lie solvable if there exists
m such that §™(FG) = 0, and similarly, if 6™ (FG) = 0 for some n then
FG is said to be strongly Lie solvable. The minimal integers m,n for which
SM(FG) = 0 and 6™ (FG) = 0 are called the Lie derived length and the strong
Lie derived length of FG and they are denoted by dl;(FG) and dI*(FG), re-
spectively. I. B. S. Passi, D. S. PassMAN and S. K. SEHGAL [6] proved
that a group algebra F'G is Lie solvable if and only if one of the following con-
ditions holds: (i) G is abelian; (ii) char(F) = p and the commutator subgroup
G’ of G is a finite p-group; (iii) char(F) = 2 and G has a subgroup H of index
2 whose commutator subgroup H’ is a finite 2-group. As it is well-known, a
group algebra F'G is strongly Lie solvable if either G is abelian or char(F) = p
and G’ is a finite p-group.

It is obvious that dl;(FG) = dI*(FG) = 1 if and only if G is abelian. The
group algebras F'G with dl (FG) = 2 are known as Lie metabelian group
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algebras. F. LEVIN and G. ROSENBERGER described these group algebras
in [4], namely, a noncommutative group algebra F'G of characteristic p is Lie
metabelian if and only if one of the following conditions holds: (i) p = 3 and
G’ is central of order 3; (ii) p = 2 and G’ is central and elementary abelian
of order dividing 4. Moreover, they proved that dly(F'G) = 2 if and only if
dI*(FG) = 2.

M. SAHATI in [9] gave the full description of the strongly Lie solvable group
algebras of strong derived length 3 for odd characteristic, and showed that the
statements 6Pl(FG) = 0 and 0®®) (FG) = 0 are equivalent, provided char(F) >
7. In the other cases the question is still open. Further examples can be found
in R. ROSSMANITH’s papers [7, 8] for group algebras with Lie derived length
at most 3 of characteristic 2.

The introductory results on the Lie derived length of Lie solvable group
algebras are in A. SHALEV’s papers [10, 11].

In this article we continue the study which we started in [3, 1]. In [3] the Lie
solvable group algebras F'G whose Lie derived lengths are maximal are given
in the case when G is a nilpotent group with cyclic commutator subgroup of
order p". Later [1], we investigated the non-nilpotent case.

To describe the Lie solvable group algebras of derived length 3 seems a
difficult problem. A partial solution can be found here; we indeed prove the
following

Theorem 1. Let G be a group with cyclic commutator subgroup of order p™
and let F' be a field of characteristic p. Then dl,(FG) = 3 if and only if one
of the following conditions holds:
(i) p="7, n=1 and G is nilpotent;
(i) p="5, n =1 and either x9 =z~ for allz € G’ and g & Ca(G') or G
s nilpotent;
(iii) p =3, n =1 and G is not nilpotent;
(iv) p=2 and
a) n=2;
b) n =3 and G is of class 4;
¢) G has an abelian subgroup of index 2.

A. SHALEV proved (see Proposition C in [11]): if G is an abelian-by-cyclic
p-group of class two with p > 2 and char(F') = p, then dl,(FG) = [log,(t(G")+
1)], where ¢(G") denotes the nilpotent index of the augmentation ideal of F/G’
and [r| the upper integral part of a real number r. We generalize this result
for the case when the nilpotency class of GG is not necessary two.

Theorem 2. Let G be an abelian-by-cyclic p-group with p > 2 such that
v3(G) C (G')? and let F be a field of characteristic p. Then

dlL(FG) = dI*(FG) = [log, t(G") +17.

In this article w(F'G) denotes the augmentation ideal of F'G; for a normal
subgroup H C G we denote by J(H) the ideal FG - w(FH). For z,y € G
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let v = y~lay, (z,y) = 27 '2¥. By ((G) we mean the center of the group
G, by 7,(G) the n-th term of the lower central series of G with v,(G) = G.
Furthermore, we denote by C), the cyclic group of order n.

2. PRELIMINARIES AND PROOFS

Proposition 1. Let G be a group and char(F) = 2. If H is a subgroup of
index 2 of G whose commutator subgroup H' is a finite 2-group, then

di(FG) < [logy t(H')] + 3.

Proof. Firstly, suppose that H is an abelian subgroup of index 2 of G. Then
G = (H,b) for some b and every x € FG has a unique representation in
the form x = x1 + x2b, where 1,20 € FH. It is easy to see that the map
v u=>b"lub (u € FH) is an automorphism of order 2 of F'H and for all
z,y € FG

[z, y] = [z1 4+ 22b, y1 + y2b]

= (297 + T2y)0® + ((21 + T1)y2 + 22(J1 + 1)) b
=wb (mod ((FQG)),

where wy € FH and ((FG) denotes the center of F'G. Similarly, for u,v € FG
we have [u,v] = wyb (mod ((FQG)) for some wy € FH. Hence

[z, 9], [u, v]] = [wib, wab] = (w1W5 + Wyws)b* € FH.

Since the elements of the form [[aj,y], [u,v]] with x,y,u,v € FG generate
SP(FG) and FH is a commutative algebra, 6°)(FG) = 0, as asserted.

Let now H be nonabelian. It is clear that H' is normal in G and H/H'
is an abelian subgroup of index 2 of G/H’, so we can use the result proved
above to get 0P (F(G/H')) = 0. In view of F(G/H') = FG/J(H') we have
SBI(FG) C J(H'). Hence an easy induction on k yields 0B+H(FG) C J(H')?"
for all k& > 0. Consequently, if 2¥ > ¢(H’), that is k > [log,t(H')], then
SBFE(F@G) = 0, which implies the statement. O

Let G be a group with commutator subgroup G’ = (x | 22" = 1), where
n > 3. It is well known that the automorphism group aut(G’) of G’ is a
direct product of the cyclic group («) of order 2 and the cyclic group (f3)
of order 2”2 where the action of these automorphisms on G’ is given by
a(z) = 7', B(x) = 2°. For g € G, let 7, denote the restriction to G’
of the inner automorphism h +— h? of G. The map G — aut(G), g — 7,
is a homomorphism whose kernel coincides with the centralizer C' = Cq(G').
Clearly, the map ¢ : G/C — aut(G’) given by ¢(¢gC) = 7, is a monomorphism.
In [3] we introduced the subset

Gs={9€G|e(g0) € (B)}
of G. Evidently, G is a subgroup of index not greater than 2. It is shown in
[3] that G = Gp if and only if G has nilpotency class at most n, furthermore
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under this condition dl;,(F'G) = n+ 1. Combining this fact with Proposition 1
we obtain the following statement.

Corollary 1. Let G be a group with cyclic commutator subgroup of order 2"
and let char(F) = 2. If G has order 2", then

r+1<dl(FG) <r+3.

Proof. If G = G then Lemma 3 and Theorem 1 in [3] say dl (FG) = r +
1. Otherwise, G is of index 2 in G and we can apply Proposition 1 to get
dlf(FG) < r + 3. Furthermore, Lemma 3 and Theorem 1 of [3] ensure that
dlL(FGg) =1+ 1. Since dl(FGs) < dl (FG), the corollary is true. O

Let char(F) =2 and H = (z | 2*" = 1). We claim that if 7 > 0 and the k;’s
are odd positive integers for 1 < j < r then the element

o= (" + 1)@ +1)--- (" +1) € FH
is equal to zero if and only if r > 2™.

Indeed, o € w"(F'H) and if » > 2" then ¢ = 0, because t(H) = 2". Assume
now r < 2". Applying the identity
(29 +1) = (T D@+ 1) + @2 1) 4 @+ 1)
for every 1 < j < r, we can write ¢ = (x + 1)" + p1, where p; is the sum of
elements of weight greater than r. Clearly, (z+1)" € w"(FH)\w ™ (FH) and

01 € WH(FH), hence p € w"(FH) \ v (FH) and ¢ # 0.
In the sequel we shall use freely this fact.

In the proof of the next lemmas we will use that ¢’ C G’ N ((G). This
inclusion is indeed valid, because for a,b,c € G the well-known HALL-WITT
identity states that

(a, b1, c)b(b, ¢t a)’(c, a !, b)* =1.

Evidently, if b, ¢ € C' then this formula yields that (b, ¢,a) = 1, which guaran-
tees our statement.

Lemma 1. Let G be a group with commutator subgroup G' = (z | %" =
1), where n > 3, let char(F) = 2 and assume that exp(G/C) < 2. Then
di(FG) = 3 if and only if C is abelian and G/C = (aC), where z* = x7 !,

Proof. Since exp(G/C) < 2, only the following cases are possible:

Case 1: either G/C is trivial or G/C = (bC) where z* = "' +1. Clearly,
G has nilpotency class at most 3, therefore by Theorem 1 in [3] we have
dIL(FG) = n+1.

Case 2: G/C = (aC), where 2 = z~'. Then ' C G' N ¢(G) = (z*").
If " = (1) then C' is an abelian subgroup of index 2 of G and Proposition 1
implies that dl,(FG) = 3. Now, let ¢’ = (22" '). Then we can choose b, ¢ € C
such that

—1

(c,a) =, (c,b) =2*" (a,b) € (2?).
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Indeed, let us consider the map ¢ : C' — G’, where ¢(c ) = (¢, a), which is
an epimorphism because G’ = (a,C). Of course, H = ¢~ ( (x?) ) is a proper
subgroup of C. Let u € C'\ ((C) and ¢ € C\ (H U Cc(u)) be such that
(¢,a) = z. Obviously, (¢,u) = 22" . If (a,u) € (z2) then set b = u, otherwise

b = cu. It is easy to see that the elements b and c satisfy the conditions stated.
Then

[[[c, al,[cta,d], [lc,dl, [c’lba,c]]]
=[lac(z +1),a(z™" + 1)], [ac(z +1), ba(z? 1 4 1)]]
=[a*ca™ (z + 1)%, ba’c((b,a)z™" +1) (¥ 1) (z + 1)]
= a'bPr (b, a)e ™t +1) (@ T (@ + )T

belongs to d°(FG) and is not equal to Ze10, thus dlL(FG) > 3.
Case 3: G/C = (dC), where % = ¥ 1. Since G’ = (d, C), similarly as
before, we can choose ¢ € C such that (c, d) = 2. Then
e, dl,[d"e,d]], [[e.d), e dcﬂ
[[dc c(z+1)], [de(z +1),dc*(z + 1)}}
=[de*(z + 1)*" P T D) (x4 1) ?]
= dFfr(@® T+ D)@ T+ 1)@+ 1)

is a nonzero element in 08/ FG) so dlL(FG) > 3.
Case 4: G/C = (aC,bC), where z* = 7' and 2* = 22" ', Then
G = ((ab, b))(ab, C)(b,C)C" = ((a, b))(ab, C)(b, C),

because €' C (#2""). Since G is cyclic, G coincides with either ((a,b)) or
(ab,C) or (b, C).

Assume that G’ = (ab,C) and set H = (ab,C). Then H satisfies the
hypothesis of Case 3 of this lemma, so dl,(FG) > dl(FH) > 3. We get the
same result in the case G' = (b, C).

There remains the possibility that (a,b) = y is of order 2". Then

[la. 57 a.b]], [[a 8], [o,ab]]|
— “ba(y +1),a(y + )], [ba(y +1),ab*(y*" '+ 1)}}
=[ba’(™" T+ D+ 1), Paly T (" T+ D)y + 1)
=va'y Ty DT D DT £,

and the statement is valid. O
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Lemma 2. Let G be a group with commutator subgroup G' = (x | x1® = 1) and
let char(F) = 2. Then dl(FG) = 3 if and only if G has an abelian subgroup
of index 2.

Proof. By the previous lemma, the statement is true if exp(G/C) < 2. The
other possible cases are:

Case 1: G/C = (bC), where z* = z5. Since then G = G4, Lemma 3 and
Theorem 1 in [3] state that dl(FG) = 5.

Case 2: G/C = (dC), where ¢ = 5. Then G’ = (d, C) and, as before, we
can choose ¢ € C such that (¢,d) =z and

[[led), [de,d]], [[e, ] [e,de] |

_ “dc(a: + 1), c(z + 1)}, [dc(:c +1), dc2(;(;*5 + 1)}}
[de*(a™ + 1)(w + 1), d*c3 (275 +1)(z +1)?]

=3280 + 1) (2 + 1) (z + 1)°

belongs to dB(FG) and is not zero.

Case 3: G/C = (aC,bC), where z* = 27! and 2° = 2°. Then by similar
arguments as in the last case of the previous lemma we can restrict ourselves
to the case when (a,b) = z. Then

[[[ [bta,b]],

bab]]

[[a.
[ a(z +1)], [ba(z+1),ab’(z™° + 1)}}
[ba* (2" + 1) (z + 1), B’a®(2' + 1) (2" +1)]

= batad(a® + 1) (x +1)° £ 0,
which was to be proved. 0]

Now we are ready to prove our main theorem.

Proof of Theorem 1. Suppose first that p > 7. Then Theorem A in [10] states
that dl(FG) > [logy(p+1)] > 4. For odd p < 7 the statement follows directly
from Theorem 1 in [3], Theorem 1 in [1].

Let G' = (x| 2*" = 1). The result follows from Theorem 1 in [3] for n = 2
and n = 3. For n > 3, using induction on n, we shall show that if dl,(F'G) = 3
then C is abelian and G/C = (aC), where z* = z~! (i.e. G has an abelian
subgroup of index 2). Indeed, by Lemma 2, this is true for n = 4. Let now
n >4 and dl(FG) = 3 and assume that the statement is true for every group
with commutator subgroup of order less than 2". Set H = (xQn_l) C G'. Then
dl, (F(G/H)) =3 and (G/H) = G'/H = (zH), and by inductive hypothesis
we get

(zH) = 29H = V" H
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for all g € G. Tt follows that 29 = 2’ with i € {—1,1,2"7! — 1,271 + 1}, i.e.
exp(G/C) < 2 and the statement follows from Lemma 1. O

Example. Let G; be a finite nonabelian 2-group of order 2™ and exponent
2™=2 from the list in [5]. The group algebras of G; have been examined by
several authors, for example V. BovDI [2]. Our results enable us to determine
the derived length of F'G; over a field F' of characteristic 2. Using Proposition 1
and Theorem 1 we get

2, if eitheri € {2,3} and m=4ori € {1,4,5,9,10};
dlL(FG;) = ¢4, if i€ {15,16,18,20,24,25} and m > 5;
3, otherwise.
Note that G, = Gy = Cy x Cy. Then we applied Theorem 3 in [4] to compute
the derived length.

Now let us turn to Theorem 2.

Lemma 3. Let G be a group with commutator subgroup of order p™ and
char(F) = p. If v3(G) C (G")? then for allm > 1

[W™(FG),w(FG)] C3(G")™ 1.
Moreover, if G' is abelian, then for all m,k > 1
[3(G")™, 3(G"*] C I(Gym L
Proof. We use induction on m. For every y € G' and g € G we have
ly—1,9—1=[y.9] = gy((y.9) — 1) € I(15(G)) S I(G")".
This shows that the statement holds for m = 1, because all elements of the

form g — 1 with g € G constitute an F-basis of w(FG).
Now, assume that [w™(FG’),w(FG)] C 3(G')™*~! for some m. Then

(W™ (FG),w(FG)]
Cw™(FG")[w(FG),w(FG)] + [w™(FG"),w(FG)|w(FG")
C W™(FGNI(GP + 3(G)™ P w(FG) C 3(G)™P,
and the proof of the first assertion is complete. The second one is a consequence
of the first one, because
J(G) = w(FG)w(FG') + w(FG).
Il

Proof of Theorem 2. Write G = (A,x), where A is abelian and normal in
G. Clearly, G' = (A,z) is abelian. We shall show that for all ¢ € A and
21, %9, ..., 2m_1 € G' and j not divisible by p there exists o € J(G')?" such
that

2ie(l—2)(1 = 29) - (1 — zgn_y1) + 0 € SP(FQ).
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We use induction on n. Let first n = 1 and 2k = j modulo the order of x.
Then G’ = (A, 2%) and z; = (ay,2%) - - - (as, 2%) for some ay, ..., a, € A, thus

(1) c(1—2z)= Zmﬂ (1— (a;,2") (mod 3(G")?).

Since p is an odd prime, we can choose the elements u;, v; such that u? = ca; !

and v? = ca;. Then u;,v; € A, (uv;)? = ¢ and (u; 'v;)? = a? which implies
uv; = ¢ and u; 'v; = a;. Setting w; = xkui(mk)fl we have
[w*w;, ;] = 27 (W v — wet")
= :ijfkvi(l — (w; vy, ")) = 27e(1 — (a5, 2Y)),

because (w; 'v;, 7F) = (u; 'v;, %) = (a;, 7). Now by (1) it follows that
(2) c(l—2z)= Z 2Fw;, 2] (mod J(G')?),
i=1

which proves our statement for n = 1.

Now, assume that j, ¢, 21, 22, . . ., 2on_1 have already been given, and let 2k =
7 modulo the order of x. We can apply the method above to find elements
w;, v; € A such that the congruence (2) holds. Set

fi = kaz(l — 22) ce (1 — ZQn—l)
and
gi = 201 — zgn141) -+ - (1 — 2zan_1).

for 1 <i < s. By the induction hypothesis there exist o\, o{” € 3(G")>"™
such that f; + o\, gz + 0" € §mU(FQG). Evidently,

[fi+ 0t g0+ 6] = Ui gl + [fis 61+ [0, 9] + [0, 03] € 67 (F @),
According to Lemma 3 the last three summands are in J(G')*". Furthermore,

[fir9i] = kai[(l —23) (1 — zgn-1), xkvi} (1 —29n-141) - (1 — z9n_1)

+ a0 [P ws, (1= znm1q) -+ (1= 290_1)] (1= 2) -+ (1 = 290m1)

+ [2Fw, 20 ] (1= 29) -+ (1 — 2901)

and the first two summands on the right-hand side belong to J(G')*" by
Lemma 3. So,

[fi+ &g+ 6] = [#hws, ] (1= 29) -+ (1= 201)  (mod 3(G)™"),
for all 1 <7 <'s. Summing this over all possible i, we get
2le(l—2)(1 = 29) - (1 = zgn_y) + 0 € S"(FQ),

for some ¢ € J(G')*", as we claimed.
It follows that 6™(FG) has nonzero elements while 2" — 1 < #(G’). Hence

I, (FG) > logy H(G') + 1]
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and the result follows immediately from Proposition 1 in [3]. O
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