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NEW APPROACH FOR CLOSURE SPACES BY RELATIONS
A. A. ALLAM AND M. Y. BAKEIR AND E. A. ABO-TABL

ABSTRACT. Recently, the general topology has become the appropriated
frame for every collection related to relations because topology is required
not only for mathematics and physics but also for biology, rough set theory,
biochemistry, and dynamics. In this paper, we have introduced another
concept of the closure operator. In so doing, the idempotent condition,
which has never been realized, is achieved. The topologies associated with
these closure operators are studied. And we study the subspace, continuous
functions and lower separation axioms in this space. Also we study these
space in digital topology.

1. INTRODUCTION

Relations are used in construction of topological structures in several fields
such as, rough set theory [10, 11], digital topology [13, 14], biochemistry [15],
biology [16] and dynamics [5]. It should be noted that the generation of topol-
ogy by relations and the representation of topological concepts via relations
will narrow the gap between topologists and who are interested in applications
of topology. The concepts of aftersets and foresets are used to define closure
operators [12].

In this paper, we present a review of closure spaces and some definitions
related with this work (section 2). We define and investigate a new closure
operator with respect to relation concepts. In so doing, the idempotent con-
dition, which has never been realized, is achieved. The topologies associated
with these closure operators are studied. Minimal neighborhood and accu-
mulation points were defined (section 3). Also we study the closure subspace
of such space (section 4). We reformulate continuous function via relational
concepts and their properties are studied. Moreover open and closed functions
and homeomorphism and their properties are studied (section 5). Lower sep-
aration axioms in such spaces are reformulated via relation concepts (section

2000 Mathematics Subject Classification. 54A05, 54B05, 54C05, 54C10, 54D10.
Key words and phrases. Closure space, Minimal neighborhood, Closure subspace, Con-
tinuous functions, Lower Separation Axioms, Digital line.
285



286 A. A. ALLAM AND M. Y. BAKEIR AND E. A. ABO-TABL

6). Also we study these space in digital topology (section 7). A final section
groups conclusions.

2. PRELIMINARIES

A number of ideas familiar in the topological setting can be straightforwardly
generalized to closure spaces. Note that closure, interior and neighborhoods
are equivalent constructions on a set X. It is possible to translate properties
of the closure function cl into properties of the neighborhood function, and
vice versa. The following are cited from [1, 2, 6, 9].

Definition 2.1. A closure space is a pair (X, cl), where X is any set, and
cl: P(X) — P(X) is a function associating with each subset A C X a subset
cl(A) C X, called the closure of A, such that

(1) cl(¢) = ¢,

(2) A Ccl(A),

(3) cl(AU B) = cl(A) Ucl(B).
Definition 2.2. Let (X, cl) be a closure space, and let A C X. Then,

(1) The interior int(A) of A is the set (cl(A))c.

(2) A is a neighborhood of an element x € X if x € int(A).

(3) A is closed set if A = cl(A).

(4) Ais open set if A= int(A).
Lemma 2.1. In a closure space the following are holds.

(1) A is an open set if and only if A¢ is a closed set.

(2) If AC B then cl(A) C cl(B).

Definition 2.3. A closure space (X, cl) is topological space iff cl(cl(A)) =
cl(A) for all A C X.

Definition 2.4. A closure space (X, cl) is called Alexandroff topological space
iff one of the following conditions holds:

(1) Each point in X has a minimal neighborhood.
(2) For each A C X, cl(A) = Ugeacl({x}).

Definition 2.5. A topological space (X, 7) is Ty if, for any two distinct points
x,y € X, either x contained in an open set which does not contain y, or y is
contained in an open set which does not contain .

Definition 2.6. A topological space (X, 7) is T}, if, every singleton {z} is
open or closed.

Definition 2.7. A topological space (X, 7) is 77 if, for every two distinct
points x,y € X, each is contained in an open set not containing the other.

Definition 2.8. A topological space is Ry if, for every two distinct points z
and y of the space, either cl(z) = cl(y) or cl(x) Ncl(y) = ¢.
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Definition 2.9. A topological space (X, 7) is called Ty-space if and only if for
any two distinct points x,y € X there exist two disjoint open sets U,V such
that z € U and y € V.

Definition 2.10. A topological space (X, 7) is called T5/5-space if and only if
for any two distinct points x,y € X there exist two open sets U,V such that
rzeUandyeV and cl(U)Ncl(V) = .

Definition 2.11. A function f of a topological space X; into a topological
space X» is said to be continuous at a point x € X if, given any neighborhood
V of f(x) in X, there is a neighborhood U of x inX; such that f(U) C V.

3. NEW APPROACH FOR CLOSURE SPACES

A relation R from a universe X to a universe X (a relation on X) is a subset
of X x X, ie., RC X x X. The formula (z,y) € R is abbreviated as xRy and
means that x is in relation R with y.

Definition 3.1 ([3]). If R is a relation on X, then the aftersets of z € X is
xR ={y : xRy} and the foresets of x € X is Rz = {y : yRx}.

Definition 3.2. Let R be any binary relation on X, a set (p)R is the inter-
section of all aftersets containing p, i.e.,

(PR = Mpeer(zR) if 3z :p € aR,
¢ otherwise.

Also R(p) is the intersection of all foresets containing p, i.e.,

Npera (R if Jz : Rz,
Rip) = pere (Rx) if Jx p € Rx
) otherwise.

Definition 3.3. Let X be any set and R C X x X be any binary relation on
X. The relation R gives rise to a closure operation clg on X as follows:
clp(A) =AU{r e X : (z) RN A # ¢}

Lemma 3.1. For any binary relation R C X x X on X, (X, clg) is a closure
space.

Proof. (1) IR(¢)=¢U{9:6X (T)RN ¢ # ¢} = ¢.

(2) clr(A) = AUu{zr e X: (x) RNA# ¢} DA ie., ACclg(A).

(3)

clr(AUB)=(AUuB)U{z € X : (z) RN (AU B) # ¢}

=(AUB)U{z e X: ({(x) RNA)U ({(z) RN B) # ¢}
=(AuB)U{z e X : (x) RNA# o} U{x € X : (x) RN B # ¢}
=(AU{z e X : (@)RNA#¢}H)U(BU{zx e X :(x)RN B # ¢})

ie., clr(AU B) = clr(A) Uclg(B). O
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Lemma 3.2. For any binary relation R on X if x € (y)R, then
()R C (y)R.

Proof. Let z € ()R = Miewr(wR). Then z is contained in any wR which
contains x, and since also z is contained in any uR which contains y, then z
is contained in any uR which contains vy, i.e., z € (y)R. Then

()R C (y)R.
O

Lemma 3.3. For any binary relation R on X, (X, clg) is idempotent, i.e.,
CIR(CIR(A)) = ClR(A)

Proof. We want to show that clg(clg(A)) C clg(A). Suppose y € clg(clg(A)).
Then since

clr(clg(A)) =clr(A) Uz € X : (x)RNclr(A) # ¢,
we have either
(3.1) y € clg(A)
or
yexeX:(x)RNclr(A) # ¢.
In the latter case we have (y) RN clg(A) # ¢, i.e.,
RN (AUz € X : (1) RNAF ¢) # ¢,

and hence ((y) RN A)U ((y)RN{x € X : (x) RN A # ¢}) # ¢. It follows that
either (y)RN A # ¢ or

(yRN{z € X : (x) RNA# ¢} # ¢.
In the former case we have

(32) y € clr(A),

and in the latter, there is a z such that z € (y) R and
ze{re X : () RN A # ¢},

i.e., (z) RN A # ¢; in this case, since z € (y) R, we have

(2)R C (y)R
(by lemma 3.2), and hence (y)RN A # ¢, so
(3.3) y € clg(A).

From (3.1), (3.2) and (3.3), therefore, we have y € clgr(A), so clg(clg(A)) C
clr(A). Since (X, clg) is a closure space, the reverse inclusion also holds, so
CIR(CIR(A)) = CIR(A) O

From lemma 3.3 we can prove the next theorem.

Theorem 1. Every closure space (X, clg) is topological space.
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We can introduce the interior operation from the closure operation as follows:
Since intg(A) = (clg(A))¢ then,
intr(A) = (A°U{z e X : (z) RN A° # ¢})°
=AN({zx e X : (x) RN A° # ¢})°
=An{re X : (x)RC A}
={reA: (x)RC A}.
Definition 3.4. A point z € A is an interior point of a subset A of X if
(x)R2D A. e, intg(A)={r € A: (z)R C A}.
Lemma 3.4. Let R be any binary relation on a nonempty set X, then
{r}U(n)R
is a minimal neighborhood of x for all x € X, i.e., Nr(X) = {z} U (x)R.
Proof. We want to show that {z} U ()R is a minimal neighborhood of « for
all x € X. There are two cases, the first is if (z) R = ¢, then {z} = {z € {2} :

(x)R C {z}} = intg({z}), i.e., {z} is the smallest open set containing x and
SO

(3.4) Na(z) = {z}.

The second is if (z)R # ¢, then from lemma 3.2 we have ()R = {y € (x)R :
(y)R C (z)R} = intg((z)R), i.e., (x)R is the smallest open set containing x
and so

(3.5) Ng(z) = (x)R.
From (3.4) and (3.5) we have,Ng(X) = {z} U (x)R. O

From the last lemma we can write the minimal neighborhood of a point x
in a closure space (X, clg) as follows:

_J@R ()R # ¢,
Nalz) = {{x} if ()R = 6.

Lemma 3.5. Let R be any binary relation on X and for each a subset A of a
closure space (X, clg), then clg(A) = Uzea(clr({z})).

Proof. Since clg(A) = AU{y € X : (y)RN A # ¢}, then
clr(A) =AU{ye X : (y)RNA # ¢}
= Ugea({z} U{y € X : () RN (Usea({z})) # ¢})
= (Uzea({z})) U (Usealy € X : (y) RN {z} # ¢})
= Ugea(({z}) U{y € X : () RN {z} # ¢})
= Usea(clr({z})).
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By lemma 3.4 and 3.5 we can prove the following theorem.

Theorem 2. Let R be any binary relation then a closure space (X, clg) is an
Alezandroff topological space.

Lemma 3.6. For any binary relation R on X we have, y € (x)R if and only

if x € cdlg({y})-

Proof. Lety € ()R, then () RN{y} # ¢, and hence x € clg({y}). Conversely,
if x € clr({y}), then (z) RN {y} # ¢, and so y € (z)R. O

Lemma 3.7. In a closure space (X, clg) if ()R = ¢, then {x} is closed.

Proof. Let (x)R = ¢, then for all y € X (z ¢ (y)R). Thus (y)RN {x} = ¢ for
all y € X, hence clg({z}) = {z}. And so {z} is closed. O

Lemma 3.8. In a closure space (X, clg) the open sets are precisely the unions
Uzea(Ng(z)) for all AC X.

Proof. Let A be any open set in (X, clg), then
A=1intg(A)={zr € A: (z)R C A}.

Hence A is a neighborhood of each of its elements, so for each x € A, Ng(z) C
A then Ugea(Ng(z)) € A. But since x € Ng(x) for all z, we have A C
Uzea(Ngr(z)). And so A is the union of the minimal neighborhoods of its
elements. Conversely, consider any subset A C X. We want to show that
Uzea(Ng(x)) is an open set. We want to show that Ng(z) is open. First if
()R # ¢, then for any point y € Ng(x) = (x) R we have

()R C (z)R and y € intr((z)R) = intr(Nr(z)),
thus Ng(x) is open. Second if (z) R = ¢ then
Nr(x) = {z} = {x e {z} : (1) R € {x}} = intr({z}),
i.e., Ng(r) = intg(Ng(x)). Then Ng(x) is an open set. O

Definition 3.5. Let R be any binary relation on X then a point x € X is
called an accumulation point of A iff ((z)R — {z}) N A # ¢. The set of all
accumulation points of A is denoted by A’ i.e.,

A'={z e X: ((t)R—{z})NA#¢}.
Lemma 3.9. Let R be any binary relation on X then clp(A) = AUA'.
Proof. Suppose y € clg(A). Then since

clr(A) = AU{zr e X : (x)RN A # ¢},
we have either y € A, i.e.,

(3.6) ye AUA
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ory € {xr € X:(x)RNA # ¢}. In the latter case we have (y)RN A # ¢.
Either y € A, then

(3.7) ye AUA
ory ¢ A, hence ((y)R—{y})NA#¢ andsoy € A, ie.,
(3.8) yec AUA

From (3.6), (3.7), and (3.8), therefore, we have clz(A) C AU A’
Conversely, assume that y € AU A". We have either y € A, i.e.,

(3.9) y € clr(A)

or y € A'. In the latter case, if y € A, then

(3.10) y € clgp(A)

and if y ¢ A, then ((y)R — {y}) N A # ¢, thus (y) RN A # ¢, hence

(3.11) y € clp(A).

From (3.9), (3.10) and (3.11) we have AU A" C clg(A). And so clg(A4) =
AUA. O

4. CLOSURE SUBSPACE

In the next definition we will introduce the definition of the closure subspace
via relation concepts.

Definition 4.1. Let A C X and R4 C R, then (A, clg,) is called a closure
subspace of a closure space (X, clg) if (z)R4 = (z)RN A for all z € A.

Lemma 4.1. Let (A, clg,) be a closure subspace of a closure space (X, clg),
then (x)Ry = (x) RN A for all x € A if and only if clg,(B) = clg(B) N A for
all B C A.

Proof. Assume that (z)R4 = (x)RN A for all z € A. We want to show that
clg,(B) =clr(B) N A for all B C A. Then

cp,(B)=BU{z € A: (z)RAN B+ ¢}
=BU{z € A: (x)RNANB # ¢}
=BU({re X :(z)RNB #¢}NA)
=(BU{reX: (r)RNB#¢})N(BUA)
= clr(B) N A.
Conversely, suppose that clg,(B) = clg(B) N A for all B C A. Then

Bu{zeA: (x)RaNB#¢}=(BU{zeX:(x) RNB#¢})NA
=(ANB)UAN{z e X : (z)RN B # ¢})
=BU{z e A: ((z) RNA)N B # ¢}.
Thus we have (x)R4 = (z) RN A. O
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From the previous lemma we can prove the following theorem.

Theorem 3. Let (X, clg) be a closure space and A C X, then (A, clg,) is a
closure subspace if and only if clg,(B) = clg(B) N A for all B C A.

Proof. Assume that clg,(B) = clgr(B) N A. We want to show that (A, clg,) is
a closure space.

(1) clry (@) =clp(@) NA=9NA=0¢
(2) clg,(B) =clg(B)N A D B (since BC A and B C clg(B)).

(3)
clp,(B1UBy) =clg(BiUBy;)NA
= (clr(B1) Uclg(By))NA
= (clg(B1) NA) U (clr(By) N A)
= clg,(B1) Uclg,(Bs).

Conversely, immediately derived from lemma 4.1. O

Also we can show that the closure subspace (A4, clg,) is a topological space
by the following lemma.

Lemma 4.2. A closure subspace (A, clg,) of a closure space (X,clg) is a
topological space.

Proof. We want only show that the closure operator clg, is idempotent. Then
clr,(clg,(B)) = clg,(clg(B) N A)
=clr(clr(B)NA)NA
C clr(clg(B))Nclr(A)N A
Cclr(B)NA
C clg,(B).

Thus we have clg, (clg,(B)) = clg,(B). O

5. CONTINUOUS FUNCTIONS

The concept of continuous function is basic to much of mathematics. More
general kinds of continuous functions arise as one goes further in mathematics.

Definition 5.1. Let (X7, clg,) and(Xs, clg,) be two closure spaces. The func-
tion f: X; — Xj is continuous at x € X if and only if

f((x)Ry) C (f(x))Rs.

Proposition 5.1. Let f be a function of a closure space (Xi,clg,) into a
closure space(Xs,clg,). If f is continuous at x € X1 and x € clg,(A), then

f(z) € clr,(f(A)).
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Proof. Suppose = € clg,(A). Then since clg, (A) = AU{z € X;: (x) RiNA #
¢}, we have either x € A, i.e.,

(5.1) f(x) € f(A)

orx € {x e X;: (x)Ri NAF# ¢}. In the latter case we have (x)Ry N A # ¢,
hence, f((z)Ry) N f(A) # ¢. Since f is continuous at z, i.e., f((z)R;) C
(f(x)) Ry, then

(5-2) (f(@))Re 0 f(A). # ¢

From (5.1) and (5.2) we have f(x) € clg,(f(A)). O
Definition 5.2. A function from a closure space (X7, clg, ) into a closure space

(Xs,clg,) is said to be continuous on Xj if it is continuous at each point of
Xi.

Theorem 4. Let f be a function of a closure space (X1,clg,) into a closure
space (Xa, clg,), then the following conditions are equivalent:

(i) f is continuous,
(ii) For every subset A of X1, f(clg,(A)) C clg,(f(A)),
(iii) The inverse image of every closed subset of X5 is a closed subset of X1,
(iv) The inverse image of every open subset of Xo is an open subset of X;.

Proof. (i)—(ii) Since clg, (A) = AU{z € X, : (x)Ry N A # ¢}, then
felp, (A)) = f(AU{z € Xy : () R N A # ¢})

C f(A)U{f(z) € Xo: (x)R1 N A # ¢}

Since f is continuous, i.e., f(x) € clg,(f(A)), hence

felr, (A)) € f(A)U{f(x) € Xa: (f(2))Ra N f(A) # ¢} = clr,(f(A)).
(ii)—(iii) Let A C X, be a closed subset of X, we want to show that f=1(A)
is a closed subset of X;. Let x € clg, (f~1(A)) then

(@) € f(elr, (f71(A))) C clry(f(fT1(A))) C clr,(A) = A,
hence z € f~!(A) and so clg, (f~1(A4)) = f~HA), i.e., f~
of Xl.

(iii)— (iv) Let A C X, be an open subset of X,. We want to show that
f7Y(A) is an open subset of X;. Since A is open in X, then A€ is closed in Xy
and so f71(A°) is closed in X, hence (f~'(A°))%s open in X;. Since for any
function f we have f~1(A) N f71(A°) = ¢ and f~1(A) U f~1(4A°) = X}, thus
FHA) = (F71(A%)° ie., f71(A) is open in X;.

(iv)— (i) We want to show that f is continuous at any point x € X1, i.e.,

f((2)Ry) € (f(x)) R
Let y ¢ (f(x))Ry for all f(z) € A and A be an open subset of X, which
contains f(x), then y ¢ A. Since f~1(A) is an open subset containing z, i.e.,
(x)Ry C f~Y(A), then f((z)R;) C A, hence y ¢ f({z)Ry) i.e., f({(x)Ry) C
(f(x))Ra, thus f is continuous at = € X;. O

1(A)is a closed subset
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Proposition 5.2. Let f : (X1,clg,) — (Xi,clg,) be a one-to-one correspon-
dence function, then f~' is a continuous function at f(x) for all z € X' if

and only if (f(x)) Ry € f((z) Ra).
Proof. Assume that f~! is a continuous function at f(x), then

S f(@)Re) C (f(f(2))) R,
hence
FUTHF (@) R)) € FUFTH(f () Ra),

thus (f(z))Rs C f({z)R;) since f is one-to-one correspondence.
Conversely, assume that (f(x))R2 C f({(x)Ry). Since f is one-to-one corre-
spondence, then (f(z))Ry C f({f~*(f(x)))R;) and

FUTF@)Re)) S FUFH(F () Ra),
hence
FHf (@) Re) © (T (f (@) Ry,
then f~!is a continuous function at f(z) for all x € X;. O
Proposition 5.3. Let f: (X3, clg,) — (Xa,clg,) be a function, then f is
continuous if and only if f~'(intg,(B)) = intg, (f~*(B)) for all B C Xs.
Proof. Since intg,(B) = {y € B : (y)Ry C B}, then f~!(intg,(B)) = {f(y) :
(y)Ry C B}. Since {ff~'(y)} € {y}, then (ff~'(y))Ra C (y) Ry, hence
(f(f7' ()R C B,

then f=H((f(f71(y)))R2) € f7H(B), thus f~(f({(f~'(y)) 1)) € f~(B) (since
f is continuous), thus {f~!(y)) R, C f~*(B), then

f ity (B)) = {f " (y) « (f (W) Ru € f7H(B)} = intg, (f1(B)),
for all B C X,.

Conversely, assume that f~'(intg,(B)) = intg, (f~'(B)), for all B C X,.
We want to show that f is continuous. Let B C X, be an open subset of
X, i.e., B = intg,(B), then f~Y(B) = f~!(intg,(B)) = intg, (f~'(B)), i.e.,
f7Y(B) is an open subset of X;. Thus f is continuous on X;. O

Lemma 5.1. Let f be an identity function from a closure space (X1, clg,) into
a closure space (Xo,clg,), then f is continuous if and only if Ry C Rs.

Proof. Suppose f is a continuous function, then f({(z)R;) C (f(x))Ry. Since
f is an identity function, then f({(x)R;) = (z)R; also f(z) = z, hence

(x)Ry C (x) Ry,

ie., Nueyry (YR1) € Nueyr, (YR2), thus yRy C yR, forally € X, then Ry C Ry.

Conversely, assume that Ry C Ry, then yR; C yRs for all y € X; and
SO0 Nyeyrmy (YR1) € Mueyr, (YR2), ie,(x)Ry C (z)Ry. Since f is an identity
function, then f({(z)R;) = (x)Ry and f(z) = z, hence f({(z)R;) C (f(x))Ro,
and so f is a continuous function on Xj. O
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Lemma 5.2. Let f: (Xy,clg,) — (Xa,clg,) be a continuous function and
A= f(Xy), then f:(Xy,clg,) — (A, clg) is also continuous function.

Proof. We want to show that f({(x)Ry) C (f(z))R*. Since

(f(@)R* = ((f(x))B2) N A

and (z)R; C X, then f({(x)R;) C
f is continuous), then f((z)R;) C ((f(z))R2) N A, i.e.,

O

Proposition 5.4. Let A C X; be a subset of X1 and f: X1 — X5 be a
continuous function, then f/A: A — Xs is a continuous function.

Proof. We want to show that f/A({x)R4) C (f/A(x))Rs for all z € A. Since
(rYRa = (x)Ry N A, then

)
f(x)) Ry since f is continuous

IR

Hence f/A is a continuous function on A. O

Definition 5.3. A function f : (X, clg,) — (X, clg,) is called open (closed)
if the image of an open (closed) subset of X is an open (closed) subset of Xj.

Theorem 5. Let f: X1 — X5 be a function from a closure space (X1, clg,)
into a closure space (Xs,clg,), then the following conditions are equivalent:
(i) f is open.
(ii) f(intg, (A)) Cintg,(f(A)) for all A C X;.
(iii) if N is a neighborhood of x then there is a neighborhood W of f(z)
such that W C f(N).

Proof. (i)— (ii) Since intg, (A) C A for all A C X, then f(intg, (A4)) C f(A)
and so intg,(f(intg, (A))) C intg,(f(A)), then f(intg, (A)) C intg,(f(A)),
(since f is open).

(ii)— (iii) Let N be a neighborhood of z, then z € intg, (N), i.e.,

x € ()R Cintg, (N) C N,

hence f(x) € f({z)Ry) € f(N) since by (ii) f((z)R1) C intg,(f((x)R1)), Le.,
f(z) € intg,(f((x)Ry)) € f(N). We can take W = intg,(f((z)R1)), then
W C f(N).
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(iii)—(i) Let A be an open subset of Xj, then intg, (A) = A and A is a
neighborhood of all points lies in A, i.e., z € (x)R; C A, for all z € A. Thus
there is a neighborhood W of f(z) such that W C f(A) and so

flx) € (f(x))Ra W C f(A),
then (f(z))R2 C f(A) for all f(z) € f(A), hence intg,(f(A)) = f(A), thus
f(A) is an open subset of Xj. O

Lemma 5.3. If f: (Xy,clg,) — (Xa,clg,) is one-to-one correspondence func-
tion, then f is open if and only if f is closed.

Proof. Let f be an open function from X; onto X,. We want to show that if
A is closed in (X7, clg,) then f(A) is closed in (Xy,clg,). Since A is closed,
then X; — A is open, hence f(X; — A) is open but
f(X51—A) = f(X1) — f(A) since f is one-to-one
= X5 — f(A) since f is onto,
then f(A) is a closed subset of Xs.
Conversely, similarly. O

We introduce the following example to show that the condition one-to-one
correspondence is necessary.

Ezample 5.1. Let Xy = {a,b,¢,d} and Xo = {1,2,3,4} be two universal sets
and
Ry = {(a’ CL), (aa b)> (bv C)a (Cv d)> (da CL)}
and
R2 = {(17 1>7 (17 4)7 (27 3>7 (37 1)7 (37 4)7 (47 2)7 (47 1)}
be two any binary relations on X; and X, respectively, and

fZ (Xlade) — (XQ,C1R2)

defined as f(a) = f(c) =1, f(b) = 2 and f(d) = 3. Note that the function f is
not one-to-one correspondence. Also this function is an open function but not
a closed function because there is a closed subset {c} of X; but f({c}) = {1}
is not a closed subset of Xs.

Proposition 5.5. Let f: X1 — X5 be a function from a closure space (X1, clg,)
into a closure space (Xa,clg,), then f is closed if and only if

clpr,(f(A)) C f(clg, (A))
forall A C Xj.

Proof. Suppose f is a closed function. Since A C clg,(A), then f(A) C
f(clg,(A)) also clg,(f(A)) C clg,(f(clg,(A))) but since f is a closed func-
tion we have clg,(f(clg,(A))) = f(clg,(A)), then clg,(f(A)) C f(clg,(A)).
Conversely, assume that A is a closed subset of Xj, then A = clg,(A). Since

clg,(f(A)) € f(clr,(A)) but f(A) = f(clg,(A)), then we have clg,(f(A)) =
f(A). Hence f is a closed function. O
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Definition 5.4. A function f: (X, clg,) — (X, clg,) is said to be a homeo-
morphism if f is one-to-one correspondence, continuous and open.

A homeomorphism f: (X7, clg,) — (Xa,clg,) gives us a bijective correspon-
dence not only between X; andX, but also between the collections of open
sets of X7 and X5. As a result, any property of X; that is entirely expressed in
terms of the closure space (X7, clg,) (that is, in terms of the open sets of X7)
yields, via the correspondence f, the correspondence property for the closure
space (Xa, clg,). Such a property of X; is called a topological property of Xj.

Theorem 6. Let f be a one-to-one correspondence function from a closure
space (Xi,clg,) into a closure space (Xs,clg,) , then the following conditions
are equivalent.

i) f is a homeomorphism,

(i) f P

i) f and f~' are continuous,
) f is continuous and closed,
)

clr,(A)) = clg,(f(A)), for all A C X;.

oA
Proof. (i)— (ii) We want to show that only f~! is continuous. Since f is open,
i.e., if A C Xj is open then f(A) C X5 is also open. Suppose A C X is open,
hence (f~1)71(A) = f(A) is also open and so f~! is continuous.

(ii)— (iii) We want to show that f is closed. Assume that A C X is closed,
then X; — A is open and so (f~')71(X; — A) is open (since f~! is continuous)
but (f~1)7H(X1 —A) = f(Xi — A) = f(X1) = f(A) = Xz — f(A) (since [ is
one-to-one correspondence), thus f(A) is a closed subset of Xs.

(iii)— (iv) The proof immediately derived from theorem 5.1 and proposition
2.5.

(iv)— (i) We want to show that f is continuous and open. Since f(clg, (A)) C
clgr,(f(A)), then f is continuous. Let A be an open subset of X7, then X; — A
is a closed subset of X; and so

flelg, (Xi = A)) = f(X1 = A) = f(X1) = f(A) = Xy — f(4)

(i
(iii

(iv

and

clr, (f (X1 — A)) = clg, (f(X1) = f(A)) = clr, (X2 — f(A4)),
then clg,(Xy — f(A)) = Xo — f(A), hence Xy — f(A) is closed in X5 and so
f(A) is an open subset in Xj. O

Proposition 5.6. Let f: (Xi,clg, ) — (Xa,clg,) be a one-to-one correspon-
dence function, then f is a homeomorphism if and only if f((x)R1) = (f(z))Ra
forall x € X;.

Proof. The proof is immediately derived from definition 5.1 and proposition
5.2. O
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6. LOWER SEPARATION AXIOMS

In this section, we give a new definitions of some concepts of the lower
separation axioms via relational concepts and study some of their properties.

Lemma 6.1. Let R be any binary relation and for every two distinct points x
and y in a closure space (X, clg), then x & clg(y) ory ¢ clg(x) if and only if
either x ¢ (y)R ory ¢ ()R

Proof. Suppose = ¢ clg(y) or y ¢ clg(x) for every x,y € X. In the former case
we have (x) RN{y} = ¢, i.e., y ¢ () R. And in the latter, then (y)RN{z} = ¢,
ie, x ¢ (y)R. Conversely, Assume that © ¢ (y)R or y ¢ (x)R for every
z,y € X. In the former case we have (y)RN {z} = ¢, i.e., y ¢ clg(z). And in
the latter we get (z)RN{y} = ¢, i.e., And let = € clg(y) and y € clg(zx), then

€ (x)R x ¢ clr(y). O

Definition 6.1. Let R be any binary relation, then a closure space (X, clg)
is called Tj-space if and only if for every two distinct points x,y € X either

r¢(y)Rory ¢ (x)R

Proposition 6.1. Let f : (Xi,clg,) — (Xa,clg,) be one-to-one correspon-
dence, f~1 be continuous on Xy and (X1, clg,) be a Ty-space then (Xy,clg,) is
also Ty-space.

Proof. Assume that z,y € X, are two distinct points, then f~!(z) and f~(y)
are two distinct points in Xj, since f is one-to-one correspondence. But

(X3, clg,) is a Ty-space, then f (x) & (f” ( )Ry or f7 (v) ¢ (f7H (@) B
and hence f(f~'(x)) & f({f7(y)) 1) or f(f7}(y)) & F({f7 (2)) 1), so

v & (ST () R) ory ¢ f((f7 () Ry),

but f~! is continuous on X, then = & (f(f~(y))) Ry or y ¢ (f(f*(z))) Ry
and hence z ¢ (y)Ry or y ¢ (x)Ra, so (Xa,clg,) is a Ty-space. O

Corollary 6.1. If f: (X;,clg,) — (Xa,clr,) is homeomorphism then the prop-
erty of a Ty-space is a topological property.

Lemma 6.2. Let R be any binary relation, then in a closure space (X, clg)
every singleton {x} is open or closed if and only if x ¢ (y)R or (z)R = {x}
or ¢ forall xz,y € X.

Proof. Assume that {z} C X is a closed or an open subset of X (i.e., clg(z) =
{z} or intg(x) = {z}). In the former case we have {z} = {z} U{y : (x) RN
{z} # ¢}, e, (WRN{z} = ¢, so x ¢ (y)R. In the latter case we get
{z} ={x: (x)R C {z}}, then (x)R = {x} or¢g. Conversely, if x ¢ (y)R, then
(y) RN {x} = ¢, hence y ¢ clg(z) for all y € X, i.e., clg(z) = {z}. Also if
(r)R = x org, then (x)R C {z}, and hence {z € {z} : (x)R C {z}} = {a:}
i.e., intg(z) = {z}. So every singleton {x} is open or closed.
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Definition 6.2. Let R be any binary relation, then a closure space (X, clg)
is called T jo-space if and only if for every two distinct points z,y € X either

r ¢ (y)Ror (x)R = {z} or ¢.

Proposition 6.2. Let f: (Xi,clg,) — (Xa,clg,) be one-to-one correspon-
dence, f~1 be continuous on Xo and (X1, clg,) be a Ty/2-space then (Xs, clg,)
is also Ty /o-space.

Proof. Assume that z,y € X, are two distinct points, then f~!(z) and f~1(y)
are two distinct points in X;, since f is one-to-one correspondence. But
(X1, clg,) is a Ty jp-space, then f~'(z) ¢ (f~'(y)) Ry or (f'(2)) Ry = {f ' (2)}
or ¢ and hence f(f~!(z)) & f((f~'(y))R) or f((f~}(2)) 1) = f{f ()} or
f(o}, sox ¢ f({(f~H(y))R) or f({f7H(x))R1 = {x}) or ¢ but f~" is continu-
ous on Xy, then x & (f(f~(y)))Ry or (f(f~'(x)))Ry C {z} or ¢ and hence
x & (y)Ry or (x)Ry = {x} or ¢, so (Xy,clg,) is a T o-space. O

Corollary 6.2. If f : (Xy,clg,) — (Xa,clg,) is homeomorphism then the
property of a Ty s-space is a topological property.

Lemma 6.3. Let R be any binary relation and for every two distinct points
x and y in a closure space (X,clg), then either clg(x) = clr(y) or clg(z) N
clr(y) = ¢ if and only if if x € (y)R then y € (x)R.

Proof. Let x and y be two distinct points in a closure space (X, clg) and
clr(z) = clg(y) or clg(x) Nclr(y) = ¢. In the former case we have y € clg(z)
and = € clg(y), ie., x € (y)R and y € (x)R. In the latter case we get
x ¢ clg(y) and y ¢ clg(z), ie., x ¢ (y)R and y ¢ (z)R. So if x € (y)R then
y € (x)R. Conversely, if z € (y)R then y € (x)R holds, then either

(x € (y)R and y € (x)R)

(z ¢ (y)R and y ¢ (1) R)

are holds. In the former case we have y € clg(z) and x € clg(y) forall z,y € X
then

(6.1) clr(x) = clr(y).

In the latter case we get y ¢ clg(x) and x ¢ clg(y) for all x,y € X, then
(6.2) clr(x) Nelg(y) = o.

From (6.1) and (6.2) the proof is complete. O
Definition 6.3. Let R be any binary relation, then a closure space (X, clg) is

called Rg-space if and only if for every two distinct points z,y € X if z € (y)R
then y € (z)R.

Proposition 6.3. Let [ : (Xj,clg,) — (Xa,clg,) be one-to-one correspon-
dence, =1 be continuous on X, and (X1, clg,) is a Ry-space then (Xo, clg,) is
also Ry-space.
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Proof. Assume that x,y € X, are two distinct points then f~1(x) and f~'(y)
are two distinct points in Xj, since f is one-to-one correspondence. But
(X1, clp,) is a Ro-space, i.e., if f~'(z) € (f~'(y)) Ry then f~'(y) € (' (2)) R
and hence if f(f~(z)) € f({f " (y)) 1) then f(f7(y)) € f((f7}(z)) 1), so if
r € f({f~y))Ry) then y € f((f~!(x))R;) but f~! is continuous on X, thus
we have if z € (f(f~'(y))) Ry then y € (f(f'(z))) Ry and hence if z € (y) Ry
then y € (x)Ry. Then (Xs,clg,) is a Ry-space. O

Corollary 6.3. If f : (Xy,clg,) — (Xa,clg,) is homeomorphism then the
property of a Ry-space is a topological property.

Lemma 6.4. Let R be any binary relation and for every two distinct points x
and y in a closure space (X, clg), then x ¢ clg(y) and y ¢ clg(z) if and only
if both x ¢ (y)R and y ¢ (x)R are holds.

Proof. Suppose = ¢ clg(y) and y ¢ clg(x) for every z,y € X. In the former
case we have (z)RN{y} = ¢, then y ¢ (x)R. Also in the latter case we get
(y)yRN{zx} = ¢, hence x ¢ (y)R. Sox ¢ (y)R and y ¢ (x)R for every z,y € X.
Conversely, assume that z ¢ (y)R and y ¢ (x)R for every z,y € X. In the
former case we have (y)RN {z} = ¢, then y ¢ clg(x) and in the latter case
we get (r)RN{y} = ¢, hence = ¢ clg(y). Thus x ¢ clg(y) and y & clg(z) for
every x,y € X. [

Definition 6.4. Let R be any binary relation, then a closure space (X, clg)
is called Ti-space if and only if for every two distinct points z,y € X both
z ¢ (y)R and y ¢ (z) R are holds.

Proposition 6.4. Let f : (Xj,clg,) — (Xa,clg,) be one-to-one correspon-
dence, f~1 be continuous on X and (X1, clg,) be a Ti-space then (Xs, clg,) is
also T1-space.

Proof. Assume that x,y € X, are two distinct points then f~1(x) and f~(y)
are two distinct points in X;, since f is one-to-one correspondence. But
(X1, clg,) is a Ty-space, ie., f7'(z) ¢ (f~'(y)) R and f~'(y) ¢ (f~'(z))Ru.
Then f(f~'(z)) ¢ f((f~"(y)) ) and f(f~(y)) & f({f'(2))R1) and hence
v & f({f~Y(y)R)) and y & f({f~*(z))Ry) but f~! is continuous on X, so

r & (f(f7' () Rrand y ¢ (f(f~'(x))) Rz and hence z ¢ (y) Ry and y ¢ () Ry.
Thus (Xs, clg,) is a Ti-space. O

Corollary 6.4. If f: (X;,clg,) — (X, clg,) is homeomorphism then the prop-
erty of a Ti-space is a topological property.

Corollary 6.5. For any closure space (X, clg) the following are holds,
(1) T = T1/2 = T1y.
(2) Ty = Ry.
(3) T1 - Ro —|—T0

Proof. The proof is immediately derived from lemma 6.1, 6.2, 6.3 and 6.4. [
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Lemma 6.5. Let R be any reflexive relation on X, then in a closure space
(X, clg) for any two distinct points x,y € X there exist two disjoint open sets
U,V such that x € U and y € V if and only if (x) RN (y)R = ¢.

Proof. Suppose x,y € X are two distinct points and U,V are two disjoint
open sets containing z,y respectively, i.e., z € U = {zx : (z)R C U} and
yeV =A{y: (yyR C V}, then (z) RN{y)R C UNV = ¢ for all z,y € X.
Conversely, assume (z) RN (y)R = ¢ for all x,y € X. Then x € (z) R = U and
y € (y)R=V and hence UNV = (z) RN (y)R = ¢. O

Definition 6.5. Let R be any binary reflexive relation, then a closure space
(X, clg) is called Ty-space if and only if for every two distinct points xz,y € X
we have (z) RN (y)R = ¢.

Proposition 6.5. Let [ : (Xj,clg,) — (Xa,clg,) be one-to-one correspon-
dence, f~1 be continuous on Xy and (X1, clg,) be a Ty-space then (Xs, clg,) is
also Th-space.

Proof. Assume that x,y € X, are two distinct points then f~1(x) and f~'(y)
are two distinct points in X;, since f is one-to-one correspondence. But

(X1, clr,) is a Ty-space, ie., (f~(2)) R N (f~'(y)) R = ¢, then

FUFT @) B (fTH ) Ba) = £(9)
and hence f((f~'(z))R1) N f({f " (y))R1) = ¢ but f~! is continuous on Xy,
then (f(f~'(2)))ReN(f(fH(y))) Rz = ¢, thus (z) RN (y) Rz = ¢. So (X2, clg,)

is a Th-space. O]

Corollary 6.6. If f : (Xy,clg,) — (Xa,clg,) is homeomorphism then the
property of a Ty-space is a topological property.

Lemma 6.6. Let R be any reflexive relation on X, then in a closure space
(X, clg) for any two distinct points x,y € X there exist two open sets U,V
containing x,y respectively such that clg(U) N clg(V) = ¢ if and only if
clr({z)R) Nclr((y)R) = ¢.

Proof. Assume that =,y € X are two distinct points and let U, V' are two open
sets containing x,y respectively such that clg(U) Nclg(V) = ¢. We want to
prove that clgr({(z)R) Nclr({y)R) = ¢ for all z,y € X. If

clr((z)R) N clr({y)R) # ¢,

i.e., there is z such that z € clg((z)R) and z € clg((y)R), then (z) RN(x)R # ¢
and (z) RN (y)R # ¢. Since x € U and y € V then (x)R C U and (y)R C V,
hence () RNU # ¢ and (z) RNV # ¢ so z € clg(U) and z € clg(V), i.e.,
z € clr(U) Nclg(V) and so clg(U) Nclg(V) # ¢, which that is contradiction
then clg((x)R) Nclg((y)R) = ¢ for all z,y € X.

Conversely, suppose clg({(z)R) Nclg((y)R) = ¢ for all 2,y € X and R is
reflexive relation. Then = € (z) R = U (open subset) and y € (y)R =V (open
subset). Hence clg(U) Nclg(V) = clg({x)R) Nclr({y)R) = ¢. O



302 A. A. ALLAM AND M. Y. BAKEIR AND E. A. ABO-TABL

Definition 6.6. Let R be any binary reflexive relation, then a closure space
(X, clg) is called T55-space if and only if for every two distinct points z,y € X
then clg((x)R) Nclg((y)R) = ¢.

Proposition 6.6. Let
f: (X17C1R1) - (XQaCIRz)

be homeomorphism and (X1, clp,) be a Ts/o-space then (Xa,clg,) is also T5o-
space.

Proof. Assume that x,y € X, are two distinct points then f~'(x) and f~'(y)
are two distinct points in X;, since f is one-to-one correspondence. But

(X1, clg,) is a Tsja-space, ie., clg, ((f 7 (x)) Ra) Nelp, ((f 7 (y))B1) = 6, then
Fel, ((F7H (@) Be) Ovelg, ((F () Ba)) = £(9)

and hence f(clg, ((f~1(2))Ry)) N f(clg, ({f~1(y))R1)) = ¢ but f is homeomor-
phism, then clp, (f({f~'(x))R1)) N clg, (f((f~(y))R1)) = ¢ also f is homeo-
morphism, thus clg, ((f(f~'(2)))R2) N cla, ((f(f7H(y))) R2) = &, so

clr, ((z) R2) N clg, ({y) R2) = ¢.
Thus we have (X, clg,) is a T5/-space. O

Corollary 6.7. If f : (Xy,clg,) — (Xa,clg,) is homeomorphism then the
property of a Tsy-space is a topological property.

Ezample 6.1. Let X = {a,b,¢,d} and R be any binary relation on X,
R = {(a'7 a)’ (a'7 b)’ (b7 d)’ (C7 d)7 (d’ d)}?
then
()R ={a,b}, ()R ={a,b}, (c)R=¢, (d)R={d}.
Note that the closure space (X, clg) is not T}/, because a € (b)R, also is not

Ty because a € (b)R and b € (a)R. But the closure space (X, clg) is Ro-space.
And the corresponding topology of this relation is

T ={¢, X, {c}, {d},{c,d},{a,b},{a,b,c}, {a,b,d}}.
Note that in this topology every 7 -open set is 7 - closed set, i.e., this topology
is a quasi-discrete topology.

7. DIGITAL LINE

In this section we define a transitive relation to generate the digital line and
so called Khalimesky line, which has many application in computer science.
Let X = Z and R be a transitive relation on Z,

R={(2n,2n),(2n,2n+1),(2n,2n —1) :n € Z},
then
Cn+1HR={2n+1}, 2n—1)R={2n—1} and (2n)R = {2n—1,2n,2n+1}.
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Note that the closure space (Z,clg) is Ty and T} s2-space but not T because
2n+1 € (2n)R and 2n ¢ (2n+ 1) R, also not Ry because 2n + 1 € (2n) R but
2n ¢ (2n+ 1)R.

In this space clg(2n) = {2n} and clg(2n +1) = {2n,2n + 1,2n + 2} also
Ngr(2n) ={2n—1,2n,2n+1} and Ng(2n+1) = {2n+1}. Note that this space
is called the digital line (Z, K') and so-called Khalimsky line [7, 8] generated
by the above relation. Also we can write this relation in an equivalent form as
follows: xRy < © — .

Example 6.1 and this application show that the two separation axioms Ty
and T}/, are independent with R,.

In Z the 2-neighbors of x is No(x) = {z — 1,2 + 1}, then the following
conditions are holds on Z by the above relation.

(1) If two points z,y € Z are 2-neighbors, then either z — y or y — .
(2) If two points x,y ¢ Z are not 2-neighbors, then bothx - y and y - x.

Lemma 7.1. If x1,29, 23 € Z such that xo € Ny(x1) and x3 € Na(xs), then
we have either x1 — Xy «— X3 Or T «— Ty — X3.

Proof. By condition (1) we have either 1 — x5 or x5 — x;. Let 1 — x5. Also
by condition (1) either x5 — x5 or x3 — z5. If 9 — x3 then by transitivity
x1 — x3 which contradiction to condition (2). Hence x3 — 5. O

Then by lemma 7.1 we can draw the graph of this relation as follows:

O — e O A— @ — P ON— O —pON—

-3 -2 -1 0 1 2 3

Note that — o « is equivalent to open set also «— e — is equivalent to the
closed set. We can obtain the results in [4] by this method.

8. CONCLUSION

Topology is a branch of mathematics, whose concepts exist not only in
almost all branches of mathematics, but also in many real life applications.
Relations are used in construction of topological structures in several fields.

In this paper, we investigate a new concept of a binary relation R ({x)R)
to generate a closure operator. In so doing, the idempotent condition, which
has never been realized, is achieved. The topology associated with this closure
operator are studied.

So we choose this line aiming to fill the gap between topologists and appli-
cation. Also to open the door for more topological applications.



304 A. A. ALLAM AND M. Y. BAKEIR AND E. A. ABO-TABL

REFERENCES

[1] P. Alexandroff. Diskrete Raume. Rec. Math. Moscou, n. Ser., 2:501-518, 1937.

[2] E. Cech. Topological spaces. Prague: Publishing House of the Czechoslovak Academy of
Sciences: London- New York-Sydney: Interscience Publishers, a division of John Wiley
and Sons. 1966, 893 p. 145 s. , 1966.

[3] B. De Baets and E. Kerre. A revision of Bandler-Kohout compositions of relations.
Math. Pannonica, 4(1):59-78, 1993.

[4] U. Eckhardt and L. J. Latecki. Topologies for the digital spaces Z? and Z3. Comput.
Vis. Image Underst., 90(3):295-312, 2003.

[5] A. Galton. A generalized topological view of motion in discrete space. Theor. Comput.
Sei., 305(1-3):111-134, 2003.

[6] J. L. Kelley. General topology. (The University Series in Higher Mathematics.) New
York: D. van Nostrand Co., Inc., 1955.

[7] E. Khalimsky, R. Kopperman, and P. R. Meyer. Computer graphics and connected
topologies on finite ordered sets. Topology Appl., 36(1):1-17, 1990.

[8] T. Kong, R. Kopperman, and P. R. Meyer. A topological approach to digital topology.
Am. Math. Mon., 98(10):901-917, 1991.

[9] N. Levine. Generalized closed sets in topology. Rend. Circ. Mat. Palermo, II. Ser.,
19:89-96, 1970.

[10] Z. Pawlak. Rough sets. Int. J. Comput. Inform. Sci., 11:341-356, 1982.

[11] Z. Pawlak. Rough sets. Theoretical aspects of reasoning about data. Theory and Decision
Library. Series D: Systems Theory, Knowledge Engineering and Problem Solving. 9.
Dordrecht: Kluwer Academic Publishers Group., 1991.

[12] J. Slapal. Relations and topologies. Czech. Math. J., 43(1):141-150, 1993.

[13] J. Slapal. A jordan curve theorem with respect to certain closure operations on the
digital plane. Electronic Notes in Theoretical Computer Science, 46:1-20, 2001.

[14] J. Slapal. Closure operations for digital topology. Theor. Comput. Sci., 305(1-3):457—
471, 2003.

[15] B. M. R. Stadler and P. F. Stadler. Generalized topological space in evolutionary theory
and combinatorial chemistry. J. Chem. Inf. Comput. Sci., 42:577-585, 2002.

[16] B. M. R. Stadler, P. F. Stadler, M. Shpak, and G. P. Wagner. Recombination spaces,
metrics, and pretopologies. Z. Phys. Chem., 216:155-173, 2002.

Received December 11, 2004; December 30, 2005 revised.

DEPARTMENT OF MATHEMATICS,
AssuiT UNIVERSITY,

71516 AssuiT EGYPT

E-mail address: mybakier@yahoo.com
E-mail address: abotabl@yahoo.com



