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KIMMERLE’S CONJECTURE FOR INTEGRAL GROUP
RINGS OF SOME ALTERNATING GROUPS

MOHAMED A. M. SALIM

ABSTRACT. Using the Luthar—Passi method and results of Hertweck, we
study the long-standing conjecture of Zassenhaus for integral group rings of
alternating groups A,, n < 8. As a consequence of our results, we confirm
the Kimmerle’s conjecture about prime graphs for those groups.

1. INTRODUCTION AND MAIN RESULTS

Let G be a finite group and let ZG be the integral group ring of G. By
V(ZG) we denote the group

{Zagge U(ZG) : Zag: 1}

geG geG

of normalized units in ZG. As the group of units U(ZG) is completely deter-
mined by U(ZG) = U(Z) x (ZG), throughout this paper all units are normal-
ized and distinct from the identity element of G.

A long-standing conjecture in the theory of integral group rings is the fol-
lowing conjecture of H. Zassenhaus(see [32]).

Congecture (ZC). Every torsion unit u in V(ZG) is conjugate to an element in
G within the rational group algebra QG; i.e. there exist a group element g in
G and w in QG for which w™tuw = g.

A positive answer is given for nilpotent groups and for some other special
types of groups. For finite simple groups, the main tool for investigating (ZC)
is the Luthar—Passi method introduced in [26] to confirm the conjecture for
As. Later, M. Hertweck applied the method to Brauer character tables in the
investigation of the Zassenhaus conjecture for PSL(2,7) (see [20]). Using the
same technique of Hertweck on the group Ag (= PSL(2,9)), almost a positive
solution we achieved in [29] with one remaining case for units of order 6 which
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been completed by M. Hertweck in [23]. Also some related properties can be
found in [1] and [27], while in the latter paper some weakened variations of
the conjecture have been made. The Zassenhaus conjecture (ZC) is still open
for all sporadic simple groups, and for some recent results on sporadic simple
groups we refer to the papers [4]-[15].

In parallel to the (ZC) and as a useful technique that we have used is the
conjecture of W. Kimmerle (KC), which involves the concept of prime graph
(see [25]). For a group H, let pr(#) denotes the set of all prime divisors of
the orders of torsion elements of H. The Gruenberg—Kegel graph (or the prime
graph) of H is a graph m(H) with vertices labelled by primes in pr(#), such
that vertices p and ¢ are adjacent if H contains an element of order pq. In [25],
W. Kimmerle made the following conjecture.

Congecture (KC). If G is a finite group then 7(G) = n(V(ZG)).

Obviously, the Zassenhaus conjecture (ZC) implies the Kimmerle’s conjec-
ture (KC). In [25], W. Kimmerle has shown that (KC) holds for finite Frobe-
nius and solvable groups. However the (ZC) remains open for such groups.
Although, (KC) still open for symmetric groups in general, it been confirmed
for S,,, where n < 7 (see [27], [23], [29] and [30]).

In this paper, we continue these investigations for the alternating groups Az
and Ag. Our main results, Theorems 1 and 2, give a reasonable amount of
information on all possible torsion units in V(ZA7) and V(ZAs), respectively.
For torsion units which we can not confirm (ZC), a strong restrictions on their
partial augmentations been obtained. And hence, an immediate consequence
of these results, we get a positive answer to (KC) for those two groups.

Let u = ) a,g be a normalized torsion unit of ZG of order k. For any

m

character x (of G) of degree n, we have that x(u) = > ", v;x(h;), where

his are representatives of the conjugacy classes Cls, 2 < ¢ < m, of G and

(2
v; = e¢,(u) are the partial augmentations of u. In addition, from Higman-

Berman’s Theorem (see [1]), we know that 4 = 0 and
(1) Vo+vs+ -+ 1y =1
The main results of this paper are the following two theorems.

Theorem 1. Let G be the alternating group A; and u be a torsion unit in
V(ZG) of order |u|. Then the following statements hold.

(i) If |u| # 12, then |u| coincides with the order of some element g € G.
(ii) If Ju| € {2,3,5,7}, then w is rationally conjugate to some element
geq.
(iii) If |u| = 4, then the tuple of the partial augmentations of u belongs to

{(v2a, V34, V3b, Vaa, Vsas Vas Vias Vib) € A |
(V2a, v40) € {(0,1), (2, —1)}, v = 0,0t & {2a,4a}}.
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(iv) If |u| = 6, then the tuple of the partial augmentations of u belongs to

)
{(V2a; V3as V36 Viaas Vsas Vea, Vias Vi) € Z° |
(VQaa V3a, V3b, Vﬁa) € { (_27 ]-7 27 0)7 (07 07 07 ]-)7 (27 07 07 _1)7 (07 17 _17 ]-)7
(—=2,2,1,0),(2,—1,1,-1) },vp = 0,nt & {2a, 3a, 3b,6a}}.
(v) If |u| = 12, then the tuple of the partial augmentations of u does not
belong to
Z°\ A (Vaas V3a, Vsb: Via, Vsas Veas Vias Vib) € L° |
(VQ(M V3a, V3by Vaa, Vﬁa) € { (27 07 07 _27 1)7 (]-7 07 07 17 _1)7 (07 17 27 _27 0)7
(0,0,0,2,-1),(1,0,0,—1,1) }, vp = 0, nt & {2a, 3a, 3b,4a,6a} }.
Theorem 2. Let G be the alternating group As and u be a torsion unit in
V(ZG) of order |u|. The following statements hold.

(i) If |u| # 12, then |u| coincides with the order of some element g € G.
(ii) If |u| € {5,7,15}, then u is rationally conjugate to some g € G.
(iii) If |u| = 2, then the tuple of the partial augmentations of u belongs to

Voas ) € { (0,1),(2,—1), (1,0), (=1,2) }, v = 0, nt & {2a,2b} }.

)
)
{ (24, Vob, V34, V3b, Via, Vab, Vsar Veas Vebs Vias Vib, Visa, Vish) € 7" |
(
(iv) If |u| = 3, then the tuple of the partial augmentations of u belongs to

{ (V2a7 Vaby V3as V3by Vaas Vab, Vsas V6as V6bs Vas V7by Viba, V15b) € /A |
(30, v35) € { (0,1),(1,0), (=1,2) }, v = 0, nt & {3a,3b} }.

As an immediate consequence of above results, we have a positive answer

for (KC).
Corollary. If G = A, where n <8, then n(G) = n(V(ZG)).

2. PRELIMINARIES

Throughout the paper, we simply denote the p-Brauer character table of the
group G will by BE€Z(p). For a torsion unit u in V(ZG), the (ZC) provides
that x(u) = x(z) for some x € G; and hence an equivalence statement for
(ZC) was given by Luthar—Passi as follows.

Lemma 1. (See [26].) Let u € V(ZG) be of order k. Then u is conjugate in
QG to an element g € G if and only if for each d dividing k there is precisely
one conjugacy class C with partial augmentation ec(u?) # 0.

In order to start our study, we consider the calculation (by GAP) of the
indicated numbers i, (u, x,p) in what follow for each possible order k of a
torsion unit v in V(ZG), taking in account the following five facts. These
facts give the relations between the order k of u and the partial augmentations

v =c¢c(u).
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Lemma 2. (See [20] and [26]) Let p be either O or a prime divisor of |G| and
let F' be the associated prime field. Suppose that u € V(ZG) has finite order
k that is relatively prime to k (i.e. k and p are coprime) if p # 0. If z is a
primitive k—th root of unity and x is either a classical character or a p-Brauer
character of G, then, for every integer m, the number

1 —dm
(2) :ul(u7 X7p> = E ZTTF(zd)/F{X(ud)Z ¢ }
dlk

1S a non-negative integer.
Note that if p = 0, we use the notation p;(u, x, *) for p(u, x, p).

Lemma 3. (See [17].) The order of any torsion unit u € V(ZG) divides the
exponent of G.

Lemma 4. (See [26].) Let u be a torsion unit in V(ZG) and C be a conjugacy
class of G. If p is a prime divisor of the order of elements a € C but not the
order of u, then ec(u) = 0.

Lemma 5. (See [21] and [22].) Let G be a finite group and u be a torsion unit
in V(ZG). If x is an element of G whose p-part, for some prime p, has order
strictly greater than the order of the p-part of u, then e,(u) = 0.

Lemma 6. (See [17].) Let p be a prime and u be a torsion unit in V(ZG) of
order p™,n > 1. Then for any m(# n) the sum of all partial augmentations of
u with respect to conjugacy classes of elements of order p™ is divisible by p.
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3. PROOF OF THEOREM 1

Within this section G denote the alternating group A;. It is well-known
that exp(G) = 420 = 22-3-5-7. The character table of G, as well as the
Brauer character tables BET(p), where p € {2,3,5, 7}, can be found using the
computational algebra system GAP (see [6] and [19]).

Since the group G possesses elements of orders 2, 3, 4, 5, 6 and 7, we shall
study units in V(ZG) of these orders. Moreover, by Lemma 3, the order of
each torsion unit divides exp(G), thus it remains to consider units of orders
10, 12, 14, 15, 21 and 35. But among these numbers, except 12, we prove that
there is no unit of such orders are exist in V(ZG).

Obviously, GG has exactly 8 distinct non-singleton conjugacy classes 2a, 3a,
3b, 4a, Sa, 6a, 7a and 7b. We consider each possible unit order separately, where
we use Lemma 4 and Equation (1) to determine the non-zero augmentations
Vne for which ), 15, = 1. Then we use the Formula (2) of Lemma 2 to write
the appropriate system of inequalities for such order.

o If |u| € {2,5}, then, by Lemmas 1 and 5, u has only one non-zero partial
augmentation.
e Let |u| = 3. Then we have v3, + v3, = 1, and hence get the system

1 1
MO(uax% *) - §(6V3a + 6) > 0§N1(U7X2a *) = g(_3y3a + 6) > Oa

1 1
po(u, x2,2) = 5(—4’/3@ + 2us, +4) > 0; pou, x2,7) = §(4V3a —2u3, +5) > 0,

which has only the trivial solutions (v, v5) € {(1,0), (0,1)} satisfying that
all y1;(u, x;,p) are non-negative integers.
e Let |u| = 7. Then we have v, + vz, = 1, and hence get the system

1 1
M1<U‘7X37 *) = ?(tl + 10) Z OQNB(%X& *) = ?<_t2 + 10) Z 07

o X2, 2) = £ (— -+ 4) > 0 s, 32, 2) = (38 +4) 20,
where t| = 417, —3v7, and ty = 37, —4v7,. This system has only the trivial solu-
tions (v74, vm) € {(1,0), (0,1)} satisfying that all y;(u, x;, p) are non-negative
integers.

Thus, for units of orders 2, 3,5 and 7 there is precisely one conjugacy class
with non-zero partial augmentation. Hence, by Lemma 1, part (ii) of Theorem
1 is proved.

o Let |u| = 4. Then we have v, + 14, = 1, and hence get the system

1 1
M0<u7x27 *) = Z(4V2a + 8) Z O;MQ(u7X27 *) = Z<_4V2a + 8)7

1
fo(u, X2, 7) = Z(2V2a — 2u4, +6) >0,
which has only two solutions (v44,v44) € {(0,1), (2, —1)} satisfying Lemma 6

and the requirement for y;(u, x;,p) to be non-negative integers.
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e Let |u| = 6. Then we have vy, + 3, + 3, + Vs, = 1, and either x(u?) = x(3a)
or x(u?) = x(3b) since u? is of order 3.

Put t; = v3, + v3p — 3Weq, ta = Vog — V3¢ + Vea, 13 = Vog + 2U34 — U3y — 24
and ty = voq — 234 + U3y — 2V64.

For the first case x(u?) = x(3a), we get the system

1 1
pa(u, x3,5) = 6(_t1 +9) > 0; po(u, x3,5) = 6(751 +9) > 0;

1 1
tho(u, X8, %) = 6<2t2 +16) > 0; ps(u, xs,%) = 6<_2t2 +14) > 0;
1 1
1 1
p(u, xo, %) = —=(—2ts +t3 +t4+1) > 0; po(u, xs,5) = 6<_2t1 +6) >0,

12
that leads to

t € {—9,-3,3,9), to € {—8,—5,—2,1,4,7} and t3 € {—5,—2,1,4}.
Solving this system, we have the solutions
(—-2,1,2,0), (0,0,0,1) and (2,0,0,—1).
For the second case x(u?) = x(3b), we get the system

1 1
p(u, x3,5) = 6(_t1 +9) > 0; po(u, x3,5) = 6(751 +9) > 0;
1 1
,Mg(U, X7, *) = 6<2t2 + 16) Z 07 lu3(u7 X8, *) = 6<_2t2 + 20) Z 07

1 1

1
pa(us X2, %) = 5 (=2t 15 =ty +4) > 0;

2
Ho(u, X, %) = =(—ta = 25 — t4 +10) > 0;

ot X2, T) = (2 4 4) 2 0; i 2, T) = (285 +2) 2 0
Similarly, we have that t; € {—9,-3,3,9}, to € {—8,—-5,-2,1,4,7,10} and
ts € {—8,-5,-2,1,4,7}. Which give the solutions (0,1,—1,1), (—=2,2,1,0)
and (2,—1,1,—1). Union of solutions for both cases ends the proof of part (iv)
of Theorem 1.

o Let |u| = 12. Then we have vy, + V34 + Vs + V4a + Ve = 1.. Since u?, u?
and u? have orders 3,4 and 6, respectively, we need to consider 2 -2 -6 = 24
cases those given by parts (ii), (iii) and (iv) of Theorem 1, i.e. we have either
x(u) = x(3a) or x(u') = x(3b).

Let s1 = 2004 +3V3, —Vga, S2 = 2V0q —V34+2V35—Vga, 83 = Voq—3V3q+Vaa+Vea
and s4 = 34 + V3, — 3V,. S0, we may consider the following two cases.
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Case 1. If x(u?) = x(3a), x(u®) = x(4a) and x(u?) = x(6a). we get the
system

1 1
pa(u, X2, %) = E@Sl +6) > 0; pa(u, X2, %) = E(—Q& +6) > 0;
M0<U, X3 ) 12( 8V2a + 47/3@ + 4I/3b + 4V6a + 12) O

1
pa(u, X3, %) = 5(47/2@ — 2u3, — 2u3, — 206, + 6) > 0;
1 1
po(u, Xe, *) = E(432 +12) > 0; pe(u, X6, %) = E(—‘lsz +12) > 0;
1 1
to(u, x7,%) = 12( 4sg 4+ 16) > 0; pa(u, x7, %) = 12(—233 +14) > 0;
1
#4(”7 X7, *) = 5(283 + 10) Z Oa

1
MO(u7 X8 *) = E(Zly?a - 12V3a - 4V4a + 4V6a + 16) Z 07

fo(u, X9, %) = 12( Avyy — dvzq — vz + Avse — d06q + 32) > 0;
1 1

pa(u, x3,5) = 12( 254+ 6) > 0; pg(u, x3,5) = 12(254 +6) > 0;
1

to(u, X6,5) = E(4V2a — 8usy + 4vgy — 4vgq — 81sq +4) 2> 0.

Which leads to t1,t, € {—3 3} ty € {—3,0,3} and t3 € {—5,1,7}. Then
we have the solutions (2,0,0,—-2,1), (1,0,0,1,—1) and (0, 1,2, —2,0).
Case 2. If x(u*) = x(3a), x(u ) = 2x(2a) — x(4a) and x(u?) = x(6a).

1 1
pr2 (U, Xo, %) = 5(251 —2) = 05 pa(u, x2, %) = E(—Qsl +14) > 0;

1
—(—8uyq — 12134 + 4, +4) > 0;

/"LG(U/’X27 *) = 12

1
pa(u, X3, %) = E(4V2a — 23, — 2u3, — 215, — 2) > 0;

1 1
po(u, X6, *) = — (482 +20) > 05 pug(u, X6, %) = E(—‘lsz +4) > 0;

12
1
po(u, X7, %) = E(—QS?) +14) > 0;

1
lu4<u7 X7 ) 12 (283 + 10) O
1 1
pa(u, x3,5) = 12( 254 +6) > 0; pg(u, x3,5) = 12(254 +6) > 0.

Which leads to s; € {1,7}, s2 € {—5,—2,1}, s3 € {—5,1} and s4 € {—3, 3}.
Then we have the solutions (0,0,0,2,—1) and (1,0,0,—1,1).
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In all remaining 22 cases we get that pi(u,xs,*) = 3/2 € Z whenever
x(ut) = x(3a) and x(u?) = —2x(2a) + x(3a) + 2x(3b), a contradiction. In all
other cases we get similar contradictions which are p;(u, xo, *) € {i, %, %}

Thus, parts (ii)-(v) of the Theorem 1 are proved. Now, to prove part (i) it
remains to consider units of order 10, 14, 15, 21 and 35.

e Let |u| = 10. Then we have vy, + v5, = 1, and hence get

8 4
MO(u7 X35 *) = 1_0(_V2a + 1) > 07 ,U5<U, X35 *) = 1_0<2V2a + 3) > 07
1
lul(ua X7, *) = 1_0(_1/2(1 + 16) Z 07
which has no integral solutions.
o Let |ul = 14. Then we have vy, + v7q + vi = 1, and since y(u?) €

{x(7a), x(7b)}, we may calculate that

1

= E(G(QVQG — UVpq — V?b) + 2) = O,

MO(U, X2 *) = —M7(U, X2, *)

that leads to a contradiction.
e Let |u| = 15. Then we have vs, + v3, + v5, = 1, and hence get

1 1
po(u, X7, %) = 1_5(24V3a +oq) > 0; ps(u, x7,%) = 1_5(—12V3a + ap) > 0;

1
lul(uax% *) = 1_5(31/3(1 + Vsq + 0[3) Z 0;”3('”7}(27 *)
1
= 1—5(—6V3a — 2Us4 + () > 0;
1
MO(u7 X3 *) = 1—5(81/3a + 8V3b + 12) Z 07

(21,12,2,11), if x(u®) = x(5a);

that h
(15,15,5,5), if y(u®) =x(5b), O

where (aq,an, as,aq) = {

integral solution.
e Let |u| = 21. Then we have vg, + v3, + 17, + 7, = 1, consider two cases.
If x(u") = x(3a) and x(u®) € {x(7a), x(7b)}, we get the system

1 1
po(u, Xs, %) = ﬁ(—367/3a +15) > 0;  pr(u, xs,%) = 5(18V3a +24) > 0.

Secondly, if x(u”) = x(3b) and x(u?) € {x(7a), x(7b)} we get the system

1 1
po(u, xs, %) = i(_367/3a +21) > 0;  pr(u, xs,*) = i(lSV?;a +21) >0.

Both systems have no integral solution.
o Let |u| = 35. Then we have vs, + v7q + vy, = 1, and hence for y(u’) €
{x(7a), x(7b)} we get the system

1 1
po(u, X5, %) = %(—247/@ +10) > 0;  po(u, xs,%) = %(24%% +25) >0,
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which has no integral solution, too.

4. PROOF OF THEOREM 2

Within this section G = Ag. It is well-known that exp(G) = 420 = 22.3-5-7.
The character table of G, as well as the Brauer character tables BEX(p), where
p € {2,3,5,7}, can be found using the computational algebra system GAP (see
[6] and [19]).

Since the group G possesses elements of orders 2, 3, 4, 5, 6, 7 and 15, we
shall study units in V(ZG) of these orders. Moreover, by Lemma 3, the order
of such torsion unit divides exp(G), so it remains to consider units of orders
10, 12, 14, 21 and 35. But among these numbers, except 12, we prove that
there is no unit of such orders are exist in V(ZG).

Obviously, G has exactly 13 distinct non-singleton conjugacy classes 2a, 20,
3a, 3b,4a, 4b, 5a, 6a, 6b, 7a, 7b, 15a and 15b. We consider each possible unit
order separately, where we use Lemma 4 and Equation (1) to determine the
non-zero augmentations v,,; for which Zcm Vne = 1, and hence use formula (2)
of Lemma 2 to write the appropriate system of inequalities for such order.

o If |u| = 5, then by Lemma 1 and 5, there is only one non-zero partial
augmentation of wu.
e Let |u| = 7. Then we have v, + v7, = 1, and hence get the system

1
i (u, X10, %) = ;(4% — 3vn +45) > 0; 3 (u, x10, *)

1
= ?(—31/7(1 + 41/7[, + 45) Z O,

pa(u, x2,2) = %<_4V7a + 3vg +4) 2> 05 p3(u, x2,2) = %(?Wm —4vg, +4) >0,
which has only two trivial solutions (v7,,v7) € {(1,0),(0,1)} satisfying that
all p1;(u, x;,p) are non-negative integers.

Thus, for units of orders 5 and 7, there is precisely one conjugacy class
with non-zero partial augmentation. So, by Lemma 1, this proves part (ii) of
Theorem 2, except for the unit of order 15, that will be considered later after
studying the units of order 3.

o Let |u| = 2. Then we have vy, + v9, = 1, and hence get the system

1 1
to(u, X12, %) = 5(87/2(1 +56) > 0; 1w, x12,%) = 5(—87/2(1 +56) > 0;

1 1
po(u, X2, %) = §<_V2a +3vy +7) > 0; 11 (u, X2, %) = §(V2a —3vy+7) >0,

which has only four solutions (4, v9) € {(0,1),(1,0),(—1,2),(2,—1)} satis-
fying that all p;(u, x;, p) are non-negative integers.
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e Let |u| = 3. Then we have v3, + 13, = 1, and hence get the system

1 1

po(u, X5, %) = 5(12’/@ +21)>0;  pa(u, x4,2) = g(—?Wsa +6)>0;
1

po(u, x2,2) = g(—41/3a + 2us, +4) > 0;

which has the three solutions (4., ) € {(0,1),(1,0), (—1,2)} satisfying that
all p1;(u, x;,p) are non-negative integers.
e Let |u| = 15. Then we have vz, + Vs + Usq + Visqe + Visp = 1. Since x(u?)
is of order 3, then by part (iv) of Theorem 2, we need to consider 3 cases:
x(u’) = x(3a), x(u’) = x(3b) and x(u’) = —x(3a) + 2x(3).

First, using (2) for the case x(u®) = x(3a), we get the system

1 1
1—5(5V3a—7/3b+15) > 0; pus(u, Xa, %) = B(_10V3a+27/3b+30> >0,

which implies that t; = 5vs, — vg, € {—15,0,15}. If t; = 15, then

:u1<u7 X4 *) =

1
IU5(U, X4, ) 15( 20V3a + 41/3b + 15) 45,
a contradiction. If ¢; = —15, then
1
po(u, X4, %) = —(40v3, — 8vg, + 30) = —90,

15

a contradiction. Therefore, v, = bvs,. Let

to = 3y + 2054 — Vise — Visp; t3 = I3y — Usq — Visq — Visp;

by = 6U3q + Usq + Vise + Vispy; ts = 3V3q — Vsq — (Vise + SVisp.

Using (2), we get the system

1 1
po(u, Xa, %) = B(Stz +23) > 0; p3(u, x2, %) = B(—Qtz +13) > 0;

1

fo(u, X3, %) = 15(8t3+8) > 0; pa(u, X3, %) = 15( 2t3 +13) > 0;
1 1

o1, 5, ) = 15(8t4+37> > 0: iy, 5, ) = 15( 2t +32) > 0;
1 1

From which we have to = t3 = —1, t4 € {1,16} and t; € {-7,8,23}, that
gives the solutions (0,0,0,0,1), (0,0,0,1,0) and (0,0,0,—1,2), where the last
solution may excluded as it does not satisfy the inequality

pr(u, X2,2) = 2Us3 + Vs — Usq + 8150 — Ty +7) > 0.

15(
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Using (2) for the other two cases x(u®) = x(3b) and x(u°) = —x(3a) + 2x(3b),
we get the system

1
MO(% X4, *) = E(4OV3a — 8y + 041) > 0;

1
ps(w, xa, %) = B(—QOV&; + 4dvg, + ) > 0,

: 5\ _ .
where  (a,a) = { (18,21), if (") = x(30); |
(6,27), if x(u®) = —x(3a) + 2x(3b),

which has no integral solution satisfying that all p;(u, x;, *) are non-negative
integers.

Thus, we prove parts (ii)-(iv) of the Theorem 2. To justify part (i) , we need
to consider possible units of orders 10, 14, 21 and 35.
e Let u be a unit of order 10. We consider the four pairs in part (iii) of the
Theorem 2 and the fact that u® is of order 2. then , using (2), we get the
system

1 1
po(u, Xa, %) = 7516t +24) = 05 p15(u, xa, ) = 15(=16t +16) = 0;

p1(w, X0, %) = 1—10(—375 +48) > 0;
where t = vy, + v9,. This system has no integral solutions satisfying that all
i(u, xj, *) are non-negative integers.
o Let |u| = 14. Since x(u?) € {x(7a), x(7b)} and " is of order 2, we consider
four cases defined by part (ii) of the Theorem 2.
Case 1. If x(u") = x(2a), x(u?) € {x(7a), x(7b)}. then we get

1 1
o, X12, %) = — (48w, + 64) > 0; pi7(u, X12, %) = —(—48vs, +48) > 0;

14 14
1
ILLO(U7 X2, *) - ﬂ(_67/2a + 187/2b + 6) Z O, ,LL7(U/, X2, >|<)
1
= ﬂ(6l/2a — 18V2b -+ 8) Z O’
1
o, Xa, %) = (Vg — 3V + 6) > 0.

14
Case 2. If x(u") = x(2b), x(v?) € {x(7a), x(7b)}, then we get

1 1
MO(ua X12, *) - _(487/2(1 + 56) Z O; ,LL7(U, X12, *) _(_487/2(1 + 56) Z 07

14 14
1
po(u, X2, %) = ﬂ(—6V2a + 18vy + 10) > 0; pu7(u, X2, *)

1
= ﬁ(6y2a — 18V25 + 4) > 0.
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Case 3. If x(u") = 2x(2a) — x(2b), x(v?) € {x(7a), x(7b)}, then we get
fo(u, X12, %) = %(487/2(1 +72) > 0; pr(u, X1z, %) = 1—14(—481/% +40) > 0.
Case 4. If x(u”) = —x(2a) + 2x(2b), x(u?) € {x(7a), x(7b)}, then we get

1 1
MO(ua X125 *) - _(487/2(1 + 48) Z O, [L7(U, X12, *) _(_487/2(1 + 64) Z 07

14 T 14
1
po(u, X2, %) = ﬁ(_6y2a + 18uy, + 14) > 05 pur(u, X2, *)
1
== E(GI/QQ — ].81/2(,) Z 0.

All these above four systems have no integral solutions satisfying that all
fi(u, xj, *) are non-negative integers.
o Let |u| = 21. Since x(u®) € {x(7a), x(7b)} and u” has order 3, we consider
six cases defined by part (iv) of the Theorem 2.

If (x(u"), x(u?)) belongs to

{(x(3a), x(7a)), (x(3a), x(7b)),

(—=x(3a) +2x(3b), x(7a)), (—x(3a) + 2x(3b), x(7b)) },
then we get the system

1 1
MO(u7 X5, *) = i(72y3a + Oél) Z 07 ,U7<U, X5, *) = i<_36y3a + 052) Z 07

where
(o, ) = (33,15), if x(u”) = x(3a);
| (9.27), if x(u") = —x(3a) + 2x(30),

which has no integral solutions satisfying that all y;(u, x;, *) are non-negative
integers.

If (x(u”), x(u?)) belongs to {(x(3b), x(7a)), (x(3b), x(7b))}, then we get the
system

1
po(u, X2, %) = 5(487/3(1 + 12u5, +9) > 0; 11 (u, x2, *)

1
= o7 sa + s +6) 2 0;
1
pr(u, xa, %) = i<_24V3a — 63, +6) > 0;

which has no integral solution satisfying that all p;(u, x;, *) are non-negative
integers.

e Let |u| = 35. In both cases, determined by x(u®) € {x(7a), x(7b)}, using
(2), we get the system

1 1
M0<U, X2, *) = %(48%3@ + 15) Z 07 MO(u7 X85 *) = %(_481/50 + 20) Z 07
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which has no integral solution such that all y;(u, x;, *) are non-negative inte-
gers.
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