Acta Mathematica Academiae Paedagogicae Nyireqyhdziensis
27 (2011), 31-39

www.emis.de/journals

ISSN 1786-0091

NEW CRITERIA FOR UNIVALENCE OF CERTAIN
INTEGRAL OPERATORS

B. A. FRASIN
ABSTRACT. In this paper, we obtain the sufficient condition ZJ{,/;S) <
% Z}‘ES) — 1‘ for analytic function f to be univalent and starlike in the open

unit disk. Furthermore, we derive new univalence conditions for the integral
zZ B % z 1 1 o
operators {v [ (g (42) dt} : {a [t g @)= (42)° dt}
0 0

1
Fiamt (oo (a0’ “ . .
and < a [t*71 (¢'(t)) (T) dt » , where g in the last two integrals sat-
0

isfies the above inequality.

1. INTRODUCTION AND DEFINITIONS

Let A denote the class of functions of the form:
(1.1) f(2) :z+Zanz”
n=2

which are analytic in the open unit disk & ={z : |z| < 1}. Further, by S we
shall denote the class of all functions in .4 which are univalent in #/. A function
f(2z) € S is said to be starlike if it satisfies

/
(1.2) Re (zf <Z)) >0 (zel).
f(2)
In the last two decades many authors (see for example [1, 5, 10, 8, 9, 11, 13])
have obtained various sufficient conditions for the univalence of the integral
operators

z % é z B 1/a z a—1 1/a
{afﬁ*(%» ﬁ},{afﬁ*(%» ﬁ} ,{afﬁ*(%» ﬁ} ,
0 0 0
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o 1/a P 1/a
{Ozfto‘_l (g’(t))dt} and {afto‘_l (g’(t))ﬁdt} , where the function g
0 0

belongs to the class A and the parameters «, f are complex numbers such

that the above integrals are exist. Here and throughout in the sequel every
many-valued function is taken with the principal branch.

In this paper, we are mainly interested on some integral operators of the
type

z 1 «

(1.3) Fus(z) ={a / 21 (¢/(1))

0

o=
VR
Na}
=+
S—
~~
ey
QL
~

(14) Goplz) = { a / 271 (g' ()" (@)% ,

and

(L5) Hopo(2) = 4 7 / 71 (g ()" (@)% ,

t
0

where g € A and «, 8,y € C\{0}. More precisely, we would like to derive new
sufficient condition for univalency of the integral operators of the type (1.3),
(1.4) and (1.5) by using the results from the proofs of theorems in [10, 8, 9],
and the results from [11, 13] and by making use of the following lemmas.

Lemma 1.1 (see [7]). Let o € C with Re(a) > 0. If f € A satisfies
L— ) 2f"(2)

Re(a) | f'(2)
for all z € U, then the integral operator

(1.6)

<1,

(1.7) Fo(2) = a/to‘_lf’(t)dt
0
1s analytic and univalent in U.

Lemma 1.2 (see [6]). Let a € C with Re(a) > 0. If f € A satisfies (1.6) for
all z € U, then, for any complex number v with Re(y) > Re(«), the integral
operator

(18) G(2) =8y [0y
0
1s analytic and univalent in U.



NEW CRITERIA FOR UNIVALENCE OF CERTAIN INTEGRAL OPERATORS 33

Lemma 1.3 (see [4]). If the function g(z) is reqular in U, then, for all§ € U
and z € U, g(z) satisfies

1.9 9(€) —9(2). §-2 ,
) L g0 1- €
(1.10) (o)) < L lsC)l

Lo

The equality holds only for g(z) = e((z + u)/(1 + uz)), where |e| = 1 and
lu| < 1.

Remark 1.4 (see [4]). For z = 0, from the inequality (1.9),

9(§) —9(0)
(1.11) L 090 < I¢l,
and hence
€] + [9(0)]
2 9O T el

considering g(0) = ¢ and £ = z, we see that

2 +19
1.13 <
(113 9C) < T3 g1

for all z € U.

Lemma 1.5 (Schwarz Lemma [4]). Let the function g(z) be regular in U,
9(0) =0, and |g(2)| < 1, for all z € U, then

(1.14) l9(2)] < |z]

for all z € U, and |¢’(0)| < 1. The equality in (1.14) for z # 0 holds only if
g(z) = ez, where |e| = 1.

Lemma 1.6 (see [2]). If f € S then

2f'(2)
f(2)

Further, we need the following lemma:

1+ |z|
1 — 2]

(1.15)

(z €el).

Lemma 1.7. Let f € A and zf'(2)/f(z) # 1 in U and suppose that

2f"(2)| _ 3 |2/'(2)
') 21 ()

then f is univalent and starlike in U.

(1.16)

—1‘ (zel),
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Proof. Let w(z) be defined by
2f'(2)
1.17 =14+ w(z).
(117) e (2
Then w(z) is analytic in U with w(0) = 0. By the logarithmic differentiations,
we get from (1.17) that

2w’ (z)
1+w(z)

)
(1.18) f’(z) = ( )—i—
It follows that
SO | o g (GG
zf%@/f@)—lwziR (Zf%@/f@)—l)
:RE@+ZWW> ! ).

w(z) 14+ w(z)

(1.19)

Suppose that there exists zy € U such that
(1.20) max |w(z)| = |w(z)| =1,

EINEN
and let w(zp) = € (0 # ), then from Jack’s Lemma [3], we have
(1.21) zow'(20) = kw(2),
where k£ > 1 is a real number. From (1.19), we obtain

20f"(20)/ f'(20) > Re (1 n zow'(20)

20f'(20)/f(20) — 1
= Re (1 + kl —|—lei9)

which contradicts our assumption (1.16). Therefore, |w(z)| < 1 holds for all
z € U, or equivalently,
2f'(2)

f(z)
This completes the proof of Lemma 1.7. U

—1’<1.

Throughout our present discussion, we assume that zf'(z)/f(z) # 1 in U
for any analytic function f in U.

2. UNIVALENCE CONDITIONS
We begin by proving the following theorem:

Theorem 2.1. Let g € A satisfies the condition (1.16) and «, 5 € C\{0} with
la| < |B]. If « = a+bi; a € (0,10] and

(21)  a*+ad’*—25>0, ac€(0,1/2) a®>+b*—100>0, a € [1/2,10]

then the integral operator F, 5(z) defined by (1.3) is analytic and univalent in
U.
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Proof. Define

so that, obviously

(22) W) = (¢()* (@) ,

z

and so h(0) = A'(0) —1 = 0. Differentiating both sides of (2.2) logarithmically,
we obtain

h// 1 2 1 /
W(z)  a\g(z) B\ g(z)
Making use of Lemma 1.7 and Lemma 1.6, from (2.3), we obtain

') _ 3 |xg(x) |1 29’@)_1‘
s
9(z
e

W(z) |~ 2]al | 9(2) Iﬁl (2)
(155
(=)

(s )
1)
(k).

18]
29

5
2]l
5
= 2]al
which readily shows that

1 — ‘z|2a
a

zh"(2)
h(z)

Thus, we have
2a
1— |z
a

2h"(2)
W ()

51—z
T ava?+p2 1— |7

(2.4)

for all z € U.
Define the function ¥ : (0,1) — R, by
1 — x%

U(x) = T (x=|z], a>0).

Then it easy to prove that
_J1, ifae(0,3),
(2:5) ¥(x) = {2@, if a € [3,00).
For a € (0, 10], from (2.4), (2.5) and the hypothesis (2.1), it follows that
1— |2 | 2h"(2)
a h'(z)

<1
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for all z € Y. Applying Lemma 1.1 for the function h(z), we prove that F, s(z)
is analytic and univalent in . U

Next, we prove

Theorem 2.2. Let o, f € C\{0} with |a] > |5] and Re(a) =a > 0. Ifge A
satisfies the condition (1.16) and

(2.6) zjég) - 1‘ <1 (zel).
Then, for
@) o] < Zat DET

the integral operator G, g(z) defined by (1.4) is analytic and univalent in U.

Proof. Consider the function

28) o= [wor (22) w
Then the function 0
(25

is regular in U, where the constant |« satisfies inequality (2.7). From (2.8), it
follows that

) (), (200
(210 o e () o ()
Applying Lemma 1.7, we have that
2f"(2) 29" (2) 2g(z)
o <[5 e -
240 <SS s
5lal |2¢'(2)
=7 9(2) 1'

using (2.6) , (2.9) and (2.11), we obtain
BRI <1 (=),
Since h(0) = 0, applying the Schwarz lemma for h(z), we get

2 |2f"2)
5lal | 712

<zl (zeu).
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S5lal (1 — |z|2“
< .
<5 < - lz| (z €lU)

1— |z|2“‘ | 2
max z =
‘Z‘Sl a (201"‘ 1)(2a+1)/2a7

from (2.12) and (2.7), we obtain

Thus, we have that

1 — |z‘2a

a

2f"(2)

(2.12) e

Because

1 _ 2a "
(2.13) 2 Zf, Gy
a f'(z)
Applying Lemma 1.1, from (2.13), it follows that the integral operator G, g(z)
defined by (1.4) is analytic and univalent in U. O

Finally, we prove

Theorem 2.3. Let o, f € C\{0} with |a| < |B| and Re(y) > Re(a). If g € A
satisfies

9"(2)
9'(z)

zg'(2) — g(2)
zg(2)

(2.14) + <1 (zel).

Then, for

1— |Z|2Re(0‘) lafz| + |az(a + 23)|
(2.15) |af Zrlgégf{(w 2] (|a5| + as(a + 23))| IZI) ’

the integral operator H, (%) defined by (1.5) is analytic and univalent in U.

Proof. Define the regular function f(z) in U by

z

(2.16) ﬂdz/@@ﬁ(%%éﬁ

The function

/"(2)

f'(z)°

is regular in U, where the constant |a| satisfies inequality (2.15). From (2.17)
and (2.16), we have that

(2.17) p(2) =«

f'(z) 1 (g"(z)\ | 1(z29'(z) —g(z)
(2.18) ﬂd_a<ﬂd>+6< 29(2) )
and so

f'(2) 1]|g9"(2) 11]29'(2) — g(2)

+

g1 e 29(2)



38 B. A. FRASIN
[ 9"(2)
9'(2)

Using the hypothesis (2.14), we obtain
()| <1 (2 €U)

1

(%

29'(2) —9(2)

<
B zg(2)

|

and from (2.18), we have |p(0)| = %}g%)’ Consequently, from (1.13), we
obtain
az(a+25)
" |Z| + T’
(2.19) af/(z) < 0 (z €U).
f'(z) 1+ az(a+26 "z‘
It follows that
1— 2Re(a) "
(220) |Z| Z (’Z)
Re(a) '(2)

1

e

Lo PO (ol oo 201 )
Re(a) |aB] + Jaz(a +28)]|2] )

Define the function ® : [0,1] — R, by
1— xQRe“)) (\amx +\a2(a+25)|x)
2.21 P(x) = r = |z|),
e2) o0~ (i) (e s o) =1
we have ®(1/2) > 0, and thus

2.22 d(x) > 0.
2.2 R

Using (2.22) , from (2.20) we obtain

PR )|
Re() (=) |~
L (121 (o iete 200
2 “ ol fn{( Re(@) ) !\ faBT+ foafa 1+ 28) 2
from (2.4), (2.5) and the hypothesis (2.1), it follows that
1 o2 1 27(2)
Re@ | /) | =

for all z € U. Applying Lemma 1.2 for the function f(z), we prove that the
integral operator H, s,(z) defined by(1.5) is analytic and univalent in &/. [
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