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Abstract

In this paper, we gave some new explicit expressions and recurrence relations
for marginal and joint moment generating functions of dual generalized order sta-
tistics from exponentiated gamma distribution. The results for order statistics
and lower record values are deduced from the relation derived. Further, char-
acterizing result of this distribution on using a recurrence relation for marginal
moment generating functions dual generalized order statistics is discussed.

1 Introduction

The concept of generalized order statistics (gos) was introduced by Kamps [1] as a
general framework for models of ordered random variables. Moreover, many other
models of ordered random variables, such as, order statistics, k-th upper record values,
upper record values, progressively Type II censoring order statistics, Pfeifer records
and sequential order statistics are seen to be particular cases of gos. These models
can be effectively applied, e.g., in reliability theory. However, random variables that
are decreasingly ordered cannot be integrated into this framework. Consequently, this
model is inappropriate to study, e.g. reversed ordered order statistic and lower record
values models. Burkschat et al. [2] introduced the concept of dual generalized order
statistics (dgos). The dgos models enable us to study decreasingly ordered random
variables like reversed order statistics, lower k record values and lower Pfeirfer records,
through a common approach below: Suppose X4(1,n,m,k),..., Xq4(n,n,m, k), (k > 1,
m is a real number), are n dgos from an absolutely continuous cumulative distribution
function cdf F(z) with probability density function pdf f(z), if their joint pdf is of the
form

i=1

k H v, (f[[m)]m]f(xi)) [F )] f (), (1)

for F=1(1) > 21 > 22 > ... > @, > F~1(0), where v; = k + (n — j)(m + 1) > 0 for all
7,1 < j <mn, kis a positive integer and m > —1. If m = 0 and k = 1, then this model
reduces to the (n — r + 1)-th order statistic, from the sample X;, X5,..., X, and (1)
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106 The Exponentiated Gamma Distribution

will be the joint pdf of n order statistics. If k = 1 and m = —1, then (1) will be the
joint pdf of the first n record values of the identically and independently distributed
(iid) random variables with cdf F(x) and corresponding pdf f(z).

In view of (1), the marginal pdf of the r-th dgos, is given by

fxa(rmm) (@) = @CZ_E)I[F(JJ)]”1f($)92L1(F(33))- (2)

The joint pdf of r-th and s-th dgos, is

fXd(r,n,m,k),Xd(s,n,m,k) (l’, y)

Cs_1 m —_
- T P @ ()
X [Bn (F(y)) = hn (F ()" [F@)] 7 £(w), (3)
where
. ——L_gmtl for m £ —
Cr =1l ) ={ ZF ml Y
and
gm(x) = hm(l‘) - hm(l)a
for z € [0,1).

Ahsanullah and Ragab [3], Ragab and Ahsanullah [4, 5] have established recur-
rence relations for moment generating functions (mgf) of record values from Pareto
and Gumble, power function and extreme value distributions. Recurrence relations
for marginal and joint mgf of gos from power function distribution, Erlang-truncated
exponential distribution and extended type II generalized logistic distribution are de-
rived by Saran and Singh [6], Kulshrestha et al. [7] and Kumar [8] respectively. Kumar
[9, 10, 11] have established recurrence relations for marginal and joint mgf of dgos
from generalized logistic, Marshall-Olkin extended logistic and type I generalized lo-
gistic distribution respectively. Al-Hussaini et al. [12, 13] have established recurrence
relations for conditional and joint mgf of gos based on mixed population. Kumar [14]
have established explicit expressions and some recurrence relations for mgf of record
values from generalized logistic distribution. Recurrence relations for single and prod-
uct moments of dgos from the inverse Weibull distribution are derived by Pawlas and
Szynal [15]. Ahsanullah [16] and Mbah and Ahsanullah [17] characterized the uniform
and power function distributions based on distributional properties of dgos respec-
tively. Characterizations based on gos have been studied by some authors, Keseling
[18] characterized some continuous distributions based on conditional distributions of
gos. Bieniek and Szynal [19] characterized some distributions via linearity of regres-
sion of gos. Cramer et al. [20] gave a unifying approach on characterization via linear
regression of ordered random variables.

Rest of the paper is organized as follows: In Section 2 exact expressions and recur-
rence relations for marginal and joint mgf of dgos from exponentiated Gamma distri-
bution (EGD) are presented, while in Section 3, the exact expressions and recurrence



D. Kumar 107

relations for joint mgf for dgos from EGD are discussed In Section 4, a characteriza-
tion of EGD is obtained by using the recurrence relation for marginal mgf of dgos.
Some final comments in Section 5 conclude the paper.

Gupta et al. [21] introduced the EGD. This model is flexible enough to accommo-
date both monotonic as well as nonmonotonic failure rates. The cdf and pdf of EGD
are given, respectively by

Flz)=[1-e*(x+1)%z>0, a>0, (4)
fx)=aze ™[l —e *(z+ 1)) z>0, a>0. (5)

Note that for FGD,
axF(z)=[e™" — (z + 1)]f(x). (6)

For a = 1, the above distribution corresponds to the gamma distribution G(1,2).

2 Relations for Marginal Moments Generating Func-
tions

In this Section the exact expressions and recurrence relations for marginal mgf of dgos
from EGD are considered. For the EGD when m # —1,

)
Cr—l

MXd(r,n,m,k) (t) = /—oo efo(.’I,‘)dZ‘ = (7‘ _ 1)'

| e R e (P
)

On using (4) and (5) in (6) and simplification of the resulting equation we get

OzCr L r—1 oo p 1
MXd(ﬁ”vm»k)(t) (7" o 1 m + 1 r—1 = Opzoqzo u+;v ( )
X<a’y,._u—1>(p) I'(q+2) 7 (8)
p q ) (p+1—t)rt?
and for m = —1

T oo oo T— 1+u+p ok —1
MXd(r,n,fl,k:) (t) = ] ZZ Z ’F B 1) ( v )

p=0v=0 w=0

X<r1+v+p>( L(w +2) (©)

w r+uv+4p—t)wt2’

where ¢,(r — 1) is the coefficient of e~("=1+P)%(z 4 1)"~147 in the expansion of

e P (z +1)P o
=5

p=1

see Balakrishnan and Cohan [22].
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Differentiating both sides of (8) and (9) with respect to ¢, j times we get

M(]) t _ aCT 1 N u+p —1
Xd(rnmk)() - (7“ m_|_1 r—1 ” 01;)(12

x<am—1>(5)w (10)

P (p+1—t)yitat2

and

) 0o oo T— 1+v+p ok —1
M @) = ;ZZ Z ¢pr—1)< v )

p=0v=0 w=0

r—1l+v+p I'(j+w+2)
X , .
w (ro+p— tprt

If v is a positive integer, the relations (10) and (11) then give

r—1QYr—y—

C, . —1
Mgz(rnmk)() = (T_lamj_lq 12 Z Z +p<r )

X<a7ru_1><z)w (12)

P p+1— t)J+q+2

and

) oo ak—1r— 1+v+p ok 1
j _
R e DI DD DI G E] (il
p=0 v=0 w=0
X<T—1+U+P> T+ w+2)

w rto+p—tptort (13)

By differentiating both sides of equation (12) and (13) with respect to ¢ and then setting
t = 0, we obtain the explicit expression for single moments of dgos and k record values
from FGD in the form

r—1QYr—y—

E[Xg(r,n,m,k)] - (r—lac;;j_lr 12 Z Z uﬂ)(r_l)

X<am—1><5)ww+2> )

P (p + 1)J +q+2

and

oo ak—1r— 1+U+P
bl = S ST o (1)

p=0 v=0 w=0

r—1+v+p I'j+w+2)
2 15
X( w > (r+ v+ p)itet? (19)

Special Cases:
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(i) Putting m = 0, £k = 1 in (12) and (14), relations for order statistics can be
obtained as

n—ra(r+u)—1 p
W00 - e 5T ()
u=0 pO q=0

() () et

B[Xi,] = aanga(ri Z "“’(n_r)

n!
(r—Dln—r)

and

where
Cr:n =

(ii) Putting £ =1 in (13) and (15), relations for record values can be obtained as

] oo a—1r— 1+U+p o—1
MO0 = YT Y oo )

p=0 v=0 w=0

r—14+v+p I'(j+w+2)
X ‘
w (r+v+p—t)yitwt2

and

ElXy) = r—1liaz:“ HZHP 7ﬂ1)<a;1)

» r—14+v+P I'(j+w+2)
(r 4w+ p)itwt2’

A recurrence relation for mgf of dgos from cdf (4) can be obtained in the following
theorem.

THEOREM 1. For2<r<mn>2and k=1,2,...,

¢ )
(1 - CV%) M)(gd(r,n,m,k) (t)

i 1
= M)((J{z(rfl,n,m,k:) (t) + W gd(r?n,m,k) (t)
1
Bt nom ) + B (atnm o))
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where _ A
b(z) = 291 (e(t+1)x _ 6m) and (z) = 292 (e(t+1)m _ etz) .
PROOF. Integrating by parts of (7) and using (6), we get
MXd(r,n,m,k)(t)

= MXd(r—l,n,m,k) (t) +

J
ay,

e(t—i—l)w etw

Differentiating both the sides of (17) j times with respect to ¢, we get the result given
in (16). By differentiating both sides of equation (17) with respect to ¢ and then setting
t = 0, we obtain the recurrence relations for moments of dgos from EGD in the form

{MXd(r,n,m,k)(t) - E[h(Xd(T7nvm7k))]} ) (17)

where

E[Xé(r,n,m,k)] = E[X‘;(r—l,n,m,k)]—i— jE[Xg_l(nn,m,k)]
L (B o, ) = B, )]} (1)

where £(z) = 27~ 2e”.

REMARK 2.1. Putting m =0, k = 1 in (16) and (18), relations for order statistics
can be obtained as

MY (1) = (1 - a(rtl)) MY (1) - ﬁ MG (0
+ﬁ {tE[O(Xr—1:0)] + FER(X,—1:0)]}
and
BXi) = B 1) = ﬁ {BXIZL) + BOXITE,) — BE(Xram) |

REMARK 2.2. Putting ¥k = —1 in (16) and (18), relations for k record values can
be obtained as

RNV _ oy J G-
(1 — ak) MR, (1) = M) 1)+ = MY ()
1 .
and .
j

B}, )) = BIXY ) + 2 { BIXTCN + BIXT) - Ble(Xe)] |-
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3 Relations for Joint Moment Generating Functions

In this Section exact moments and recurrence relations for joint mgf of dgos from
EGD are considered. For the EGD when m # —1,

MXd(r,n,m,k),Xd(s,mm,k) (tla t2)

= / / 2Slm#?myf)(d(rnﬂfbkr Xd(snmk:)(x y)dl‘dy

- e / / Bt [F (o)™ (o) gl (F()
<l (F()) = (P ()] [P )P () dyda. (19)

On using (4) and (5) in (19) and simplification of the resulting equation we get

MXd('r,n,m k), Xd(s n,m,k) (th t2)

a r—1

- 1 \(s — r — 2
(r—DNs—r—1D(m+1)5— et

oo 1 1
a u+v Oé’}/s_v—l
Y St ()
=0 (=0 w=0 p=0

b
X(s—z—l)(a(s—r—v+lu)(m+1 )( >

Nw+2)I'(p+a+2)

. 20
xp!(l + 1 —t)wt2=P(q + 1+ 2 —t; — to)ptat2 (20)
For m = —1,
de(r,mq,k),xd(s n—1,k) (t1,t2)
s—r—1 oo s+b+p—a—2
(7’—1) 5—7“—1 = = ~
c+1 oo oo oo atqgtv
XD D D0 > (FUTTTHG (s — a = 2)¢,(a)
d=0 p=0 ¢g=0v=0 w=0
% s—r—1 s+b+p—a-2 ak—1 a+q+v
a c v w
e+ 2)T(w+d+2) (21)

X .
A (s+b+p—1—t2) (s +b+p+q+v—t; —ty)wtdt?



112 The Exponentiated Gamma Distribution

Differentiating both side of (20) and (21) 4 times with respect to ¢; and then j times
with respect to to, we get

(i,5)
Mde('r,n,'rrL k),Xa(s,n,m k)(tl’ t2)
- ) 9 3))
(r—=Dl(s—r—=1l(m+1)s 2@ i =

s—r—1 oo I itw+1

X Z ZZ Z (1)a+l+u+v(0475;—1>(Z)<r;1)

v=0 [=0w=0 p=0

X<8_2_1 ) < a(s—r—v+lu)(m+l)—1 > < i})

" FrG+w+2)T(Gj+p+a+2) (22)
pl(l+ 1 — to)itwt2=p(q + | + 2 — t — tg)itptat2

and

(4,5)
Xq(rmn,—1,k),Xq(s,n,—1,k) (tl’ t2)
( s—r—1 oo s+b+p—a—2

CENE ZZ Z

a=0 b=0 c=0
i+c+l oo oo oo atqtv

XD DD D D FUTTT (s —a—2)g,(a)

d=0 p=0g=0v=0 w=0

X(Szl ) ( 5+b+1;fa72 ) < akv—l ) ( a+3}+v>

y T(i+c+ 2T +w+d+2)
Al(s+b+p—1—ta)ite dF2(s b+ p+q+v—t; —tg)itwtdt2’

(23)

If v is a positive integer, the relations (22) and (23) then give

(id)
M ), X a(s,mam,ioy (P15 £2)

0520 1 aYs_y—1 g r—1
- (r—=1Dls—r—1Dl(m+1)52 QZZO ;;
s—r—1a(s—r—vtu)(m+1)—1 |
x ;} > >

wol lO (—1)otbrute < Q’Ys_;*1 ) ( z )
X(r;l ) ( 5—7;—1 ) ozp(s—r—v+lu)(m+1)—1 > ( L)

" Fi+w+2)I'(j+p+a+2)
PUl+ 1 — to)itwt2=p(q 41+ 2 — t) — ty)itptat2
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and
(4,5)
MXdJ('r',n,—l,k),Xd(s n,—1,k) (tl’ t2)
( s—r—1 oo s+b+p—a—2
S )l >
a=0 b=0 c=0
i+c+1 oo oo ak—1a+g+v
x D222 2 TG (s—a—2)6,(0)
d=0 p=0g=0 v=0 w=0
« s—r—1 s+b+p—a—2 ak —1 a+q+wv
a (& v w
IFi4+c+2)TG+w+d+2) (25)
d'(S +b+p—1-— tQ)H'F d+2(8 +b+p+qgt+v—1t; — t2)3+“’+d+2

By differentiating both sides of equation (24) and (25) with respect to 1, t2 and then

setting t; = to = 0, we obtain the explicit expression for product moments of dgos and
k record values from EGD in the form

E[X\(r,n,m, k), X7 (s n,m, k)]

2. aYs—p—Ll aq r-1
T D5 —r—Dl(m+ 1) Z Zouz;)
s—r—la(s—r—vtu)(m+1)- et a+l+u+’u O"Ys—’z)_l a
TR s (i)
— w p=

X(r;l ) ( 5—2—1 > ( a(s—r—v+lu)(m+1)—1 >(IZU)

» Fe+w+2)I'(j+p+a+2) ”6
Pl + 1)i+wt2=p(q + [ 4 2)itptat2 (26)

and

E[Xé(nna*l,k)vXj(S n, -1 k)]
( s—r—1 oo s+b+p—a—2
S >
a=0 b=0 c=0
i+c+1l co oo ak—1atqgtv

XYY DD D (FYTTG (s —a— 2)d,(a)

d=0 p=04g=0 v=0 w=0

x<521 ) ( 5+b+1;fa72 ) ( ak:v—l )(Hiﬂ)

5 Ti+c+2)T(H+w+d+2) (27)
d(s+b+p—1)ite=dt2(s+ b+ p+ g+ v)itwtd+2’

Special Cases:
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(i) Putting m = 0, k¥ = 1 in (24) and (

26), relations for order statistics can be
obtained as

M)((i:j,)t,xb L (t1,t2)

a(r+v)—1 aq n—ss—r—1a(s—r—v+u)—1

ERP SED D) DD DD D

a=0 b=0u=0 v=0
li+w+1

<3 jotteuto ( alr +av) -1 > ( ch )
w=0 p=0

R s aits

y Fi+w+2)I'(j+p+a+2)
Pl + 1 — to)itwt2=p(a 41+ 2 — t; — ty)itptat2

and
4 a(r+v)—1 a s—r—1a(s—r—v+u)—1itw+1ln—s
BX o Xip] = 0®Cron 3o > 3 Z > >
a=0 b=0 v=0 p=0 wu=0
a+l+utv O‘(r"i'v)_l a n—=s
XZ(_l) a b U
w=0
( s—r—1 > ( a(s—r—v+u)—1 > ( l )
X
v l w
Fi+w+2)I'(j+p+a+2)
pl(l + 1)itw+2=p(q + [ + 2)J+ptat2’
where

n!
Cron = =i —r — Dl — )1

(ii) Putting £ =1 in (25) and (27), relations for record values in the form

(4,)
MXL(r)wXL(s) (tl’ t2)

s—r—1 oo s+b+p—a—2

- (r—1X S—r—l ZZ Z

a=0 b=0 c=0
i+c+1 oo oo a—1a+q+tv

XY DD D D (FYTTG (s —a— 2)d,(a)

d=0 p=0¢=0v=0 w=0

(e () ()

Fi+c+2)T(j+w+d+2)
di(s+b+p—1—ta) T H2(s + b+ p+q+ v —t; —ty)itwtdt+2




D. Kumar 115

and

E[X](; Xi(s)]

s—r—1 oo s+b+p—a—2

- (r— 1 s—r—l ZZ Z

a=0 b=0 c=0

i+c+l oo oo a—1a+tqg+v

XD DD D D (FY)TTTIG (s —a — 2)¢,(a)

d=0 p=0¢g=0v=0 w=0

X(S_Z_l > ( s+b+]z—a—2 ) ( a;l ) ( a+3]+v>

" Fi+c+2)T(j+w+d+2)
dl(s+b+p—1)te=dt2(s+ b+ p+ g+ v)itwtd+2’

Making use of (6), we can derive recurrence relations for joint mgf of dgos.

THEOREM 2. For 1 <r<s<nn>2and k=1,2,...,

to (i)
(1 - ) Mmooy X a(s.mmo ) (1:12)

ay,
= M(LJ) (t ¢ )_|_ 7M(Z7] 1) (t ; )
Xa(r,n,m,k)Xa(s—1,n,m,k)\"12 2 X k) Xa(s.mamo ey (E1 2
1
{tzE[¢(Xd(T, n,m, k) X4(s,n,m, k))]
a7y
B[ (Xa(r,n,m, ) Xa(s,m,m, k))]}, (28)
where
(z,y) = x'y (€t1m+(t2+1)y _ et1m+t2y)
and

W(@) = igi—2 < tio+(ta+1)y et1z+t2y) '

PROOF. Integrating by parts of (19) and using (6), we get
MXd(r,n,m,k‘)Xd(s,n,m,k‘)(tl7t2)

l2
= MXd(r,n,m,k)Xd(sfl,n,m,k) (tlat2) + oy

{MXd(r,n,m,k)Xd(s,n,m,k) (tl> t2)

S

—E[h(Xd(’l“,n,m,k)Xd(Sﬂ’L,m,k))]} (29)

and

6t11+(t2+1)y et193+t2y>

Aloy) = < vy
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Differentiating both the sides of above equation 7 times with respect to ¢; and then
7 times with respect to 5 and simplifying the resulting expression, we get the result
given in (28). By differentiating both sides of equation (28) with respect to ¢1, t2 and
then setting t; = t5 = 0 , we obtain the recurrence relations for product moments of
dgos from EGD in the form

E[X}(r,n,m, k)Xg (s,n,m, k)]

= E[Xd(r,n,m,k)Xé(s 1,n,m, k)]
o { B mom, )X (5, )]+ LX) (5, m, )
— o BIEXa(r . ) (Xl m, ), (30)

where
§(z,y) = 'y’ e,

REMARK 3.1. Putting m = 0, k = 1 in (28) and (30), we obtain relations for order
statistics

M)((i,’f)x (t1,t2)

nsn

= (1 ) M ()~ M )
1
+m {tlE[¢(X7'—1:nXs:n)] + jE[w(Xr—lans:n)]}

and

B(X!,X1,) = B(Xi_,X.,)——

r—lin<*smn

_E‘(¢)(X7._1;nXs;n))}'

REMARK 3.2. Putting m = —1 and k£ > lin (28) and (30), we obtain relations for
k record values in the form

to (i)
<1 - ) Mxldj(r,n,f1,k)Xd(57n’,17k) (t1,t2)

ayg
)] J 2 pGg—1)
N MXd(T7”7_1)k)Xd(3_1x"7—17k)(tl’tz) + T%MXd(hn,—l,k)Xd(sm,—Lk)(tl’t2)
1

{tQE[¢(Xd(ra n, 717 k)Xd(s’ n, *1» k))}

S

+iE[W(Xa(r,n, —1,k)Xa(s,n, —1, k))]}
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E[XY(r,n,—1,k) X} (s,n, —1,k)]
= E[XY(r,n,—1,k)X}(s — 1,n,—1,k)]

*&77 {E[X;(r,n,_1,k)xg—1(s,n,—1,k)]+E[X;(r,n,—1,k)xg—2(s,n,—1,k)}}
~ o BIE(Xarn, =1,8) Xas,m, ~1, )]

4 Characterization

This Section contains characterization of FGD by using the recurrence relation for
mgf of dgos. Let L(a, b) stand for the space of all integrable functions on (a, b) . A
sequence (f,) C L(a, b) is called complete on L(a, b) if for all functions g € L(a, b)
the condition

b
/ g(x)fn(x)dz =0, neN,
a
implies g(z) = 0 a.e. on (a, b). We start with the following result of Lin [23].

PROPOSITION 1. Let ng be any fixed non-negative integer, —oco < a < b < o0
and g(z) > 0 an absolutely continuous function with ¢’(x) # 0 a.e. on (a, b). Then
the sequence of functions {(g(z))"e 9, n > ny} is complete in L(a, b) iff g(x) is
strictly monotone on (a, b).

Using the above Proposition we get a stronger version of Theorem 1.

THEOREM 3. A necessary and sufficient conditions for a random variable X to be
distributed with pdf given by (5) is that

(4)
)gd(r,n,m,k) (t)

j J 1
= M)(gj(r—l,n,’m,k:) (t) + ai% {M)(gd@ )rL m k)( ) E[h(Xd(’f‘, n,m, k))]} ' (31)

PROOF. The necessary part follows immediately from equation (17). On the other
hand if the recurrence relation in equation (31) is satisfied, then on using equation (2),
we have

(f — /ooo P @) f (@)gn ! (F(e))da

= Sy e @ )
(t l)x
tC:jl' . (@) f(2)gr, H(F(x))da

0

Of%ﬂ
iC, < .
s [ @ @ (P

T
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and -
tC, 1 > e’
—_— —[F(z)]t rYF(x))da. 32
S [ S e e (P (32)
Integrating the first integral on the right-hand side of the above equation by parts and
simplifying the resulting expression, we get

tCrfl

T /Ooo R (F() { Py o=@+

axr

f(x)} dr=0. (33)
It now follows from Proposition 1, that

azF(z) = [ — (z + 1) f(2)
which proves that f(z) has the form (4).

5 Concluding Remarks

(i) In this paper, we proposed new explicit expressions and recurrence relations for
marginal and joint moment generating functions of dgos from EGD. Further,
characterization of this distribution has also been obtained on using recurrence
relation for marginal moment generating functions of dgos. Special cases are also
deduced.

(ii) The recurrence relations for moments of ordered random variables are important
because they reduce the amount of direct computations for moments, evaluate
the higher moments in terms of the lower moments and they can be used to
characterize distributions.

(iii) The recurrence relations of higher joint moments enable us to derive single, prod-
uct, triple and quadruple moments which can be used in Edgeworth approximate
inference.

Acknowledgments. The author is grateful to anonymous referees and the Editor
for very useful comments and suggestions.

References

[1] U.Kamps, A Concept of Generalized Order Statistics. Teubner Skripten zur Math-
ematischen Stochastik. [Teubner Texts on Mathematical Stochastics] B. G. Teub-
ner, Stuttgart, 1995.

[2] M. Burkschat, E. Cramer and U. Kamps, Dual generalized order statistics, Metron,
61(2003), 13-26.

[3] M. Ahsanullah and M. Z. Ragab, Recurrence relations for the moment generating
functions of record values from Pareto and Gumble distributions, Stoch. Model.
Appl., 2(1999), 35-48.



D. Kumar 119

[4]

M. Z. Ragab and M. Ahsanullah, Relations for marginal and joint moment gener-
ating functions of record values from power function distribution, J. Appl. Statist.
Sci., 10(2000), 27-36.

M. Z. Ragab and M. Ahsanullah, On moment generating function of records from
extreme value distribution, Pakistan J. Statist., 19(2003), 1-13.

J. Saran and A. Singh, Recurrence relations for marginal and joint moment gen-
erating functions of generalized order statistics from power function distribution,
Metron, (2003), 27-33.

A. Kulshrestha, R. U. Khan and D. Kumar, On moment generating function of
generalized order statistics from Erlang-truncated exponential distribution, Open
J. Stat., 2(2012), 557-564.

D. Kumar, On moment generating functions of generalized order statistics from
extended type II generalized logistic distribution, J. Statist. Theory Appl.,
13(2014),135-150.

D. Kumar, Moment generating functions of lower generalized order statistics from
generalized logistic distribution and its characterization, Pacific Journal of Applied
Mathematics, 5(2013), 29-44.

D. Kumar, Relations for marginal and joint moment generating functions of
Marshall-Olkin extended logistic distribution based on lower generalized order sta-
tistics and characterization, American Journal of Mathematical and Management
Sciences, 32(2013), 19-39.

D. Kumar, Relations for marginal and Joint moments generating functions of
extended type I generalized logistic distribution based on lower generalized order
statistics and characterization, Tamsui Oxford Journal of Mathematical Science,
29(2013), 219-238.

E. K. Al-Hussaini, A. A. Ahmad and M. A. Al-Kashif, Recurrence relations for
joint moment generating functions of generalized order statistics based on mixed
population, J. Statist. Theory Appl., 6(2005), 134-155.

E. K. Al-Hussaini, A. A. Ahmad and M. A. Al-Kashif, Recurrence relations for mo-
ment and conditional moment generating functions of generalized order statistics,
Metrika, 61(2007), 199-220.

D. Kumar, Recurrence relations for marginal and joint moment generating func-
tions of generalized logistic distribution based on lower record values and its char-
acterization, ProbStat Forum, 5(2012), 47-53.

P. Pawlas and D. Szynal, Recurrence relations for single and product moments of
lower generalized order statistics from the inverse Weibull distribution, Demon-
stratio Mathematica, 2(2001), 353-358.



120 The Exponentiated Gamma Distribution

[16] M. Ahsanullah, A characterization of the uniform distribution by dual generalized
order statistics, Comm. Statist. Theory Methods, 33(2004), 2921-2928.

[17] A. K. Mbah and M. Ahsanullah, Some characterization of the power function dis-
tribution based on lower generalized order statistics, Pakistan J. Statist., 23(2007),
139-146.

[18] C. Keseling, Conditional distributions of generalized order statistics and some
characterizations, Metrika, 49(1999), 27-40.

[19] M. Bieniek and D. Szynal, Characterizations of distributions via linearity of re-
gression of generalized order statistics, Metrika, 58(2003), 259-271.

[20] E. Cramer, U. Kamps and C. Keseling, Characterization via linear regression of
ordered random variables: a unifying approach, Comm. Statist. Theory Methods,
33(2004), 2885-2911.

[21] R. C. Gupta, R. D. Gupta and P. L. Gupta, Modelling failure time data by Lehman
alternatives. Comm. Statist. Theory Methods, 27(1998), 887-904.

[22] N. Balakrishnan and A. C. Cohan, Order Statistics and Inference: Estimation
Methods, Academic Press, San Diego, (1991).

[23] G. D. Lin, On a moment problem, Tohoku Math. Journal, 38(1986), 595-598.



