EXISTENCE AND A PRIORI ESTIMATES FOR SEMILINEAR ELLIPTIC
SYSTEMS OF HARDY TYPE
J. PACUTA

ABSTRACT. We study semilinear elliptic systems of Hardy type on bounded domains. We look for
conditions guaranteeing the existence and uniform boundedness of very weak solutions satisfying ho-
mogeneous Dirichlet boundary conditions.

1. INTRODUCTION

Consider the problem

—Au = a(z)|z| " 0v? x €,
(1) —Av = b(x)|z| " P x €,
u=uv=0, x € 082,

Q is a bounded domain in R™ (n > 2) of the class C**Y
(2) for some v € (0,1), 0 € 9Q, p,q>0, pg>1,
a,b € L>®(Q), a,b>0, a,b#0, k€ (0,2).
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In this paper, we study boundedness and existence of nonnegative very weak solutions of problem
(1). We say that (u,v) is a very weak solution of (1) if u,v € L'(2), the right-hand sides in (1)
belong to the weighted Lebesgue space L*(Q; dist(z, 00) dx) and

—/uAgo dm:/a($)|x|_”vq<p dz, —/vA<p dx:/b(m)|m|_>‘upcp dz
Q Q Q Q

for every ¢ € C%(Q), ¢ = 0 on 9.

Problem (1) with kK = A = 0 has been widely studied. Concerning very weak solutions, necessary
and sufficient conditions for their boundedness were found in [3], [11] and [13]. In those papers
the existence of very weak solution was studied as well.

Problem (1) with a =b =1, 0 €  and general k, A € R has been studied by several authors,
who were mainly interested in the existence of classical solutions (if max{x, A} < 0) or solutions
of the class C%(Q2 \ {0}) N C(Q) (if max{x, A} > 0). If max{x, A} > 2, then (1) has no positive
solution in this class for any domain () containing the origin; see [1]. If max{r,A\} < 2, Qis a
bounded starshaped domain and some additional assumptions are satisfied, then (1) has a positive
solution if and only if the following condition is satisfied

n—/c_’_n—)\
1+g¢q 1+p

>n—2;

(3)

see, e.g., [4], [5], [7], [9] for details. If max{r, A} <2 and Q@ =R™, n > 3, then (1) has no positive
radial solution if and only if (3) is true. The conjecture is that if (3) holds, (1) has no positive
nonradial solution for 2 = R™; see [2]. This conjecture has been partially proved in, e.g., [10].
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We will assume (2) and we will deal with the problem

—Au = a(x)|z| v+ t(u+ 1), x€Q,

(4) —Av = b(z)|z| " uP, x €,
u=v=0, x € 0N

if ¢ > 1, p > 0 and with problem
—Au = a(z)|z| "0, x €,
(5) —Av = b(z)|z| P +t(v+ 1), TEQ,
u=v=0, x € 00

if ¢ <1, p> 1. In both cases we will assume ¢t > 0. The terms t(u + ¢1) in (4) or t(v + ¢1) in (5)
are needed to use the topological degree in the proof of the existence of solutions of (1). Denote
2—AN)g+2—«k 2—K)p+2—-A
(6) = @=Ngt+2-r , B = @-rpt2-X .
pg—1 pq—1
We have the following results.

Theorem 1.1. Assume (2) and max{a,f} >n—1. If¢ > 1, p > 0, then for every nonnegative
very weak solution of problem (4) with ¢ > 0, we have u,v € L>®(Q) and there exists constant
C(Q,a,b,p,q,k,A) >0 such that

t+ [[ufloo + llvlloo < C(R,a,b,p, 4,5, A).

If g < 1, p> 1, then the same result holds for nonnegative very weak solutions of problem (5) with
t>0.

Theorem 1.2. Assume (2) and max{a, S} > n — 1. Then there exists a positive bounded very
weak solution of problem (1).
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Theorem 1.3. Assume (2) and max{a, B} <n — 1. Then there exist functions a,b € L*>(1),
a,b >0, a,b# 0 and a positive very weak solution (u,v) of problem (1) such that u,v ¢ L>®(£2).

Theorem 1.1 will be proved by a bootstrap method in weighted Lebesgue spaces used in [3],
[11], for example. Although [11, Theorem 2.1] also implies the assertion of Theorem 1.1, the
corresponding assumptions on p, g, k, A are more restrictive than our condition max{a, 8} > n—1.
Theorem 1.3 is based on a modification of the proof in [13].

Analogous results to the above theorems are true in the case of the scalar problem

) —Au = a(z)|z|~"uP, ze€Q,
u =0, x € 0N).
The condition max{a,} > n — 1 or max{a, 8} < n — 1 is then replaced by i‘T’f >n—1or

i_—” < n — 1, respectively. The proofs of such assertions are simpler than those of Theorems
1.1-1.3.

The case max{«, 8} =n — 1 seems to be open in the vector case. The existence of unbounded
solutions of problem (7) with £ = 0 for -2; =n — 1 was proved in [6].

P
2. PRELIMINARIES
Denote
d(z) = dist(z, 00Q) for z €,

and for 1 <p<oo define the weighted Lebesgue spaces LY = LE(Q):=LP(Q; §(z) dz). If 1 < p < o0,
then the norm in L% is defined by

fulls = ( [ 1u@lrsto dx)l/p.



Recall that L§° = L*°(Q; dz) with ||ul|c,s = ||t]/co- We will use the notation || - ||, for the norm in
LP(Q) for p € [1,00) as well.
In the proofs we use the following lemmas.

Lemma 2.1. ([12, Theorem 49.1, Theorem 49.2(i)]) Let Q be a bounded domain of class C**7
for some v € (0,1). Assume that 1 < p < q < oo satisfy

1 1 2
p q n+1
Let f € L}(Q). Then there exists a unique very weak solution u of
—Au = f, e,
(8) { u=0, z€od.

If f € LE(Q), then u € LY(Q) and
||u||q,5 S C(p7 q, Q)l|f||P,6

Lemma 2.2. ([12, Remark 49.12(i)]) Let f € L}(Q) satisfy f > 0 a.e. Then the very weak
solution of (8) satisfies

u(@) > C( Q)| fll160(z), = €.

For F: R — R and z € R we denote F(®)(z) = z and FU)(z) = F(FU~Y(z)) (j € N), the j-th
iteration of F'.

Lemma 2.3. Let F': [a,b) — R be a continuous function (b < co) and
(9) F(z)>xz  forall z € a,b).
Then, for all Q € (a,b) there exists j € N, that FY)(a) > Q.



Proof of Lemma 2.3. The function F' is continuous on the compact interval [a, @]. The inequal-
ity (9) implies the existence of u = u(Q) > 0 such that for every = € [a, @], we have

F(z) > p+z.
This implies FY)(a) > ju + a for all j € N such that FU—Y(a) < Q. O
Lemma 2.4 ([13]). Let n > 2 and let Q be a bounded domain of the class C2. Assume that

0€ 0. Let =2 < v <n—1. Then there exist R > 0 and a revolution cone Xy of the vertez 0
with X := Xy N{xz € R™; |z| < R} C QU {0} such that the function

¢ = |x|—(w+2)X2
belongs to L}(Y) and the very weak solution u > 0 of the problem

—Au = ¢, x€Q,
u=0 x€dN

satisfies the estimate
u>Clz|Txs.

3. PROOFS OF THEOREMS

Proof of Theorem 1.1. In the proof, we use C' or C’ to denote constants which can vary from
step to step.
Observe that «, 8 defined by (6) satisfy

ap+A=p0+2,

(10) Bq+k=a+2.



Suppose first & > S, so @ > n — 1. Using these conditions and (10), we obtain

(11)

Thus we will deal with system (4) in the following. The case 3 > « can be treated similarly to
dealing with system (5).

Denote f(z,v) = a(z)|z|~"v9 + t(u + 1), g(z,u) = b(x)|z|~*uP. Let (u,v) be a very weak
solution of (4), u,v > 0. By definition of a very weak solution we have u,v € L'(Q2), f,g € L}(2)
and for ¢ = 1, it holds

n+1l-—2AX
<—

> 1.
n—1 "~ a

/\1/US01 dﬂﬂ:/u(—Asol)dl':/fSDl dz,
Q Q Q

Al/vsol dm:/gwl de,
Q Q

where \; is the first eigenvalue of the problem

{ —A¢p = Ao, x €,

(12)

¢=0, x€dN
and ¢, is the corresponding positive eigenfunction satisfying ||¢1||2 = 1. Using (12), we have
(13) (A1 —t) [qupr dz = [ alz| vy dz 4+t >0,

therefore, t < Ay for w # 0. The equality in (13) further implies that (0,v) is not a solution of
problem (4) for any nonnegative v € L*(2) and ¢ > 0. Hence, in both cases we have t < C(2).
Using (12) and

C(N)d(x) < p1(z) < C'(Q)d(x)  forall z € Q,



we get
C@OIIflls < llullrs < C @l flls,
Cllgllrs < llvlls < C"(Dllglls-

In this part of the proof, we estimate [, f"d dx, [, g% dz for r,s > 1. Let (u,v) be a very weak
solution of (4), u € LE(2), v € LL(Q) for k,1 > 1, u,v > 0. Then it holds

/erd dz < C(r) (/Q a" |z| " TS dat-i-/n((tu)r (b)) dx)

<C(Q,a,r,61) <1 +/ ||~ t! da:+/(vl_ETT1 +u")é dx)
Q Q

(14)

(15)

for all 6, € (0, 1), where we have successively used boundedness of function a, the Young inequality,
boundedness of ¢ and the assumption 0 € 9Q (then it holds 6(z) < |z|). Similarly it holds

(16) /gsé de < C(Q,b,s,02) (/ |av|_‘?_2s+1 dx—i—/u%é dx)
Q Q Q

for all 65 € (0,1). We will show that if &, are large enough, then the right-hand sides in (15), (16)
can be estimated by ||ul|x,s, ||v|l;,s for some 7, s > 1.
Now we determine the dependence r, s on k,[. If

~n . (n+1)
r<r(l):= Py
then there exists 61 € (0,1) such that
Rr qr

——+1>— <l.
01-1- > —n, -6 =




If moreover r < k, then estimate (15) implies f € L5(£2). Thus

(17) [fllrs < C(a,5,¢,7, lullks, vlles)  if r < min{r(D), k}.
Similarly,
v (n+1k
s <30 = S rmTp

implies the existence of 05 € (0,1) such that

As ps
== 1 <k
o +1>-—n, 10, =
Then estimate (16) implies g € L5(2). Thus
(18) I9lls.6 < CE0,A8,p, [lullks)  if s < (k).

On the other hand, Lemma 2.1 gives us estimates for ||ul|xs, ||v]i,5, k,1 > 1. If f € L5(£2), then
u € LE(Q) and it holds

(19) [ullr,s < CQ K, 7)|[fllrs,
where 1 < r < k < oo satisfy % = % < nL_H In particular, we can take
~ (n+1)r . n+1
k<k(r)=———"+ if 1 .
< k(r) i € |1, 5

If r = "TH, 1 < k < oo can be chosen arbitrarily and if r > "T“, then we can take k = oco.
Similarly, if g € L§(€2), then v € L(Q2) and it holds

(20) [vlle.6 < C(Q, 1 5)ll9lls,65




where 1 < s <[ < oo satisfy

= (n+1)s . n+1
l<l(5).—n+1_25 if s € |1, 5 .

If s = "T'H, 1 <1 < oo can be chosen arbitrarily and if s > "TH, then we can take [ = oo.

We know that f € L}(R). Estimate (19) implies u € L¥(Q) for 1 < k < ko where kg := 2H =
k(1). Given s < 3(ko) = #Jr_ll)p, the continuity and the monotonicity of s assures existence

of k < ko such that s < 5(k) < s(ko). Hence g € L;(2) for s € (1, W"fl)p) (inequality (11)

implies #"fl)p > 1). If p > 222, then v € L§(Q) for | < Iy := 1(3(ko)) = #ﬁ}_l)p. Finally
we have f € Lg(Q) for r < mln{?(%),ko} = mln{W‘i)p_z)q,z—ﬂ} =: To.

n+1 n+1
m Z 5 and due to

the continuity and the monotonicity of I we have v € LL(Q) for all [ < co. Thus f € Lj(1)

for r < min {”T“, Z—ﬂ} =: r{. The preceding computations show that if & < ko (I < ly) is close

Then ro > 1 due to the assumption o > n — 1. If p < 222 then

enough to ko (lp) or larger, then the right-hand sides in (15), (16) can be estimated by ||ul|x.s, [|v]i,6
for some r,s > 1.

We have shown that if f € L}(Q), then f € L§(Q) for r < ro (r <r}) if p > 222 (p < 222).
We claim that it holds

(21) if f e L5(2) for some r € [1, nT-I—l) then f € L?m(ﬂ)



for some continuous function F': [1, ”T“) — R satisfying (9). In the following we give expression

of such function F. For p > %7 denote
min{7(l(5(k(r)))), k(r)}
= mi ntl (nt1)r (n+1)p
F(r) = B { rt(A+ (2 —2)p—2)q’ n+1—2r} » TE [17 2p+2—)\> :
min {nT—H7 éi—fi);;} , re [2(;1_:-213;;’ nT-H) :
sl re [ofl, ntl)

(for such p, ;;I;l’; > 1 holds). For p < 222, denote

(nilr . ¢ [1 "—+1) if okl 5

ﬁ( ) n+1-2r2 ? 24K 24K
r) =
n+41 n+1 n+1
uE=L re[max{l,—%_n},—n )

Function F': [1, "TH) — R is continuous and due to the assumption o > n — 1, (9) holds. Define

F(r) = % Then r < F(r) < F(r) for all 7 € [1,2£1). Observe that F(1) = ro (F(1) = rj)
for p > 2=2 (p < 2=2), hence claim (21) has already been proved for r = 1. For r > 1 fixed,

— n—1
the same monotonicity and continuity argument is used. If p > 2= and r < 2(;:21213\, then

u € LE(Q) for k < E(r) due to (19). Consequently from (18), we get g € L3(Q) for s < 5(k(r))
and then (20) implies v € L4(Q) for I < I(3(k(r))). Finally, (17) implies f € L} (Q) for v’ <

min{7([(3(k(r)))), k(r)} = F(r), hence f € LE(Q). Claim (21) in the remaining cases can be
proved similarly.




The assumptions of Lemma 2.3 are satisfied for F', hence there exists j € N such that

(22) FO@) > ”TH te

- @ nt1

for € > 0 small. Using (21) j-times we get f € Lf ’ (1)(0), thus f € Lg* JFE(Q) from (22). Lemma
ntl
2.1 then implies u € L*>°(2). From (18) we get g € L e (Q) and consequently, v € L= (Q).
Now we prove
(23) [tllos + [vllee < C(R,p, 0,5, X, 0,0, [Jullrs, l|v]lLs)-
Using (17), (18), (19), (20), we have
(24) ”f”F(r),& S C(Qa a, b7 R, Aapa q, k7 l? r,s, ||f||’r,57 ||g||5,5)
Iterating (24) j-times and using (22), (14), we have
”f”"T"'l-i-s,é S C(Q)”f“F(F)(l),J S C(Q’aa ba R, /\7pa q, ||u||1,57 ||’U||1,(5)-

Lemma 2.1 and (18) then imply assertion (23).
Now we turn to prove uniform boundedness of ||u||1,s and ||[v||1,s. Due to Lemma 2.2,

u>C(Q) 5/ alz|”"v?d + t(u + 1) dz,
Q

v>C(Q) 5/ blz| " uPs da.
Q



holds. This implies

q
/ alz| " v + t(u + ¢1)d dz > C(Q,q)/ alz|7"6Tt da (/ blz|  MuPs da:)
Q Q Q

q
(25) >C(R2,q,a,kK) (/ blz| " MuPs dx)
Q
and
P
(26) / blz| " uPs dz > C(Q,p, b, \) (/ alz|”"v?d +t(u + p1)d dx> .
Q Q

Using (25), (26) and the assumption pg > 1, we get

||f||1,6 + ||g||1,5 S C(Q7pa q7a7b7 R, A)

The estimate ||ull1,s + [[v]l1,s < C(Q,p,q,a,b,k,\) then follows from (14). Inequality (23) then
implies the last assertion of the theorem. O

Proof of Theorem 1.2. Suppose first &« > . As in proof of Theorem 1.1, it is enough to deal
with system (4) in the following. Again, the case 8 > « can be treated similarly dealing with
system (5).

Denote now f(z,v) = a(z)|z|~*|v|?, g(z,u) = b(z)|x|~*u|P. Set X := L>() x L>(Q). Given
(u,v) € X and t > 0, let Si(u,v) = (w,w’) be the unique solution of the linear problem

_Aw = f + t(|u| + 901)7 UAS Q’
(27) —Aw' =g, x €,
w=w =0, x € 0.

We will prove that there exists a nontrivial fixed point of operator Sy. Since f € L*(2) for
k<2 and g e LY(Q) for | < %, we have Sy(u,v) € W2"(Q) x W>7(Q) for r € (%, min{2, }}).

KX



Therefore, S;: X — X is compact. Observe that the right-hand sides in (27) are nonnegative for
every (u,v) € X, hence w,w’ are nonnegative. Thus S; has no fixed point beyond the nonnegative
cone K = {(v/,v") € X : v/,v' > 0} for any t > 0.

Let ||(u,v)||x = € for € > 0 small, § € [0,1]. Assume (u,v) = 0Sy(u,v). Using LP-estimates
(see [8, Chapter 9]), we have

[ulloo < Cllulle,r < Clifllr < Cllalz]™"[I-lv]% < Cllvll,

where || - ||2,- denotes the norm in W27 (2). Similarly, we obtain ||vs < C|lul|E,. Combining the
last two estimates, we have

lulloe < CllullB < Ce |lul|co-

This is a contradiction for e sufficiently small due to the assumption pg > 1. Hence (u,v) #
050 (u,v) and the homotopy invariance of the topological degree implies

(28) deg(I — Sy, 0, B.) = deg(I,0,B.) =1,

where I denotes the identity and B. := {(u,v) € X : ||(u,v)||x <¢e}.
Theorem 1.1 immediately implies Sz (u, v) # (u,v) for T large and (u,v) € BRNK and S;(u, v) #
(u,v) for t € [0,7T] and (u,v) € (Bg ~ Bg) N K (where R > 0 is large enough), hence we have

(29) deg(I - SOa 0’ BR) = deg(I - STv 07 BR) =0.

Equalities (28) and (29) imply deg(I — Sy, 0, B~ B.) = —1, hence there exist u,v € (Br~ B.)NK
such that So(u,v) = (u,v). Finally, the maximum principle implies the positivity of u,v. O

Proof of Theorem 1.5. Basic ideas used in the proof are from [13]. Lemma 2.4 assures the
existence of sets Xy, Xy, such that ¢ := yx,|z|~ (@2, ¢ = x5, |2|~#*+? belong to L}(2), where



a, B are defined by (6). Let (u,v) be the (positive) very weak solution of

—Au = ¢, z € (),
—Av = 1, x €,
u=v=0, x¢&odN.

Lemma 2.4 then implies

(30) u > Clz|™*xs,, v=>Clz|Pxz,,
hence u,v ¢ L°°(Q). Observe that (30) and (10) imply a’,b" € L*®°(Q), where a’ := %#, b=
% are nonnegative functions and (u,v) is a very weak solution of (1) with a =d/, b=0'. O
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