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Propagation of inhomogeneous plane waves
in isotropic solid crystals

Livia Harabagiu and ’Olivian Simionescu-Panait

Abstract

In this paper we study the impact of initial mechanical deformation
and electric fields applied to linear elastic isotropic solid, on the prop-
agation of inhomogeneous plane waves in such media. We derive the
decomposition of the propagation condition for particular isotropic di-
rectional bivectors and we show that the specific coefficients are similar
to the case of guided waves propagation in isotropic solids subject to a
bias.

1 Introduction

Last decades, the problems related to electroelastic materials subject to incre-
mental fields superposed on initial mechanical and electric fields have ganied
considerable extension, due to their complexity and to multiple applications.
The basic equations of piezoelectric bodies subject to infinitesimal deforma-
tions and fields, superposed on initial deformation and electric fields, were
given by Eringen and Maugin in the well-known monography [9].

While the concept of bivector is described in [6], the algebra of bivectors is
well established in [3], [5] and [18]. Inhomogeneous plane waves arise in many
areas of continuum mechanics .
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Important examples using this concept may be found in [1] for anisotropic
elasticity, in [2] for electromagnetism, in [4] for wave propagation in porous
materials.

In this paper we investigate the conditions of inhomogeneous plane waves
propagation in isotropic solids subject to initial mechanical and electric fields.
We obtain the components of the electroacoustic tensor for the class 2 and
class m of the monoclinic system with coefficients similar to the case of guided
wave propagation in isotropic solid.

2 Basic equations. Condition of propagation

We assume that the elastic dielectric is nonmagnetizable and conducts neither
heat, nor electricity. We shall use the quasi-electrostatic approximation of
the equations of balance. Furthermore, we assume that the elastic dielectric
is linear and homogeneous, that the initial homogeneous deformations are
infinitesimal and that the initial homogeneous electric field has small intensity.
This problem may be found in the monographic chapter [12].

In this case the homogeneous field equations take the form:

pui = divy, divA = 0, (1)

rot e =0< e = —grady

where p is the mass density, u is the incremental displacement, 3 is the incre-
mental electromechanical nominal stress tensor, A is the incremental electric
displacement vector, e is the incremental electric field and ¢ is the incremen-
tal electric potential. All incremental fields involved into the above equations
depend on the spatial variable x and on time t.

We suppose the following incremental constitutive equations:

Ykt = QetmnUm.n + Apki©m, (2)
Ay = Akmnun,m +Ene = Akmnun,m - ékl‘P,b

In these equations Q kimn are the components of the instantaneous elasticity
tensor, Ag,,, are the components of the instantaneous couplig tensor and &y,
are the components of the instantaneous dielectric tensor. The instantaneous
coefficients can be expressed in terms of the classical moduli of the material
and on the initial applied fields as follows:

lemn = Ckimn + Skn5l7n - ek?nnEl - enklEnL - nknElE’mv (3)

Akt = emit + B,
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Erl = Okt + Nt

where cgmn are the components of the constant eloasticity tensor, egy,, are the
components of the constant piezoelectric tensor, Ej are the components of the
initial applied electric field and Sk, are the components of the initial applied
symmetric (Cauchy) stress tensor.

From the relations (3) we find the symmetry relations:

Qk:lmn = Qnmlk:a (4)
Epl = Elk-

From the previous field and constitutive equations we obtain the following
fundamental system of equations:

:b)ul = lemnum,nk + Amkl‘;p,mky (5)
Akmnum,nk - <C«SanD’nk = 0, 7= ].7 3.

We suppose that the incremental displacement is defined by the inhomo-

geneous plane wave: 4
u(x,t) = AeH(Sx—wt) (6)

and the incremental electric potential is defined by
0= @ei(Sx—wt), (7)

where w defines the frequency of the wave, and is a real parameter.

Here A = At 44iA~ is a complex vector defining the mechanical amplitude,
¢ is the electric amplitude of the wave and S = ST +iS~ is a complex vector
denoting the slowness bivector. We suppose that this kind of wave propagates
in an unbounded domain.

The previous relations represent a train of elliptically polarized plane waves.
The waves travel in the direction of the vector ST with the slowness |[ST| and
are attenuated in the direction of the vector S™. For any fixed position vector
x, the displacement vector 1 describes an ellipse similar to the one found in
[7].

A solution of form (6) defines an ”inhomogeneous plane wave” (IPW) if
the vector 8™ is not parallel to the vector ST.The phase speed is given by
V = |ST|7L, while |S~| defines the attenuation coefficient. If S~ is parallel to
ST we have an attenuated homogeneous plane wave.

In order to solve the problem of inhomogeneous plane wave propagation in
the described material, we use the directional ellipse method, due to Hayes (see
[7])-The slowness bivector S may be written as S = NC, where the directional
bivector C has form C = gm + in, with m-n =0, jm| = |n| = 1, |¢| > 1.
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N is called the complex scalar slowness.Because the directional bivector C is
prescribed, the main unkown of the inhomogeneous plane wave propagation
problem is the complex scalar slowness N.

‘We have:
U = —iwu, (8)
i = —w?u,
u,; = iwNCju,

U5 = —wQNQC'iCju,

Uy 5 = —szQCiCjul,
PYi= _WNCi(p,
‘P,ij = 7WQN2CZCJS07 Z‘,j7l = m'
Inserting (8) into (5) gives:

pwup = = i N2C Ot — Apupaw? N2C,, Crip, 9)
MAemnw? N2C, Chttny + Epnw? N2CpCrip = 0.

From which we deduce:

lemnNQCnOkum + j\mklNQCka’@ - fo)ul = 07 (10)

Aemn N2Con Crottyy, — E1n N2C Croip = 0.

Thus:
o o LU
Qi Cn Cr, + AmlekaQO - pNig =0, (11)
j\kmncmckun - EoknCanSD =0.
Taking V = % and ¢ = u4 we obtain:

lemncnckum + j\mklcmcku4 - ,51}2’[,&[ = 07 (12)
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;xk:mncmckun - EoknCanUA = 07

which gives:

Iy - % ] I I:HS oe Uy
[g Loo —pV? F23G , ?2 v | _g (13)
I'sy I3z Ig3 — pV= A3 us
0e! Y2 Y3 —£ Ug

where
ID‘llrn = lemncnck = Ckimn + gkn(slm - ekmnEol - 6nklEm - nknEolEkaCna (14)

3 = Akt Con e = (€t + i 1) Co Ci, (15)

€ = EnCiCrn = (Skn + Mien ) CiCh. (16)

System (13) represents the propagation condition of the inhomogeneous
plane waves inside the previous materials and is equivalent to:

@lm QM Um _ _
(é4m Q44><“4 )_O7 =13 (a7

where @) is the electroacustic tensor and has the following components:

Co2[771 = N2lemncnckt - ﬁalmv (18)
Q14 = N?A i1 CriC,
Qam = N?* Ay CiCy,

@44 = _N2§knCan-

Note that the tensor Q is symmetric for the general anisotropy.
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3 .Inhomogeneous plane waves in isotropic solids subject
to initial electro-mechanical fields

In the particular case of an isotropic material, the elasticity tensor contains
two independent components. Using Voight’s convention we have:

ci1 ci2 ciz2 0 0 0

ci2 ci1 c2 0 0 0

ci2 c2 cn 0 0 O
0 0 0 C66 0 0 ’ (19)
0 0 0 0 Ce6 0
0 0 0 0 0 C66

with ¢17 = A4 2p, ¢12 = X and cg6 = (c11 — ¢12)/2 = p. Here X and p are
Lame’s coefficients.
The dielectric tensor has only one component, hence

0 0
n 0], (20)
0 n

3
Il
cos

ande=1+n.
From (14) now gives:

[11 = (é114511)C2 4 (66 +S22) Co 4 (66 +S33) C2 —n(C2+C2+C2) B2+ (21)

+2§1201CQ + +2§1301C3 + 2§230203,
Do =191 = —n(C? + C2 + C3)E1Ey + (é12 + é66)C1Ca

flg = fgl = 77](012 + 022 + Cg)élég + (512 + &66)01033
Iyy = (Ces + éll)cf + (é11 + 522)022 + (Co6 + S133)05’3 -n(CT +C3 + C??)E22+

4281501 C + 4281501 C5 + 2825C5Cs,
fzg = fgg = —U(C12 + C22 + Cg)égég + (512 + é66)CQC3,

33 = (Ces + §11)C12 + (¢e6 + §22)C22 + (é11 + §33)C§ —n(ci + 5+ Cg)Eongf
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1281501 Co 4 +2813C1C3 + 282305 C5.

From (15) we also obtain:

f1=(1+n)(C} +CF + CHE, (22)
o = (1+0)(C? + C3 + C3)En,

43 = (1+n)(C} + C3 + C3)E;.

and from (16) we obtain:
€= (1+n)(C} +C35 +C3). (23)

3.1 .Direct dyad axis

In this case, we suppose that z3 is a direct dyad axis (this means the plane
Ozyz2 is normal to a direct axis of order two). We have As||zs and we are in
the class 2 of the monoclinic system.

If we consider the particular case of isotropic directional bivectors, we may
choose C = (1,4,0) . In this case, the inhomogeneous wave is circularly polar-
ized in a plane normal to the dyad axis x3.

IfEl :EQ :0, weobtainf‘13:f‘23:Osi'°y1 :’3/2:’3/326020. The
system (17) reduces to two independent subsystems:

a) The first subsytstem:

Iy — pV?2 I ) < U1 )
D D ~0, 24
( F12 FQQ — ﬁVQ Ug ( )

Iy = (11 + 511) — (6 + 522) + 28190,

where

D1 = To1 = (12 + é66)i,

Iy = (Ges + §11) — (1 + §22) + 2890

The solution of this subsystem coresponds to P, guided wave. This prob-
lem defines a non-piezoelectric guided wave, polarized in the plane xqxs. ]52
depends on the initial stress field, only.

b) The solution of this subsystem is a single equation, as follows:
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(T35 — pV?)uz = 0, (25)

where f‘33 = (;Sc’n — 522) + 2i§12.
The solution of this subsystem is a transverse-horizontal wave, with po-
larization after the axis x3. This wave is piezoelectric, depends on the initial

mechanical fields, and is denoted by TH.

3.2 Inverse dyad axis (mirror plane)

We now suppose the plane z125 is normal to an inverse dyad axis (z3 in our
case), which is equivalent to the fact that the plane x5 is parallel to a mirror
plane M.It follows that the material belongs to the class m of the monoclinic
system (M L x3). In this case, the electroacoustic tensor @ is symmetric with
complex components.

If we consider the particular case of isotropic directional bivectors, we may
choose C = (1, ,0). In this case, the inhomogeneous wave is circulary polarized
in a normal plane to the inverse dyad axis 3.

Moreover, if E‘g = 0 we obtain f‘lg = fgg =0and 3 =% =93 =€ = 0.
In this case, the system (17) reduces to two independent subsystems:

a) The first subsystem:

f‘11 - ﬁVQ f‘12 Ui )
; . =0, 26
( Flg F22 — ﬁVQ (5 ( )

Iy = (e + 5'11) — (e + §22) + 28190,

where

Tig = To1 = (é12 + é66)i,

Iy = (Ces + 5*11) —(é11 + 522) + 2891
A solution of this system is an inhomogeneous plane wave, polarized into
the plane z1x2 and depending on the initial stress fields. It also corresponds

to P, from the problem of guided wave propagation.
b) The second subsystem reduces to a single equation, as follows:

(f‘gg — pOVQ)’LL:g = 0, (27)

where f‘33 = (gll — 522) + Qiglg.

Its root is linked to a transverse-horizontal wave, with polarization after
the axis x3, non-piezoelectric and influenced by the initial stress field, only. It
corresponds to TH from the problem of guided wave propagation.
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4 Conclusions

In this paper, we obtained the condition of inhomogeneous plane wave propa-
gation in isotropic solid crystals subject to initial electromechanical fields. For
particular isotropic directional bivectors we derive the decomposition of the
propagation condition, and we show that the specific coefficients are similar
to the case of guided waves propagation in isotropic solid crystals subject to
a bias.
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