An. Şt. Univ. Ovidius Constanţa Vol. 9(1), 2001, 73–80

LINEARLY NORMAL CURVES IN P^4 AND P^5

Ovidiu Păsărescu

Abstract

We extend a theorem proved by Dolcetti and Pareschi in [DE] concerning the existence of linearly normal curves in P^3 to similar ones for P^4 and P^5 (Theorems A and B). However such a theorem does not seem to hold for n ≥ 6.

1 Preliminaries

We work over an algebraically closed field k of characteristic zero. We use the standard notations from [Ha].

DEFINITION 1.1. A smooth, irreducible curve C ⊂ P^n is called linearly normal if it is non-degenerate (i.e. not contained in any hyperplane) and it is not a projection of a curve from a bigger projective space. REMARK 1.2. Let C ⊂ P^n be a smooth, irreducible curve and let’s denote by I_C its ideals sheaf. Then C is linearly normal ⇔ h^j (I_C (1)) = 0, j = 0, 1 ⇔ C is embedded in P^n using a complete linear system.

REMARK 1.3. From the Riemann-Rock theorem we deduce immediately that, if C ⊂ P^n is a linearly normal curve of degree d and genus g, then g ≥ d − n. For n ∈ Z, n ≥ 3, we consider the following Problems:

HC(n): For which pairs (d, g) of positive integers there is a smooth, irreducible, non-degenerate curve C ⊂ P^n of degree d and genus g? (see also [P1], [P2]).

LN(n): For which pairs (d, g) of positive integers there is a (smooth, irreducible) linearly normal curve C ⊂ P^n of degree d and genus g?

Mathematical Reviews subject classification: 14H25 Received: October, 2001. 73

DEFINITION 1.4. A pair of positive integers (d, g) is called a gap for HC(n) if there is no smooth, irreducible, non-degenerate curve C ⊂ P^n of degree d and genus g. Analogously we define a gap for LN(n).

We recall now from [H] the Harris-Eisenbud numbers. Let p be an integer so that 0 ≤ p ≤ n − 2, n ∈ Z, n ≥ 3. Then (1.1) π_p = π_p(d, n) := m_p(m_p − 1) 2 (n + p − 1) + m_p(ε_p + p) + μ_p, where (1.2) m_p = m_p(d, n) := [(d − 1)/(n + p − 1)]_∗ (we denote by [x]_∗ the integer part of the real number x) (1.3) ε_p = ε_p(d, n) := d − 1 − m_p(n + p − 1)

(1.4) μ_p = μ_p(d, n) := max(0, [(p − n + 2 + ε_p)/2]_∗). We remark that μ_0 = 0 and π_p = d^2/(2(n + p − 1)) + O(d). REMARK 1.5. If C ⊂ P^n is a (smooth, irreducible) non-degenerate curve of degree d and genus g, then d ≥ n and 0 ≤ g ≤ π_0(d, n) (Castelnuovo Theorem [C]).

The Problem HC(3) was solved by Gruson and Peskine ([GP1], [GP2]). LN(3) was solved, based on Gruson-Peskine results by Dolcetti and Pareschi ([DP]); they gave a positive answer to a Conjecture of Hartshorne, namely: THEOREM 1.6 [DP]. If d, g ∈ Z, d ≥ 3, g ≥ d − 3 (see Remarks 1.3 and 1.5), then the pair (d, g) is a gap for LN(3) if and only if is a gap for HC(3). In this paper we prove similar results for P^4 and P^5, namely: THEOREM A. If d, g ∈ Z, d ≥ 4, g ≥ d − 4 (see Remarks 1.3 and 1.5), then the pair (d, g) is a gap for LN(4) if and only if it is a gap for HC(4). THEOREM B. If d, g ∈ Z, d ≥ 5, g ≥ d − 5 (see Remarks 1.3 and 1.5), then the pair (d, g) is a gap for LN(5) if and only if it is a gap for HC(5). The Theorem A will be proved in §2 and the Theorem B will be proved in §3.

We recall that HC(4) and HC(5) were solved by Rathmann [Ra]. The Theorems A and B says that a Dolcetti-Pareschi type results hold for P^4 and P^5 also. However, we do not expect a similar result for n ≥ 6. We will use in §2, §3 the following

LEMMA 1.7 [DP]. Let C ⊂ P^n be a smooth, irreducible curve and H a hyperplane intersecting C transversally. Let Z ⊂ H a curve. We assume: i) h^i(I_{Z,H} (1)) = 0, j = 0, 1 (here I_{Z,H} is the ideals-sheaf of Z in H); ii) C ∩ Z = C ∩ H (as schemes). Then X := C ∪ Z satisfies: h^j (I_X (1)) = 0, j = 0, 1 (I_X is the ideals-sheaf of X).

LEMMA 1.8. Let X ⊂ P^n be a regular (i.e. q = h^1(O_X ) = 0) smooth, irreducible, projective surface. Let H ⊂ P^n be a general hyperplane so that C := H ∩ X is a smooth, irreducible curve. Then h^j (I_{C,H} (1)) = 0, j = 0, 1.

Proof. Let S be a smooth, irreducible, projective abstract surface and L ∈ P ic(S) a very ample invertible sheaf so that X = φ_{[L]}(S). Let H_0 ∈ [L] and C_0 := φ^{−1}_{[L]}(C) ⊂ S. We consider the standard exact sequence

O → O_S → O_S (C_0) → O_{C0} → 0

|| || O_S (H_0) O_{C0} (H_0)

From h^1(O_S ) = 0, we get the surjection H^0(O_S (H_0)) →→ H^0(O_{C0} (H_0)). So

(1.5) |H_0| | | C_0

= |C_0 ∩ H_0|.

Because the embedding of C_0 in H ≃ P^{n−1} is given by [L]|_{C0} (i.e. [H_0]|_{C0} ), from (1.5) we deduce that C = φ_{|C0∩H0|}(C_0), so the embedding of C in H is given by a complete linear system, so h^j (I_{C,H} (1)) = 0, j = 0, 1, by the Remark 1.2.□

REMARK 1.9. Lemma 1.8 applies to smooth, irreducible, rational, projective surfaces, since these are regular surfaces.

LEMMA 1.10. π_1(d, n) ≥ π_0(d, n + 1), (∀)d ≥ 1, (∀)n ≥ 3 (see (1.1)-(1.4)).

Proof. It is easy to see that the functions (1.1)-(1.4) satisfy:

(1.6) π_p(d + (n + p − 1), n) = π_p(d, n) + (d + p + 1)

(1.7) m_p(d + (n + p − 1), n) = m_p(d, n) + 1

(1.8) ε_p(d + (n + p − 1), n) = ε_p(d, n); μ_p(d + (n + p − 1), n) = μ_p(d, n).

Put u(d, n) := π_0(d, n + 1); v(d, n) := π_1(d, n) − m_1(d, n). Then, from (1.6), (1.7), (1.8) for π_0, π_1, m_1, we deduce

(1.9) u(d + n, n) = u(d, n) + (d − 1); v(d + n, n) = v(d, n) + (d − 1).

We can see that, if v(d, n) ≥ u(d, n), (∀)d ≥ 1, then the Lemma follows. From (1.9) we deduce that it is enough to prove the previous inequality for m_1(d, n) = m_0(d, n + 1) = 0, the general case resulting then by induction on m_1(d, n). But m_1(d, n) = 0 ⇒ u(d, n) = 0 and v(d, n) = μ_1(d, n) ≥ 0.□

2 The proof of Theorem A

By Lemma 1.10 and Castelnuovo Theorem (Remark 1.5) it is enough to prove that (d, g) is not a gap for LN(4) if and only if (d, g) is not a gap for HC(4) in the domain of the (d, g)-plane given by

(2.1) d ≥ 4, d − 4 ≤ g ≤ π_1(d, 4).

NOTATIONS. If X ⊂ P^n is a rational surface obtained by blowing up s + 1 points from P^2 and embedding the abstract surface obtained in such a way using the very ample linear system [a; b_0, b_1, . . . , b_s] we say that X is of [a; b_0, b_1, . . . , b_s]- type. A surface of [p + 2; p, 1^{3p−n+5}]-type is denoted by X^n_p (as in [P2]). We shall use the following known

THEOREM 2.1.

1) (Păsărescu [P1], Rathmann [Ra]): For any d_0, g_0 ∈ Z, d_0 ≥ 4 and (d_0 + 12 √ d_0 + 9 − 11 2 d_0 − 35 ≤ g ≤ 1 8 d_0(d_0 − 4) + 1 there is a smooth, irreducible, non-degenerate curve C_0 ⊂ P^4 of degree d_0 and genus g_0, lying on a smooth Del Pezzo surface in P^4 (surface X^4_1 ); 2) (Kleppe [Kl]): For any d_0, g_0 ∈ Z, d_0 ≥ 6 and 1 √ 5 d^{3/2}_0 − d_0 − 1 ≤ g ≤ 1 10 d_0(d_0 −3)+1 there is a smooth, irreducible, non-degenerate curve C_0 ⊂ P^4 of degree d_0 and genus g_0, lying on a Castelnuovo surface in P^4 (surface X^4_2 ); 3) (Păsărescu [P1], Rathmann [Ra]): For any d_0, g_0 ∈ Z, d_0 ≥ 7 and 0 ≤ g_0 ≤ 1 12 d_0(d_0 − 2) + 1 there is a smooth, irreducible, non-degenerate curve C_0 ⊂ P^4 of degree d_0 and genus g_0, lying on a surface X^{′4}_3 of degree 6 in P^4 (this surface may be the surface used in [P1], §1 for n = 4, or a Bordiga surface, as in [Ra], which is a surface of [4; 1^{10}]-type).

We continue the proof of the Theorem A. This will be done in 5 steps: A. If g = d − 4, d ≥ 4 the existence of the linearly normal curves of degree d and genus g in P^4 follows from the existence of the non-special curves. Since π_0(4, 4) = 0, it follows from (2.1) that we need to construct linearly normal curves in the range

(2.2) d − 3 ≤ g ≤ π_1(d, 4), d ≥ 5.

Further, we use the Theorem 2.1. B. Claim. If d, g ∈ Z, d ≥ 8 and (d + 8) √ d + 5 − 9 2 d − 17 ≤ g ≤ 1 8 d(d − 4) + 1 there is a linearly normal curve C_0 ⊂ P^4 of degree d and genus g lying on a Del Pezzo surface from P^4 (surface X^4_1 ). C. Claim. If d, g ∈ Z, d ≥ 11 and 1 √ 5 (d−5)^{3/2} ≤ g ≤ 1 10 d(d−3)+1 there is a

linearly normal curve C ⊂ P^4 of degree d and genus g lying on a Castelnuovo surface from P^4 (surface X^4_2 ).

D. Claim. If d, g ∈ Z, d ≥ 13 and d−4 ≤ g ≤ 1 12 d(d−2)+1 there is a linearly normal curve C ⊂ P^4 of degree d and genus g lying on a Bordiga surface from P^4 (surface of [4; 1^{10}]-type).

The proofs of the Claims C. D. are similar to the proof of the Claim B. E. It easy to check that

(2.4) d ≥ 11 ⇒ 1 12 d(d − 2) + 1 ≥ 1 √ 5 (d − 5)^{3/2}

(2.5) d ≥ 10 ⇒ 1 10 d(d − 3) + 1 ≥ (d + 8) √ d + 5 − 9 2 d − 17.

From B, C, D, (2.4) and (2.5) we deduce that for any d, g ∈ Z, d ≥ 13, d − 4 ≤ g ≤ 1 8 d(d − 4) + 1 there is a linearly normal curve C ⊂ P^4 of degree d

and genus g. Because, for d ≥ 5 we have g ≤ 1 8 d(d − 4), g ∈ Z ⇔ g ≤ π_1(d, 4), g ∈ Z, it follows that, in order to cover with linearly normal curves the domain (2.2), we need (use A. also) linearly normal curves for d−3 ≤ g ≤ 1 8 d(d−4)+1, 5 ≤ d ≤ 12.

The necessary list follows (the curves from the list are linearly normal by Lemma 1.7 and semicontinuity, because C_0 ∈ |C − H| is smooth); the curves belong to linear systems on X^4_1 :

(d, g) = (6, 2) : C ∈ [4; 2, 1^4]; (d, g) = (7, 3) : C ∈ [4; 1^5] (d, g) = (8, 5) : C ∈ [6; 2^5]; (d, g) = (9, 6) : C ∈ [6; 2^4, 1] (d, g) = (10, 7) : C ∈ [6; 2^3, 1^2]; (d, g) = (10, 8) : C ∈ [7; 3, 2^4] (d, g) = (11, 8) : C ∈ [6; 2^2, 1^3]; (d, g) = (11, 9) : C ∈ [7; 3, 2^3, 1] (d, g) = (11, 10) : C ∈ [7; 2^5]; (d, g) = (12, 9) : C ∈ [6; 2, 1^4] (d, g) = (12, 10) : C ∈ [7; 3, 2^2, 1^2]; (d, g) = (12, 11) : C ∈ [7; 2^4, 1] (d, g) = (12, 12) : C ∈ [8; 3^2, 2^3]; (d, g) = (12, 13) : C ∈ [9; 3^5].

Now, the proof of the Theorem A is completed.□

3 The proof of Theorem B

This is quite similar to the proof of the Theorem A, by using instead Theorem 2.1 the following known Theorem 3.1. We omit the details. However, the list of the linearly normal curves constructed directly like in step E from the proof of the Theorem A is much longer.

THEOREM 3.1.

1) (Păsărescu [P1], Rathmann [Ra]): For any d_0, g_0 ∈ Z, d_0 ≥ 20 and (d_0 + 30) √ 2d_0 + 40 − 23 2 d_0 − 188 ≤ g_0 ≤ 1 10 d_0(d_0 − 5) + 1 there is a smooth, irreducible, non-degenerate curve C_0 ⊂ P^5 of degree d_0 and genus g_0, lying on a smooth Del Pezzo surface P^5 (surface X^5_1 ); 2) (Kleppe [Kl]): For any d_0, g_0 ∈ Z, d_0 ≥ 7 and 1 2 d^{3/2}_0 − 3 2 d_0 + 3 ≤ g_0 ≤ 1 12 d_0(d_0 − 4) + 1 there is a smooth, irreducible, non-degenerate curve C_0 ⊂ P^5 of degree d_0 and genus g_0, lying on a Castelnuovo surface in P^5 (surface X^5_2 ); 3) (Ciliberto-Sernesi [CS], δ = 3, r = 5): For any d_0, g_0 ∈ Z, d_0 ≥ 8 and 0 ≤ g_0 ≤ 1 14 (d_0 − 5)^2 there is a smooth, irreducible, non-degenerate curve C_0 ⊂ P^5 of degree d_0 and genus g_0, lying on a rational surface (surface X^{′5}_3 ) of degree 7 in P^5.□

References

[C] G. Castelnuovo, Sui multipli di una serie lineare di gruppi di punti appartenenti ad una curva algebrica, Rend. Circ. Mat. Palermo 7 (1893).

[CS] C.Ciliberto, E. Sernesi, Curves on surfaces of degree 2r − δ in P^r, Comment. Math.

Helv. 64 (1989), 300-328.

[DP] A.Dolcetti, G. Pareschi, On linearly normal space curves, Math. Z. 198 (1988), 73-82.

[GP1] L. Gruson, C. Peskine, Genre des courbes de l’espace projectif, Tromso 1977, LNM 687 (1978), 31-59.

[GP2] L.Gruson, C.Peskine, Genre des courves de l’espace projectif (II), Ann. Sci. Ec. Norm.

Sup., 4-2ème série, 15 (1982), 401-418.

[H] J. Harris (with colab. of D. Eisenbud), Curves in projective space, Sém. Math. Sup.

Univ. Montréal, 1982.

[Ha] R. Hartshorne, Genre des courbes algébriques dans l’espace projectif (d’après Gruson- Peskine), Sém. Bourbaki, Astérisque 92-93 (1982), 301-313.

[Kl] J. Kleppe, Concerning the existence of nice components in the Hilbert scheme of curves in P^n for n = 4 and n = 5, J. Reine Angew. Math. 475 (1996), 77-102.

[P1] O. Păsărescu, On the existence of algebraic curves in the projective n-space, Arch.

Math. 51 (1988), 255-265.

[P2] O. Păsărescu, Halphen-Castelnuovo theory for smooth curves in P^n:I The nonlacunary domain, Preprint IMAR 7/2000.

[Ra] J. Rathmann, The genus of curves in P^4 and P^5, Math. Z. 202 (1989), 525-543.

Institute of Mathematics, Romanian Academy of Sciences, P.O.Box 1-764, RO-70700 Bucharest, Romania e-mail: Ovidiu.Pasarescu@imar.ro

80 O. Păsărescu