An. Şt. Univ. Ovidius Constanţa Vol. 14(2), 2006, 45–60

MISCELLANEOUS RESULTS AND CONJECTURES ON THE RING OF COMMUTING MATRICES

Freyja Hreinsdóttir

Abstract

Let X = (xij ) and Y = (yij ) be generic n by n matrices and Z = XY − Y X. Let S = k[x11, . . . , xnn, y11, . . . , ynn], where k is a field, let I be the ideal generated by the entries of Z and let R = S/I. We give a survey on results and conjectures on R such as regular sequences in R, the first syzygies of I, the canonical module of R and non-Gorenstein locus. For the case n = 4 we give a conjecture on the Betti numbers of I. 1 Introduction

Throughout this article we let R be the ring defined in the abstract. We first give a review of known results for this family of rings and then we give conjectures some of which have not been published before and some that can be found in [12] and [11].

It was shown by Motzkin and Taussky [16] that the variety of commuting matrices in M_n(k) is irreducible of dimension n^2 + n. Gerstenhaber [8] also showed that the variety is irreducible. From this it follows that Rad(I) is prime and that the dimension of R is n^2 + n.

It was conjectured by Artin and Hochster that R is Cohen-Macaulay and this has been shown for n = 3 in [2] and for n = 4 in [10]. In both cases the computer program Macaulay [1] was used to compute a Gröbner basis. It has also been conjectured that R is a domain which follows from the ring being CM (see [21]).

Key Words: ring of commuting matrices, canonical module, Betti numbers Mathematical Reviews subject classification: 14M12,15A27 Received: August, 2005

Simis and Vasconcelos have studied R as the symmetric algebra of the Jacobian module E_n with respect to the x_{ij} variables. They show that the module E_3 has projective dimension 2 and conjecture that this is true for any n, see [19]. In [4] Brennan, Pinto and Vasconcelos show that if the matrices X and Y are symmetric, then R is a complete intersection and a domain. In [3] it is shown that R is normal in this case.

For a general discussion on commuting varieties see [20] chapter 9 and the references cited there.

In [13] we show that for n ≥ 3 the Koszul dual of the ring is the enveloping algebra of a graded nilpotent Lie-algebra.

Recently, Knutson [14] proved that the off-diagonal elements in XY − Y X form a regular sequence.

The Cohen-Macaulayness of the ring may be proved in at least two ways, by finding maximal regular sequences of lenght n^2 + n or by finding a minimal resolution. In this article we give maximal regular sequences that can be verified by a computer for the cases n = 2, 3 and 4. The resolution can be computed only in the cases n = 2 and n = 3. To get an idea on the Betti numbers in other cases we first find the first syzygies and give a general conjecture for these. These first syzygies can then be used to get a conjecture on the canonical module. We can use a computer to partially resolve both R and the canonical module. Splicing together these two and using the Hilbert series we get a conjecture on the Betti numbers in the 4 × 4 case.

2 A minimal generating set

The generators of I are of the form

z_{ij} = n∑ r=1 (x_{ir} y_{rj} − y_{ir}x_{rj} ) for i = 1 . . . n, j = 1 . . . n.

For i ≠ j we see that each monomial occurring in z_{ij} only occurs once so none of these generators can be written as a combination of the others. Among the diagonal entries (i = j) there is some mixing of monomials. All the monomials there are of the form x_{ij} y_{ji} and each one of these occurs exactly twice, that is, in z_{ii} and z_{jj} . Since tr(XY − Y X) = 0 we have that z_{11} + . . . + z_{nn} = 0 so that this part of I can be generated by z_{11}, . . . , z_{n−1n−1}. In each of these generators we have a monomial that occurs exactly once namely, x_{in}y_{ni} only occurs in z_{ii} (since we have thrown z_{nn} away). Hence z_{ii} can not be written as a combination of the others. So we see that the ideal is minimally generated by n^2 − n + n − 1 = n^2 − 1 generators.

3 Regular sequences

To prove that R is Cohen-Macaulay it suffices to show that we have a regular sequence of length n^2 + n. In [10] and [2] Macaulay was used to create a system of parameters using random numbers but it is also possible by extensive guessing to find regular sequences that can be checked by a computer. Below we describe two such sequences that work for the small cases.

3.1 Guess 1

In this section we give a maximal regular sequence for n = 2, n = 3 and n = 4. The ring has dimension n^2 + n by [16].

We start by giving the idea for the 3 × 3 case. We write the matrices X and Y in the following way X = x_1 x_2 x_3 x_4 x_5 x_6 x_7 x_8 x_9 and Y = y_1 y_2 y_3 y_4 y_5 y_6 y_7 y_8 y_9

By using Macaulay we guessed the following regular sequence of length n^2

y_1 − x_1, y_2 − x_5, y_3 − x_9, y_4 − x_3, y_5 − x_4, y_6 − x_8, y_7 − x_2, y_8 − x_6, y_9 − x_7

Dividing out by it amounts to replacing the matrix Y by the matrix

Y^′ = x_1 x_5 x_9 x_3 x_4 x_8 x_2 x_6 x_7

Note that the columns of Y^′ are the rows of X slightly permuted.

In order to generalise this idea to the cases n = 2 and n = 4 we need a description of the construction of Y^′:

We have 9 variables x_1, . . . , x_9. We put x_1 in the left upper corner of the matrix. Then we go to the bottom left corner and put x_2 there. Then we continue upwards and put x_3 above x_2. Now there is no more room in the first column so we go to the next column and put x_4 to the right of x_3. Then continue upwards until there is no more room. Then start at the bottom and move upwards until there is no more room in that column. Move to right to the next column etc.

We have now divided out by a regular sequence of length 9. To get a maximal regular sequence we divide out by 3 variables, e.g. x_9, x_8 and x_1 will do (this was found be guessing).

Now we check if the description for Y^′ will work for n = 2. Here Y^′ becomes:

Y^′ = [ x_1 x_4 x_2 x_3 ]

We check using Macaulay that this is a regular sequence and to get a maximal regular sequence we divide out by x_4 and x_1.

For n = 4 we get:

Y^′ = x_1 x_6 x_{11} x_{16} x_4 x_5 x_{10} x_{15} x_3 x_8 x_9 x_{14} x_2 x_7 x_{12} x_{13}

The standard basis of the ideal generated by the entries of XY^′ − Y^′X is too big to be computed. We need 4 more elements to have a maximal regular sequence. By guessing we found that if we divide by the variables x_1, x_9, x_{15} and x_{16} we get a zero dimensional ring having the same Hilbert series as our original ring so we have found a maximal regular sequence.

For 5 × 5 matrices and bigger we cannot calculate the standard basis so we cannot test if this idea works. It seems however likely that for a general n we can replace the matrix Y by the matrix

Y^′ = x_1 x_{n+2} x_{2n+3} . . . x_n2 x_n x_{n+1} x_{2n+2} . . . x_n2_{−1} x_{n−1} x_{2n} x_{2n+1} . . . x_n2_{−2} . . . . . . . . . . x_2 x_{n+3} x_{2n+4} . . . x_n2_{−n+1}

To find a maximal regular sequence we have to guess n more elements.

3.2 Guess 2

By examining the generators of I we see that they are sums of 2 × 2 minors

of the matrix [ x_1 x_2 . . . x_n2 y_1 y_2 . . . y_n2 ] . Let I_2 be the ideal generated by all 2 × 2

minors of this matrix. It is known that S/I_2 is CM of dimension n^2 + 1 and that there exists a maximal regular sequence that can be decribed by replacing

the original matrix by the matrix [ x_1 x_2 . . . x_n2_{−1} 0 0 x_1 x_2 . . . x_n2_{−1} ] . Inspired by

this we checked this regular sequence for the ring of commuting matrices.

For the case n = 3 we get the ring R modulo this sequence by replacing the matrices X and Y by the matrices

x_1 x_2 x_3 x_4 x_5 x_6 x_7 x_8 0 and 0 x_1 x_2 x_3 x_4 x_5 x_6 x_7 x_8 .

Forming the commutator of these matrices and calculating the Hilbert series of the corresponding ideal gives that this is a regular sequence. However, it is not maximal as we still have 8 variables and the height of the ideal is 6. We can now find two more nonzerodivisors by testing, e.g. x_8 and x_1 + x_2 + x_3 + x_4 + x_5 + x_6 + x_7 will do.

This idea can easily be used in the 2 × 2 case, we form the commutator of [ x_1 x_2 x_3 0 ] and [ 0 x_1 x_2 x_3 ] . and then mod out by x_3 to get a maximal regular sequence. For n = 4 we have not been able to test this conjecture as the Gröbner basis of the ideal we get from the conjecture is too big to be computed.

4 First syzygies

We restate here a conjecture on the first syzygies that was first given in [12].

Write I = (f_1, . . . , f_n2 ), with f_1 = Z_{11}, f_2 = Z_{21}, . . . , f_n2 = Z_{nn}, where Z = XY − Y X. A syzygy on I is an n^2-tuple (a_1, . . . , a_n2 ) such that

f_1a_1 + f_2a_2 + · · · + f_n2 a_n2 = 0. (1)

This can be rewritten as

tr a_1 · · · a_n

a_{n+1} · · · . . . . . . a_n2_{+n−1} . . . a_n2 f_1 · · · f_n2_{−n+1}

f_2 · · · . . . . . . f_n . . . f_n2

= 0 (2)

i.e. as tr(A(XY − Y X)) = 0. (3)

So solving (3) for A is equivalent to solving (1) for (a_1, . . . , a_n2 ). We can guess a number of solutions to (3):

Degree 0: Here we only have one syzygy A = E (the identity matrix), i.e.

the ideal is minimally generated by n^2 − 1 elements.

Degree 1: We have tr(X(XY −Y X)) = tr(X^2Y )−tr(XY X) = 0 so A = X is a solution and similarly we get that A = Y is a solution. The two syzygies we get are obviously independent over k as they have the bidegrees (1, 0) and (0, 1). In [13] we proved that these are the only ones of degree 1.

Degree 2: We see that A = X^2 and A = Y^2 are solutions. The only other monomials in X and Y are XY and Y X and neither of those is a solution. We have

tr((XY + Y X)(XY − Y X)) = tr(XY XY ) − tr(XY Y X) + tr(Y XXY ) − tr(Y XY X) = tr(XY XY ) − tr(X^2Y^2) + tr(X^2Y^2) − tr(XY XY ) = 0 so A = XY + Y X gives a syzygy. We thus have syzygies of bidegrees (2, 0), (1, 1), (0, 2).

Degree 3: Here we get at least the monomial solutions X^3, Y^3, XY X, Y XY and the binomial solutions X^2Y + Y X^2, XY^2 + Y^2X. Macaulay calculations indicate that it is enough to take one syzygy of each bidegree i.e. X^3, Y^3,XY X, Y XY will do.

Degree 4: X^4, Y^4, X^3Y + Y X^3, Y^3X + XY^3,X^2Y X + XY X^2, Y^2XY + Y XY^2 and XY^2X − Y X^2Y .

Degree 5: X^5, Y^5, X^2Y X^2, Y^2XY^2, X^4Y + Y X^4, XY^4 + Y^4X, XY X^2Y + Y X^2Y X, Y XY^2X + XY^2XY .

We can check this for small values of n. For n = 3 we get the following Betti numbers:

% betti s3
total: 8 33
-----------------
   2: 8 2
   3: - 31

As expected we get 2 linear first syzygies. There are 31 first syzygies of degree 2, (_8 2 ) = 28 of those are the trivial syzygies (Koszul relations) and the 3 nontrivial ones correspond to A = X^2, A = Y^2 and A = XY + Y X. Considering n = 4 and n = 5, 6, 7 (partial computation) we give the conjecture below on the first Betti numbers. We use the notation of Macaulay 2 to display the Betti numbers, i.e. the number in column i row j (starting with column 0, row 0) is β_{i,i+j} .

total : 1 n^2 − 1

(_n2_{−1} 2 ) + (_{n+1} 2 ) − 1 0 : 1 . . 1 : . n^2 − 1 2 2 : . .

(_n2_{−1} 2 ) + 3 3 : . . 4 4 : . . 5 . . . . . . . . . . . .

n − 1 : . . n n : . . . The (_n2_{−1} 2 ) syzygies of degree 2 are the Koszul relations and we conjecture that the other first syzygies are given by polynomials in X and Y , one of each possible bidegree.

The characteristic polynomial gives us certain information on the first syzygies. For a generic n × n matrix X we have that the smallest degree of a polynomial p such that p(X) = 0 is n so that the smallest power of X, that can be written as a linear combination of smaller powers, is n. Because the syzygies corresponding to X^2, X^3, . . . , X^{n−1} have y−degree zero they cannot be written as linear combinations of any syzygies involving y-variables. A similar result holds for syzygies that are given by powers of Y so we have at least 2 syzygies of each degree 1, . . . , n − 1.

5 Canonical module

If R is Cohen-Macaulay (which is known for the cases n = 2, 3, 4) then its canonical module is defined as

ω_R := Ext^d_S (S/I, S)

where d = n^2 − n is the height of I. Let J = j_1, . . . , j_n2_{−n} be the subideal of I generated by the off-diagonal elements in XY − Y X. The generators of J form a regular sequence ( [14]) and we get

Ext^d_S (S/I, S) ∼= Ext^d_{S/j1} (S/I, S/j_1) ∼= · · · · · · ∼= Hom_{S/J} (S/I, S/J) ∼= (J : I)/J

We can use the first syzygies to compute the ideal quotient (J : I). For the cases n = 2, 3 everything can be computed using Macaulay but for the case n = 4 we can not compute the Gröbner basis of J. By studying the structure of (J : I) for n = 2, 3 we make a conjecture on (J : I) for n = 4. We can partially check this conjecture by comparing with the Hilbert series. For n = 3 the nontrivial syzygies on I are given by A ∈ {E, X, Y, X^2, Y^2, XY + Y X}. The ideal I is generated by (f_1, . . . , f_9) where f_1, f_5 and f_9 are from the diagonal of XY − Y X and J = (f_2, f_3, f_4, f_6, f_7, f_8). Pick 3 different syzygies, A, B and C. Then

a_1f_1 + a_5f_5 + a_9f_9 = a_2f_2 + a_3f_3 + a_4f_4 + a_6f_6 + a_7f_7 + a_8f_8 b_1f_1 + b_5f_5 + b_9f_9 = b_2f_2 + b_3f_3 + b_4f_4 + b_6f_6 + b_7f_7 + b_8f_8 c_1f_1 + c_5f_5 + c_9f_9 = c_2f_2 + c_3f_3 + c_4f_4 + c_6f_6 + c_7f_7 + c_8f_8

so det a_1 b_1 c_1 a_5 b_5 c_5 a_9 b_9 c_9

· f_i ∈ J for i=1, 5, 9.

Direct calculations using Macaulay give that it suffices to take the generators of J and the elements given by

(A, B, C) ∈ {(E, X, Y ), (E, X, X^2), (E, X, Y^2), (E, Y, Y^2), (E, Y, X^2)}

to get a minimal generating set for (J : I). The bidegrees of these additional generators are (1, 1), (3, 0), (2, 1), (1, 2) and (0, 3) so it seems that it suffices to use enough triples of syzygies to give one generator of each bidegree. Similarly we construct J : I for the case n = 4 (for details and a conjecture on the general case see [11]). Since we cannot compute the standard basis of J we cannot test whether this conjecture is true. We partially resolve (J : I)/J using Macaulay and get the following Betti numbers:

% 1% 2% betti cp
total: 14 200 660 3821
--------------------------------
   4: 3 - - -
   5: 4 110 256 90
   6: 7 90 908 3656
   7: - - 6 75

This gives us the Betti numbers of the tail of the resolution of I (see e.g. cor. 3.3.9 in [5]). So we can compare this with the Hilbert series of S/I:

h_{S/I} (t) = (1 − 15t^2 + 2t^3 + 108t^4 − 26t^5 − 562t^6 + 466t^7 + 1613t^8 − 2742t^9 −1078t^{10} + 5994t^{11} − 4367t^{12} − 2262t^{13} + 5630t^{14} − 3650t^{15} +818t^{16} + 166t^{17} − 103t^{18} + 4t^{19} + 3t^{20})/(1 − t)^{32}

We see that our conjecture fits with the (last 6) coefficients of the polynomial in the numerator. Partially computing the resolution of I we get the Betti numbers:

o18 = total: 1 16 115 595 2127 2791 848 60 5
         0: 1 . . . . . . . .
         1: . 15 2 . . . . . .
         2: . . 108 30 3 . . . .
         3: . . 4 565 466 45 4 . .
         4: . . . . 1658 2746 844 60 5

Splicing together these two Betti tables and using the Hilbert series we get the following conjecture on the Betti numbers (Table 1), where −d + c = −2262 (from the Hilbert series). The boldfaced numbers are the two earlier Macaulay computations and the others are based on the Hilbert series.

total : 1 15 115 595 2127 4713 6902 4432+ 5710+ 3821 1170 200 14 0 : 1 . . . . . . . . . . . . 1 : . 15 2 . . . . . . . . . . 2 : . . 108 30 3 . . . . . . . . 3 : . . 4 565 466 45 4 . . . . . . 4 : . . . . 1658 2746 844 60 5 . . . . 5 : . . . . . 1922 6054 4372 c 75 6 . . 6 : . . . . . . . d 5705 3656 908 90 7 7 : . . . . . . . . . 90 256 110 4 8 : . . . . . . . . . . . . 3

Table 1

6 Resolution

By viewing the Betti table above we see that there is a certain multiplicative pattern on the ”top staircase”, i.e. we have in the second row 15 and 2, the last 2 numbers in the third row are 30 and 3, the last 2 numbers in the fourth row are 45 and 4 etc. Checking partial computation for n = 5 and n = 6 we get even more Betti numbers that are multiples of previous Betti numbers.

n=5 n=6
o9 = total: 1 25 291 2486 561 72 o14 = total: 1 36 605 6720 1199 105 4
        0: 1 . 1 . . . 0: 1 . 1 . . . .
        1: . 25 2 . . . 1: . 36 2 . . . .
        2: . . 279 48 3 . 2: . . 598 70 3 . .
        3: . . 4 2096 558 72 3: . . 4 6650 1196 105 4
        4: . . 5 342

So up to a certain row (probably row n − 1) the generators and the first syzygies seem to generate everything (and the ”multiplication” is nonzero). Our conjecture is that we have the following Betti numbers for a general n (for the sake of space the first Betti number given is β_{1,2}): see Table 2, where p means products of earlier entries. The numbers M, s and k are based on a conjecture on the canonical module in the general case which can be found in [11].

It is known that the Koszul dual of a ring A is the enveloping algebra of a Liealgebra, called the Lie algebra associated to A. In [13] we proved for R that this Lie-algebra is nilpotent of index 3. We also showed that the dimension of the Lie algebra in degree 3 is 2 which gives (by [15]) that the number of independent linear first syzygies is 2. Fröberg and Löfwall give in [7] a theorem relating kernels of multiplication on Koszul homology and the associated Lie algebra. In this case we get that we always have at least the boldfaced Betti numbers in the table.

hd 1 hd 2 hd 3 hd 4 hd 5 hd 6 hd 7 hd 8 · · · n^2 − n − 1 n^2 − n

1: n^2 − 1 2 - - - - - - · · · - -

2: -

(_n2_{−1} 2 ) + 3 2(n^2 − 1) 3 - - - - · · · - -

3: - 4 p p 3 · (n^2 − 1) 4 - - · · · - -

4: - 5 p p p p . . . . . . · · · - - . . - - . . . . . . . . . . . . . . . - -

n − 2 - n − 1 p p p p p p · · · - -

n − 1 - n ? ? ? ? ? ? · · · - - . . - - . . . . . . . . . . . . . . - -

n(n−1)

2 - - . . . . . . . . . . . . · · ·^{n(n−1)}_2 (n^2 − 1)^{n(n−1)}_2 + 1 . . - - . . . . . . . . . . . . . . . . . . M: - - · · · · · · · · s(k − s + 1) + 1

M + 1: - - - - - - - - - - -

Table 2

7 The not-Gorenstein and not-complete intersection loci

In this section we consider the above loci for the cases n = 2, n = 3 and n = 4. We can see by looking at the Hilbert series that R is not Gorenstein. The not-Gorenstein locus of R is defined as

{p ∈ Spec(R) | R_p is not Gorenstein}.

Since we know that R is Cohen-Macaulay the not-Gorenstein locus is given by (see [18])

{p ∈ Spec(R) | μ((Ext^h_S (R, S))_p) > 1} = V (F_1(Ext^h_S (R, S)))

where μ(M) is the minimal number of generators of M, h = ht(I) and Ext^h_S (R, S) is the canonical module of R. The ith Fitting invariant of a module M is computed from its presentation i.e. suppose s^{m N}→ s^n → M → 0 is a presentation of M then F_i(M) is the ideal generated by the (n − i) minors of N. For n = 2 we get that the not-Gorenstein locus is V (ng) where ng is the ideal generated by x_1 −x_4, x_2, x_3, y_1 −y_4, y_2, y_3. This ideal contains I and has height 4 in R = S/I.

For n = 3 the presentation of the canonical module is given by a 5 × 32 matrix, the ideal of its 4 × 4 minors is minimally generated by 4332 generators of degrees 2 and 3. This ideal has height 4 in R.

For the case n = 4 the resolution is not possible to compute. From our conjecture on the canonical module we get a presentation given by a 14 × 200 matrix of which we need to compute 13 × 13 minors. This is not possible so we can not compute the not-Gorenstein locus in this case.

For the cases n = 2, 3 we see that R_p is Gorenstein for any p ∈ Spec(R) with ht(p) ≤ 3 so it seems plausible that this is true in general.

The not complete intersection locus is defined as

{p ∈ Spec(R) | R_p is not c.i.}.

Since R is Cohen-Macaulay the not complete intersection locus becomes V (nc) where nc is the ideal generated by the n − 1 minors of the module of first syzygies of I (see [18]).

We can calculate the ideal nc for n = 2 and n = 3 and we get that R_p is a complete intersection for any p ∈ Spec(R) with ht(p) ≤ 3.

8 Poincare series

In [17] a conjecture on the Poincare series is given for the case n = 3. The conjecture says that

P_R(x, y)^{−1} = (1 + 1/x)/A(xy) − H_R(−xy)/x

where A(xy) is the Hilbert series of the Koszul dual.

For the case n = 2 the ideal has a quadratic Gröbner basis and hence is a Koszul algebra so we have P_R(xy) = A(xy) = 1/H_R(−xy). In this case we get that the formula is trivially true.

From [13] we have that A(xy) =^{(1+xy)2n2 (1+x3y3)2}

(1−x^2y^2)^{n2−1} for any n ≥ 3 and for

n = 4 we can compute the Gröbner basis (see [10]) and thus the Hilbert series and part of the resolution of the field k over the quotient ring S/I. A partial computation gives the Betti numbers

% 1% 2% betti p
total: 1 32 511 5449 43680+
--------------------------------------
   0: 1 32 511 5442 43584
   1: - - - 3 96
   2: - - - 4 ?

If we compute the right hand side in the formula above using the series we have and compare the result with the Betti table above we see that it does not give the Poincare series for the case n = 4 as there is no term corresponding to the 4 in the table. It seems however plausible that the formula might be adapted to the 4 × 4 case.

References

[1] D. Bayer, M. Stillman, Macaulay: A system for computation in algebraic geometry and commutative algebra. Source and object code available for Unix and Macintosh computers. Contact the authors or download from zariski.harvard.edu via anonymous ftp. (1990)

[2] D. Bayer, M. Stillman, Ma. Stillman, Macaulay User Manual.

[3] J. P. Brennan, On the normality of commuting varieties of symmetric matrices, Comm. Alg. 22, No. 15, 6409-6415 (1994).

[4] J. P. Brennan, M. V. Pinto and W. V. Vasconcelos, The Jacobian Module of a Lie Algebra, Trans. Amer. Math. Soc. 321 (1990), 183-196.

[5] W. Bruns, J. Herzog, Cohen-Macaulay rings, Cambridge University Press, 1993.

[6] E. Formanek, The Polynomial Identities and Invariants of n × n matrices, CBMS Regional Conference Series in Mathematics 78, published for the Conference Board of the Mathematical Sciences, Washington, DC, (1991).

[7] R. Fröberg, C. Löfwall, Koszul homology and Lie algebras with application to generic forms and points, The Roos Festschrift volume, 2. Homology Homotopy Appl. 4 (2002), no. 2, part 2, 227–258.

[8] M. Gerstenhaber, On dominance and varieties of commuting matrices, Ann. of Math.

73 (1961), 324-348.

[9] D. Grayson, M. Stillman, Macaulay 2: a computer algebra system for algebraic geometry and commutative algebra, available at http://www.math.uiuc.edu/Macaulay2.

[10] F. Hreinsdottir, A Case Where Choosing a Product Order Makes the Calculations of a Groebner Basis Much Faster, J. Symbolic Comput. 18 (1994), 373-378.

[11] F. Hreinsdottir, Conjectures on the Ring of Commuting Matrices, to be published in International Journal of Commutative Rings.

[12] F. Hreinsdottir, On the ring of Commuting Matrices, thesis Stockholm University 1997.

[13] F. Hreinsdottir, The Koszul Dual of the Ring of Commuting Matrices, Comm. Algebra 26 (1998), 3807-3819.

[14] A. Knutson, Some Schemes Related to the Commuting Variety, to appear in J. Algebraic Geom., ArXiv: math.AG/0306275, 2003.

[15] C. Löfwall, On the subalgebra generated by one-dimensional elements in the Yoneda- Ext algebra, in: J.-E. Roos, ed., Algebra, Algebraic Topology and their Interactions, Lecture Notes in Mathematics 1183 (Springer, Berlin 1986) 291-264.

[16] T. Motzkin and O. Taussky, Pairs of matrices with property L II, Trans. Amer. Math.

Soc. 80 (1955), 387-401.

[17] J.E. Roos, A computer-aided study of the graded Lie algebra of a local commutative Noetherian ring, J. Pure Appl. Algebra 91 (1994), no. 1-3, 255–315.

[18] F. Rossi and W. Spangher, Some Effective Methods in the Openness of Loci for Cohen- Macaulay and Gorenstein Properties, in T. Mora and C. Traverso (ed) ”Effective Methods in Algebraic Geometry”, Progress in Math. 94(1991), 441-455.

[19] A. Simis and W. V. Vasconcelos, Krull dimension and integrality of symmetric algebras, Manuscripta Math. 61 (1988), 63-78.

[20] W. V. Vasconcelos, Arithmetic of Blowup Algebras, London Math. Soc., Lecture Note Series 195, Cambridge University Press, Cambridge, 1994.

[21] W. V. Vasconcelos, Computational Methods in Commutative Algebra and Algebraic Geometry, Algorithms and Computation in Math. 2, Springer 1998.

Science Institute, University of Iceland, Dunhagi 3, IS-107 Reykjavik, Iceland E-mail: freyjah@raunvis.hi.is

60 F. Hreinsdóttir