An. Şt. Univ. Ovidius Constanţa Vol. 15(1), 2007, 55–66

PAIRS OF PELL EQUATIONS HAVING AT MOST ONE COMMON SOLUTION IN POSITIVE INTEGERS

Mihai Cipu

Abstract We prove that, for positive integers m and b, the number of simultaneous solutions in positive integers to x^2 − (4m^2 − 1)y^2 = 1, y^2 − bz^2 = 1 is at most one.

1 Introduction

As it is well known, a system of generalized Pell equations

ax^2 − bz^2 = δ_1, cy^2 − dz^2 = δ_2, (1)

where a, b, c, d are positive integers and δ_1, δ_2 are integers such that gcd(ab, δ_1) = gcd(cd, δ_2) = 1, has at most finitely many solutions in positive integers provided that dδ_1 ≠ bδ_2 (see [26] or [25]).

If this is the case, one may effectively study the solutions of the system (1) by considering it as an elliptic equation ac(xy)^2 = (bz^2 + δ_1)(dz^2 + δ_2). This approach is useful in order to decide the existence of non-trivial solutions (see, for instance, [21]). To solve specific instances of (1), N. Tzanakis recommends an algorithm based on an elliptic equation associated to a pair of Pell equations. His algorithm uses lower bounds for linear forms in elliptic logarithms. A very well written exposition of these ideas with convincing examples and ample bibliography may be found in [27].

The components of any solution to (1) appear in second order recurrent sequences. Comparison of common terms in two such sequences leads to linear forms in the logarithms of three algebraic numbers. A. Baker’s theory [3]

Key Words: Pell equation, Lehmer number, primitive divisor 2000 Mathematical Subject Classification: Primary: 11D09; Secondary 11D25 Received: November, 2006 55 allows one to effectively bound the solutions. The most general result of this type, due to E.M. Matveev [18], gives lower bounds for linear combinations of n ≥ 2 logarithms. For three logarithms, better numerical coefficients have been devised by C.D. Bennett, J. Blass, A.M.W. Glass, D.B. Meronk and R.P. Steiner [6] and very recently by M. Mignotte [20]. Such bounds are useful in the quest of all solutions for specific values of the coefficients, but far from being sufficient, since the search space is still huge, defying the capabilities of present-day computational number theory. Any successful attempt to completely solve instances of (1) makes use of techniques from computational Diophantine approximations. Variations of the ground-breaking idea introduced by H. Davenport [4] are due to W.S. Anglin (see Section 4.6 of [2] for the description of an algorithm for solving some special forms of (1)), A. Dujella and A. Pethő [14], to name but a few contributors.

The hypergeometric method has also been instrumental in the study of simultaneous Pell equations. D.W. Masser and J.H. Rickert [17], followed by M.A. Bennett [7], applied techniques reposing on simultaneous Padé approximations of binomial functions. Skillful but, in principle, elementary arguments are sometimes successful in certain cases of (1), cf. [9], [29], [30], [31], [32], for instance.

Another natural question regarding Pell equations is to find how many solutions do exist. The results of A. Thue [26] and C.L. Siegel [25] establishing that (1) has finitely many solutions if dδ_1 ≠ bδ_2 have ineffective proofs and provide no estimations for this number or for the size of solutions. P. Yuan [33, Theorem 2.1] shows that, for a, b, c ≥ 1 and δ ∈ { ±1, ±2, ±4, } such that neither ab nor bc is a perfect square and gcd(abc, δ) = 1, the system

ax^2 − bz^2 = δ, cy^2 − bz^2 = δ (2)

has a positive integer solution if and only if each equation in (2) is solvable and ac is a perfect square. Moreover, in these circumstances, (2) has infinitely many solutions in positive integers. Masser and Rickert (loc.cit.) have given a procedure to obtain values for δ_1, δ_2 such that the number of common positive solutions to the generalized Pell equations x^2 −2z^2 = δ_1, y^2 −3z^2 = δ_2 is bigger than any prescribed bound.

More stringent results are known for particular cases. For the special form

x^2 − az^2 = 1, y^2 − bz^2 = 1, (3)

Anglin [1] showed that (3) has at most one positive solution provided that b ≤ 200. The first general bound on the number of solutions to systems of Pell equations of this type has been given by H.P. Schlickewei [24], who proved that no more than 4×8^{278} integer solutions exist. Masser and Rickert [17] bounded the number of positive solutions of (3) by 16. M.A. Bennett [7] lowered this bound to 3. Such a result is almost best possible, since for

n(l, m) = α^{2l} − α^{−2l} 4 √ m^2 − 1 , with l and m integers greater than 1 and α = m + √ m^2 − 1, it is readily seen that (x_1, y_1, z_1) = (m, n(l, m), 1) and

(x_2, y_2, z_2) = ( α^{2l} + α^{−2l} 2 , 2n(l, m)^2 − 1, 2n(l, m) )

are two positive integral solutions to (3) with a = m^2 − 1 and b = n(l, m)^2 − 1. More generally, if one defines c(l, m) by

4c(l, m) − 1 = ( √ m + √ m − 1 )^l − ( √ m − √ m − 1 )^l 2 √ m − 1 , then, for l ≡ 3 (mod 4), one has c(l, m) integer and (1, 1, 1) and ( ( √ m + √ m − 1 )^l + ( √ m − √ m − 1 )^l 2 √ m , 4c(l, m) − 3, 4c(l, m) − 1 )

are two positive solutions to mx^2 − (m − 1)z^2 = c(l, m)y^2 − (c(l, m) − 1)z^2 = 1.

Since there are known no examples of simultaneous Pell equations with three solutions, it is widely believed that the tight bound for the number of solutions to (1) with δ_1 = δ_2 = 1 is two. The most precise statement formalizing this generally accepted opinion appears in [33].

Conjecture. There is at most one positive solution to the simultaneous Pell equations ax^2 − by^2 = 1, cy^2 − dz^2 = 1, (4)

with the exception of

(a, b, c, d) = ( 1, m^2 − 1, 1, n(l, m)^2 − 1 ) or (a, b, c, d) = ( m/a^2_0, (m − 1)/b^2_0, c(l, m)/c^2_0, (c(l, m) − 1)/d^2_0 ) , where a_0, b_0, c_0, d_0 are positive integers, when there exist two positive solutions.

Yuan succeeded to confirm this conjecture for systems of the form (3) with max{ a, b } > 14 · 10^{56}. His result has been improved by M.A. Bennett, M.

Cipu, M. Mignotte and R. Okazaki [8] by proving that the above Conjecture is unconditionally true when a = c = 1 and b ≠ d. (For a detailed proof, the reader may consult [12].) Similar results have been obtained for other particular cases of system (1). Quite recently, Cipu and Mignotte [13] have proved that the equations (4), where a, b, c and d are positive integers with c ≠ d, a > 1, b > 1, have at most two positive solutions. In [13] it is also shown that the system of Diophantine equations

x^2 − ay^2 = 1, y^2 − bz^2 = 1 (5)

has at most two common solutions with x, y, z > 0.

The proofs of these results combine upper bounds for the putative solutions (obtained à la Baker) with suitable gap principles (assuring that consecutive solutions are rather far apart from each other).

For specific values of the coefficients, systems of the form (1) have been completely solved by A. Baker and H. Davenport [4], E. Brown [11], C.M. Grinstead [15], R.G.E. Pinch [22], among others. For further references, the reader is referred to [27].

The problem of estimating the number of solutions to the system of Diophantine equations (5) has been attacked by Yuan [32] using a different approach, based on properties of Lucas sequences. A key rôle play primitive prime divisors of Lucas numbers. A result of Ljunggren [16], according to which the Diophantine equation Ax^2 − By^4 = 1 has at most one positive solution if A, B > 0, allows Yuan to conclude that the system of equations (5) has at most one solution in positive integers for a = 4m(m + 1).

The aim of this paper is to study systems of the type (5) not covered by Yuan’s result.

Teorema 1.1. If n and b are positive integers, then the simultaneous Pell equations x^2 − (4m^2 − 1)y^2 = y^2 − bz^2 = 1 have at most one solution (x, y, z) in positive integers.

In the proof of this result linear forms in logarithms have no visible presence. In fact they are deep inside the proof of classification of Lehmer numbers with no primitive divisors. The structure of the paper is as follows. In Section 2 we study Lehmer sequences naturally attached to positive solutions of (5). Then we combine the ingredients to obtain a proof for Theorem 1.1.

2 From a solution to Lucas sequences

We aim to find common solutions for the pair of Pell equations

x^2 − (4m^2 − 1)y^2 = 1, (6) y^2 − bz^2 = 1, (7) where m, b are positive integers and b is not a perfect square. Taken separately, each of these equations has solutions expressible in terms of their respective fundamental solutions α and β and conjugates thereof α and β. Notice that we have α := 2m + √ 4m^2 − 1, α := 2m − √ 4m^2 − 1. (8) Consider the Lucas sequences

U_k := α^k − α^k α − α

, V_k := α^k + α^k 2 , U^′_k := β^k − β^k β − β

, V^′_k := β^k + β^k 2 . (9)

Then any solution (x, y, z) of the system (6)–(7) has the form

x = V_k , y = U_k = V^′_l , z = U^′_l , for some positive integers k and l.

It will be necessary to partially decompose in factors the terms of the Lucas sequence (U_k)_k , so we also introduce a Lehmer sequence. Notice that α = ρ^2 and α = ρ^2, where

ρ := √ 4m + 2 + √ 4m − 2 2 , ρ := √ 4m + 2 − √ 4m − 2 2 . (10)

Denote x_k = ρ^k + ρ^k ρ + ρ

, y_k = ρ^k − ρ^k ρ − ρ

, for k odd, (11)

x_k = ρ^k + ρ^k 2 , y_k = ρ^k − ρ^k ρ^2 − ρ^2

, for k even. (12)

It is easy to see that we have x_0 = 1, x_1 = 1, x_2 = 2m, x_3 = 4m − 1, y_0 = 0, y_1 = 1, y_2 = 1, y_3 = 4m + 1, and the other terms are obtained from the linear recurrence relations

x_{k+2} = 4mx_k − x_{k−2}, y_{k+2} = 4my_k − y_{k−2}, for k ≥ 2. (13)

A simple computation yields

(2m + 1)x^2_k − (2m − 1)y^2_k = 2, for any odd k, (14)

x^2_k − (4m^2 − 1)y^2_k = 1, for any even k. (15) Moreover, U_k = { x_k y_k, for k odd, 2x_ky_k, for k even. (16)

The properties of Lucas sequences are rather well known. For ease of reference, in the next lemma are recalled divisibility properties we shall use subsequently. The proofs may be found in several places, for instance, in [23] and [19].

Lemma 2.1. a) If d = gcd(k, n), then gcd(U_k, U_n) = U_d.

b) If d = gcd(k, n), then gcd(V_k , V_n) = V_d, if k/d and n/d are odd, and 1 otherwise.

c) If d = gcd(k, n), then gcd(U_k, V_n) = V_d, if k/d is even, and 1 otherwise. d) If U_k ≠ 1, then U_k | U_n if and only if k | n. e) If k ≥ 1, then V_k | V_n if and only if n/k is an odd integer. f) If q ≥ 1 and 0 ≤ k ≤ n, then

U_{2qn+k} − U_k = 2V_{qn+k} U_{qn}, U_{2qn−k} + U_k = 2V_{qn−k}U_{qn},

V_{2qn±k} − V_k = 2(m^2 − 1)U_{qn±k}U_{qn}, V_{2qn±k} + V_k = 2V_{qn±k}V_{qn}.

In the proof of our main result, an essential rôle play primitive divisors of U_k. Y. Bilu, G. Hanrot and P. Voutier [10] succeeded to completely solve the problem of existence of primitive divisors for Lucas and Lehmer numbers. As a consequence of their results, we have the information given in the upcoming lemma. The first assertion follows by looking up Table 1 and Table 3 of [10]. The second part holds for any Lucas or Lehmer sequence.

Lemma 2.2. Any term U_k of index k > 1 has a primitive divisor. If p is a primitive divisor of some U_k, then p divides another term U_n if and only if k divides n.

We also need specific information for the Lehmer sequences introduced above.

Lemma 2.3. a) If k is odd, the four integers x_k , y_k, x_{k+2}, y_{k+2} are pairwise coprime.

b) If k is even, then gcd(x_k, x_{k+2}) = gcd(y_k, y_{k+2}) = 1,

gcd(x_{k+2}, y_k) = { 2m for k ≡ 0 (mod 4), 1 for k ≡ 2 (mod 4),

gcd(x_k , y_{k+2}) = { 1 for k ≡ 0 (mod 4), 2m for k ≡ 2 (mod 4).

Proof. a) By induction, it follows from (13) that gcd(x_k, x_{k+2}) and gcd(y_k, y_{k+2}) divide gcd(x_1, x_3) and gcd(y_1, y_3), respectively. Using equation (16), one sees that gcd(x_k, y_{k+2}) divides gcd(U_k, U_{k+2}), which is U_1 = 1 by Lemma 2.1a).

Similarly one gets gcd(x_{k+2}, y_k) = 1.

It remains to compute d := gcd(x_{2t+1}, y_{2t+1}). Notice that x_{2t+1}y_{2t+1} is odd for any t. Therefore d divides the greatest common divisor of (x_{2t+1} + y_{2t+1})/2 = U_{t+1} and (y_{2t+1} − x_{2t+1})/2 = U_t. Again by Lemma 2.1a), we conclude that d | U_1 = 1.

b) Put k = 2t. Then we have

gcd(x_{2t}, x_{2t+2}) = gcd(V_t, V_{t+1}) = 1 by Lemma 2.1b),

gcd(y_{2t}, y_{2t+2}) = gcd(U_t, U_{t+1}) = 1 by Lemma 2.1a).

Similarly, gcd(x_{2t}, y_{2t+2}) = gcd(V_t, U_{t+1}), which is V_1 = 2m if t + 1 is even, and 1 otherwise (see Lemma 2.1c)). Finally, gcd(x_{2t+2}, y_{2t}) = gcd(V_{t+1}, U_t) is either V_1 = 2m or 1, according to whether t is even or odd.

Lemma 2.4. For any even integer k, V_k is odd. For any odd k, V_k is divisible by 2m and V_k/(2m) is odd.

Proof. From the linear recurrence relation V_{k+2} = 4mV_{k+1} − V_k, it readily follows that the terms of even, respectively odd, index are generated by

V_{k+4} = (16m^2 − 2)V_{k+2} − V_k

from the initial terms V_0 = 1, V_2 = 8m^2 − 1, respectively V_1 = 2m, V_3 = 2m(16m^2 − 3). Hence, V_k is even if and only if k = 2t − 1. Moreover, the integers z_t := V_{2t−1}/(2m) satisfy a second-order linear recurrence relation

z_{t+2} = (16m^2 − 2)z_{t+1} − z_t, t ≥ 1, z_1 = 1, z_2 = 16m^2 − 3.

We end this section by quoting an old result of Ljunggren [16].

Lemma 2.5. The equation Ax^4 −By^4 = C, with A, B > 0 and C ∈ { ±1, ±2}, has at most one solution in positive integers.

3 Proof of Theorem

Assume that the equations (5) have at least one common solution in positive integers. Each such solution has the form

x = V_k, y = U_k = V^′_l , z = U^′_l (17)

for suitable natural numbers k and l. Let k_0 be the smallest positive integer k for which relations (17) hold. Then

y_0 = U_{k0} = V^′_{l0} , z_0 = U^′_{l0} (18) for the corresponding l_0. Notice that k_0 > 1, otherwise y_0 = 1, and therefore z_0 = 0.

We shall show that, for any solution (x, y, z) for the system (5) given by (17), one has k = k_0. Note that y_0 divides y (cf. [32, Lemma 2.4]), so that k_0 divides k and l_0 divides l. Moreover, k/k_0 and l/l_0 are odd. This and Lemma 2.1 imply z_0 | z. Hence the leftmost side in the sequence of equalities

z^2 z^2_0 = U^2_k − 1 U^2_{k0} − 1 = U_{k+1}U_{k−1} U_{k0 +1}U_{k0−1} = x_{k+1}x_{k−1}y_{k+1}y_{k−1} x_{k0 +1}x_{k0 −1}y_{k0+1}y_{k0 −1}

(19)

is an integer.

If k_0 > 2, then U_{k0+1} and U_{k0−1} have primitive divisors p and q respectively. The last assertion of Lemma 2.2 implies

k_0 + 1 divides k + 1 or k − 1 and k_0 − 1 divides k + 1 or k − 1. (20)

Note that (20) holds even for k_0 = 2 because U_3 has a primitive divisor by Lemma 2.2 and k_0 − 1 = 1.

We shall discuss separately two cases.

The case k_0 even. Then gcd(U_{k0 +1}, U_{k0−1}) = gcd(U_{k+1}, U_{k−1}) = 1. Therefore, if k_0 + 1 divides k + 1 and k_0 − 1 divides k − 1, then U_{k+1}/U_{k0+1} and U_{k−1}/U_{k0−1} are coprime integers, whose product is a square. Hence, each of

x_{k+1}y_{k+1} x_{k0 +1}y_{k0+1} and x_{k−1}y_{k−1} x_{k0 −1}y_{k0−1}

is the square of an integer. But gcd(x_t, y_t) = 1 for odd t, see Lemma 2.3a), so that x_{k+1} = A^2x_{k0 +1} and y_{k+1} = B^2y_{k0 +1} for certain positive integers A, B. By relation (14) we have (2m + 1)x^2_{k0 +1}A^4 − (2m − 1)y^2_{k0+1}B^4 = 2 and (2m + 1)x^2_{k0 +1} − (2m − 1)y^2_{k0+1} = 2. These relations show that both couples (1, 1), (A, B) verify equation (2m+1)x^2_{k0+1}X^4 −(2m−1)y^2_{k0+1}Y^4 = 2. Lemma 2.5 yields A = B = 1. Since the sequence (x_t) is strictly increasing, one concludes k = k_0.

If k_0 + 1 divides k − 1 and k_0 − 1 divides k + 1 then U_{k−1}/U_{k0+1} and U_{k+1}/U_{k0−1} are coprime integers, whence both

x_{k+1}y_{k+1} x_{k0 −1}y_{k0−1} and x_{k−1}y_{k−1} x_{k0 +1}y_{k0+1}

are squares of integers. Using Lemma 2.3a) we obtain x_{k+1} = A^2x_{k0 −1} and y_{k+1} = B^2y_{k0−1}, for certain positive integers A, B. This implies that (2m + 1)x^2_{k0 −1}A^4 − (2m − 1)y^2_{k0−1}B^4 = 2 and, by Ljunggren’s result, it follows that k = k_0 − 2, in contradiction with k ≥ k_0.

If k^2_0 −1 divides k +1 then from gcd(U_{k0 +1}, U_{k0−1}) = 1 and U_{k0±1} | U_{k+1} it follows U_{k+1} = AU_{k0 +1}U_{k0−1}. Using this in relation (19), one concludes that AU_{k−1} is a perfect square. As gcd(U_{k+1}, U_{k−1}) = 1, one has U_{k−1} coprime with A, so that A = S^2, U_{k−1} = T^2 for some positive integers S, T . Applying Lemma 2.3a) one gets x_{k−1} = C^2, y_{k−1} = D^2. Therefore, (2m + 1)C^4 − (2m − 1)D^4 = 2. From (2m + 1) − (2m − 1) = 2 and the result of Ljunggren cited above, it follows x_{k−1} = 1. The only even value of k for which this happens is k = 2, when also k_0 = 2.

A similar conclusion is reached when k^2_0 − 1 divides k − 1. The case k_0 odd. The proof goes through four subcases, with slight differences due to fact that U_{k0+1} and U_{k0 −1} are no more coprime.

For the beginning, we consider what happens when k_0 + 1 divides k + 1 and k_0 − 1 divides k − 1. Then x_{k0 +1}y_{k0 +1} | U_{k+1} and U_{k0−1} | U_{k−1}. If k_0 ≡ 1 (mod 4), then k ≡ 1 (mod 4) as well, and from (12) and Lemma 2.3a), resp. e), it follows that y_{k0+1} divides y_{k+1}, resp. x_{k0 +1} divides x_{k+1}. Since gcd(U_{k+1}/U_2, U_{k−1}/U_2) = 1, one necessarily has x_{k+1} = A^2x_{k0 +1} and y_{k+1} = B^2y_{k0+1} for some positive integers A, B. Then relation (15) yields x^2_{k0 +1} − (4m^2 −1)y^2_{k0+1} = 1 and x^2_{k0 +1}A^4 −(4m^2 −1)y^2_{k0+1}B^4 = 1. By Lemma 2.5, this is only possible for A = B = 1, that is x_{k+1} = x_{k0 +1}. Therefore k equals k_0, if k_0 is congruent to 1 modulo 4 and (k_0 + 1) | (k + 1), (k_0 − 1) | (k − 1). When k_0 ≡ 3 (mod 4), a similar reasoning invoking k_0 − 1 leads to the conclusion k = k_0.

Next look at the subcase (k_0 + 1) | (k − 1), (k_0 − 1) | (k + 1). If k_0 ≡ 1 (mod 4), then k ≡ 3 (mod 4), so that x_{k−1} is multiple of x_{k0 +1}. From x_{k0 −1} coprime with y_{k−1}x_{k+1}y_{k+1} and gcd(y_{k−1}/y_{k0+1}, U_{k+1}/U_{k0−1}) = 1, one gets x_{k−1} = A^2x_{k0 +1} and y_{k−1} = B^2y_{k0 +1} for some positive integers A, B. By equation (15), x^2_{k0 +1}−(4m^2−1)y^2_{k0+1} = 1 and x^2_{k0 +1}A^4−(4m^2−1)y^2_{k0+1}B^4 = 1. This and Lemma 2.5 imply x_{k−1} = x_{k0 +1}. Hence, k − 1 = k_0 + 1. As (k_0 − 1) divides (k+1), one obtains k_0 = 5 and k = 7. Then, according to relation (19), U_8/U_4 = 2V_4 is a square, which is impossible because V_4 is odd by Lemma 2.4. When k_0 ≡ 3 (mod 4), we obtain similarly k_0 = k + 2, which contradicts k ≥ k_0.

Now we assume (k_0 + 1) | (k + 1) and (k_0 − 1) | (k + 1). Then, by Lemma 2.1, U_{k0+1} | U_{k+1}, U_{k0−1} | U_{k+1}, and gcd(U_{k0 +1}, U_{k0 −1}) = U_2 = 4m. Therefore k ≡ 3 (mod 4) and gcd(U_{k+1}, U_{k−1}) = U_2, as well. From relation (19), one infers U_{k−1} = 2x_{k−1}y_{k−1} = 4mS^2 for a certain integer S. Since gcd(x_{k−1}, y_{k−1}) = 1 (cf. Lemma 2.1c)) and 2m divides x_{k−1} (see Lemma 2.4), one has x_{k−1} = 2mA^2 and y_{k−1} = B^2 for suitable positive integers A, B. Then relation (15) yields 4m^2A^4 −(4m^2 −1)B^4 = 1. Since 4m^2 −(4m^2 −1) = 1, Lemma 2.5 implies A = B = 1, whence x_{k−1} = 2m, y_{k−1} = 1, and therefore k = 3. This in turn implies k_0 = 3, as desired.

64 M. Cipu

Finally, suppose that k − 1 is divisible by both k_0 + 1 and k_0 − 1. Then k ≡ 1 (mod 4), U_{k−1} is multiple of U_{k0+1} and U_{k0 −1}. From Lemma 2.1, gcd(U_{k0 +1}, U_{k0 −1}) = gcd(U_{k+1}, U_{k−1}) = U_2 = 4m. This and relation (19) imply U_{k+1} = 2x_{k+1}y_{k+1} = 4mS^2 for a certain integer S. Since x_{k+1} and y_{k+1} are coprime by Lemma 2.1 and x_{k+1} is divisible by 2m, one has x_{k+1} = 2mA^2, y_{k+1} = B^2 for certain positive integers A, B. As before, one concludes A = 1, whence k − 1 = 2, which is not divisible by 4.

References

[1] W.S. Anglin, Simultaneous Pell equations, Math. Comput., 65(1996), 355–359.

[2] W.S. Anglin, The Queen of Mathematics: An Introduction to Number Theory, Kluwer, Dordrecht, 1995.

[3] A. Baker, Linear forms in the logarithms of algebraic numbers, IV, Mathematika, 15(1968), 204–216.

[4] A. Baker, H. Davenport, The equations 3x^2 − 2 = y^2 and 8x^2 − 7 = z^2, Quart. J.

Math. Oxford Ser. (2), 20(1969), 129–137.

[5] C. Batut, K. Belabas, D. Bernardi, H. Cohen, M. Olivier, User’s guide to PARI-GP, version 2.1.1 (http://www.parigp-home.de/)

[6] C.D. Bennett, J. Blass, A.M.W. Glass, D.B. Meronk, R.P. Steiner, Linear forms in the logarithms of three positive rational numbers, J. Théor. Nombres Bordeaux, 9(1997), 97–136.

[7] M.A. Bennett, On the number of solutions of simultaneous Pell equations, J. reine angew. Math., 498(1998), 173–200.

[8] M.A. Bennett, M. Cipu, M. Mignotte, R. Okazaki, On the number of solutions of simultaneous Pell equations, II, Acta Arithm., 122 (2006), 407-417.

[9] M.A. Bennett, P.G. Walsh, Simultaneous quadratic equations with few or no solutions, Indag. Math., 11(2000), 1-12.

[10] Y. Bilu, G. Hanrot, P.M. Voutier, Existence of primitive divisors of Lucas and Lehmer numbers. With an appendix by M. Mignotte., J. reine angew. Math., 539(2001), 75– 122.

[11] E. Brown, Sets in which xy + k is always a square, Math. Comput., 45(1985), No.

172, 613–620.

[12] M. Cipu, M. Mignotte, On the number of solutions of simultaneous Pell equations, Preprint, (http:// www-irma.u-strasbg.fr/irma/publications/2006/06004.pdf.gz)

[13] M. Cipu, M. Mignotte, On the number of solutions to systems of Pell equations, J.

Number Theory, to appear.

(http:// www-irma.u-strasbg.fr/irma/publications/2006/06008.pdf.gz)

[14] A. Dujella, A. Pethő, A generalization of a theorem of Baker and Davenport, Quart.

J. Math. Oxford Ser. (2), 49(1998), 291–306.

[15] C.M. Grinstead, On a method of solving a class of Diophantine equations, Math.

Comput., 32(1978), No. 143, 936–940.

[16] W. Ljunggren, Einige Eigenschaften der Einheiten reeler quadratischer und reinbiquadratuscher Zahl-Körper, mit Anwendung auf die Lösung einer Klasse unbestimmter Gleichungen vierten Grades, Doctoral Thesis, Det Norske Vid.-Akad. Skr. I, 12(1937), 73 pp.; reproduced in Collected papers of Wilhelm Ljunggren (P. Ribenboim, ed.), Quenn’s Papers in Pure Appl. Math., vol. 115, 2003, Kingston, Ontario, 107–179.

[17] D.W. Masser, J.H. Rickert, Simultaneous Pell equations, J. Number Theory, 61(1996), 52–66.

[18] E.M. Matveev, An explicit lower bound for a homogeneous rational linear form in logarithms of algebraic numbers, II (in Russian), Izv. Ross. Akad. Nauk, Ser. Mat., 64(2000), 125–180. English translation in Izv. Math., 64(2000), 1217–1269.

[19] W.L. McDaniel, The g.c.d. in Lucas sequences and Lehmer number sequences, Fibonacci Quart., 29(1991), 24–29.

[20] M. Mignotte, A kit on linear forms in three logarithms, Preprint, June 2004.

[21] K. Ono, Euler’s concordant forms, Acta Arithm., 78(1996), 101–123.

[22] R.G.E. Pinch, Simultaneous Pellian equations, Math. Proc. Cambridge Philos. Soc., 103(1988), 35–46.

[23] P. Ribenboim, The book of prime number records, Springer-Verlag, New-York, 1989.

[24] H.P. Schlickewei, The number of subspaces occurring in the p-adic subspace theorem in Diophantine approximation, J. reine angew. Math., 406(1990), 44–108.

[25] C.L. Siegel, Über einige Anwendungen Diophantischer Approximationen, Abh. Preuss.

Akad. Wiss., 1(1929), 1–70.

[26] A. Thue, Über Annäherungswerte algebraischer Zahlen, J. reine angew. Math., 135(1909), 284–305.

[27] N. Tzanakis, Effective solution of two simultaneous Pell equations by the Elliptic Logarithm Method, Acta Arithm., 103(2002), 119–135.

[28] P.M. Voutier, Primitive divisors of Lucas and Lehmer sequences, Math. Comput., 64(1995), No. 210, 869–888.

[29] P.G. Walsh, On integer solutions to x^2 − dy^2 = 1, z^2 − 2dy^2 = 1, Acta Arithm., 82(1997), 69–76.

[30] P.G. Walsh, On two classes of simultaneous Pell equations with no solutions, Math.

Comput., 68(1999), No. 225, 385–388.

[31] P. Yuan, On the number of solutions of simultaneous Pell equations, Acta Arithm., 101(2002), 215–221.

66 M. Cipu

[32] P. Yuan, On the number of solutions of x^2 − 4m(m + 1)y^2 = y^2 − bz^2 = 1, Proc. A.

M. S., 132(2004), 1561–1566.

[33] P. Yuan, Simultaneous Pell equations, Acta Arithm., 115(2004), 119–131.

The ”Simion Stoilow” Institute of Mathematics of the Romanian Academy, P.O.Box 1-764, Bucharest 014700, Romania E-mail: mihai.cipu@imar.ro