An. Şt. Univ. Ovidius Constanţa Vol. 15(1), 2007, 67–74

ON THE IRREDUCIBLE COMPONENTS OF CHARACTERISTIC VARIETIES

Alexandru Dimca

Abstract This is a quick survey on the characteristic varieties associated to rank one local systems on a smooth, irreducible, quasi-projective complex variety M. A key new result is Proposition 1.8, giving additional information on the constructible sheaf F = R^0f∗(L), where L is a rank one local system on M and f : M → S is a surjective morphism with S a smooth curve and the generic fiber F of f connected. Corollary 1.9 says that for S compact, the singular support of F cannot be a singleton. 1 Let M be a smooth, irreducible, quasi-projective complex variety and let T(M) = Hom(π_1(M), C^∗) be the character variety of M. This is an algebraic group whose identity irreducible component is an algebraic torus (C^∗)^{b1 (M)}. Clearly the group T(M) is connected if and only if the integral homology group H_1(M) is torsion free.

The characteristic varieties of M are the jumping loci for the cohomology of M, with coefficients in rank 1 local systems:

V^i_k(M) = {ρ ∈ T(M) | dim H^i(M, L_ρ) ≥ k}. (1.1)

When i = 1, we use the simpler notation V_k(M) = V^1_k (M).

Foundational results on the structure of the cohomology support loci for local systems on quasi-projective algebraic varieties were obtained by Beauville [2], Green and Lazarsfeld [10], Simpson [13] (for the proper case), and Arapura [1] (for the quasi-projective case and first characteristic varieties V_1(M)).

Key Words: twisted cohomology, rank one local systems, characteristic varities, constructible sheaves 2000 Mathematical Subject Classification: Primary 14F35, 32S60; Secondary 14F25, 32S22

Received: March, 2007 67

Theorem 1.1. The strictly positive dimensional irreducible components of the first characteristic variety V_1(M) are translated subtori in T(M) by elements of finite order. When M is proper, then all the components of V^i_k(M) are translated subtori in T(M) by elements of finite order.

In the non-proper case, we get unitary characters ρ_j ∈ T(M) as isolated points of the first characteristic varieties V_1(M)), see Arapura [1]. Recent results by N. Budur give a precise description in terms of complex tori and convex rational polytopes of some related characteristic varieties, see [3], and imply in particular that these unitary characters ρ_j ’s are actually torsion points in T(M).

In the sequel we concentrate ourselves on the strictly positive dimensional irreducible components of the first characteristic variety V_1(M). They have the following rather explicit description, given by Arapura [1].

Theorem 1.2. Let W be a d-dimensional irreducible component of the first characteristic variety V_1(M), with d > 0. Then there is a regular morphism f : M → S onto a smooth curve S with b_1(S) = d such that the generic fiber F of f is connected, and a torsion character ρ ∈ T(M) such that the composition

π_1(F )^{i♯}−→ π_1(M)^ρ−→ C^∗,

where i : F → M is the inclusion, is trivial and

W = ρ · f^∗(T(S)).

If we fix a regular mapping f : M → S as above, one may ask how many irreducible components W = ρ · f^∗(T(S)) can be obtained by varying the torsion character ρ. The answer, due to Beauville in the case M proper [2], and to the present author in the general case [6], is given by the following.

Theorem 1.3. For a given regular mapping f : M → S as above, the associated irreducible components W = ρ · f^∗(T(S)) of V_1(M) are parametrized by the Pontrjagin dual ^T (f) of the finite abelian group

T (f) = ker{f_∗ : H_1(M) → H_1(S)} im{i_∗ : H_1(F ) → H_1(M)}

if χ(S) < 0 and by the non-trivial elements of this Pontrjagin dual ^T (f) if χ(S) = 0.

Note that b_1(S) > 0 implies χ(S) ≤ 0, hence we have a precise answer in all the possible cases.

Corollary 1.4. Let W = ρ · f^∗(T(S)) be a strictly positive dimensional irreducible component of the first characteristic variety V_1(M) which is translated, i.e. 1 /∈ W . Then the associated subtorus W^′ = f^∗(T(S)) is also an irreducible component of the first characteristic variety V_1(M), unless χ(S) = 0, i.e. we are in one of the following 2 cases:

(i) dim W = 2 and S is a compact smooth curve of genus 1, or (ii) dim W = 1 and S = C^∗.

One may ask what about the strictly positive dimensional irreducible components of the higher characteristic varities V_q (M). The answer is given by the following result, see [6], Cor. 4.7. For a constructible sheaf F on S, Σ(F) denotes the singular support of F, i.e. the minimal finite subset Σ in S such that F is a local system on S \ Σ, see [4] for more details.

Theorem 1.5. If W_{f,ρ} = ρ ⊗ f^∗(T(S)) is a strictly positive dimensional irreducible component of V_1(M), then

dim H^1(M, L_ρ ⊗ f^{−1}L) ≥ −χ(S) + |Σ(R^0f_∗(L_ρ))|

with equality for all but finitely many local systems L ∈ T(S). In particular, W_{f,ρ} is an irreducible component of V_q(M), for any 1 ≤ q ≤ q(f, ρ) := −χ(S)+|Σ(R^0f_∗(L_ρ))|. Conversely, any positive dimensional irreducible component of V_q(M) for q ≥ 1 is of this type.

In other words, this theorem tells us which is the generic dimension of H^1(M, L^′) when L^′ belongs to an irreducible component W = W_{f,ρ} of V_1(M). Note that if 1 ∈ W_{f,ρ} (i.e. the character ρ is trivial), then this generic dimension is precisely −χ(S) > 0.

Some of the main properties of the constructible sheaf F = R^0f_∗(L_ρ) are established in [6]. In particular one has the following two results.

Lemma 1.6. Let L_ρ be a rank one local system on M, F the generic fiber of f : M → S and set F = R^0f_∗(L_ρ). Then either

(i) the restriction L_ρ|F is trivial, F|(S \ Σ(F)) is a rank one local system and F_s = 0 if and only if s ∈ Σ(F), or

(ii) the restriction L_ρ|F is non-trivial and F = 0.

In the sequel we assume that the restriction L_ρ|F is trivial, the other case being trivial. In this case there is an induced character ρ̃ : T (f) → C^∗.

Theorem 1.7. Let f : M → S be a surjective morphism, with connected generic fiber F , and let ρ̃ : T (f) → C^∗ be the character associated to ρ. Then the singular support Σ(F) of the associated constructible sheaf F is empty if and only if the character ρ̃ is trivial.

Here we continue the study of this sheaf F by the following key result.

Proposition 1.8. For a given regular mapping f : M → S as above, and for a non-trivial element ρ̃ in the Pontrjagin dual ^T (f), one has a natural adjunction isomorphism F = Rj_∗j^{−1}F

where j : S \ Σ(F) → S is the inclusion. In particular, the local system j^{−1}F on S \ Σ(F) is non trivial.

Proof. It is known that a point c ∈ S is in Σ(F) if and only if for a small disc D_c centered at c, the restriction of the local system L_ρ to the associated tube T (F_c) = f^{−1}(D_c) about the fiber F_c is non-trivial. Let T (F_c)^′ = T (F_c) \ F_c and note that the inclusion i : T (F_c)^′ → T (F_c) induces an epimorphism at the level of fundamental groups.

Hence, if c ∈ Σ(F), then L_ρ|T (F_c)^′ is a non-trivial rank one local system. In particular H^0(T (F_c)^′, L_ρ) = 0.

If we apply the Leray spectral sequence to the locally trivial fibration

F → T (F_c)^′ → D^′_c

where D^′_c = D_c \ {c}, we get

H^0(D^′_c, F) = H^0(T (F_c)^′, L_ρ) = 0.

It follows that F|D^′_c is a non-trivial rank one local system. Hence H^0(D^′_c, F) = H^1(D^′_c, F) = 0, which proves the isomorphism F = Rj_∗j^{−1}F.

Corollary 1.9. With the above notation, if S is a compact curve, then |Σ(F)| ≠ 1. Proof. Assume that S is a compact curve and that Σ(F) = {c}. Then one has the following.

(i) The cycle associated to the boundary of the small disc D_c in the proof above is a trivial element in the integral homology group H_1(S \ Σ(F)). (ii) The local system F|(S \ Σ(F)) corresponds to a (non-trivial) homomorphism H_1(S \ Σ(F)) → C^∗.

It follows that F|D^′_c is a trivial local system, in contradiction with the proof of Proposition 1.8.

Remark 1.10. If we assume that M is proper, Corollary 1.9 follows from Beauville [2]. Indeed, if the multiple fibers of f are m_1F_1,...,m_sF_s, it follows from Remark 1.7 in [2] that

^T (f) = {(k̂_1, ..., k̂_s) ∈ ⊕_{i=1,s}Z/m_iZ | � i=1,s

k_i/m_i ∈ Z}.

This implies that for M proper and s ≤ 1, one has ^T (f) = 1. Note that Example 1.12 shows that one may have |Σ(F)| = 1 when S is non compact. More precisely, in this case there is just one multiple fiber, hence s = 1, but ^T (f) = Z/2Z. Therefore there are subtle differences between the proper and the non-proper cases.

When M is a hypersurface complement in some complex projective space P^n, e.g. M is a hyperplane arrangement complement, then the following additional features hold, [4].

Theorem 1.11. Let M be a hypersurface complement in a complex projective space P^n, and let W be a d-dimensional irreducible component of the first characteristic variety V_1(M), with d > 0. Then the associated curve S as in Theorem 1.2 is obtained from C by deleting d points. If 1 ∈ W , then the generic dimension of H^1(M, L^′) when L^′ ∈ W is d − 1.

It follows that the regular mapping f : M → S associated to such a component W is a pencil of hypersurfaces in P^n, a point of view which has led to new results on the irreducible components of the first characteristic variety V_1(M), for which we refer to [11], [12].

In general, it is quite difficult to compute the irreducible components of the characteristic varieties, especially those not passing through the origin. Here is a beautiful and instructive example.

Example 1.12. This is a key example discovered by A. Suciu, see Example 4.1 in [14] and Example 10.6 in [15]. Consider the line arrangement in P^2 given by the equation

xyz(x − y)(x − z)(y − z)(x − y − z)(x − y + z) = 0.

We number the lines of the associated affine arrangement in C^2 (obtained by setting z = 1) as follows: L_1 : x = 0, L_2 : x − 1 = 0, L_3 : y = 0, L_4 : y − 1 = 0, L_5 : x − y − 1 = 0, L_6 : x − y = 0 and L_7 : x − y + 1 = 0, see the pictures in Example 4.1 in [14] and Example 10.6 in [15]. We consider also the line at infinity L_8 : z = 0. As stated in Example 4.1 in [14], there are

(i) Seven local components: six of dimension 2, corresponding to the triple points, and one of dimension 3, for the quadruple point.

(ii) Five components of dimension 2, passing through 1, coming from the following neighborly partitions (of braid subarrangements): (15|26|38), (28|36|45), (14|23|68), (16|27|48) and (18|37|46). For instance, the pencil corresponding to the first partition is given by P = L_1L_5 = x(x − y − z) and Q = L_2L_6 = (x − z)(x − y). Note that L_3L_8 = yz = Q − P , is a decomposable fiber in this pencil.

(iii) Finally, there is a 1-dimensional component W in V_1(M) with

ρ_W = (1, −1, −1, 1, 1, −1, 1, −1) ∈ T(M) ⊂ (C^∗)^8

and f_W : M → C^∗ given by

f_W (x : y : z) = x(y − z)(x − y − z)^2 (x − z)y(x − y + z)^2

or, in affine coordinates

f_W (x, y) = x(y − 1)(x − y − 1)^2 (x − 1)y(x − y + 1)^2 . Then W ⊂ V_1(M) and W ∩ V_2(M) consists of two characters, ρ_W above and ρ^′_W = (−1, 1, 1, −1, 1, −1, 1, −1).

Note that this component W is a translated component corresponding to case (ii) in Corollary 1.4.

More precisely, it can be shown that T (f_W ) = Z/2Z and that the two characters ρ_W and ρ^′_W induce both the only non-trivial element in the Pontrjagin dual ^T (f_W ). Indeed, corresponding mapping f_W : M → C^∗ has just one bifurcation point, namely c = {1}. The corresponding fiber F_c is just 2(L ∩ M) where L : x + y − 1 = 0 is exactly the line from the B_3-arrangement that was deleted in order to get Suciu’s arrangement.

There are number of interesting applications of the characteristic varieties V_q(M) to the study of the fundamental groups of smooth algebraic varieties, see [7], [8], [9].

References

[1] D. Arapura, Geometry of cohomology support loci for local systems, I, J. Algebraic Geom. 6(1997), 563–597.

[2] A. Beauville, Annulation du H^1 pour les fibrés en droites plats, in: Complex algebraic varieties (Bayreuth, 1990), 1–15, Lecture Notes in Math., vol. 1507, Springer, Berlin, 1992.

[3] N. Budur, Unitary local systems, multiplier ideals, and polynomial periodicity of Hodge numbers, math.AG/0610382.

[4] A. Dimca, Sheaves in Topology, Universitext, Springer-Verlag, 2004.

[5] A. Dimca, Pencils of plane curves and characteristic varieties, math.AG/0606442.

[6] A. Dimca, Characteristic varieties and constructible sheaves, math.AG/0702871.

[7] A. Dimca, S. Papadima, A. Suciu, Formality, Alexander invariants, and a question of Serre, math.AT/0512480.

[8] A. Dimca, S. Papadima, A. Suciu, Quasi-Kähler Bestvina–Brady groups, to appear in J. Alg. Geometry; math.AG/0603446.

[9] A. Dimca, S. Papadima and A. Suciu, Finiteness properties of fundamental groups of smooth projective varieties, math.AG/0609456.

[10] M. Green, R. Lazarsfeld, Higher obstructions to deforming cohomology groups of line bundles, J. Amer. Math. Soc. 4(1991), no. 1, 87–103.

[11] M. Falk, S. Yuzvinsky, Multinets, resonance varieties, and pencils of plane curves, math.AG/0603166.

[12] J.V. Pereira, S. Yuzvinsky, On the dimension of resonance and characteristic varieties, math.AG/0701312.

[13] C. Simpson, Subspaces of moduli spaces of rank one local systems, Ann. Sci. École Norm. Sup. 26(1993), no. 3, 361–401.

[14] A. Suciu, Translated tori in the characteristic varieties of complex hyperplane arrangements. Arrangements in Boston: a Conference on Hyperplane Arrangements (1999), Topology Appl. 118 (2002), no. 1-2, 209–223.

[15] A. Suciu, Fundamental groups of line arrangements: enumerative aspects, Advances in algebraic geometry motivated by physics (Lowell, MA, 2000), 43–79, Contemp. Math., 276, Amer. Math. Soc., Providence, RI, 2001.

Laboratoire J.A. Dieudonné, UMR du CNRS 6621, Université de Nice-Sophia Antipolis, Parc Valrose, 06108 Nice Cedex 02, FRANCE E-mail:dimca@math.unice.fr

74 A. Dimca