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A Metric Induced by the Geometric
Interpretation of Rolle’s Theorem

Wladimir G. Boskoff, Bogdan D. Suceava

Abstract

In this note we discuss a geometric viewpoint on Rolle’s Theorem
and we show that a particular setting of the form of Rolle’s Theorem
yields a metric that is the hyperbolic metric on the disk. Our result is
related to recent developments in the study of Barbilian’s metrization
procedure.

1 Introduction

Barbilian’s metrization procedure was first introduced in 1934 [2], in a work
cited many times in the last decade. This metrization procedure allows us
to construct a distance which naturally leads to the construction of a metric.
That metric is closely related to the geometric configuration studied in the
classical Rolle’s Theorem.

Rolle’s Theorem and the Mean Value Theorems have been, over the years,
in the center of attention of many researchers. Some of the results have brought
up interesting geometric interpretations. For example, an interesting view on
the geometric content of the Mean Value Theorem is in Barrett and Jacobson’s
work [7]. Other works have explored the Mean Value Theorem in the complex
plane (see, e.g., [12, 13]). A multidimensional version of Rolle’s theorem has
been proven by Furi and Martelli in [14]. The topic has beed studied by other
authors (see, for example, [1, 8, 19, 20, 21, 22]).
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We found that there is a natural connection between Barbilian’s metriza-
tion procedure and Rolle’s Theorem. In the remaining part of the introduction
we present several facts related to Barbilian’s metrization procedure. Barbil-
ian’s metrization procedure was originally introduced in 1934 [2] with the aim
of generalizing a construction inspired from the study of Klein-Beltrami model
of hyperbolic geometry. Later contributions include P. J. Kelly’s work [15] and
major developments are due to D. Barbilian himself [3, 4, 5, 6]. Recently, in
[11] it has been shown that Barbilian’s metrization procedure in the plane gen-
erates Riemannian or Lagrange generalized metrics irreducible to Finslerian
or Langrangian metrics.

The following construction describes Barbilian’s metrization procedure in
its most general setting. It originates in [3] and it develops the idea from [2].
For new developments on this problem, see [9, 11], and for the history of the
theory see [10]. For important developments of the theory see, for example,
[17, 18].

Consider two arbitrary sets K and J. The function f : K xJ — R is called

an influence of the set K over J if for any A, B € J the ratio gap(P) = ;E?g;

has a maximum Msp € R when P € K. Note that gap : K — R*. In [3] it
is pointed out that if we assume the existence of max gap(P), when P € K,
then there also exists map = minpex gap(P) = —+—. It is known since [3]

Mpa®
that d: J x J — Ry given by

maxpex gap(P)

d(A,B) =1In —
(4, B) minpex gap(P)

(1)

is a semidistance, i.e.: (a) if A = B then d(A,B) = 0; (b) d is symmetric;
(c) d satisfies triangle inequality. In [3] it is specified in what conditions this
semidistance is a distance.

On the other hand, we would like to remind here a particular form of the
result from [5], part 2, paragraph 7. This result represents also a version of
the argument used by P. A. Hésto in [16], in the proof of his Lemma 3.5.

Lemma 1 Let K and J be two subsets of the Euclidean plane R?, and K = 0.J.
Constider the influence f(M,A) = ||MA||, where by ||[MA|| we denote the
Euclidean distance. Consider

_J(MA) _ [[MA]l

9a5(M) = 37 By = 10|

and constder the distance induced on J by the Barbilian’s metrization proce-
dure, dB (A, B). Suppose furthermore that for M € K the extremamax gag(M)
and min gag(M) for any A and B in J are attained each in an unique point
in K. Then:
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(a) For any A € J and any line d passing through A there exist exactly two
circles tangent to K and to d in A.
(b) The metric induced by the Barbilian distance has the form

2 1 1 1 2 2 2
ds* = Z E + ; (dl’l + di[:Q), (2)

where R and r are the radii of the circles described in (a).

We do not use this Lemma in the contruction presented in our paper.
However, this Lemma suggests the geometric idea that arise the natural con-
struction we consider below in (3).

In fact, Barbilian’s metrization procedure has been discovered by studying
an extremum problem in the Beltrami-Klein model of hyperbolic geometry [2].
It is natural to connect its study to the study of mean value theorems.

2 A Metric Induced by Mean Value Theorem Yields the
Hyperbolic Metric on the Disk

In this section we show how we can naturally construct a metric by pursuing
an idea similar to a result obtained in [5].

Consider the simple closed planar curve K of class C'! with the property
that its interior is convex. Let A € Int K, and A a given line passing through
A. This line intersects K in exactly two points A; and As. On curve K, there
are two arcs joining A; and A,. On each of these arcs we can apply the Mean
Value Theorem. It follows that there exist precisely two points T and T5 such
that the two tangents to the curve t; (in 71) and 3 (in T%), are parallel to the
line A1 AQ.

Figure 1.
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Apply an inversion p4 j of pole A and arbitrary power k. The curve K is
mapped into the curve K’, which is also simple and closed. The tangents t;
and ty are mapped by pa i into the circles t} and ¢}, which pass through A,
are tangent in A, and their common tangent is the line A, which is invariated
by pak. (See Figure 2.) Denote by R; and Ry the radii of the two circles
ti=1,2

Figure 2.

Obviously, when the line A rotates about A, the radii of the two circles
modify.

Among the many metrics whose coefficients depends on Ry and R, let us
define in the interior of the curve K’ the metric

g t(L 1 2 a? 4 da?
s _Z<R_1 R—2) (dxy + da3), (3)
where R; and Ry are the radii of the circles ¢} and t5, respectively. This metric
is inspired by the configuration obtained by applying the inversion p4,x to the
figure suggested by the Mean Value Theorem. Also, the arc element of the
metric (3) is inspired by a similar construction studied by Barbilian in [5]. The
natural question is to study what kind of metric we obtain by this construction
in the present setting.

We should point out here the geometric meaning of this construction. The
metric (3) depends on the circles ] and tf, respectively. These circles are
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tracing the contour of the closed curve K’ when the line A rotates about A.
That’s why we can say that the contour induces on its interior the metric (3).
This construction is in the spirit of Barbilian’s construction from [5].

In the remaining part of the paper, we will discuss the case when the initial
curve K is a circle centered in the origin and of radius R. We will show that,
in the case of the disk centered in the origin and of arbitrary radius R, the
metric (3) is the hyperbolic metric.

Theorem 1 Consider the circle K centered in the origin and of radius R.
Then the metric given by (3) has the form

4R?

2 = .
R

dz? + dy?).

Furthermore, the metric obtained by this procedure has the Gaussian curvature
-1.

Proof. Let A of coordinates (zg,yo) in the interior of K. The two parallel
tangents t; and ty correspond to the antipodal points 77 € K, and 15 € K.
Apply an inversion py i of pole A and ratio equal to the power of the point A
with respect to the circle K, i.e. k = |OAJ|? — R%. (See Figures 3 and 4. By
inversion, Figure 3 transforms into Figure 4.)

T2 t2 T2

Ty
01
A A
\ \
0 o) |
K t'2
t K=K'
T | —
T
Figure 3. Figure 4.

First, remark that the circle K is fixed by pa . The images of 77 and T3
through pa are {T1} = K N [T} A, and {T3} = K N [T>A. Remark also that
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pole A separates the points from their images when the negative ratio of the
inversion is used. The circles ¢} and t, are tangent with a common tangent
A, and, as above, are tangent in T} and T to the circle K = K’. As an aside
remark, the arc of circle K given by T] AT} is twice orthogonal to the circle
K, since it comes from the transformation by inversion of the diameter 1775,
which is twice orthogonal to the circle K. Denote by O1(z1,y1) and Oz(x2, y2)
the centers of the two circles and by m the slope of the line A. Line 0104 has
the equation

1
Y—%Yo = —E(ﬂ? —330)-

Therefore, the points O; and Oz have the coordinates (z;,yo — %(ml — x0)),
for i = 1, 2. Furthermore,

2
1
R} = |0;A]* = mmj (i —20)®,  i=1,2.

Without loss of generality, we assume that 1 — zg < 0 and x2 — x¢ > 0, with
the equality case reached when A|Oz. Remark that z1 — zo < 0, if m > 0.
Thus 5
004 = Y2 0y — ),
m
and

A/ 2+1
[024] = (2 — x0).

Therefore, the circle ¢} has center (1,50 — — (21 — 20)) and radius Ry =

—”ﬁ;“ (xo — x1), and circle )} is the circle of center (z2,yo — %(1'2 —x0)) and
radius Ry = %(m —xp).

To obtain the coordinates of the point 77, we recall that it lies at the
intersection between the circle 22 + y2 = R? and the line

1 1

Y= x—l[yo - E(m — x0)],

which passes through the collinear points O, 0, and T7. Solving the system,
we get the coordinates of T} as follows

Ry R(yo — 7 (1 — 0))
Vo + (o — & (@ —20)? (/23 + (g0 — (21 — w0))?

By direct computation, we get

1
|O\T)| = R — \/33% + (yo — E(xl — zp))2.
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Since the segments 0177 and O;A are radii of the circle of center Oy and
radius R; we set up the equalities

1

m2 +1
——(xo—z1)=Ri=R-— \/37% + (yo — E(xl —20))?.

It follows that

_ Rim
To— T1 = T—i—l
Thus )
(R—R1)? =22 + <y0+L> .
m2+1
Since
1 = To — fim )
m2+1
we obtain

(m? + 1)(R— R1)? — (yov/m2 + 1+ Ry)? = (zoV/m2 +1 — Rym)?

which gives
m2+1 R? — 23 — 2

2 'R\/m2+1—x0m+yo'

R =
In a similar way we obtain,

m2+1 R? — 2% —y2

2 'R\/mQ—l—l—l—a:om—yo.

Hence, we proved the metric relation

Ry =

(1 1 : AR?
A\Ri  Ry) (R?—ua5-y5)*
By straightforward computation, we can easily see that the Gaussian cur-
vature of this metric is K, = —1. Therefore this metric generates the hyperbolic
geometry on the disk D(O, R).

References

[1] A. Abain - An ultimate proof of Rolle’s Theorem, Amer. Math.
Monthly, 86 (1979), 484-485.



26

WLADIMIR G. BOSKOFF, BOGDAN D. SUCEAVA

2]

[12]

[13]

[14]

[15]

D. Barbilian - Finordnung von Lobayschewskys Massenbestimmung

in einer gewissen allgemeinen Metrik der Jordansche Bereiche,
Casopsis Mathematiky a Fysiky 64 (1934-35), 182-183.

D. Barbilian - Asupra unui principiv de metrizare, Stud. Cercet.
Mat. 10 (1959), 68-116.

D. Barbilian - Fundamentele metricilor abstracte ale lui Poincaré
si Carathéodory ca aplicatie a unui principiv general de metrizare,
Stud. Cercet. Mat. 10 (1959), 273-306.

D. Barbilian - J-metricile naturale finsleriene, St. Cerc. Mat., 9
(1960), 7-44.

D. Barbilian and N. Radu - J-metricile naturale finsleriene si functia
de reprezentare a lui Riemann, Stud. Cercet. Mat. 12 (1962), 21-36.

L. C. Barrett, R. A. Jacobson - Extended Laws of the Mean, Amer.
Math. Monthly, 67 (1960), 1005-1007.

A. Benhissi - La Théoréme de Rolle sur le corps des séries formelles
généralisées, C. R. Math. Rep. Acad. Sci. Canada, 13 (1991), 109
114.

W. G. Boskoff and B. D. Suceava - Barbilian Metrization Procedure
on R? yields either Riemannian or Lagrange generalized metrics to
appear in the Czechoslovak Math. J.

W. G. Boskoff and B. D. Suceava - Barbilian Spaces: the History of
a Geometric Idea, to appear in Historia Mathematica.

W. G. Boskoff, M. G. Ciuca and B. D. Suceava - Distances Obtained
by Barbilian’s Metrization Procedure, to appear in Houston J. Math.,
http://xxx.lanl.gov, math.DG/0606608.

J. Dieudonné - Sur une généralization du théoréme de Rolle aux
fonctions d’une variable compleze, Ann. of Math. 32 (1930), 79-116.

J. C. Evard, F. Jafari - A Complex Rolle’s Theorem, Amer. Math.
Monthly, 99 (1992), 858-861.

M. Furi and M. Martelli - A multidimensional version of Rolle’s
theorem, Amer. Math. Monthly, 102 (1995), 234-249.

P. J. Kelly - Barbilian Geometry and the Poincaré Model, Amer.
Math. Monthly, 61 (1954), 311-319.



A METRIC INDUCED 27

[16]

[17]

[18]

[19]

[20]

[21]

22]

P. A. Hasto - The Apollonian inner metric, Comm. Anal. Geom. 12
(2004), 927-947.

Z. Ibragimov - On the Apollonian metric of domains in En, Complex
Var. Theory Appl. 48 (2003), no. 10, 837-855.

Z. Ibragimov - Conformality of the Apollonian metric, Comput.
Methods Funct. Theory, 3 (2003), 397-411.

M. Marden - The search for a Rolle’s Theorem in the complex do-
main, Amer. Math. Monthly 92 (1985), 643-650.

I. Rosenholtz - A topological Mean Value Theorem for the plane,
Amer. Math. Monthly 98 (1991), 149-153.

1. J. Schoenberg - A conjectured analogue of Rolle’s Theorem for
Polynomials with real or complex coefficients, Amer. Math. Monthly
93 (1986), 8-13.

A. Tineo - A generalization of Rolle’s Theorem and an application
to a nonlinear equation, J. Austral. Math. Soc. Ser. A, 46 (1989),
395401.

”Ovidius” University of Constanta
Department of Mathematics and Informatics,
900527 Constanta, Bd. Mamaia 124, Romania
e-mail: boskoff@univ-ovidius.ro

California State Unversity Fullerton,
Department of Mathematics,

P.O. Box 6850, Fullerton,

CA 92834-6850, U.S.A.

e-mail: bsuceava@fullerton.edu



28

WLADIMIR G. BOSKOFF, BOGDAN D. SUCEAVA




