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LAGRANGE SPACES WITH INDICATRICES
AS CONSTANT MEAN CURVATURE
SURFACES OR MINIMAL SURFACES

Mircea Crâşmăreanu

Dedicated to Academician Radu Miron on the occasion of 75th birthday

Abstract

Constant mean curvature, particularly minimal, surfaces given by
indicatrices of Lagrange and generalized Lagrange spaces are studied.

Introduction

The search of minimal surfaces in R3 is an old exciting problem([6]) and se-
veral methods appear in the study of these surfaces: Lie groups methods([3]),
theory of integrable systems via the Weierstrass representation([4]).

Also, very interesting generalizations are fruitful: minimal surfaces in Rie-
mannian manifolds([5]), constant mean curvature(CMC) surfaces([4], [9]).

In this paper we search CMC surfaces, particularly minimal surfaces, pro-
vided by indicatrices of Lagrange and generalized Lagrange manifolds of di-
mension three. Because the indicatrices of these spaces are given in implicit
form, in first section the equations of CMC and minimal surfaces in implicit
form are derived. In next two sections several equations of CMC and minimal
indicatrices are obtained in the Lagrange and generalized Lagrange framework
and the last section is devoted to examples.
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1 CMC surfaces equation for surfaces in implicit form

Let in R3 a surface S given in explicit form S : u = u (x, y). The mean
curvature function of S is:

H =
uxx

(
1 + u2

y

)
+ uyy

(
1 + u2

x

)− 2uxuyuxy

2
(
1 + u2

x + u2
y

) 3
2

. (1.1)

The equation H=constant is called CMC surfaces equation and in particular
the equation H = 0 is called minimal surfaces equation.

If S is given in implicit form S : F (x, y, z) = 0 from relation F (x, y, u (x, y)) =
0 it results: {

ux = −Fx

Fz

uy = −Fy

Fz

(1.2)





uxx = Fx(FxzFz−FzzFx)−Fz(FxxFz−FxzFx)
F 3

z

uxy = Fx(FyzFz−FzzFy)−Fz(FxyFz−FxzFy)
F 3

z

uyy = Fy(FyzFz−FzzFy)−Fz(FyyFz−FyzFy)
F 3

z

. (1.3)

After a straightforward computation we get the CMC surfaces equation:

2 (FxyFxFy + FyzFyFz + FzxFzFx)−

− [
Fxx

(
F 2

y + F 2
z

)
+ Fyy

(
F 2

z + F 2
x

)
+ Fzz

(
F 2

x + F 2
y

)]
= 2H

(
F 2

x + F 2
y + F 2

z

) 3
2

(1.4)
and the minimal surfaces equation:

2(FxyFxFy + FyzFyFz + FzxFzFx) = Fxx

(
F 2

y + F 2
z

)
+

Fyy

(
F 2

z + F 2
x

)
+ Fzz

(
F 2

x + F 2
y

)
. (1.5)

2 CMC indicatrices in Lagrange geometry

Let us denote TR3 the tangent bundle of R3 for which we use the coordinates
(x, y) =

(
xi, yi

)
1≤i≤3

with x =
(
xi

)
the coordinates in R3 and y =

(
yi

)
the

coordinates in the fiber TxR3. A function f ∈ C∞
(
TR3

)
which does not

depends of x i.e. f = f (y) is called Minkowskian function. A tensor field
of (r, s)-type on TR3 with law of change, at a change of coordinates on TR3,
exactly as a tensor field of (r, s)-type on R3 is called d-tensor field of (r, s)-type.

After [8] a smooth Lagrangian L : TR3 → R is called regular if the matrix
g = (gij)1≤i,j≤3 , gij = 1

2

.

∂i

.

∂j L, is of rank 3 i.e. det g 6= 0 where
.

∂i= ∂
∂yi .
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The pair
(
R3, L

)
is called then Lagrange space and the d-tensor field g = (gij)

is called the Lagrange metric.
For every x ∈ R3 we have the indicatrix of L, Ix = {y ∈ TxR3;L (x, y) = 1}

which appears as a surface defined by F (y) = L (x, y)−1, x being fixed. Using
the last relations of previous section it results that Ix is CMC surface if:

2 (F12F1F2 + F23F2F3 + F31F3F1)−

− [
F11

(
F 2

2 + F 2
3

)
+ F22

(
F 2

3 + F 2
1

)
+ F33

(
F 2

1 + F 2
2

)]
=

= 2Hx

(
F 2

1 + F 2
2 + F 2

3

) 3
2 (2.1)

and Ix is minimal surface if:

2 (F12F1F2 + F23F2F3 + F31F3F1) =

= F11

(
F 2

2 + F 2
3

)
+ F22

(
F 2

3 + F 2
1

)
+ F33

(
F 2

1 + F 2
2

)
(2.2)

where Fi =
.

∂i L and Fij =
.

∂i

.

∂j L. From Fij = 2gij it follows:

Proposition 2.1 (i) CMC indicatrices are given by:

2 (g12F1F2 + g23F2F3 + g31F3F1)−

− [
g11

(
F 2

2 + F 2
3

)
+ g22

(
F 2

3 + F 2
1

)
+ g33

(
F 2

1 + F 2
2

)]
=

= Hx

(
F 2

1 + F 2
2 + F 2

3

) 3
2 (2.3)

(ii) minimal indicatrices are given by:

2 (g12F1F2 + g23F2F3 + g31F3F1) =

= g11

(
F 2

2 + F 3
3

)
+ g22

(
F 2

3 + F 2
1

)
+ g33

(
F 2

1 + F 2
2

)
. (2.4)

Let us remark that for a Minkowski Lagrangian if there exists a CMC
(minimal) indicatrix then all indicatrices are CMC (minimal) surfaces.

A particular important case is that of a r-homogeneous Lagrangian i.e.
L (x, λy) = λrL (x, y) for every λ ∈ R.

Proposition 2.2 If L is r-homogeneous with r 6= 1 then:
(i) CMC indicatrices are given by:
2 (g12g1ag2b + g23g2ag3b + g31g3ag1b) yayb − {g11

[
(g2aya)2 + (g3aya)2

]
+

+g22

[
(g3aya)2 + (g1aya)2

]
+ g33

[
(g1aya)2 + (g2aya)2

]
} =
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=
2Hx

r − 1

[
(g1aya)2 + (g2aya)2 + (g3aya)2

] 3
2

(2.5)

(ii) minimal indicatrices are given by:
2 (g12g1ag2b + g23g2ag3b + g31g3ag1b) yayb =

= g11

[
(g2aya)2 + (g3aya)2

]
+ g22

[
(g3aya)2 + (g1aya)2

]
+

+g33

[
(g1aya)2 + (g2aya)2

]
. (2.6)

Proof From Euler relation
.

∂i Lyi = rL applying
.

∂j we have
2gijy

i + Fj = rFj which means that:

Fj =
2

r − 1
giaya (2.7)

and substituting this relation in (2.3) and (2.4) we get (2.5) and (2.6). 2

The most important case is r = 2 for:
(i) Riemann spaces when g = (gij (x)) is a Riemannian metric and L is the

kinetic energy of g i.e. L = gijy
iyj

(ii) Finsler spaces when g = (gij (x, y)) is a Finsler metric([8]) and L =
gijy

iyj .

Proposition 2.3 For Finsler, particularly Riemann, spaces:
(i) the CMC indicatrices are given by:
2 (g12g1ag2b + g23g2ag3b + g31g3ag1b) yayb−−{g11

[
(g2aya)2 + (g3aya)2

]
+

+g22

[
(g3aya)2 + (g1aya)2

]
+ g33

[
(g1aya)2 + (g2aya)2

]
} =

= 2Hx

[
(g1aya)2 + (g2aya)2 + (g3aya)2

] 3
2

(2.8)

(ii) the minimal indicatrices are given by (2.6).
Returning to the general case of proposition 2.1 because the matrix g =

(gij) is symmetric let us suppose that this matrix is diagonal: g12 = g32 =
g31 = 0. Let us call diagonal Lagrange space this type of Lagrange spaces.

Proposition 2.4 A) In a diagonal Lagrange space:
(i) the CMC indicatrices are given by:

g11

(
F 2

2 + F 2
3

)
+ g22

(
F 2

3 + F 2
1

)
+ g33

(
F 2

1 + F 2
2

)
= −Hx

(
F 2

1 + F 2
2 + F 2

3

) 3
2

(2.9)
(ii) the minimal indicatrices are given by:

g11

(
F 2

2 + F 2
3

)
+ g22

(
F 2

3 + F 2
1

)
+ g33

(
F 2

1 + F 2
2

)
= 0. (2.10)
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If the diagonal Lagrange metric is positive definite i.e. gii > 0, 1 ≤ i ≤ 3, it
results that there are no minimal indicatrices.
B) In a diagonal r-homogeneous Lagrange space:

(i) the CMC indicatrices are given by:

g11

[(
g22y

2
)2

+
(
g33y

3
)2

]
+ g22

[(
g33y

3
)2

+
(
g1ay1

)2
]
+

+g33

[(
g11y

1
)2

+
(
g22y

2
)2

]
=

2Hx

1− r

[(
g11y

1
)2

+
(
g22y

2
)2

+
(
g33y

3
)2

] 3
2

(2.11)
(ii) the minimal indicatrices are given by:

g11

[(
g22y

2
)2

+
(
g33y

3
)2

]
+ g22

[(
g33y

3
)2

+
(
g11y

1
)2

]
+

+g33

[(
g11y

1
)2

+
(
g22y

2
)2

]
= 0 (2.12)

C) In a diagonal Finsler, particularly Riemann, space:
(i) the CMC indicatrices are given by:

g11

[(
g22y

2
)2

+
(
g33y

3
)2

]
+ g22

[(
g33y

3
)2

+
(
g11y

1
)2

]
+

+g33

[(
g11y

1
)2

+
(
g22y

2
)2

]
= −2Hx

[(
g11y

1
)2

+
(
g22y

2
)2

+
(
g33y

3
)2

] 3
2

(2.13)
(ii) the minimal indicatrices are given by (2.12).

Example 2.5( The Euclidean case) Let gij = δij be the usual Euclidean
metric of R3 which is a diagonal Riemann metric. The relation (2.13) becomes:

2
[(

y1
)2

+
(
y2

)2
+

(
y3

)2
]

= −2Hx

[(
y1

)2
+

(
y2

)2
+

(
y3

)2
] 3

2
.

In this case L =
(
y1

)2 +
(
y2

)2 +
(
y3

)2 and thus the equation of Ix is
(
y1

)2 +(
y2

)2 +
(
y3

)2 = 1 and then for every x ∈ R3:
(i) the only CMC indicatrix is the unit sphere S2 with Hx = −1,
(ii) there are not minimal indicatrices.

3 CMC indicatrices in generalized Lagrange spaces

A d-tensor field of (0, 2)-type on TR3, denoted g = (gij (x, y)), is called gen-
eralized Lagrange metric (GL-metric, on short) if the following properties
hold([8]):
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(i) symmetry, gij = gji

(ii) nondegeneracy: det (gij) 6= 0
(iii) the signature of quadratic form g (ξ) = gijξ

iξj , ξ =
(
ξi

) ∈ R3, is
constant.

The function E (g) = gijy
iyj is called the absolute energy of the given

GL-metric.

Definition 3.1([8]) The GL-metric is called weak regular if E (g) is a reg-
ular Lagrangian.

It follows that for a weak regular GL-metric the d-tensor field of (0, 2)-type:

g∗ij =
1
2

.

∂i

.

∂j E (g) (3.1)

is a Lagrange metric and then we can associate the indicatrix:
Ix = {(x, y) ∈ TR3; E (g) (x, y) = 1}.

Applying proposition 2.1 we get:

Proposition 3.2 For a weak regular GL-metric:
(i) the CMC indicatrices are given by:

2
[
g∗12

.

∂1 E (g)
.

∂2 E (g) + g∗23
.

∂2 E (g)
.

∂3 E (g) + g∗31
.

∂3 E (g)
.

∂1 E (g)
]
−

−{g∗11
[( .

∂2 E (g)
)2

+
( .

∂3 E (g)
)2

]
+g∗22

[( .

∂3 E (g)
)2

+
( .

∂1 E (g)
)2

]
+

+g∗33

[( .

∂1 E (g)
)2

+
( .

∂2 E (g)
)2

]
} =

= Hx

[( .

∂1 E (g)
)2

+
( .

∂2 E (g)
)2

+
( .

∂3 E (g)
)2

] 3
2

(3.2)

(ii) the minimal indicatrices are given by:

2
[
g∗12

.

∂1 E (g)
.

∂2 E (g) + g∗23
.

∂2 E (g)
.

∂3 E (g) + g∗31
.

∂3 E (g)
.

∂1 E (g)
]

=

= g∗11

[( .

∂2 E (g)
)2

+
( .

∂3 E (g)
)2

]
+ g∗22

[( .

∂3 E (g)
)2

+
( .

∂1 E (g)
)2

]
+

+g∗33

[( .

∂1 E (g)
)2

+
( .

∂2 E (g)
)2

]
. (3.3)

A straightforward computation gives:




g∗ij = gij +
( .

∂i

.

∂j gab

)
yayb +

( .

∂i gja+
.

∂j gia

)
ya

.

∂i E (g) =
( .

∂i gab

)
yayb + 2giaya

. (3.4)
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The above formulae become more simple in the following case:

Definition 3.3([8]) A weak regular GL-metric is called regular if:
.

∂i E (g) = 2gijy
j . (3.5)

It results([8]):
g∗ij = gij +

( .

∂j gik

)
yk (3.6)

and then:

Proposition 3.4 For a regular GL-metric:
(i) the CMC indicatrices are given by:

2{
[
g12 +

( .

∂2 g1k

)
yk

]
g1ag2b +

[
g23 +

( .

∂3 g2k

)
yk

]
g2ag3b

+
[
g31 +

( .

∂1 g3k

)
yk

]
g3ag1b}yayb−{

[
g11 +

( .

∂1 g1k

)
yk

] [
(g2aya)2 + (g3aya)2

]
+

+
[
g22 +

( .

∂2 g2k

)
yk

] [
(g3aya)2 + (g1aya)2

]
+

+
[
g33 +

( .

∂3 g3k

)
yk

] [
(g1aya)2 + (g2aya)2

]
} =

2Hx

[
(g1aya)2 + (g2aya)2 + (g3aya)2

] 3
2

(3.7)

(ii) the minimal indicatrices are given by:

2{
[
g12 +

( .

∂2 g1k

)
yk

]
g1ag2b +

[
g23 +

( .

∂3 g2k

)
yk

]
g2ag3b+

[
g31 +

( .

∂1 g3k

)
yk

]
g3ag1b}yayb =

[
g11 +

( .

∂1 g1k

)
yk

] [
(g2aya)2 + (g3aya)2

]
+

+
[
g22 +

( .

∂2 g2k

)
yk

] [
(g3aya)2 + (g1aya)2

]
+

+
[
g33 +

( .

∂3 g3k

)
yk

] [
(g1aya)2 + (g2aya)2

]
. (3.8)

Another approach in the regular case is provided by homogeneity. By
multiplication of (3.5) with yi we have:

.

∂i E (g) yi = 2gijy
iyj = 2E (g) (3.9)

which means that E (g) is 2-homogeneous i.e. E (g) is a Finslerian function.
Then we apply proposition 2.3:

Proposition 3.5 For a regular GL-metric:
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(i) the CMC indicatrices are given by:
2 (g∗12g

∗
1ag∗2b + g∗23g

∗
2ag∗3b + g∗31g

∗
3ag∗1b) yayb−

−{g∗11
[
(g∗2aya)2 + (g∗3aya)2

]
+ g∗22

[
(g∗3aya)2 + (g∗1aya)2

]
+

+g∗33
[
(g∗1aya)2 + (g∗2aya)2

]
} =

= 2Hx

[
(g∗1aya)2 + (g∗2aya)2 + (g∗3aya)2

] 3
2

(3.10)

(ii) the minimal indicatrices are given by:
2 (g∗12g

∗
2ag∗3b + g∗23g

∗
2ag∗3b + g∗31g

∗
3ag∗1b) yayb =

= g∗11
[
(g∗2aya)2 + (g∗3aya)2

]
+ g∗22

[
(g∗3aya)2 + (g∗1aya)2

]
+

+g∗33
[
(g∗1aya)2 + (g∗2aya)2

]
(3.11)

where for g∗ij we use the relation (3.6).

4 Beil metrics as examples

Let g̃ = (g̃ij (x, y)) be a Finsler metric and B = Bi (x, y)
.

∂i a d-vector field
for which we denote Bi = g̃ijB

j and B0 = Biy
i. Let also a, b ∈ C∞

(
TR3

)
. In

[1] and [2] the following GL-metric is studied:

gij = ag̃ij + bBiBj . (4.1)

These GL-metrics, called Beil metrics, are not Lagrange metrics. From:

E (g) = aE (g̃) + b (B0)
2 (4.2)

we get:

.

∂i E (g) =
( .

∂i a
)
E (g̃) + a

( .

∂i E (g̃)
)

+
( .

∂i b
)

(B0)
2 + 2bB0

( .

∂i B0

)
(4.3)

2g∗ij = 2ag̃ij+
.

∂i

.

∂j aE (g̃)+
.

∂i a
.

∂j E (g̃) +
.

∂j a
.

∂i E (g̃)+
.

∂i

.

∂j b (B0)
2 +

2B0

( .

∂i b
.

∂j B0+
.

∂j b
.

∂i B0 + b
.

∂i

.

∂j B0

)
+ 2b

.

∂i B0

.

∂j B0. (4.4)

I) On T0R3 = TR3\{null section} let:

a =
1
2
, b =

1
2‖y‖2F

(4.5)
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where ‖, ‖F is the norm induced by the Finsler metric g̃ i.e. ‖y‖2F = E (g̃) =

g̃ijy
iyj . Let B = yi

.

∂i be the Liouville vector field, it results Bi = g̃ijy
j denoted=

ỹi. The associated Beil metric is:

g =
1

2‖y‖2F




(ỹ1)
2 + g̃11‖y‖2F ỹ1ỹ2 + g̃12‖y‖2F ỹ1ỹ3 + g̃13‖y‖2F

ỹ1ỹ2 + g̃12‖y‖2F (ỹ2)
2 + g̃22‖y‖2F ỹ2ỹ3 + g̃23‖y‖2F

ỹ1ỹ3 + g̃13‖y‖2F ỹ2ỹ3 + g̃23‖y‖2F (ỹ3)
2 + g̃33‖y‖2F


 .

(4.6)
Thus:

E (g) = ‖y‖2F = E (g̃) (4.7)

which is 2-homogeneous and then a Finsler function. It results that the Beil
metric is regular GL-metric with g∗ij = g̃ij and then the CMC(minimal) indi-
catrices of Beil metric are exactly the CMC(minimal) indicatrices of Finsler
metric g̃.

II) (Miron-Tavakol metrics) For a = exp (2σ) , b = 0 with σ ∈ C∞
(
TR3

)
and g̃ = g̃ (x) a Riemannian metric we have the so-called Miron-Tavakol
metrics([7]):

gij (x, y) = e2σ(x,y)g̃ij (x) (4.8)

for which:
.

∂i E (g) = 2
(
giaya +

( .

∂i σ
)

gaby
ayb

)
(4.9)

g∗ij = gij +
( .

∂i

.

∂j σ + 2
.

∂i σ
.

∂j σ
)

gaby
ayb + 2

(
gja

.

∂i σ + gia

.

∂j σ
)

. (4.10)

Particular cases:
II1. ([7, p. 219]) σ = 1

2E (g̃) = 1
2 g̃ijy

iyj

.

∂i E (g) = 2eE(eg) (1 + E (g̃)) g̃iaya (4.11)

g∗ij = gij +
(
g̃ij + 2g̃iag̃jby

ayb
)
guvyuyv + 2 (gjag̃iuyu + giag̃ia) ya. (4.12)

II2. σ = γi (x) yi with γi ∈ C∞
(
R3

)
, 1 ≤ i ≤ 3

.

∂i E (g) = 2 (giaya + γiE (g)) (4.13)

g∗ij = gij + 2γiγjE (g) + 2
(
γigja + γjgia

)
ya. (4.14)
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