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BI-PERIODIC JACOBSTHAL LUCAS MATRIX SEQUENCE

S. UYGUN

ABSTRACT. In this paper, the bi-periodic Jacobsthal Lucas sequence will be
carried to matrix algebra. The terms of the bi-periodic Jacobsthal Lucas matrix
sequence are the bi-periodic Jacobsthal Lucas numbers. By studying the properties
of this matrix sequence, the well-known Simpson’s formula, generating function as
well as the Binet formula are investigated. Some new properties and two summa-
tion formulas for this new generalized matrix sequence are also obtained. 2010
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1. INTRODUCTION

The increasing applications of integer sequences such as Fibonacci, Lucas, Jacob-
sthal, Jacobsthal Lucas, Pell, etc in the various fields of science and arts can not
be overemphasized. For example, the ratio of two consecutive Fibonacci numbers
converges to what is widely known as the Golden ratio whose applications appear
in many research areas, particularly in Engineering, Physics, Architecture, Nature,
and Art.

The same can easily be said for Jacobsthal sequence. For instance, it is known
that microcontrollers and other computers change the flow of execution of a pro-
gram using conditional instructions. Along with branch instructions, some microcon-
trollers use skip instructions which conditionally bypass the next instruction which
boil down to being useful for one case out of the four possibilities on 2 bits, 3 cases
on 3 bits, 5 cases on 4 bits, 11 on 5 bits, 21 on 6 bits, 43 on 7 bits, 85 on 8 bits and
continue in that order, which is exactly the Jacobsthal numbers.

Now, the classical Jacobsthal sequence {j,},-, which was named after the Ger-
man mathematician Ernst Jacobsthal is defined recursively by the relation j, =
In—1 + 2jn—o with initial conditions jg = 0, 731 = 1. The other related sequence is
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the Jacobsthal Lucas sequence {¢é,}. , which satisfies the same recurrence relation,
that is ¢, = ¢é,—1 + 2¢,—2 but with different initial conditions ¢y = 2, é¢; = 1 in [1].
In [2, 3, 4], the authors defined the bi-periodic Fibonacci sequence and investi-
gated its properties of it in detail. In [12], the authors studied on the convolutions of
the bi-periodic Fibonacci numbers. The authors gave a new type of (s, t)-Jacobsthal
sequence and defined a binomial form of this sequence in [15]. Bilgici gave identities
for the bi-periodic Lucas sequence in [5]. The authors denoted some relations about
the bi-periodic Fibonacci sequence by using a special matrix in [7].
Uygun, Owusu in [6] defined a new generalization of Jacobsthal numbers in the
following;:
. ajn—1 + 2jn—2, if n is even
Jn = { bjn—1+ 2jn_2, if n is odd = 1)

b &(n)
= <> Jn—1+ 2jJn—2.
a

with initial conditions jo = 0, j; = 1.The authors investigated some relations about
the bi-periodic Jacobsthal sequence in [8]. Gul studied on the bi-periodic Jacobsthal
and Jacobsthal-Lucas quaternions in [10]. The authors defined the bi-periodic Pell-
Lucas sequence in [11]. In [13], the authors also brought into light the bi-periodic
Jacobsthal Lucas sequence {c,},- as

bcp_1 + 2¢,_9, if n is even

e = { n>2 (2)

acCp_1 + 2¢,_9, if n is odd
(n)
= (%)6 bep—1 + 2¢cp—2.

with initial conditions cg = 2, ¢; = a. From the above definition we obtain the
nonlinear quadratic equation for the bi-periodic Jacobsthal Lucas sequence as

22 —abx —2ab =0
with roots a and 3 defined by

o ab + v a?b? + 8ab 5= ab — vV a2b? + 8ab 3)
B 2 T 2 ‘

In [9] Coskun, Taskara carried the bi-periodic Fibonacci and Lucas sequences into
the matrix theory and defined bi-periodic Fibonacci and bi-periodic Lucas matrix
sequences. Similarly in [14], the bi-periodic Jacobsthal matrix sequence is defined
and investigated some basic properties of it.
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In this paper, we define the matrix representation of the bi-periodic Jacobsthal
Lucas sequence, which we shall call the bi-periodic Jacobsthal Lucas matrix se-
quence. We then proceed to obtain the nth general term of this new matrix sequence.
By studying the algebraic properties of this new matrix sequence, the well-known
Cassini or Simpson’s formula is obtained. The generating function together with
the Binet formula and some summation formulas for this new generalized matrix
sequence are investigated.

2. PRELIMINARIES

The bi-periodic Jacobsthal Lucas sequence {¢, },~ ,satisfies the following properties;

e cop = (ab+4)con—2 — 4dcon_4,
o coni1 = (ab+4)con—1 — 4can—3,
® ¢t +2¢,-1 = (ab+8)jn
® jnt1t+2jn-1=C¢n
a and ( defined by (3) satisfy the following properties;
o (a+2)(F+2) =4,
e o+ [ =ab, af = —2ab,
¢ B+2=2 at2-92
o —(a+2)f=2a, —(f+2)a=25.

Definition 1. The bi-periodic Jacobsthal matriz sequence {Jy, (a,b)}>" is defined
recursively by

[ adp-1(a,b) +2J,-2(a,b), if n is even
Tn (a;0) = { bn_1 (a,b) + 2J,_ (a,b), ifnisodd 2% &

with the initial conditions given as

Jg(a,b):<(1) (1)> Jl(a,b):<ll) 203>.

The Binet formula for the bi-periodic Jacobsthal matrix sequence is given

J, = A(an _Bn) +B <a2L%J+2 - ﬁZL%J+2) ) (5)
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where
A = (Jl — bJO)E(n) (CL{} —2Jp — abJO)l—s(n) o
CORINCE)
B - ba(n)JO
(ab) [5]+1 (a—f)
[14].

3. MAIN RESULTS

For any two non-zero real numbers a and b and any positive integer n, the bi-periodic
Jacobsthal Lucas matrix sequence denoted by {C,, (a,b)},~, is defined recursively
by

bCp—1 (a,b) +2C)_2 (a,b), if n is even
— >
Cn (a,5) { aCh_1 (a,b) + 2Cn_3 (a,b) , ifnisoad =2 (©)

with the initial conditions given as

4 a* +4%¢ 2a
Co(a,b):<2az _a>,Cl(a,b):< 2 ! 4a).
b b

_l’_

After then we shall use ¢, in place of ¢,(a,b) and C,, in place of Cy(a,b).

Theorem 1. For any integer n > 0, the nth bi-periodic Jacobsthal Lucas matrix se-
quence is obtained by using the elements of the bi-periodic Jacobsthal Lucas numbers

" )
a\e(n
Co= | @) Tennt 2 . (7)
%Cn 2(5)"" en

Proof. We obtain the proof employing mathematical induction. We will start by
noting from (2) that co =2, ¢; = a,c_1 = 5, and ¢y = ab+4. Hence the induction
for n = 0 and n = 1 are satisfied. We now assume that the assertion is true for
n = k, where k is a positive integer, that is;

Ci = ( (%)E(k) Cht1 2ck ) .

pee 2()Wan
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We will end the proof by showing that the equation also holds for n = k 4 1; that is

C bC), + 2C,_1, if k+1iseven
k1 aCl + 2C)_1, if k+ 1 is odd
= vl L 12 Oy
arelk
pe(k) g1 (k) (5)6( )Ck—f—l QCkk
sy 2(8) e

+2< (5P 20 >

s 2(3) e

< ack+1 + 2ck 2bcy, + 4cp_q

1
acy +2%ck—1  2ack_1 +4%cp_2 > k+1 even

_ [ ck+2 20k
il 9a k + 1 even
b Ck+1 b Ck

acky1 + 25 ¢k 2acy, + 4cp_q >

%ck +2%cp-1 2ack_1 +4Fcp_2
- ( Cht2  2Ck+1 > k41 odd

a

TCkr1 2%ck

a\&(k+1)
z c 2c
_ ( (%) Lo 2(@)5?];:11) . ) k41 odd

b Ck+1 b

Lemma 2. For any integer m > 0, the following relations are satisfied:

Com = (ab+4)Copm—2 — 4Cop_4,
Comy1 = (ab+4)Cop—1 — 4Cop 3.

Proof. The proof is obtained by the definition of the bi-periodic Jacobsthal Lucas
matrix sequence.

Theorem 3. The relations between the bi-periodic Jacobsthal matrix sequence and
the bi-periodic Jacobsthal Lucas matrix sequence are given as

a

Cut1 +2Cu-y = S(ab+8)J,
b
Jnt1+ 21 = ECTL
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Proof. By taking care of the properties e(n+1)+e(n) =1, ¢pt1+2¢,—1 = (ab+8) 7y,
and jnp4+1 + 2Jp—1 = ¢Cp, it is obtained that

e(n+1)
CTL+1 + 20’1’1—1 = ( (%) Cn+2 20n+1 )

- 9 (%)E(nJrl) c

c
e(n—1)
Cn 2¢,—
+2 ( )Q a s(nfll)
pCn—1 2 (b) Cn—2

— ( (%)8(n+1) (Cnt2 + 2cn) 2(cpy1 +2cp-1) )
a
b

e IR

1
Z(cng1 +2cp-1) 2 (%)E(nJr ) (cn + 2¢n—2)

a)—€(n) . 2@.
<ab+8>< (0) " " 2l )
) JIn—1

a () Yijn
= —(ab+38 a T
b ) ( in 2(2)"™ 4,y >
p\e(n+1) . b -
a JIn+2 2 In+1
Jnt1 + 21 = ( ( ) i Q(Q)s(n—O—l) . )

Theorem 4. The relations between bi-periodic Jacobsthal matrix sequence and bi-
periodic Jacobsthal Lucas matriz sequence are given as

) b &(n) an e(n+1)
Z) COJn = JnCO = <a> Cn = (g) (Jn+1 +2Jn71)

b\ ay&(n)
i) Cpdy =  J1Cn = <a> Cp = (g) (Jugz + 2J0)
Proof. The results are obtained by the product of matrices and by the relations j, =
(2)5(”) jn-1+2jn—2, Cn= (%)é(n) bep—1+2cp—2,and ¢, = (%)S(R) bjn+4jn-1.
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Theorem 5. For any positive integer n, we have

—(=2)"(ab+ 8) (¢ if m is even
det [C)] = { _(—2)”(ab18) E%;Z if n is odd }
— (—2)"(ab+8) (Z)Hg(n)
Proof.
det [Cy] = det ( 2‘% _4a ) = —(ab+ 8) (%)

2

R+

a®+ 4% 2a a\?2
— b — =
det[Cl]—det( 2 4 ) —2(ab—|—8)<b>

If we generalize the operations, we get the desired result.

<

Corollary 6 (Smmpson or Cassini Property for the bi-periodic Jacobsthal Lucas
sequence).

b\ =™ b, - ay 1+e(n)
<a) Crt1Cn—1 = €y = (—=2)"" " (ab+ 8) (Z) )

Theorem 7. The generating function for the bi-periodic Jacobsthal Lucas matrix
sequence is given by

fjc m = ot Crz + [0 — (ab +2) o] 2” + 2[aCl — Cr] 2
= 1 —(ab+4)2? + 42t :

which is expressed in component form as

oo
> Coan
m=0

a+ (a* +4%)x + 202 — 8%¢a? 4 + 2azx — (2ab + 8)x? + 4az?
& (44 2az — (2ab + 8)2% + 4az®) —a+ 2 + (6a + a®b) 2? — (2a® + B2) 23

1— (ab+ 4)z2 + 424

Proof. We divide the series into two parts

C(ﬂf) = ZCmCCm = ZCQmLE2m + ZCQm+1l‘2m+1.
m=0

m=0 m=0
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We simplify the even part of the above series as follows
o o0
Co(.%’) = ZCQmJ}2m =Cp+ 021‘2 + ZCmeCQm
m=0 m=2
By multiplying through by (ab + 4)z? and 42* respectively, we have

(ab + 4)22Cy(z) = (ab+ 4)Coz? + (ab+ 4) ZCgm_ngm

m=2

and

4x4C'0(a:) =4 ZC’gm_4x2m.
m=2
Hence it follows that,
[1— (ab+4)2? + 42 Co(x) = Co+ Coz® — (ab+ 4)Coz?
+ Z [sz — (ab + 4)02m—2 + 4C2m_4] 2",
m=2

By using Lemma 2, we obtained that;

Colx) = Co + Caz? — (ab + 4)Coz?
O T 2 (ab + 4)a? + 42t

Similarly, the odd part of the above series is simplified as follows

oo o
Ci(z) = 202m+1$2m+1 = Oz + Caa® + ZC2m+1£U2m+1

m=0 m=2

By multiplying through by (ab + 4)z? and 42* respectively, we obtain

(ab+ 4)x*Cy(x) = (ab+ 4)Cr2® + (ab + 4) ZCgm_1x2m“.

m=2

and

o0
440y (x) = 42 Cop_sgz®m 1.
m=2

Hence it follows that,

[1— (ab+4)2? + 42*] C1(2)
= Cix+ C32® — (ab+4)C2®

+ Z [Comi1 — (ab+ 4)Coyyq + 405, 3] 2>+
m=2

60



S. Uygun — Bi-periodic Jacobsthal Lucas matrix sequence ...

By using Lemma 2, we obtained that;

T(x) = Crz + C32® — (ab+4)Cr 23
BT T (b Da? + dat

By combining the two results, we have

_Cot+Ciz+ (Cy — (ab+4)Co) 2? + (C5 — (ab+ 4)Cy) 2°

Clo) 1— (ab+ 4)x2 + 424

which can be simplified using (6) as

B Co+ Ciz + [bCl — (ab + 2) Co] 2 +2 [aC() — Cl] x3
B 1 — (ab+ 4)z? + 424 '

C(x)

So, the proof is completed.

Theorem 8 (Binet Formula). For every n > 0 integer, the Binet formula for the
bi-periodic Jacobsthal Lucas matriz sequence is given by

Cu = Afa" - p) + B (a2l3)42 _ g2l3)+2). .
where
A — (Cl — aCO)E(n) (bC;Ll — 20y — abco)lfs(n) o
(ab) 3] (a = )
B - Sa(n)C«O
(ab)LEJH (a—B)
Proof.

® (x) = Cy + Crz + [bCy — (ab 4+ 2) Co) 2* + 2 [aCy — Cy]
Using partial fraction decomposition, we split C'(x) as

® (z)
1— (ab+ 4)z? + 424

Clx) =

1 Ax+ B n Cx+D
4 (xQ*aTH) <x27#)
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By solving for the constants A, B, C, and D above, we express C(x) in partial fraction
as

A+C = 2aCy—2C,
B+D = bCy—(ab+2)Cy
B+2 a+2Y
—A<4 )—C( 1 ) = ()
B+2 a+2Y
5(57)-2(57) - @
a(aCy—C1) +4aCy  2aP + 4aCy

A == =

a—f a—p

(6] (bC1 —2Cy — abC'()) + 2b(C1 — aC’O) a@) — 2bP
B = =
a—f a—pf
203 (—aC’o + Cl) — 4aCy —28P — 4aCy

C — =

a—pf a—p
D — ,3 (—bCl + 200 + abC()) — 2b(Cl — aC()) . —ﬁQ + 2bP

B a—p - a—f
{ z(2aP + 4aCy) } { x (—2BP — 4aCy) }
1 a@ — 2bP —BQ + 2bP
C’ J—
DCie-n | ey T (eoap)

The Maclaurin series expansion of the function 428 is expressed in the form
p P o p

:_ZAC_n 1,.2n+1 ZBC—n 1,.2n

Hence C(x) can be expanded and simplified as

A:U+B

r o0

—Z ( Qﬂp 4aC’0)

— Z (2aP + 4(100) (QTJFQ

n=0

—3(aQ — 2bP) (2

—n—1
BT) r

—n—1
L) " 2n
1 xro.

n=0
00

/N

n=0
)

(—BQ + 2bP)

/
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We divide two parts of the equation as C(z) = Ci(x)+ Ca(z) according to the even
and odd power of . First of all, we obtain the even part C(x)

[e.9]

o (0Q —2P) Ao |,
Cl“’”)wz!ﬂmmm o |

n=0 (B+2)"*!

which can be simplifed as

(B+2)"" (aQ — 2bP) + (a +2)"*! (=5Q + 2bP)

an
(a + 2)n+1 (5 + 2)n+1

n 00
=0

—4
e

From the identity that (o +2) (8 + 2) = 4,we have

g [k b { et 8 Y]

2

by using the identity (a4 2) = S5, we get

1 o0 1\t Q [ab (52n+1 _ a2n+1)] .
Trer P ) ML e e

n=0

Also, making use of the identity ab = a + 5 gives

_ 1 o 1 n+1 9 (a + 5) (52n+1 _ agnﬂ) .
- 9 (a — B)nz:% <ab> { —bP [a2”+2 _ ﬁ2n+2] } 72
1 © 1 n+1
s () @2 - e (op - @) a2 - )
X nO—OO 1 o
- mz <ab) {[Q(Zab)(azn - /32n>] +2C)H [a2n+2 — 5271—&-2]}

B 1 1\ [ [(bCy — 2C, — abCp) (ab)(a?™ — 2]
s la) (T

n=0

In the same way, the odd part of C(z) is Ca(x) obtained as

_yntl 2 [+ {2aP + 4aCy} (B + 2)n+1 +{—28P — 4aCy} (o + 2)n+1] g2l

d(a—-pB) = (a+2)"T (B4 2)"
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which can be simplified as

-1 i 2(=28)P (5 +2)" +4aCo (5+2)""" | ani
4(a=p) = | —2(-20)P(a+2)" - 4aCy (a+2)" "
B+2= —%, a+2= —%a implies gives

1\ 4Pla(a+2)" =5 (B +2)"]+ 2n+1
11((1—6)7;) 4aCy [(,3 L) (a 2)n+1} T

with (a+2) = g—z, we simplify the above expression as
1 i ( 1 >"+1{ abP(a2n+1 . BQn-‘rl) } _—
e — T
(a _ ,8> ~ ab _aco(a2n+2 _ 52n+2)
This can be further expanded and simplified as
e 2n+1 62n+1

>0 -eon [t | oo [ )

n=0

Now the even and the odd expressions obtained can be condensed using the parity
function €(n) as

. B E(?’Z) . N 1—8(”) %
(C1 —aCo)™" (bC1 — 2Cy — abCy) {(ab)L%J(a—B)} 2

Ol =2 e, f 2B _g2(81+)
n=0 +a 0 (ab)l-%J+1(a—,8)

Therefore compared with C(x) = > Cp,z"™ we obtain the desired result.

n=1

Theorem 9 (Alternative Binet Formula). For every n > 0 integer, the Binet for-
mula for the bi-periodic Jacobsthal Lucas matrix sequence is given by

e(n)
Cn = (b)aLn+1Jb {[aJ1 — abJo + OzJo] a4+ [CLJl — ab.]o + ﬁJg] ﬁn} .
a 2
Proof. Let n even, then
éCn S (J1 — bJO)ﬂ(a”‘H 5n+1) N bJy (aﬂn:f _ 6n+2)
a (ab)? (o= p) (ab)2™" (a = p)
2B (@ 2 B7) b (o = )
(ab)? ™" (a = B) (ab)? (a — f)
- = [Jl—bJoJrO‘JO} + 0 [Jl—waM]
(ab)z a (ab)2
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Let n odd, then

gcn = Jn—i—l + 2Jn—1
B (ajl —2Jy — abJo) (an+1 _ Bn—i—l) N Jo (an+3 _ ﬁn-‘rB)
(ab) % (a = ) (ab) % (a = )
+2(aJ1 —2Jy — ZLE);]()) (an—l _ ﬁn—l) . 2J0 (a::l _ Bn+1)
(ab) = (a—pf) (ab) > (o —p)
= anJrl [aJl —abJy + OéJQ] + ﬁin“ [CLJ1 —abJy + ﬁJo]
(ab) 2 (ab) 2~

If we combine the results we get the formula.

Theorem 10. Let ab # 1, then the summation formula for the bi-periodic of
Jacobsthal Lucas matrix sequence is computed as

4 [(a + 1)1—5(71)0”72 + 21—8(71)0’”(73]

nfc _ e+ 1)!=G, — 217G, ] + C1(b+ 1) — Co(1 + ab)
] k= 1—ab

Proof. Let n even. By using the Binet formula for the bi-periodic of Jacobsthal
Lucas matrix sequence, we get

-2 n—2

3

n—1 N 7
ch = C2k+z Cok+1
k=0 k=0 k=0
n—2
2 (bC1=2Co—abCo) ( 2k _ p2k
= (ab(),’k(a_ﬁ) 2(kojr2 52]622
0 _
= | taries @ )
n—2
= (C1—aCy) 2k+1 _ 2k+1
+3 ¢ @ees) (o g
4+—_aC (a2k+2 — p2k+2)
k=0 (ab)" ! (a—B)
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If we use the property of geometric series, we get
_ [0 —2C) — abCy) a"—(ab)? B —(ab)?
(a—p) (ab)2 " (a2 —ab)  (ab)2 (B2 — ab)

Co (o™ —a%(ab)® ™2 — p%(ab)?

- - 5

(a—=F) \ (ab)? (a2 —ab)  (ab)? (52 — ab)

L] (C1—aCy) —af(ab)? B —B(ab)?

(a—5) (ab) (a2 —ab)  (ab)? ™' (B2 — ab)

aCy [a"t2—a?(ab)2 B2 — B2 (ab)2
+ n - n
(a—=pB) \ (ab)? (a2 —ab)  (ab)? (82 — ab)

After some algebraic operations, we have

4Cp—o+4CH_1 — Cp, — Cpq1 — 20,1
+Cl(b + 1) + Co(—l — ab)
1—ab
4(a + 1)Cn,2 +8Ch_3 — (CL + 1)Cn —2Ch_1
+Cl(b + 1) + C()(—l — ab)
1—ab

If we make a similar operation for the odd elements of bi-periodic of Jacobsthal
Lucas matrix sequence we obtain

4C,_3+4Cp—o — Cp, — Cp—q + Cl(b + 1) + Co(—l — ab)
1—ab

If we combine the results we get the desired result as

4 [(a + 1)175(n)Cn_2 + 2175(11)0”_3]
_ [(a + 1)1—6(n)0n + 21—€(n)Cn_1]

i, +C1(b+1) — Co(1 + ab)
> Cr =
Pt 1—ab

Theorem 11. Let ab # 1, then the summation formula for the bi-periodic of Jacob-
sthal Lucas matriz sequence with a negative power of x is computed as

ok (4 — (ab+ 4)2? + 2%)

n—1 4C, 4Ch_2 Cnt1 Chn

Z% ]' ( xn1+xn2_xn+5_n4
2

k=0

66
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Proof. Let n odd. By using Binet formula for bi-periodic of Jacobsthal Lucas matrix
sequence, we get

n—1 nTil nTig
ZCk = ZC% +Z Cok+1
k=0 k=0 k=0

-1

S (BCi=2C0—abCo) (2% _ g2k
— Z (“bxé)k(a_ﬁ) (20;€+2 ﬂ212+2
o | T 7 )

(C1—aCy) (a2k+1 _ 52k+1)

n—2

2

bYEp2k+1(q—

+Z +(a ) aCo(a 7 (a2k+2 _ 52k+2)
k=0 (ab)*F1g2k+1(a—B)

If we use the property of geometric series, we get

(6C1 200 —abCy) (0"~ (aba?)S g (a)F
(04 - 5) (ab)nT_l (042 _ (Ibl'2) (ab)nT_l (/82 - ab$2)

n+1

Cy a3 — o2 (abe) En B prts — 52 (abe) 2
(@=B)\ (ab)? (a2 — aba?) (ab)? (B2 — aba?)

(o= B) (al)a:?)n%3 (a? — abx?)x (abfcz)%3 (82 — abx?)x

n—

(abaﬁ)%1 z(a? — abx?) (ab:ﬁ)Tl x(B% — abx?)

{ e ol —a (abxz)%l . pn-p (ame)”Tfl

aCy ( antl — o2 (alme?)%l B prtt — g2 (abacz)n%1 ) }
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After some algebraic operations, we have

4a2b2(an71 _ anl)
(bCl — 200 — abCo) _ab$2(an+1 _ ﬁn—&-l)

(0= B) (4= ab 42+ )= (@) F | 4 (04?)"F (02 - )

o 4ab? (ot — gt
+ 0 — _abe(an+3 _ 5n+3)

(a— B) (4 — (ab+ 4)x2 + x4)z"~1 (ab) 2 n (abe) nt3 (02 — 52

40262 (a2 — fr2)

i C1 —aCy —abCL”QTE%" - B")
(=) (4 — (ab+4)2? 4 xt)zn—2 (ab)nTJrl + (aba?) 2 (o= B)+

(abz?) T (2ab)(a — B)

o 4a262(an—1 _ 5n—1)
T alo - —abe(a"“ _ 5n+1)
nt3 41

(a—B)(4— (ab+ 4)z2 + 2*)z"=2 (ab) 2 X (abe) il (a2 — £2)

By using (8), we get

1 pn—1 + rn—2 - xn—3 an—4

(4 — (ab+ 4)22 + 24) ( —2(Cy — aCy)z + (bCy — 2Cy — CLbCo)JUQ + C123 + Cozt

4Cn71 4Cn72 Cn+1 _ Cn )
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