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PROPERTIES FOR SUBCLASSES OF STARLIKE FUNCTION
ASSOCIATED WITH Q-ANALOGUE OPERATOR AND COMPLEX
ORDER
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ABSTRACT. In this paper using a g—analogue operator, we define subclasses
of univalent functions of complex order and fined coefficient bounds, distortion in-
equalities for functions in it and also obtaind inclusion relations associated with the
Ny s—neighborhood and some Hadamard results..
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1. INTRODUCTION

Quantum calculus, occasionally named calculus without limits. It is known as
g—calculus which has infuenced many scientific fields due to its importants. Ge-
ometric function theory is no exception in this regard and many authors have al-
ready made a substantial research in this field. The generalization of derivative and
integral in g—calculus are known as g—derivative and ¢—integral, were introduced
and studied by Jackson [15]. Recently, many authors used the g—derivative and
g—integral to generalize many classes and many operators in

geometric function theory see for example [3, 4, 6, 7, 10, 23, 24].

The class of univalent analytic functions of the form

f(z)zz—zakzk,(akZO),zGD:{ZE(C:]zKl}, (1)
k=2

is denoted by T.
Given 0 < o < 1, a function F € T is said to be in the class S*(«) of starlike

functions of order « in D if
z]—"/(z)
Re{ 70) } > Q.
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For F € T, 0 < ¢ < 1, the g—difference operator V, is given by [15] (see also [2,

F(z)=F(qz)
e ,27#0
_ (1-q)z
VoF(z) = {f’(o)q 2=0
that is
VoF(2) =1=) [Klgarz*", (2)
k=2
where
. 1— qj
g = 1—¢ [0]q = 0. (3)

Asq— 17, [kl =k and V,F(2) = F (2).
For A>pu>0,0<qg<1,let

HS , F(2) = F(2),

A l,q
Hy g F(2) = HY, o F(2) = (L= A+ p) F(2) + (A — 1)2VF(2) + Az’ Ve F(2),
H?\,u,qf(z) = H/\vlhl](,H/\,p,qF(z))a

and
g F(2) = Haug(Hy, o F(2))
= z-— i[l — A+ 4 [Klg = g+ [k — 1)) ™apz", m € N.
k=2
(4)
Note that

(i) limg—1- HY', ,F(2) = HY', F(2) see Orhan et al. [18] (see also [11], [17] and
Raducanu and Orhan [19] );

(ii) Hilo o F (2) = H ' F(2)(see [14], [25] and [8] );

(iif) HY F (2) = HY',F(2) (see Aouf et al. [9] );

(iv) limg—1- HY ,F (2) = HY'F(2) (see Al-Oboudi [1] ).

Now, by making use of the operator ’HTM o We have
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Definition 1. Let 1 € C* =C/{0}, A>p>0,0<¢g<1l,meNy, 0<n<1and
F €T, such that HY', F(z) #0 for = € D/{0}. We say that F € S'(7, A, u,n) if

1zV(

T

b qf(z))

oY

<. (5)

/\%q
Note that: For different values of ¢, 7, A, i, n, we have:

(9 imge 87 (r A o) =87 (r A ) = { (2 '4“3;% G - v] <n}:
(i) (7, 1,0,m) = S (7,n) = { F () %(Zvﬂfg - 1| <n};

(i) S7(7, A, 0,m) =Sy (7, A, m) = { F(z

qu(’H 7 (2)) .
Nt - | <
. m m ZV a(HY, F(2))

(iv) ST (L=, A, 1, 1) = S (7, A ) = {f(z) Re { g} > 1.0 <y < 1)
Goodman [13], Ruscheweyh [20] and Altintas et al.[2], Mostafa and Aouf [16](with
p = 1), defined the Ny—neighborhood for F(z) € T by

Ns(F,9)={g:9(z) €T, g(z —Z—Zbkz and Zk!ak—bk|<6} (6)
and for e(z) = z;
Ns(e,9)={g:9(2) €T, g(z —Z—Zbkz and Zk|bk\<5} (7)

n [8] Aouf et al. (see also Madian and Aouf [5] (with p = 1)) defined the
N, s—neighborhood for F(z) € T by

Nes(F.g) ={g:9(2) € T, g(z —z—zbkz andz glax —br| <843, (8)

and for e(z) = z;

Nys(e.g) ={g:9(x) €T, g(= _Z_Zbkz and Z glok| <8} (9)
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2. MAIN RESULTS

Unless indicated, we assume that 7 €e C*, A > u>0,0<¢< 1, me Ny, 0 <n <
1 and F(z) given by (1).

Theorem 1. The function F € Sg*(7, A, 1, ) if and only if

o0

D ([Klg+nlrl = DI = A+ g+ kg (A= p+ dlk = 1)) ™ax < nlr|.  (10)
k=2

Proof. Assume that (10) holds true. Then we have

[ee]
(@+nlTD Y [ = A4 g+ [klg (A= o+ Aulk — 1)) " ax
k=2

< Y (kg +nlrl = D= X+ g+ [Klg (A= g+ Al — 1) ay
k=2
< nlrl,
that is,
i (1= XA+ p+ [klg (A — o+ Aulk — 1)) ™ay < ol
— (¢ +nlr))
Since,
1= [0 =X+ p+[Klg (A — o+ Ak — 1) a2
k=2
> 1= =Xt pt kg (N = g+ dulk = 1)) a |2
k=2
> 1= (L= A+ p+ kg (= g+ Aulk = 1))] "
k=2
ST i

(g+nlrl) — (a+nlr)

92



A.O. Mostafa, Z.M. Saleh — Properties for Subclasses of Starlike ...

then, we find that

Va(H 7)) D oreo(1 = (Kl = A+ p + [Klg A\ = g4 Aplk = 1]g)] ™ apz"""
gt (2) =300 = A+ o+ [kl (N = o+ Aplk = 1]g)mag 2k~
Do (kg = D = A+ pu+ [Klg (A = p + Aulk — 1],)]™ay |2 | -l
1= 302,01 = A+ i+ [Klg (A — po+ Al — 1g)Jmag |2~
Do (kg = D = A+ p + [Klg (A = p + Aulk — 1]g)] ™ ay
T 1= = At (Kl (N = e Aulk = 1]g)]™ax

< nlr|.

Hence F(z) satisfies the condition (5).
Assume F € SJ'(7, A, 1, 1), then

e ] VT {1—& 2H[1—A+u+mqu—ww—11q>]’”akzk—1}
HY o (2) B 1= 1= XA+ i+ [kl (A — g+ Alk — 1)) agzF—1

Ap,q
> 1-—n|7],

as z — 17, we can see that

oo

1= [Klg[l = A 4 g+ [klg (A = o+ Aulk — 1]g)] ™ ax

k=2

NE

> (L=nlr)(1 =3 [ =A+p+[klg A —p+Iulk—1]g)]ar).

>
U

2

Thus, we have the inequality (10).

Corollary 2. The function F € S*(7, A, p) if and only if
S (Kl = = A g+ Ky (= o Ml = 1" € 1—7. (1)
k=2

Theorem 3. If the function F € Sy*(7, A, i, ), then

N n|7|
é““ (@+nITDL = A+ p+[2g A — p+ )™ (12)
and
3 27|
gk]q“’“ = DI = A+t Rl = i A (13)

93



A.O. Mostafa, Z.M. Saleh — Properties for Subclasses of Starlike ...

Proof. Let F € Sy*(7, A, 1,m). Then, in view of the assertion (10) of Theorem
1, we have

(@+nlrD1= A+ p+2lg A= g+ )™ Y ax < nl7l, (14)
k=2

which immediately yields the first assertion of Theorem 2.
For the proof of the second assertion, by appealing to (10), we have

[L=Apt[20g = g+ A)]™ D [Flgaw < nlrl+(1=n [T [1=Apt2]g (A =+ 20)]™ D g,
_ k=2

k=2
(15)
which in view of (12), can be putten in the form:
”— Nl
1= A4+p+ 2] A—p+ Ap klgar < nl|t|+ (1 —n|7|)———. 16
Upon simplifying the right hand side of (16), we have the assertion (13).
Theorem 4. If F € SJ'(7, A, p,m). Then,
7l 2
F(2)| < |z| + z|7, 17
M R TP EaTEn e e e TE vy I
n|r
FE) 2 1el - “ ()

z
(@+ 0T = A+ p+ 2l A= p+ Ap)]™
Equality holds for

n |7'| 2
(@0 = A4+ 2y O — g+ )™

F(z)=z—

Proof. Suppose F(z) € T . Then

o0 [o¢]
| F(2)| = z—Zakzk < |z[+|z]22ak,
k=2 k=2
and
e e} [e.e]
IF(2) = |z =D arz®| = |z = 217> ax,
k=2 k=2

Since F € S*(7, A, p,m), then in view of (12), we have the assertions (17) and (18).
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Theorem 5. For F € S'(7, A, ii,m). Then,

2)yn ] ;
VPO S A u et 2w 0
V) 21 Aol A o)

(@ +nlTD[ = A4 p+ 2] (A — g+ Ap)]m
Equality holds for

. [2]q77|7—| >
VeF(2) =1 (g+n|ThL =X+ p+ 2] A= p+ )™

Proof. Suppose F(z) € T . Then

Vg F(2)] = |1 - Z[k]qakzk_l < 1+|z] Z[k]qaka
k=2 k=2
and
VoF(2)] = 1= > [klqapz* " = 1= |21 Y [Klgar,
k=2 k=2

which in view of (13), we have the assertions (19), (20).
We determine inclusion relations for the class SZI”(T, A, i, m) involving ¢, 6—neighborhoods
defined by (9).

Theorem 6. If F(z) € S;*(, A, j1,n), then
Sq (7, A, ,m) € Nos(F3q) (21)
where the parameter 64 is given by

o 2lgnlr
gt = A+ 2lg (A= g4 Ap)]m

(22)

Proof. For F(z) € S}*(7, A, pt,n), from Theorem 2, then (13) holds and in view
of the (9), we get (21).

Now, we will obtain the modified Hadamard products for the subclass Sg*(«, A, ).

For Fj(2);j = 1,2 defined by

00
‘F](Z) =z - Zak,jzk7 (ak,j Z 07 .] = 172)7 (23)
k=2
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the modified Hadamard product is

(F1 * F2)(z _Z—Zaklakgz (Fa x F1)(2). (24)

Theorem 7. If Fj(2) € Sj*(v, A\, 1), j = 1,2. Then
(Fi+ Fo)(2) € SI(s, A 1), (25)
where

[2]4(1 —~)?
(2lg =)L = A+ p+ 2 A —p+ )™ — (1 —7)?

The result is sharp.
Proof. Employing the techniques used by Schild and Silverman [21], we need
to find the largest ¢ such that

N ([Klg = L= A o+ [y = o+ Aalk = 1))
> =

ak,lahg S 1. (27)
k=2

i (kg = VL= A+ p+ [Kg A = p + Aplk = 1]g)]™

T ay <1(j=12), (28)

then Cauchy-Schwarz inequality yields

x L= A+ g+ [klg (A= o+ Malk = 1))
> & -7

,/ahlakg S 1. (29)

k=2
Thus it suffices to show that
([klg =) = A+ p+ [klg (A = p+ Aulk —1]g)™

1—« af. 10,2
< (Klg =)L =A+p +1[k]qv(A — o+ Aulk —1]g)™ aras, (30)
that is, y )
k ¢— 7)1 =53
Vak1ag2 < (Hle =) (1 =) (k=2). (31)
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From (29) and (31), we need to prove that

-~
(Klg =V = A+ p+ [Klg A = p+ Aplk — 1]g)]™
o ([Kg=7)(1 =9
T (kg =) =9)’
which leads to
1 Ha(1 = 7)?
T (Klg =P = At Kl (A — o+ Aplk = 1) — (1 —7)
Since

([Flg = [0 = At i [kl (A = s+ Aplk = )™ — (1 =)
is an increasing function of k (k > 2), letting k = 2 in (34), we obtain

[2]¢(1 — 7)?
(2lg == A+ p+2lg A= p+ A = (1 =)

which proves the main assertion of Theorem 6.
Finally,

¢ <®y(2)=1-

1—n 22
(2lg =V = A+ p+[2g (A — p+ )™

Fij(z) =z = (U =12),

give the sharpness.

Theorem 8. If Fi(z) € Si*(v, A, 1) and Fa(2) € Si*(p, A, p1). Then

(‘Fl *‘7:2)(2) S SZL({’)‘?M)’

2,1 =~)1—p)

The result is the best possible for

= - 1_7 22
S S R ) SR B SIS VA
Falz) = 22— = E

@y == At p+ 2y =gt )
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Proof. Proceeding as in the proof of Theorem 6, we get

E< T, (k) =1— [klg(1 =)A= p)

([Klg = M([Klg = p)[L = A+ pp+ [Klg (A = p+ Aplk = 1]g) ™ — (1 (ZO’V))(l —p)
since the function ¥, (k) is an increasing function of k (k > 2), setting k = 2 in (40),
we get

2,1 =71 —p)

e (7 {7 P Ry W7y Sy iy Loy e T
This completes the proof. 4
Theorem 9. If Fj(z) € ST™(v,\, 1) (j = 1,2,3). Then
(F1x Fox F3)(2) € Szl(w, A, 1), (42)
where
1 2]4(1 —~)° (43)

(2lg =30 = A+ p+2lg A= p+ A2 — (1 —9)3

The result is the best possible for F;(z) given by (36), j = 1,2, 3.
Proof. From Theorem 6, we have (]-"1 * F2)(2) € SJ(s, A, i), where ¢ is given
by (26). By using Theorem 7, we get (42), where

21,1 =) =)

(12lg = N(2lg =) = A+ p+2]g (A= p+ )™ = (1 =7)(1 =)
Then we get (43).
This completes the proof.

Theorem 10. If F;(z) € S{* (v, A\, p) (j = 1,2,3). Then
Z ak 1 + ak 2 5 (45)
k=2

belongs to the class Sy (o, A, j1), where

2[2]4(1 —~)?

(2lg =)L = A+ p+ 12 (A= p+Ap)™ = 2(1 — )2
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Proof. By virtue of Corollary 1, we obtain

o~ [([Elg =N = At ot [kl (A — ot dulk — 1)1 ]°
> |

k=2 1= 7 v
. iiqu—ﬂU—A+M+ﬁk8_“+AMk_HMm%42SlUzlﬂ)
k=2
(47)
It follows that
o] _ o — — m72
}j;[““q N A+»H?@%A p o Ak ”01}<¢J+am>sx (48)
k=2

Therefore, we need to find the largest o such that

(kg = )L = A+ p+ [Kg (A = p + Al — 1]g)]"™

l1-0
_ _ _ _ m7 2
< % {([k]q oL A+M+1[kiqy(/\ pA Aplk —1g)] } (k> 9),
(49)
that is,
B 2[klg(1 —)?
7=t ([klg = 7)?[L = A4 p+ [Klg (A = o+ Aulk = 1g)]™ = 2(1 = 7)? = 2()50)
Since
_1_ 2[k]g(1 —7)?
Pl = T, =P it g O a1 20— Y
is an increasing function of k (k > 2), setting k = 2 we readily have
o< (pq<2) -1 2[2](1(1 B 7)2 (52)

(2lg =20 = A+ p+ 2g A= p+ 2™ = 2(1 = 7)*
The functions Fj(z) given by (36) gives the sharpness.

Remark 1. For different values of 7, A\, u,q and n in our results, we have results
for the special classes defined in the introduction.
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