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1. Introduction

This paper is devoted to some new results in spaces of subharmonic functions in the
unit disk. We introduce new general spaces of subharmonic functions in the unit
disk and show some new embedding theorems for them. Embedding theorems and
various inequalities for various spaces of subharmonic functions in various domains is
an old research area. We refer the reader, for example, to [4] and various references
there. See also [1], [3], [4], [5], [8], [10], [12], [13], [15]. Some arguments from [14]
are crucial for this paper.

As a result from these embedding theorems we obtain immediately complete
parametric representations of these new large spaces of subharmonic functions. We
will at the end of this paper also shortly discuss similar type assertions in similar
type large subharmonic function spaces but in the upper halfplane.

To formulate that result, we first need some definition. Let D be the unit disk
on the complex plane C and let T = {|z| = 1} be the unit circle. Let SH(D) be the
space of all subharmonic functions in D.

Let further u ∈ SH(D), let u+ = max(u, 0). Then as usual put

T (r, u) =
1

2π

∫ π

−π
u+(reiθ)dθ, r ∈ (0, 1) (Nevanlinna characteristics)
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Let now α ≥ 0 and let

SHα(D) = {u ∈ SH(D) : T (r, u) ≤ Cu
(1− r)α

, 0 ≤ r < 1}.

For α = 0 we have classical Privalov space and known results on parametric repre-
sentation (see [1], [9] , [10]). For fixed ξ, z ∈ D, β > −1, ξ 6= 0 we denote by Aβ(z, ξ)
the following expression

Aβ(z, ξ) =

(
1− z

ξ

)
exp

{
−
[

2(β + 1)

π

] ∫
D

(1− |t|2)β

(1− zt̄)β+2

(
ln

∣∣∣∣1− t

ξ

∣∣∣∣) dm2(t)

}
.

These are so-called Djrbashian factors (see [1], [8], [14]).
Consider further the following spaces of subharmonic functions in the unit disk

SHp
α(D) =

{
u ∈ SH(D) :

(∫ 1

0
(1− r)α

(∫ π

−π
u+(reiθ)dϕ

)p
dr

)
<∞,

}
,

0 < p < +∞, α > −1.
Let B1,∞

α be Besov space on a unit circle T

B1,∞
s (T ) =

{
ψ ∈ L1[−π, π] :

∫ 1

0

‖42
tψ‖L1

(ts)
dt < +∞

}
,

where 42
tψ
(
eiθ
)

= ψ
(
ei(θ+t)

)
− 2ψ

(
eiθ
)

+ ψ
(
ei(θ−t)

)
, θ ∈ [−π, π], t ∈ (0, 1), s ∈

(0, 2).
In [8] Ohlupina showed that the SHα(D) coincides with the class of functions u,

so that

u(z) =

∫
D

ln |Aβ(z, ξ)|dµ(ξ) +Re

{
1

2π

∫ π

−π

ψ(eiθ)dθ

(1− e−iθz)β+1

}
,

z ∈ D, ψ ∈ B1,∞
β−α+1, β > α, α > −1, µ is a nonnegative Borel measure in D. Similar

results sharp parametric representation theorems were obtained also in mentioned
work for SHp

α spaces of subharmonic functions in the unit disk.
Note these SHα, SH

p
α, α > −1, p > 0 spaces and similar type spaces of sub-

harmonic functions were introduced for the first time in [8], where embeddings and
various interesting properties were also provided. Note similar spaces and results
were given also in C+ (upper half spaces) of C. We will use Aβ(z, ξ) factors actively
in this paper, and some properties of these factors that were used in [1], (see also
[8]).

Throughout the paper, we write C or c (with or without lower indexes) to denote
a positive constant which might be different at each occurrence (even in a chain of
inequalities), but is independent of the functions or variables being discussed.
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Let µ be positive Borel measure in D. Let now n(r) = µ(Dr), where Dr = {z ∈
C : |z| < r}, 0 < r < 1.

One of the corner stones of the theory of subharmonic functions is the following
result of Riesz on parametric representation of subharmonic functions.

Theorem 1. (see [6], [9]) Let u ∈ SH(D), u 6≡ (−∞). Then there is a unique Borel
measure µ so that the following parametric representation is valid for u function

u(z) =

∫
Dr

ln

∣∣∣∣r(ξ − z)r2 − ξ̄r

∣∣∣∣ dµ(ξ) + h(z),

where z ∈ Dr and h(z) is a harmonic function in Dr.

We call µ measure Riesz measure for u function. It is a general problem to find
certain concrete conditions on µ so that u ∈ X ⊂ SH(D), where X is a certain fixed
subclass of SH(D). We refer, for example, to [8] for such type results.

Let

A =

{
f ∈ SH(D) : sup

r
T (r, u) < +∞

}
.

The following sharp parametric representation theorem is classical, (see [6], [9], [10],
[16]).

Theorem 2. The A class coincides with the space of all subharmonic functions for
which

u(z) =
1

2π

∫
D

ln

∣∣∣∣ ξ − z1− ξ̄z

∣∣∣∣ dµ(ξ) +
1

2π

∫ π

−π

(1− r2)dϕ(θ)

(1− 2r cos(θ − ϕ) + r2)
,

where µ is an arbitrary nonnegative Borel measure in the unit disk for which∫
D

(1− |ξ|)dµ(ξ) <∞,

and ϕ is an arbitrary function of bounded variation on [−π, π].

We provide in this paper similar type parametric representation theorems for
some new large subharmonic function spaces in the unit disk.

Theorem 3. (see [8]) Let

Rα =

{
u ∈ SH(D) : u(z) =

∫
D

ln |Aβ(z, ξ)|dµ(ξ) + h(z)

}
,

where µ is a positive Borel measure in D, h(z) is harmonic function, so that∫ π

−π
|h(reiθ)|dθ ≤ c

(1− r)α
, β > α, α > −1.

83
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Then u ∈ SHα(D), in other words the following embedding is valid

Rα ⊂ SHα, α > −1.

Let further Mp
p (f, r) =

∫
T |f(rξ)|pdξ, 0 < p <∞, 0 < r < 1.

Theorem 4. (see [8]) Let

Rp,α =

{
u ∈ SH(D) : u(z) =

∫
D

ln |Aβ(z, ξ)|dµ(ξ) + h(z)

}
,

where β > β0, β0 = β0(α), for large enough β0, µ is a positive Borel measure in D,
so that ∫ 1

0
(1− r)α+p(n(r))pdr <∞,

and h is harmonic so that ∫ 1

0
(1− r)αMp

1 (h, r)dr <∞,

where 0 < p <∞. Then u ∈ SHp
α, in other words the following embedding is valid

Rp,α ⊂ SHp
α, 0 < p <∞, α > −1.

First we show similar type embeddings to those we formulated in our theorems
above for some new large analytic area Nevanlinna type spaces. Then we show at
the end of this paper that our results are sharp using rather transparent arguments.

Various embedding theorems for various spaces of subharmonic functions in var-
ious domains can be seen in various papers of various authors. We mention, for
example, [1]-[12] and refer the reader for various references which can be seen there
in those papers. Our arguments sometimes are sketchy since they are based in
elementary estimates.

2. Main results

Our main intention is to extend these embedding theorems 3 and 4 to large new
scales of spaces of subharmonic functions in the unit disk. We in particular consider
the following new large spaces of subharmonic functions.

We first introduce new large spaces of subharmonic functions in the unit disk
as follows and then formulate our results extending of theorems 3, 4 to these large
scales of functions.
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Let further

(SA)pα,β(D) =

{
f ∈ SH(D) :

∫ 1

0
sup

0<τ<R
T (f, r)p(1− r)β(1−R)αdR <∞

}
,

α > −1, β > 0, 0 < p <∞.

(SB)p,qα,β(D) =

{
f ∈ SH(D) :

∫ 1

0

(∫ R

0
T (f, r)p(1− τ)βdτ

) q
p

(1−R)αdR <∞

}
,

0 < p <∞, β > −1, α > −1.

(
SB̃p

α,β

)
(D) =

{
f ∈ SH(D) : sup

0<R<1

(∫ R

0
(T (f, r))p(1− r)αdr

)
(1−R)β <∞

}
,

α > −1, β ≥ 0, 0 < p <∞.
We denote these spaces bellow sometimes simple as X1, X2, X3.
Note SB̃p

α,β classes if p = ∞, β = 0 we have classes studied recently in [8] and
our theorems can be viewed as direct extensions of theorems of O. Ohlupina.

Note, some sharp results on zero sets and related problems on these type analytic
spaces were obtained in recent papers [14] and [15]. In these papers subclasses of our
spaces consisting of analytic functions were considered and parametric representa-
tions were provided also. We formulate now main results of this paper. As follows,
they extend some results provided previously in papers [14] and [8] of Ohlupina. We
use actively machinery from [8].

We will assume that u is harmonic in a U(0) where U(0) is a neighborhood of
0 and also u(0) > −∞, though this assumption can be removed probably using
regularization procedure for subharmonic functions provided in [8].

Theorem 5. Let

Rpα,β =

{
u ∈ SH(D) : u(z) =

∫
D

ln |A
β̃
(z, ξ)|dµ(ξ) + h(z), z ∈ D

}
,

where β̃ > β0, β0 = β0(α, β), for large enough β0 and h is a harmonic function, so
that ∫ 1

0

(∫ R

0

(∫
T
|h(τξ)|dξ

)
(1− τ)αdm2(τξ)

)p
(1−R)βdR <∞

and ∫ 1

0
n(r)p(1− ρ)(α+1)p+β+pdρ <∞.
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Then the following embedding is valid

Rpα,β ⊂ SB
p
α,β, p ≤ 1, α, β > −1.

Theorem 6. Let

R̃pα,β =

{
u ∈ SH(D) : u(z) =

∫
D

ln |Aβ̃(z, ξ)|dµ(ξ) + h(z), z ∈ D
}

where β̃ > β0, β0 = β0(α, β), for large enough β0 and h is harmonic function, so
that ∫ 1

0

(
sup

0<τ<R

(∫
T
|h(τξ)|dξ

)
(1− τ)α

)p
(1−R)βdR <∞

and ∫ 1

0
(1−R)p(α+1)+β(n(R))pdR <∞.

Then the following embedding is valid

R̃pα,β ⊂ SA
p
α,β, p ≤ 1, α > −1.

Theorem 7. Let

˜̃
R
p

β,ν =

{
u ∈ SH(D) : u(z) =

∫
D

ln |A
β̃
(z, ξ)|dµ(ξ) + h(z), z ∈ D

}
where β̃ > β0, β0 = β0(β, ν), for large enough β0 and h is a harmonic function, so
that

sup
0<R<1

∫ R

0

(∫
T
|h(τξ)|dξ

)p
(1− τ)νdτ(1−R)β <∞

and

n(r) ≤ c(1− r)
−(β + ν + p+ 1)

p , r ∈ (0, 1).

Then the following embedding is valid

˜̃
R
p

β,ν ⊂ SB̃
p
β,ν , ν > −1, β ≥ 0, 0 < p <∞.

Remark 1. These Theorems 5 - 7 extends Theorems 3 and 4 to these new spaces
of subharmonic functions. Theorems 5 - 7 also serve as core of proof of Theorem
11, (see below).

Proofs of theorems
We need some properties of Aβ(z, ξ) first.
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Lemma 8. (see [8])

1. Let ξ, z ∈ D, z 6= ξ, ξ 6= 0, −1 < β < +∞. Then

lim
|ξ|→0

ln |Aβ(z, ξ)|(
2 ln 1

|ξ|

) = 2.

2. Let ξ, z ∈ D, ξ 6= 0, β > −1. Then

ln |Aβ(z, ξ)| ≤ c
(

1− |ξ|2

|1− ξ̄z|

)β+2

.

Lemma 9. (see [8]) Let µ be positive Borel measure in {z : |z| < 1} the unit disk.
Then we have

µ(∆k) ≤ µ(Dk),

where ∆k and Dk are subsets of the unit disk, Dk = {z : |z| < 1− 1

2k
, k = 0, 1, 2, . . .},

∆k =

{
ξ : 1− 1

2k
≤ |ξ| ≤ 1− 1

2k+1
, k ∈ Z+

}
.

First we provide the following observation concerning subharmonic u function
in the unit disk and it is Riesz measure µ. Let further n(r) = µ(Dr). We combine
arguments from [8] with some known estimates from [14].

We follow some arguments from [8]. We denote by X one of our classes in our
theorems. Let u ∈ X ∩ C(2)(D), u(0) > −∞, 4u be a Laplacian of u function. Let
further

n(r) =

∫ r

0

∫ π

−π
4u(reiϕ)dϕ tdt, 0 < r < 1.

Following arguments of [8] we have

I =

∫ π

−π

∫ ρ

0
ln
ρ

r
4u

(
reiθ

)
rdrdϕ ≤

∫ π

−π
u+
(
ρeiϕ

)
dϕ, ρ ∈ (0, 1).

Then (see [8])

I ≡
∫ ρ

0

1

r

(∫ r

0

∫ π

−π
4u(teiϕ)tdtdϕ

)
dr.

Using the fact that n(r) = µ(Dr) =
∫ r
0

∫ π
−π4u(teiϕ)dϕtdt (see [8]) we have∫ ρ

0

n(r)

r
dr ≤ c

∫ π

−π
u+(ρeiϕ)dϕ, ρ ∈ (0, 1). (A)
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We now simply note that from (A) directly we have the following inequalities.∫ 1

0

(∫ R

0
(1− τ)α

∫ r

0

n(u)

u
dudτ

)p
(1−R)βdR ≤ C1‖f‖X1∫ 1

0

(
sup

0<τ<R

(∫ r

0

n(u)

u
du

)
(1− r)ν

)p
(1−R)σdR ≤ C2‖f‖X2

sup
0<R<1

(∫ R

0

(∫ τ

0

n(u)

u
du

)p
(1− τ)αdτ

)
(1−R)β ≤ C3‖f‖X3

It remains to follow arguments from [14] to get what we need. Namely we have
the following estimates for each function space (Xj)j=1,2,3.∫ 1

0
n(ρ)p(1− ρ)(α+1)p+β+pdρ <∞ for X1 function space∫ 1

0
n(ρ)p(1− ρ)p(ν+1)+σdR <∞ for X2 function space

n(ρ) ≤ c̃(1− ρ)
− 1+p+α+β

p for X3 function space

For general case, 0 < p < ∞, that is when u ∈ C2(D), u(0) > −∞ assumption
is not needed we must follow again arguments from [8].

We arrived at the following theorem.

Theorem 10. Let u ∈ X1 or X2 or X3 function space, ρ ∈ (0, 1). Then we have
for µ Riesz measure of subharmonic u function∫ 1

0 (n(ρ))p(1− ρ)(α+1)p+β+pdρ <∞, 0 < p <∞, α > −1, β > −1 for X1 space.∫ 1
0 n(ρ)p(1− ρ)p(ν+1)+σdρ <∞, 0 < p <∞, ν ≥ 0, σ > −1 for X2 space.

n(ρ) ≤ c(1− ρ)
− 1+p+α+β

p , α > −1, β ≥ 0, 0 < p <∞ for X3 space.

Similar results for SHα(D) and SHp
α(D) spaces of subharmonic functions were

obtained earlier by Ohlupina in [8].
We assume further u is subharmonic in D, u(0) > −∞, and if U0 is a ball

covering zero, then u is harmonic there Aβ(z, ξ) is defined for all z, ξ ∈ D.
This assumption however can be removed via standard procedure of regulariza-

tion of subharmonic functions (see [8]).
Let us return now to the proof of our Theorems 5 - 7 (new embedding theorems

for our new general large spaces of subharmonic functions in the unit disk).
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Let further Vβ(z) =
∫
D ln |Aβ(z, ξ)|dµ(ξ), z ∈ D, u(z) = Vβ(z) + h(z) and based

on properties of Aβ we have (see Lemma 8) for z ∈ D

u+(z) ≤ |h(z)|+ C

∫
D

(
1− |ξ|2

|1− ξz|

)β+2

dµ(ξ)

Following the arguments used in proof of Theorem 1, see [8], we arrive at the
following estimate∫ π

−π
u+(reiϕ)dϕ ≤

∫ π

−π
|h(reiϕ)|dϕ+

∫ π

−π

(∫
D

(
1− |ξ|2

|1− ξ̄z|

)β+2

dµ(ξ)

)
dϕ = I1 + I2;

From here it remains to show that I2(r), r ∈ (0, 1) function satisfies certain estimates.
Namely that the following estimates are valid

∫ 1

0

(∫ R

0
I2(r)(1− r)αdr

)p
(1−R)βdR <∞; (C1)

sup
R

∫ R

0
(I2(r)

p(1− r)αdr) (1−R)β <∞; (C2)∫ 1

0

(
sup

0<r<R
(I2(r))(1− r)α

)p
(1−R)βdR <∞; (C3)

So this arrives at another problem to estimate I2(r) in each X1, X2, X3, space
to show further that (C1), (C2), (C3) are valid using condition in formulation of
our theorems. We have following again same ideas from [8] the following chain of
estimates.

The proof of (C2) is very similar to arguments used in [8]. Indeed we have the
following estimates.

Let 4k =

{
ξ : 1− 1

2k
≤ |ξ| < 1− 1

2k+1

}
, r ∈ 4k, then

1

2k+1
≤ (1− |ξ|) < 1

2k
,

D =
⋃+∞
k=04k. We have to show for (C2) that∫ R

0
(I2(r))

p(1− r)αdr ≤ c

(1−R)β
, R ∈ (0, 1).

Note that∫ π

−π

(∫
D

(1− |ξ|2)β+2

|1− ξ̄z|β̃+2
dµ(ξ)

)
dϕ ≤ (z = reiϕ) ≤

≤ c
∞∑
k=0

∫
4k

(1− |ξ|2)β̃+2

(1− r|ξ|)β̃+1
dµ(ξ) ≤ c

(1− r)
α+β+1

p

, r ∈ (0, 1), (see [8]).

89
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Since

∞∑
k=0

∫
4k

(1− |ξ|2)β̃+2

(1− r|ξ|)β̃+1
dµ(ξ) ≤

≤ c
n∑
k=0

∫
4k

(1− |ξ|2)β̃+2

(1− r|ξ̄|)β̃+1
dµ(ξ) + c1

∞∑
k=n+1

∫
4k

(1− |ξ|2)β̃+2

(1− r|ξ|)β̃+1
dµ(ξ) =

= Ĩ1 + Ĩ2, |ξ| ∈
[
1− 1

2k
; 1− 1

2k+1

)
, k ≥ 0

It is easy to show

Ĩ1 ≤
c

(1− r)
α+β+1

p

, (see [8]),

and
Ĩ2 ≤

c1

(1− r)
α+β+1

p

, r ∈ (0, 1), (see [8]).

The rest is clear now. We have∫ R

0
(I2(r))

p(1− r)αdr ≤ c

(1−R)β
, R ∈ (0, 1).

Theorem is proved for X3 spaces.

Let us show (C1) and (C3) now. First (C1). As it was shown in [8] if (1−rk) =
1

2k
,

n(rk) = nk, rk − rk−1 =
1

2k
, then for ˜β > β0 we have

C1(R) =

∫ R

0
(1− r)αI2(r)dr ≤ ˜̃c

∫ R

0
(1− r)α

∫ 1

0

(1− ρ)β̃+1

(1− rρ)β̃+1
n(ρ)dρ ≤

≤ C1

∞∑
k=1

nk

2k(β̃+2)

[∫ R

0

(1− r)αdr
(1− rkr)β̃+1

]
≤

≤ C
∞∑
k=1

nk

2k(β̃+2)

1

(1− rkR)β̃−α
.

Now for p ≤ 1 (we can easily reformulate condition in our theorem on n(r) in
terms of nk)∫ 1

0
C1(R)p(1−R)βdr ≤ c

∞∑
k=1

(npk)(2
−kβ)

2k(β̃+2)p

[
2−kαp

] (
2−k
)(

2−kβ̃p
)
≤ const.
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The proof of (C3) is similar. We use

sup
0<r<R

(1− r)α

(1− rρ)β̃+1
≤ 1

(1−Rρ)β̃+1−α
, R, ρ ∈ (0, 1),

(a bit general form of this) and we repeat 0 < p <∞ case almost similarly for (C3).
Note, indeed that∫ 1

0
sup

0<r<R
(I2(r)(1− r)α)p (1−R)βdR ≤ C̃

∫ 1

0

(∫ π

−π

(∫
D

(1− |ξ|2)β+2dµ(ξ)

|1− ξ̄z|β+2−α

)p
dϕ

)
(1−R)βdR,

α > 0, β > −1 and it remains to repeat arguments we provided for (C1) and (C2)
case using the fact that for α2 > α1 + 1, α1 > −1∫ 1

0
(1−R)α1(1−Rρ)−α2dR ≤ C̃(1− ρ)−α2+α1+1, ρ ∈ (0, 1).

Theorem is proved.

Remark 2. For p > 1 similar type argument based on Hardy’s inequality leads to
same conclusion. We however do not consider this case here in details refereing to
[8] and leaving this case to interested readers.

The following result in combination with previous assertions of this paper will
give us at once new complete parametric representations of new large spaces of
subharmonic functions. This is very similar to results of Privalov, Ohlupina and
other authors in the unit disk and other domains which were obtained earlier and
which were also discussed by us above.

Theorem 11. Following embeddings are sharp:

Rpα,β ⊂ SB
p
α,β, p ≤ 1, α, β > −1,

R̃pα,β ⊂ SA
p
α,β, p ≤ 1, α > −1, β ≥ 0,˜̃

R
p

β,ν ⊂ SB̃
p
β,ν , ν > −1, β ≥ 0, 0 < p <∞.

In other words the reverse inclusions are valid also.

Proof. Consider u(z) − Vβ(z) = h(z), z ∈ D, this function is harmonic (see [8]).
Also u(z) ≤ u+(z), V −β = max(0,−Vβ),

h+(z) ≤ u+(z) + V −β (z) ≤ u+(z) + C

∫
D

(
1− |ξ|2

|1− ξz|

)β+2

dµ(ξ).
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Hence (see [8]) using Lemma 8 we have that∫ π

−π
|h(reiϕ)|dϕ ≤

∫ π

−π
u+(reiϕ)dϕ+ C

∫ π

−π

(∫
D

(
1− |ξ|2

|1− ξz|

)β+2

dµ(ξ)

)
dϕ+ C1,

r ∈ (0, 1). The rest was shown above. The small additional condition can be removed
via standard regularization procedure for subharmonic functions (see [6], [8], [16]).
Hence based on Theorem 10 our Theorem is proved.

We now formulate similar type sharp parametric representation type results in
upper halfplane C+. These results were obtained recently also by Ohlupina with the
help of special aβ type products in these domains on the complex plane. Arguments
are close to those provided in the unit disk. Complete analogues of our sharp
parametric representation theorems in the unit disk in these simple domains in
the complex plane may be probably also obtained by readers.

Let C+ = {z ∈ C : Im z > 0}, when z = x+ iy, α ∈ (0,∞), where

C+
ρ = {z ∈ C : Im z > ρ} , ρ > 0.

Let SH(C+) is a space of all subharmonic functions in C+ so that∫ ∞
0

yα−1
(∫ ∞
−∞

u+(x+ iy)dx

)p
dy <∞

and

sup
y>y0

∫ ∞
−∞

u+(x+ iy)dx ≤ C <∞. (1)

∀y0 > 0 lim
y→+∞

sup
y
u(iy) ≥ 0. (2)

With the help of aβ(z, ξ) special products (see [8]), a new parametric represen-
tation were provided, namely it was shown that u ∈ SHp

α(C+), p, α ∈ (0,∞) if and
only if in C+, for z ∈ C+

u(z) =

∫
C+

ln |aβ(z, ξ)|dµ(ξ) + h(z),

where h(z) is harmonic function in C+ where∫ ∞
0

yα−1
(∫ ∞
−∞

h(x+ iy)dx

)p
dy <∞,

µ(ξ) is a positive Borel measure in C+ so that
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∫ ∞
0

yp+α−1np(y)dy <∞,

where n(y) = µ(C+
y ).

Putting same type conditions (1) and (2) we easily can try to find similar type
results for our new large spaces of subharmonic functions in the unit disk which we
introduced in first section. We leave this to interested readers.

Namely consider as example spaces like∫ ∞
0

(∫ R

0
yα−1

(∫ ∞
−∞

h(x+ iy)dx

)p
dy

)q
dR,

where 0 < p, q <∞, α > 0, or spaces with sup0<R<∞ instead of integration by
∫∞
0

in C+.
To get sharp parametric representations for these new large spaces of subhar-

monic functions we must probably combine arguments taken from [8] with some lines
of arguments of proofs of related results for these type large spaces of subharmonic
functions in C+ in the unit disk from this paper.

Let Tn = T × . . .×T, Dn = D× . . .×D, n ∈ N and let SH(Dn) be a space of all
subharmonic functions in Dn (by each variable separately). Let further u ∈ SH(Dn)
and

T (−→r , u) =
1

(2π)n

∫
Tn
u+(reiθ)d

−→
θ ,

where u+ = max(u, 0), d
−→
θ = dθ1 · · · dθn, r = (r1, . . . , rn), reiθ = (r1e

iθ1 , . . . , rne
iθn),

ri ∈ (0, 1), i = 1, . . . , n be Nevanlinna characteristic in Dn.
We can define similar spaces using T (−→r , u) in Dn and pose and try to solve also

similar problems in Dn product domains in Cn.
For example to study SHp

−→α spaces

SHp
−→α (Dn) =

{
u ∈ SH(Dn) :

∫ 1

0
· · ·
∫ 1

0
(1− r1)α1 · · · (1− rn)αn (T (−→r , u))

p
d−→r <∞,

}
,

0 < p < +∞, αi > −1, i = 1, . . . , n.
In higher dimension in [2] similar parametric representation was obtained for u

subharmonic function in Cn, u(x) 6= −∞, and in [7] for plurisubharmonic function
in Cn.
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Potentiel, Acta Mathematica 48(3-4) (1926), 329-343.

[11] J. Riihentaus, A generalized mean value inequality for subharmonic functions,
Expositiones Mathematicae 19(2) (2001), 187-190.

[12] M. Stoll, On the Littlewood-Paley inequialities for subharmonic functions on
Domains in Rn, Recent Advances in Harmonic Analysis and Applications, Springer
New York (2013), 357-383.

[13] F. Shamoyan, E. Shubabko, Parametric representations of some clases of holo-
morphic functions in the disk, Operator theory: Advanced and Applications, volume
113, (2000).

[14] R. Shamoyan, Haiying Li, Descriptions of zero sets and parametric represen-
tations of certain analytic area Nevanlinna type classes in the unit disk, Kragujevac
Journal of Mathematics 34 (2010), 73-89.

[15] R. Shamoyan, Haiying Li, On the action of differentiation operator in some
classes of Nevanlinna-Djrbashian type in the unit disk and polydisk, Armenian Journal
of Mathematics 2(4) (2009), 120-134.

94
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