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1. INTRODUCTION

Let N={a €Z : a>0 }andZ be integers set. ¢ # S C N, S is called a numerical
semigroup if it satisfied following conditions

e 0S5,
e a1 tax €585, forall ay,as € S,

e Card(N\S) < oo. (this condition equivalent to ged(S) = 1 and ged(S) =greatest
common divisor the element of S).

We define the following integers for numerical semigroup S

F(S)=max{z € Z : x ¢ S} is the Frobenius number of S;
m(S) =min{a € S : a # 0} is the multiplicity of S;
n(S) = Card ({0,1,2,..., F(S)} N S) is determine number of S ([1,5,9]).

The numerical semigroup S is symmetric if f(S)—a € S for all a € Z\S. It is known
that every numerical semigroupS =< ki, ko > is symmetric, f(S) = k1ka — k1 — ko
and n(S) = L5+ ([1,12)).
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If S is a numerical semigroup such that S =< x1,x2,...,z, >, then we ob-
serve that S =< x1,22,...,2y >= {590 = 0, 51, 52,..., Sp—1,5, = F(S) +1,— ...}
where s; < s;41, n = n(S), and the arrow means that every integer greater than
F(S) + 1 belongs to S, for i = 1,2,...,n = n(S). Here, we say the number
K = K(S) = F(S) + 1 is conductor of S. Let S =< z1,x9, ..., 2, > be a numerical
semigroup. Then e(S) = u is called embedding dimension of S. It is known that
e(S) < m(S). The numerical semigroup is maximal embedding dimension (MED)

if e(S) =m(S) ([5,9]).
We give following definitions for a numerical semigroup S
Si={se€S: s>s;}fori>0,s €5,
S(i)={keN: k+5; CS}.

Here, every the set S(i) is a numerical semigroup and we write the following
chain:

Sp CSp-1C...CSCSH=5=50)cS1)c..cSn—-1)cSn)=N.

The number ¢(S) = Card(S(1)\ S) is called the type of S. Likewise, we put for
i=1,2,...,n =n(9); t;(S) = Card(S(i)\ S(i — 1)). In this way, it is possible to
associate with every numerical semigroup S a numerical sequence {1, t2, ...,tn(s)}
which is called the type sequence of S. It is known that, 1 < ¢;(S) < t1(S5) and
B(S) = £(S) (7).

Let S a numerical semigroup then S has maximal length if n(S)(¢(S) + 1) =
F(S)+ 1. Also, S has almost maximal length if n(S)(¢(S) + 1) = F(S) + 2 (for
details see [6,11]).

A numerical semigroup S is Arf if s; + s5 — s3 € S, for all s1, 82,83 € S such
that s1 > s > s3. It is well known that any Arf numerical semigroup is maximal
embedding dimension (MED), but its inverse is not true. For example, the numerical
semigroup S =< 3,10, 14 > is MED but it is not Arf. S is called saturated numerical
semigroup if s + ny1sy + nasa + ... +ngs € S, where s; € S and n; € Z such that
n181 + n2sg + ... +ngs > 0 and s; < s for j = 1,2,..., k. Also, it is known that a
saturated numerical semigroup is Arf. But, an Arf numerical semigroup need not be
saturated. For example, the numerical semigroup S =< 4,14,17,19 > is Arf but it
is not saturated (for details see [2,3,4]). It is known that if {tl, to, ..rs tn(s)} the type
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sequence of S Arf numerical semigroup, then t; = s; —s;_1 — 1, for i = 1,2, ..., n(S)

([10)).

2. MAIN RESULTS

Theorem 1. ([4]) Let S be a numerical semigroup and dg(a) =ged{x € S: z <a}.
Then the following conditions are equalities:

(1) S is saturated.
(2) a+dg(a) € S for all a € SY0}.

(3) a+ k.ds(a) € S for all a € SN0} and k € N.

Theorem 2. ([8]) Let S be a numerical semigroup with m(S) = 2 and conductor K
such that K = 0(2). Then S =< 2,2K + 1 > is saturated.

Theorem 3. ([8]) Let S be a numerical semigroup with m(S) = 3 and conductor
K. Then, S is saturated if S is one of following numerical semigroups:

(1) S=<3,K+1,K+2> for K=0(3);

(2) S =<3,K,K+2> for K=2(3).

Theorem 4. ([8]) Let S be a numerical semigroup with m(S) = 5 and conductor
K. Then, S is saturated if S is one of following numerical semigroups:

(1) S=<5,K+1,K+2,K+3,K+4> for K=0(5);
(2) S =<5, K,K+1,K+2,K+4> for K=2(5);
(3) 8 =<5 K K+1,K+3,K+4> for K =3(5);

(4) S =<5K K+2,K+3,K+4> for K =4(5).

Theorem 5. ([8]) Let S be a numerical semigroup with m(S) = 7 and conductor
K. Then, S is saturated if S is one of following numerical semigroups:
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(1)S=(TK,K+1,K+2,K+3,K+4,K+5 K +6) for K =0(7):
(2)S=(T,K,K+1,K+2 K +3,K +4,K +6) for K =2(7);
(3)S=(T1,K,K+1,K+2,K+3,K+5,K+6) for K=3(7);
(1)S=(T,K,K+1,K+2 K+4,K+5,K +6) for K = A4(7);
(5)S = (1K, K +1,K +3,K+4,K +5 K +6) for K =5(7);
(6)S=(T,K,K+2,K+3K+4,K+5, K +6) for K=6(7).

Theorem 6. ([7]) If S is symmetric numerical semigroup then the type of S is

#(S) = 1.

Theorem 7. Let S be a saturated numerical semigroup with p < 10 multiplicity be
prime number and the conductor K > p. If

K =0(p)

then t; = p — 1 for Vi,1 < i < n(S), where {tl,tQ, ...,tn(s)} s the type sequence of
S.

Proof. Let S be a saturated numerical semigroup with p < 10, p = 2,3,5,7 and
conductor K.

(1) If p=2for K = 0(2). Then we write S = (2,2K + 1) = {0,2,4,6,...,2K,— ...}.
Let {t; : Vi,1 <i <n(S)} be the type sequence of positive integers number. Then,
we get this t; = 1 for Vi,1 <1i < n(S) from S is symmetric.

(2) If p=3 for K =0(3). Then we write

S=3K+1,K+2)={0,3,6,9,.... K —3, K,— ...}. Let {t; : Vi, 1 <i < n(S9)}
be the type sequence of positive integers number. Then

Si={seS:s>s=3}={3,6,9,... K —3,K,— ...},
S1)={reN:z+85 CS}=1{0,369,...K 6K -3K—2K—1K,— ..},

t1(S) =t(S) = Card (S(1)\S) = Card {K — 2, K — 1}) = 2.
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Sy={s€S:s>s9=6}=1{6,9,.... K —3,K,— ...},
S(2)={zreN:z+8,CS}=1{0,3,69. .K—6K-5K-4K-3K—2K-1K, ..},

ta(S) = Card (S(2)\S(1)) = Card ({K — 5, K — 4}) = 2.

S3={s€S:s>s3=9}={9,... K —6,K —3,K,— ...},
S@3)={reN:z+85CS}=1{0,3,69,.K-8K-TK—-6K-5.,K-2K-1K ..,

t3(S) = Card (S(3)\S(2)) = Card ({K — 8, K — T}) = 2.

tn(S) = Card (S(n)\S(n —1)) = Card {K — (K —2),K — (K —1)})
= Card ({2,1}) = 2.

Thus, we obtain ¢; = 2 for Vi, 1 <1i < n(S).
(3) If p="5 for K =0(5). Then we write S = (5, K +1,K +2, K +3,K +4) =

{0,5,10,15,..., K, — ...}. Let {¢; : Vi,1 <1i < n(S)} be the type sequence of positive
integers number. Then,

Si={seS:s>s =5}=1{510,15,... K — 5, K,— ...},
S1)={z€N:x+S; CS}=1{0,510,15,..., K —10,K —5, K —4, K — 3, K —2, K — 1, K, — ...},

t1(S) = £(S) = Card (SA\S) = Card ({K — 4,K — 3,K — 2, K —1}) = 4.

Sy={s€S:s>s =10} ={10,15,.... K — 5, K, — ...},
S(2)={reN:z+8 CS}=1{0,510,15,.. K —10,K — 9, K —8, K — T, K — 6, ..., K, = ...},

t2(S) = Card (S@)\S(1)) = Card {K — 9, K — 8, K — T, K — 6}) = 4.
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t0(S) = Card (S(n)\S(n — 1)) = Card ({K — (K —4), K — (K — 3),K — (K —2),K — (K — 1)})
=Card({4,3,2,1}) =4

Thus, we obtain t; = 4 for Vi, 1 <1i < n(9).

(4)Ifp="Tfor K =0(7). Thenwewrite S = (7, K + 1, K +2, K +3, K +4, K +5,K 4+ 6) =
{0,7,14,21, ..., K, — ...}. If we make some operations in above. We find that t; = 6,

for Vi,1 < i < n(5). Therefore, if K = 0(p)then we obtain that t; = p — 1, for
Vi, 1< i< n(S).

Theorem 8. Let S be a saturated numerical semigroup with P < 10 multiplicity be
prime number, j = 2,3,....,p — 1 and the conductor K > p+j. If

K = j(p)
then the type sequence of S' is {tl =p—LlLita=p—1,. tys-1=p— Lty =J— 1}.

Proof. Let S be a saturated numerical semigroup with p < 10, p = 2,3,5,7 and
conductor K.

(1) If p =3 and j = 2. for K = j(p). Then we write S = (3, K, K +2) =
{0,3,6,9,.... K —5, K — 2, K,— ...} . Let {t; : Vi, 1 <i < n(S)} be the type sequence

of positive integers number.
Si={se€S:s>s=3={3,6,9,.... K —2, K, — ...},
S(1)={zeN:z+5 €5} ={0,3,6,9,.... K -8 K -3, K -2 K —1,K,— ...},

t1(8) = t(S) = Card (S()\S) = Card {K — 1, K — 3}) = 2.

Sy={s€S:s>s=6}=1{6,9,... K -5, K—-2 K, — ..},
S@2)={reN:z+8 C8 ={0,3,6,9,...K 8K —6K—5K—4,..K—2K—1K, ..},

t2(S) = Card (S(2)\S(1)) = Card ({K — 6, K — 4}) = 2.
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for i =n(S) —1
Sn(S)—l = {8 €S:s5> Sn(8)—1 = K — 2} = {K— 2, K,— },

Sn(S)—1)={zeN:x+4+S,5-1<5} ={0,2,3,4,..,. K —2,K,— ..},

Sn(s)—2 = {s €85 :52>s,9-2=K~— 5} ={K-5K-2,K,— ...},

S(n(S)—2) ={zreN:z+S,5-2C S5} ={0,3,5,6,7,..., K =5, K —2,K,— ...},
tn(s)—1 = Card (S(n(S) — 1)\S(n(S) —2)) = Card ({2,4}) = 2.

Thus, we obtain ¢; = 2 for Vi, 1 <i < n(S) — 1.

Finally, for i = n(S),

Sn(s) = {s €5:525y5)= K} ={K,— ..} and

S(n(S)={zreN:z+ Snis) € S} =1{0,1,2,..} = N. So, we find that to(s) =
Card (S(n(S)\S(n(S) —1) =Card ({1}) = 1.

(2)i)Ifp=>5andj=2for K = j(p). Thenwewrite S = (5, K, K + 1, K +2, K +4) =
{0,5,10,15,...., K — 2, K,— ...} . S is Arf since S is saturated. Thus, we write that
t; = s; — si—1 — 1, for Vi,1 < i < n(S) from S is Arf. In this case, we have
ti=s;—si-1—1=4=p—1;for Vi,1 <i < n(S), and t,(g) = Sp(5) = Sn(s)-1 — 1 =
K- (K—-2)—1=1=j—1.

ii)Ifp=>5and j = 3for K = j(p). Then wewrite S = (5, K, K + 1, K +3,K +4) =
{0,5,10,15,...., K — 3, K, — ...} . So, S is Arf since S is saturated. Thus, we write
that t; = s; — s;-1 — 1, for Vi, 1 < i < n(S) from S is Arf. In this case, we have
t; = 8; —Si—1 — 1=4= p— 1; for Vi, 1< < n(S), and tn(s) = Sn(s) - Sn(S)—l —-1=
K—(K-3)-1=2=j—1.

iii) Ifp=5and j =4 for K = j(p). Then we write S = (5, K, K +2, K + 3, K + 4) =
{0,5,10,15,.... K — 4, K, — ...} . So, S is Arf since S is saturated. Thus, we write
that t; = s; — s;-1 — 1, for Vi, 1 < i < n(S) from S is Arf. In this case, we have
ti=si—si-1—1=4=p—1;for Vi, 1 <i <n(S), and t,,(g) = Sp(s) = Sn(s)-1 — 1 =
K—(K—-4)-1=3=j—1.
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(3)i) If p="7and j =2 for K = j(p). Then we write

S=(I,K,K+1,K+2,K+3,K+4,K+6)=1{0,7,14,21,.... K — 2, K, — ...}.
So, is Arf since S is saturated. Thus, we write that t; = s; — s;_1 — 1, for
Vi, 1 < i < n(S) from S is Arf. So, we have t; = s; —s;-1 — 1 =6 = p—1; for
Vi,lﬁiﬁn(S), andtn(s) :Sn(s)—Sn(s),l—1:K—(K—2)—1:1:j—1.

ii) If p="7and j =3 for K = j(p). Then we write

S=(TK,K+1,K+2,K+3 K+5 K+6)=1{0,7,14,21,...,. K — 3, K,— ...}.
So, S is Arf since S is saturated. In this case, we write that ¢; = s; — s;_1 — 1, for
Vi, 1 < i < n(S) from S is Arf. Thus, we have t; = s; —s,-1 — 1 =6 =p —1; for
Vi,lSiSH(S), andtn(s) :Sn(g)—Sn(s)_l—IZK—(K—B)—1:2:j—1.

iii) If p=7 and j =4 for K = j(p). Then we write

S=(1,K,K+1,K+2,K+4,K+5K+6)=1{0,7,14,21, ... K —4,K,— ..} .
S is Arf since S is saturated. Thus, we write that t; = s; — ;1 — 1, for Vi, 1 <i <
n(S) from S is Arf. We have t; = s; —s;-1 —1 =6 =p—1; for Vi,1 < i < n(9),
and t,(s) = Sp(s) — Sp(s)-1 — 1=K — (K —4)-1=3=j—-1

iv) If p="7and j =5 for K = j(p). Then we write

S=(I,K,K+1,K+3,K+4,K+5 K+6)={0,7,14,21,.... K — 5, K, — ...}.
In this case, S is Arf since S is saturated. Thus, we write that ¢; = s; — s;_1 — 1,
for Vi, 1 < i < n(S) from S is Arf. So, we have t; = s; — 8,1 — 1 =6 =p—1; for
Vi,lSiSH(S), andtn(s) :Sn(s)—Sn(s)_l—1:K—(K—5)—1:4:j—1.

v) If p=T7and j =6 for K = j(p). Then we write

S=(I,K,K+2,K+3,K+4,K+5 K+6)=1{0,7,14,21,.... K — 6, K, — ...}.
In this case, S is Arf since S is saturated. Thus, we write that t; = s; — s;_1 — 1,
for Vi,1 < i < n(S) from S is Arf. We have t; = s;, —s,.1 — 1 =6 = p — 1; for
Vi,lﬁiﬁn(S), andtn(s) :Sn(S)—Sn(s),l—1:K—(K—6)—1:5:j—1.

Corollary 9. If S is a saturated numerical semigroup in the Theorem 7 and the
conductor of S is K = pn(S) then S has a maximal length.

Proof. Let S be as in Theorem 7 and K = pn(S). Then, ¢(S) = p— 1 and, we write
that ¢(S)n(S) = (p— 1)n(S) = pn(S) —n(S) = K —n(S) = F(S)+1—n(S). Thus,
S has maximal length.

Corollary 10. Let S be as in Theorem 8. If the conductor of S is K = pn(S) — 1
then S has almost maximal length.
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Proof. Let S be as in Theorem 8. and K = pn(S) — 1. Then, t(5) =
we obtain that n(S)(¢(S)+1) =n(S)(p—1+1) =pn(S) = K +1
Therefore, S has almost maximal length.

Example 1. Let’s take j = 0, K = 10 and p = 5 for K = j(p). Then we write
S = (5,11,12,13,14) = {0,5,10,— ...} saturated numerical semigroup from Theo-
rem 4(1). In this case, we obtain m(S) =5, f(S) = 9,n(S) =2 and K = pn(S) =
5.2 =10. Also, t(S) =p—1=5—1=4 from Theorem 7. Thus, S has mazimal
length, since n(S) (t(S)+1)=2(4+1)=10=K = F(S) + 1.

Example 2. If we put j = 6,p =7 and K = K(S) = 27 in Theorem 5(6). Then
we write S = (7,27,29,30,31,32,33) = {0,7,14,21,27, — ...}. Thus we find that
m(S) = 7,f(S) = 26,n(5) = 4,t(S) =6 and K =27 =74—-1 = pn(S5) — 1.
Therefore, S has almost mazimal length since n(S) (t(S)+1) =4.(6+1) = 28 =
2 +2 = F(S) + 2.
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