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HANKEL DETERMINANT OF TYPE H>(3) FOR INVERSE
FUNCTIONS OF SOME CLASSES OF UNIVALENT FUNCTIONS
WITH MISSING SECOND COEFFICIENT

M. OBRADOVIC AND N. TUNESKI

ABSTRACT. In this paper we determine the upper bounds of |Hy(3)| for the in-
verse functions of functions of some classes of univalent functions, where Ha(3)(f) =
agas — a3 is the Hankel determinant of a special type.
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1. INTRODUCTION AND PRELIMINARIES

Let A be the class containing functions that are analytic in the unit disk D := {|z| <
1} and are normalized such that f(0) =0 = f'(0) — 1, i.e.,

f(z2) =2+az* +azz® +---. (1)

By S we denote the class of functions from A4 which are univalent in D.

Also, we need the classes of functions of bounded turning, of convex functions,
of starlike functions, and of functions starlike with respect to symmetric points,
subclasses of S, defined respectively in the following way

R:[fEA:Ref/(z)>0,z€]D],

1 , zf"(2)

- :fEA.Re[1+ 702) ] >O,2€]D)],
S = _feA:ReZJ{(ij)>0,zeD},

«_ | , 22f'(2)
S; = _feA'Re—f(z)—f(—z) >0,z€]D)].

In his paper [4] Zaprawa considered the Hankel determinant of the type

Ha(3)(f) = aas — aj,
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defined for the coefficients of the function f given by (1). The author treated bounds
of |H2(3)(f)| for the classes R,C,S* and gave sharp results in the case ag = 0. He
also investigated the general case of these classes. In the same paper it is proved
that

max {|H2(3)(f)|: fe S} > 1.

The object of current paper is to obtained the bounds of the modulus of the
Hankel determinant Ho(3)(f~!) of coefficients of the inverse of function from the
classes R, C, §* and &7, defined before, as well as for the class §. In all cases we
suppose that function f is missing its second coefficient, i.e., ao = 0.

Namely, for every univalent function in ID exists inverse at least on the disk with
radius 1/4 (due to the famous Koebe’s 1/4 theorem). If the inverse has an expansion

fHw) = w+ Asw® + Azgw® + -+, (2)

then, by using the identity f(f~'(w)) = w, from (1) and (2) we receive

AQ = —a,
Az = —agz + 2&%,
Ay = —ay + dasag — 5a%,

As = —ag + 6agay — 21a3as + 3a3 + 14a3.
Especially, when as = 0, we have
Ay =0, A3=—a3, Ays=—ay4, As5=—as5+ 3a§.

So, in this case,

Hy(3)(f71) = A3As — A% = azas — a3 — 3a3, (3)
ie.,

Ha(3)(f™1) = H2(3)(f) — 3a3. (4)
For our further consideration we need the next lemma given by Carlson [1].

Lemma 1. Let
w(?) =c1z + ez + -+ (5)

be a Schwartz function, i.e., a function analytic in D, w(0) = 0 and |w(z)| < 1. Then

|ca|®
L+ ||’

el <1, ool S1—leaf?, fes] S 1—lea? — and [eg| < 1—ler|? —eaf”.
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2. MAIN RESULTS

Theorem 1. Let f € A is given by (1) and let ap = 0. Then

(o) [Hs2)(f < B if feR;

(b) |Hs(2)(f N < 4 if feC;

(c) [Hs2)(f <24 feS,
@)

(d) |Hs2)(f~1) <2if f € ST
All these results are sharp.
Proof.

(a) Since f € R is equivalent to

1+ w(z)
/ =
=1y
for certain Schwartz function w, we receive that

fl(2) =14 2w(z) + 20%(2) + - . (6)

Using the notations for f and w given by (1) and (5), and equating the coeffi-
cients in (6), we receive

(GQ =1,

as :g(CQ +¢2),

as :%(03 +2cic0 + ), ")
& :§(C4 + 2c1c3 + 3cico + ¢ + cf).

Since ag = 0, by (7) we have ¢; = 0, and the appropriate coefficients have the

next form:
2 1 2( 2) (8)
a3 = —c¢ ay = —c as = —(cq4 + ¢c5).
3 3 2 4 9 3 5 5 4 2

Now, from (3) and (8), after simple computation, we obtain

_ 4 1 28
Hs3(2)(f 1) = 50204 - ch - Ecé,
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and further,

4 28
|H3(2)(f~ )!Sg\02\|64|+ |03|2 5|C2|3‘

Applying Lemma 1 (with ¢; = 0 ) we receive
-1 4 2y, 1 22, 28 3
[H32)(f ) < ggleal (@ = leaf") + 7 (1 = fe2l")” + = leaf.
and, finally,
6 5 1, .,
@) < 3+ gleol = Lol +aoleol + ool = gallea)), (9)
where 0 < || < 1. Since

4 16
@) (lea]) = T — le2| + 5102!2+102!3

4 1
=—(1=2lce)?+ — 350
(1= 2eal) + elesl + oo >0,
we have ¢1(|ea|) < ¢1(1) = 28, and from (9),

Hy(2)(f )] < 35 = 0622,

This result is best possible as the function fi(z) = In ifj — 2z defined by
fi(z) = 1+Z2, shows.

We apply the same method as in the previous case. Namely, from the definition
of the class C we have
2f"(z) _ 1+w(z)

fiiz)  1-w(2)
where w is a Schwartz function, and from here
(2f'(2)) = 142 (w(z) +&*(2) +---)] - F(2). (10)

Using the notations (1) and (5), and comparing the coefficients in the relation
(10), after some simple calculations, we obtain

1+

7

az = Cq,
1
a3 =3 (e + 361)
1 (11)
as = 5 (03 + 5cico + 601)
1
as = 30 (304 + 14cqic3 + 436102 + 3001 + 602)
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If ag = 0, then by (11) we have ¢; = 0, which implies

1 1
—Co, Q4= —C3, Q
3¢ 4= 56 5

Using (3) and (12) we obtain

az = cq +2c3). (12)

1
_ﬁ(

_ 1 :
H32)(f 1) = 180 (6cacy — 53 — 8c3) .

From the last relation we get

_ 1
[Hy(2)(F )] < 1 (leallea] + Bleal® + 8lea?)

and further, after applying Lemmal (with ¢; =0 ),
_ 1
[H3(2)(f )] < Tag (6leal(1 = le2]?) +5(1 — |ea*)? + 8le2f)

i.e.,

_ 1
|H3(2)(f1)] < 180 (5 + 6|ca| — 10]c2|* + 2|ca|® + 5lea|*) =: pa(|ca]), (13)

where 0 < |ca] < 1. Since

1
pa(leal) = 55 (3 = 10lea| + 3eaf” +10[c2f)
which, after considering this polynomial in the interval [0, 1], gives 1 (|ca|) <
¢2(1) = %, and further, from (13),

2

=0.044....
45

[H3(2)(f7H)] <

The function fa(z) = artanhz satisfying 1 + zf,é/((s) = f_ri; shows that the
2

result is the best possible.

(c) From the definition of the class S* we have that there exists a Schwartz function

w such that
zf'(2) _ 1+ w(z)
fz) 1-w(z)
and from here
2F(2) = (142 (w(z) +62(2) + )] - F(2). (14)
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As in the two previous cases ((a) and (b)), by comparing the coefficients in
the relation (14), and some simple calculations, we have

as = 2¢1

as = ¢ —|—3c%

2
ag = 3 (03 + 5ci1e9 + 60:{’)

1 14 43
a5 = 3 <C4 + ?Clcg + ?c%cz + 10011 + 203) .

For the case as = 0 we have the next

2 1
az =co, Q4= 563, as = 5(04 + 20%). (15)
So, from (3) and (15) we obtain
_ 1
H3(2)(f™) = T (9cacs — 8¢5 — 36¢3)

and from here
_ 1
|H3(2)(f )] < 8 (9calleal + 8les|® + 36]cal?) .

Using estimates for |c4| and |c3| from Lemmal (with ¢; = 0 ) from the last

relation we receive

1
18

|H3(2)(f 1) < = (8 +9|ca| — 16]ca|? + 27|ca® + 8|ca|*)

@3(leal),  (16)
where 0 < || < 1. Since
s(|cal) = E (9 — 32lca| + 81fea|* + 32|ca”)
— 1% [9(1 — 3|ca])? + 22|ea| + 32|c2]?] > 0,
then @3(|c2]) < ¢3(1) = 2, and from (16),
[H3(2)(f7h)] < 2.

The result is the best possible as the function f3(z) = —%5 shows.

1—z
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(d) From the definition of the class S} we have that there exists a Schwartz function
w such that
2:'()  _ 1+w(z)

f2) = f(=2)  1-w(z)’

and from here

22f'(2) = [L+2(w(z) + w?(2) + )] - [f(2) = f(=2)]. (17)
Similarly as in previous cases, by comparing the coefficients in the relation
(17), after some simple calculations, we receive
(ag =C1

a3:02+c%

1
as = 3 (03 + 3cico + 2651)’)

1
as = 5 (04 + 2c1c3 + 50%02 + 2611 + 203) .

For az =0 (¢; = 0), from (18) we get
1 2
a3 =cz, as= 53, a5 = 5(ca+26),

and using (3), .
Hy(2)(f™) = 1 (2c2c4 — ¢ — 83)

and from here

(2]ea|[ca| + |cs]* + 8lea?) -

=

[H3(2)(f )] <

Using the estimates for |c4| and |e3] from Lemma 1 (with ¢; = 0) from the last
relation we have

[H3(2)(f )] < 5 (14 2lea] = 2]ea” + 6leal® + [e2l!) =2 pallea]),  (19)

e

where 0 < |c2| < 1. Since

ehlea]) = = (1 = 2|ca| + 9ca|* + 2|c2f?)

N =N =

[(1 —Je2])? + 8lea| +2|e2f*] > 0,
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then 4 is an increasing function and ¢4(|c2]) < ¢4(1) = 2. So, from (19),
[H3(2)(f )] < 2.
This result is the best possible as the function f; defined by

2:f5(2) 1477
fa(z) = fa(=2) — 1-22

shows.

Remark 1. From the relation (4) we get the following.
(a) For feR,

3
HA2)(7 )~ Ha@ (1) = laal’ =3 (3leal) <5,

and the result is the best possible as the function f; shows (in this case
H3(2)(f1) = 15 and Hs(2)(fi") = —35).

(b) For f €C,

3
)7 - @ ()] =3laa =3 (12) < 1,

and the result is the best possible as the function fs shows.
(c) For f € S,
[H3(2)(f 1) = H3(2)(f)| = 3Jas]* = 3l < 3,
and the result is the best possible as the function f3 shows.
(d) For f € 87,
[H3(2)(f 1) = [H3(2)(f)] = 3Jas® = 3lez|® < 3,

and the result is the best possible for the function fy.
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For obtaining the corresponding result for the whole class S we will use method
based on Grunsky coefficients. In the proof we will use mainly the notations and
results given in the book of N.A. Lebedev ([3]).

Here are basic definitions and results.

Let f € S and let

f(t) p
log ————= ro— Z wpqt? 24
P,q=0
where w,,, are the Grunsky’s coefficients with property wp,, = wg,. For those

coefficients we have the next Grunsky’s inequality ([2, 3]):

oo oo 0o |£C |2
Doa|D wpatn| <D0 (20)
q=1 |p=1 p=1 p

where x,, are arbitrary complex numbers such that last series converges.
Further, it is well-known that if the function f given by (1) belongs to S, then
also
fo(2) =V f(22) =2+ 323 + 52”4+ - (21)
belongs to the class S. Then, for the function fg we have the appropriate Grunsky’s
coefficients of the form wé?_mq_l and the inequality (20) has the form:

o0 2

Top—1
E (2¢-1) E Wop—1,2g-1T2p—1| < E |2pp_l (22)
q:l :

p=1
Here, and further in the paper we omit the upper index (2) in wg?_mq_l if
compared with Lebedev’s notation.

If in the inequality (22) we put 1 = 1 and x9,1 = 0 for p = 2,3,.. ., then we
receive
w1 + 3lwis)? + 5lwis|* + T|wi7|* < 1. (23)

As it has been shown in [3, p.57], if f is given by (1) then the coefficients a2, a3,
a4 and as are expressed by Grunsky’s coefficients wa,—1,24—1 of the function fo given
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by (21) in the following way:
az = 2wy,
a3 = 2wz + 3w%1,

10
a4 = 2ws3z + Swiiwis + ?w%h

7
as = 2wss + Swiiwss + 5w%3 + 18w%1w13 + gwfl,
0 = 3wis — 3wiiwis + w:fl — 3wss,
Ly

2
0 =wi7 — w35 —wi1wsz — wig + 3wt

We note that in the cited book of Lebedev there exists a typing mistake for the
coefficient a5. Namely, instead of the term 5w?;, there is 5ws.

Theorem 2. Let f € S is given by (1) and let ay = 0. Then

Hy@ (Y < Y2 4 ovE— a5,

Vi

Proof. In the case when as = 0, from (24) we have wy; = 0, and so
az = 2wi3, a4 = 2ws3, as = 2wss+ 5w%3, W33 = W15, W35 = Wiy — w%3. (25)
Using (3) and (25), we have
H3(2)(f71) = dwizwss — 14wl — 4wis,
and after applying the two last relations from (25),
H3(2)(f71) = dwiswir — 18wis — dwis.
From here we have

|H3(2)(f1)] < 4fwis||wir] + 18[wis|® + 4fwis|?,

or finally, using |w;7| < %\/1 — 3Jwis]? — 5|wis|* (from (23)) we get

1
\ﬁ'wlg”\/l — 3Jwrz|? — Blwrs|? + 18|wia]® + 4|wis[”

1 (26)
= Wﬂ’lﬂwl?’l, jwis]) + 2tha(|wrs], |wis ),

[H3(2)(f7H)] <
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where
Yi(y,2) =yV/1—3y2 =522, aha(y,2) = 9y° + 227,

with 0 < y = |wiz] < % and 0 < z = |wys| < %\/1 — 3y? (where we used the

inequality (23)). It is easy to verify that for these range of y and z, ¥1(y,2) <
$1(1/v6,0) = 2B and wa(y, 2) < $2(1/v/3,0) = V3, so that from (26)) we have

@ < Y2y ova— a5,

Vi

Remark 2. From the relation (4) we get for f € S:

—1 3 3 1 3 8
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