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ABSTRACT. The principal object of this paper is to present new contractive
type condition for mappings defined on G-metric spaces. Further, we prove some
new fixed point theorems concerning these mappings in G-metric space. Particular
cases and examples to illustrate and support our results are also considered. Our
findings extend and unify a known results.
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1. INTRODUCTION

The Banach contraction mapping principle is widely considered the source of metric
fixed point theory, and its significance is in its application in several branches of
mathematics. Hence, there are many numerous generalizations of the Banach con-
traction principle. In 2006 Zead Mustafa introduced the notion of G-metric spaces
[24] as the generalization of ordinary metrics and analyzed the topological structure
of the G-metric spaces see, e.g., [1-4, 5-8, 9-13, 16-28]. In 2012, Jleli and Samet
[16] and Samet et.al [27] showed that some fixed point theorems in G-metric spaces
can be deduced from standard metric spaces or quasi-metric spaces. Karapinar and
Agarwal [17] proved that the approach of Jleli and Samet [16] and Samet et.al [27]
cannot be applied if the contraction condition in the statement of the theorem can’t
be reducible to two variables and the introduced and proved diverse results in G-
metric spaces. after that, several authors published many fixed-point results on the
setting of G-metric space and Gp-metric space ( see e.g. [14-15]). In this paper, we
prove fixed point theorems for self-mappings satisfying some kind of contractive type
conditions on complete G-metric spaces are generalizations of previous researchers.

Definition 1 (24). Let X be a non-empty set and let G : X x X x X — RT be a
function satisfying the following properties:

(G1) G(z,y,2) =0 ifz =y =z;
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(G2) 0 < G(z,x,y) for all x,y € X with x # y;
(G3) G(z,z,y) < G(x,y,z2) for all z,y,x € X withy # z;

(
(G4) G(z,y,2) = G(z,2z,y) = G(y,z,x) = ...,(symmetry in all three variables);
(

(G5) G(zx,y,2) < G(z,a,a)+G(a,y,z), for all z,y,z,a € X (rectangle inequality).
Then the function G is called a G — metric on X, and the pair (X,G) is called a
G — metric space.

Another useful definitions are follow:

Definition 2 (24). Let (X,G) be a G — metric space. We say that {zy} is

(1) a G-Cauchy sequence if, for any € > 0, there is N € N ( the set of all positive
integers ) such that for all n,m,l > N, G(xn, Tm,x]) < €

(2) a G-convergent sequence to x € X if, for any € > 0, there is N € N such that
for alln,m > N, G(x,xn, ) < €.

(3) a G- metric space (X, Q) is said to be complete if every G-Cauchy sequence in
X is G-convergent in X.

Definition 3 (24). Let (X, Q) and (X,G) be two G — metric spaces, and let f

(X,G) — (X, G) be a fuction, then f is said to be G-continuous at a point a € X

if and only if, given € > 0, there exists § > 0 such that xz,y € X; and G(a,z,y) < 0

implies G’(f(a), f(x), f(y)) <e. A function f is G-continuous at X if and only if it

is G-continuous at all a € X.

Definition 4 (24). A G—metric space (X, G) is called symmetric G —metric space

if
G(x,y,y) = G(y,x,x) for all x,y € X.

2. CERTAIN THEOREMS FOR G — metric SPACE

In this section, we establish fixed point theorems for self mappings satisfying various
contractive conditions on complete G — metric spaces.

Theorem 1. Let (X,d) be a complete G — metric space and define the sequence

{xn} 2| C X by the iteration xp, = Txp—1 = T"xo and let T : X — X be a mapping

such that

G(Tx,Ty,Tz) < MG(x,y,z) + MG (z, Tz, Tx) + A\3G(y, Ty, Ty) + MG(z,Tz,T%)
+ X{G(x, Ty, Ty) + G(y, Tz, Tx) + G(2, Tz, Tx) + G(x,Tz,Tz)
+G(2,Ty, Ty) + G(y, T2, T2)} (1)
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where A1, A2, A3, A1, A5 2> 0, A1+ A2+ A3+ +2X05 <1 forall z,y,z € X then there
exists x* € X such that x, — =* and x* is a unique fixed point.

Proof. Let zyp € X be an arbitrary point and define the sequence {z,},-; by z, =
Txp—1 = T"xg. Assume x,, # Tpt1, n = 1,2,3....Then by (3.1), we get

G(xp, Tni1, Tnt1) = G(Txp_1,Txy, Txy)
< MG(Tp—1,Tn, Tn) + NG (Tn—1,TTn—1,Txn_1) + N3G (xp, TTp, Txy)
+ MG (xn, Txy, Try) + Ms{G(xp—1, Tz, Txp) + G(xn, TTp_1,TTp_1)
+ G(xp, Trp-1,Trn—1) + G(xn_1,TTn, Txy) + G20, Ty, Ty
+ G(zp, Trp, Txy)}
< MG(Tp—1,Tn, Tn) + XNoG(Tp—1, Tn, Tn) + A3G (T, Tpt1, Tnt1)
+ MG (T, Tnt1, Tnt1) + A {G(Xn—1, Tnt1, Tnt1) + G(Xn, Ty, Tp)
+ G(Tp, Tny Tn) + G(Tn—1, Tnt1, Tnt+1) + G(Tn, Tng1, Tnt1)
+ G(Xp, Tpy1, Tny1)}
<MG(Tp—1,Tn, Tp) + NG (Tp—1,Tn, Tp) + A3G (T, Tpy1, Tny1)
+ MG (2, Tnt1, Tnt1) + As{G(Tn-1,Tn, Tn) + G(Tn, Tnt1, Tnt1)
+ G(Tn, Ty ) + G(X, Ty ) + G(Xp—1, Ty, Ty
+ G(Tn, Tt 15 Tnt1) + G(Xn, Tng1, Tng1) + G(Tns Tt 1, Tnt1) }

(1 —A3— A\ — 4)\5)G(xm Tn+1, $n+1) < ()\1 + Ao+ 2)\5)G(5L'n71a T, xn)

A+ Ao+ 25
G n—1ls<ny<n 2
1= hg = = dog O Enlr T @) (2)

G(xm Tn+1, xn+1) < UG(JTnfla Tn, xn)a

IN

G(:Env Tn+1, l'n+1)

A1+ Ao+ 25
1— A3 — Mg — 45

As M+ X+ A3+ +205 <1
and
A F A +205 <1 — A3 — A4 —4)s

where 1 =

A1+ Ao+ 25

1= hs— A —4)s < 1 which yields the result

we get =

G(J;na Tn+1, -rn—l—l) < UG(xn—la Tn, xn)

S 7]2G(93n72, Tn—1, 3jnfl)
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Repeating this process we lead to
G(xn,xn+luxn+l) < nnG(SUOaxlvxl) (3)

Next, we show that{z,}, -, is a G-Cauchy sequence in X. Let m,n > 0 with m > n

G(.%'n, Q?m,l'm) < G(.Z'n, xn—‘,—hxn-i-l) + G(xn+1,mn+2,xn+2) + G(l’n+2,$n+3, .%'n+3)
+ o+ G(Tm—1, Ty Tim)
<"+ 0"+ ™G o, w1, 71)
n
ST nG(~T0a$17$1)-
Then, lim G (zy, Tm, Tm) = 0, as n,m — oo, since lim %G@o,xl,ml) = 0, as

n,m — oo. For n,m,l € N, (G5) implies that
G (xna .me,l’l) <G (xnaxmvxm) +G (xl,a:m, xm)

taking limit as n,m,l — oo, we get G(zpn,Tm,z;) — 0. So (z,) is a G-Cauchy
sequence. By completeness of (X, G), there exists v € X such that (x,) is G-
convergent to u.

Let T'(u) # u.

Now, we show that z* is a fixed point of T'. We have

x*v Tn+1, .Tn+1) + G(xn-i-h TIL'*, T$*)

(
(", xpy1, Tpg1) + G(Tay, Ta™, Ta")
< G(z*, pt1, Tny1) + MG (2p, ¥, 27)

+ NG (zp, Txy, Txy) + A3G (2™, Tx*, Tx™)

+ MG (2", Tx*, Tx*) + M\s{G(zp, Tx*, Tx™)

+ G(x*, Ty, Tey) + Gz, Txy, Txy)

+ G(xp, T, Tx*) + G(z*, Tax*, Tx*) + G(z*, Tx*, Tx™)}

< G(x*, Tpt1, Tnt1) + MG (zn, 2%, 27) + MG (xy, ¥, x7)

+ NG (z*, Txy, Try) + A3G(2™, Tx™, Tx*) + MG (2", Tx*, Tx™)
+ Ms{G(xp, 2", %) + G(z*, Ta*, Tx™) + G(z*, Twp, Txy)

+ G(x*, Tz, Tay) + Gz, 2%, 2%) + G(z*, Ta*, Tx™)

+ G(2", Tx*, Tx") + G(«*, Tx*, Tz")}

G(z*,Tx*,Tz*) < G
<G
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(1 - )\3 - A4 - 4)\5)G($*,TI*,T1‘*) S (1 + )\2 + 2)\5)G($*,In+1,$n+1) + (Al + )\2 + 2/\5)G(xn,9:*,x*)

1+)\2+2A5
1 =23 — Ay — 45

A1+ Ao+ 2X5
1— X3 — Xy —4Xs

G(x*,Tx*,Ta:*) < G(x*,$n+17xn+1)+ G(xn,x*,x*).

Hence
G(z*,Tx*,Tz*) <0asn— o0

That is Tx* = z*, then x* is a fixed point of T

Finally, we show z* is the unique fixed point of T. Let z’ is another fixed point of T,
then we have Tz’ = 2’ and

G(z* 2", 2") = G(Tx*,Ta', Tx")
< MGz, 2", 2") + \oG(x*, Ta*, Tx*)
+ X3G (2!, T, Tx') + \MG(2', T2’ , Ta")
+ M {G (2", T2, T2') + G(2', Tx*, Tx*)
+ G2, Ta*, Tx*) + G(z*, T2’ , Ta')
+ G, T2, T2') + G(z', T, Tx")}
< MG(x*, 2, 2') + MG (a*, a*, x*)
+ 3G (2,2 2) + MG (2 2! 2 + M {G (2", 2!, 2)
+ G2 a*, 2%) + G2/, 2%, ") + G(a*, 2’ , 1)
+ G2 ")+ G2 2, 2')}
< MG(x* 2 2') + A {G(z*, 2, 2')
+ G2 2%, 2%) + G2, 2%, ") + G(z*, 2/, 2")}
< MGz 2, 2") + X {2G (2", 7', 2') + 2G (2, x*, x*)}

(1 =X —2X5)G (2", 2", 2") < (2X5)G (2, 2", 2%)
2\
G(a:*,x',:c') S ﬁG(x/,x*,z*)
4Xs 1ok
< ——m—m7—— .
> 1_)\1 —2)\5G(m y L, X )

which yields z* = 2’ so T has a unique fixed point.

Theorem 2. Let (X,d) be a complete G — metric space and define the sequence
{n}oy C X by the iteration xy, = Txp—1 =T o and let T : X — X be a mapping
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such that

G(Tz, Ty, Tz) < MG(z,y,2) + \oG(x,Tx, Tx) + N3Gy, Ty, Ty) + \G(2,Tz,T%)
+ A5G (2, Ty, Ty) + MGy, Tx, Tx) + \yG(2,Tx, Tx) + A\sG(x,T2,Tz)
+ MG (z, Ty, Ty) + MoG(y, Tz,Tz) + \1|G(z, Ty, Ty) + G(y, Tz, Tx)
+G(z,Tx,Tx) + G(z,T2,Tz) + G(2, Ty, Ty) + G(y, T2, Tz)]  (4)
where min{)\b )\27 )‘37 )\47 )‘51 )‘67 )‘77 )\8) )\97 A107 )\11} > 0 with A+ Az +)\3+)\4+2)\5 +

Mg+ A7+2X 8+ Ag+ Ao+ 6A11 < 1 forall x,y,z € X, then there exists x* € X such
that x,, — x* and =* is a unique fized point.

Proof. Let o € X be an arbi and {z,},., be a sequence in X defined as =, =
Tx,_1=T"x9,n =1,2,3... we obtain that
G(xn, Tpi1, Tpy1) = G(Txp—1, Txy, Txy)
< MG(Tp—1,Tn, Tn) + XNoG(xp—1,TTn—1,Txn_1) + N3G (xp, Txpn, Txy)
+ MG (zp, Txn, Txy) + AsG(xp—1, Ty, Txn) + NeG(xp, TTp—1, Txp_1)
+ MGz, Top—1,Txn-1) + XG(p—1,Txn, Txy) + NG (2p, Ty, Txyy)
+ MoG(zp, Txyp, Txy) + M1{G(xpn—1,Txn, Txy) + G(xpn, TTp_1,TTH_1)
+ G(zp, Trp—1,Txn-1) + G(xpn-1,Txpn, Txn) + G(xp, Txpn, Txy)
+ G(xn, Txp, Txy)}
< MG(Tp—1,Tn, Tn) + NG (Tp—1, Tn, Tn) + A3G (T, Tpt1, Tni1)
+ MG (2, Tnt1, Tnt1) + AsG(Tn—1, Tnt1, Tnt1) + NG (Tn, T, Tn)
+ MG (2, Ty Tn) + A8G(Tn—1, Tnt1, Tnt1) + NG (T, Tnt1, Tnt1)
+ M0G(Tn, Tng1, Tnt1) + M1{G(Tn—1, Tni1, Tnt1) + G(Tn, Tn, Tn)
+ G(Tp, Ty ) + G(Tp—1, Tt 1, Tt 1) + G(Tny Tpa1, Tnat)
+ G(Tn, Tng1, Tnt1)}
<MG(Tp—1,Tn, Tn) + NG (Xp—1,Tn, Tn) + A3G (T, Tpp1, Tny1)
+ MG (T, Tnt1, Tnt1) + A {G(Xn—1, Tn, xn) + G(Tn, Tpt1, Tnt1) }
+ XeG(Zn, Tny Tn) + MG (Tp, Tny n) + Ae{G(Tn—1, Tpn, Tn)
+ G(n, Tpt1, Tny1) } + MG (T, Tnt1, Tnt1) + M0G(Tn, Tnt1, Tnt1)
+ Mi{G(zp—1,2n, xn) + G(Xn, Tpt1, Tnt1) + G(Xn, T, Tp)
+ G(zp, Tn, ) + G(Tp—1, Tn, xn) + G(Tn, Tpi1, Tni1)
+ G(Tn, Tnt1, Tnt1) + G(Tn, Tnt1, Tng1) }

(I —=2A3 = A1 — X5 = A — A9 — A10 — 4M11)G(@n, Tn41, Tnt1) < (A1 + A2 + A5 + As +2X11)G(2n—1, Tn, Tn)
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< A+ Ao+ A5+ Ag + 2011 G(:U . x)
_1—)\3—A4—)\5_)\8_>\9_/\10_4)\11 n—1,4n,dn

G(:UTH Tn+1, l‘n+1)
G(-rrw Tn+1, xn+1) < ’I7G(.Z‘n71, Tn, xn)

A+ Ao+ A5 + Asg + 2011 <
1—X3—XM— X5 —Ag — g — Ao — 411

As A+ X0+ A3+ A0+ 205 +2X 8 + Ag + Mg +6A11 < 1

where 1 = 1

()\1+)\2+)\5+/\8+2>\11)<(1—)\3—)\4—)\5—/\8—)\9—)\10—4)\11)
A1+ A2+ A5 + Ag + 211

<1

G(l‘n, Tn+1, $n+1) < nG(ZL‘nfla Tn, xn)

< nzG(xn—Qy Tn—1, xn—l)

Continuing this process, we find that,

G(an, Tn+1, xn+1) < nnG(x()v x1, xl)
Now, we show that{z,} -, is a Cauchy sequence in X. Let m,n > 0 with m > n

G(.Z'n, Ty .I'm) < G(.Z'n, Tn+1, xn—i—l) + G((Ifn+1, Tn+2, $n+2) + G(l’n+27 Tn+3, $n+3)

+ o + G(Tm—1, Ty Trm)

<"+ 0"+ L+ ™G (o, 71, 21)

n

Ui

<
=19

G(z0,71,71)
Then lim G(xy,, T, Ty) = 0 as m,n — oo.
Hence {zy} - is a Cauchy sequence in X. Since {z,} -, is a Cauchy sequence,
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{zn} converges to z* € X.
Now we show that z* is a fixed point of T'.

Gx*,Tx*,Tz*) < G(z*, xpy1, Tny1) + G(xpyr, T, Tx™)

< G, rpt1, Tn1) + G(Txn, Ta*, Tx™)
< G, Tnt1, Tnt1) + MG (xn, 2%, %) + Mo G(xp, Ty, Txy)
+ XN3G (2", Tx*, Tx*) + MG (", Tz, Tx") + N\sG(xy, Tx™, T'z™)
+ XeG(2", Txy, Txy) + MG (2", Ty, Txy) + MGy, Tz, Tx™)
+ NG (2", Tx*, Tx") + M\oG(z*, Tx*, Tz") + AM1{G(xp, Tz", Tx")
+ G(2*, Txp, Tay) + G(z*, Tay, Tay) + Gz, Ta™, Tx")
+ G2, Tx*, Tx") + G(«*, Tx*, Tz")}
< G(2", Zpt1, Tnt1) + MG (Tn, 27, 2%) + MG (zp, 2%, 27)
+ XNG(x*, Txy, Txy) + A3G(a™, Ta™, Tx™) + \yG (2", Tz, Tx")
+ M {G(xp, 2", 2%) + G(a*, Tax*, Tx*)} + NG (2", Ty, Txy)
+ MG (z*, Txy, Txy) + As{G (2, 2", 2%) + G(z*, Tz*, Tz*)}
+ NG (2", Tx*, Tx*) + M\oG (2", Tx*, Tx*) + M1{G(xp, 2", )
+ G(z*, Tz", Tx") + G(z*, Txy, Txy)
+ G2, Trp, Txy) + G(zp, 2%, 2°) + G(z*, Tx*, T'x™)
+ G2, T2",Tz") + G(z*, Tx*, Tx")}

which implies that,

14+ Ao+ X+ A7+ 2A11

* et Tt <
G(z*,Tx", 93)—1_)\3_)\4_)\5—Ag—/\9—>\10—4)\11

G($*7$n+175€n+1)

n A+ A2+ A5+ Ag + 2Mq11 G(JU = 33*)
1—A3— XM — A5 — Ag — Ag — Mg — 4\ 11 e

= G(z*,Tz*,Tz*) <0asn — o0
ie Tz* = x*. i.e ¥ is a fixed point of T
Now we show z* is the unique fixed point of T. Assume that 2’ is another fixed point
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of T, then we have Tz’ = 2’ and

G(z*,2',2') = G(Tx*, T, T2)
< MGz, 2! 7)) + NG (2, Ta*, Tx")
+ A3G (2!, T2, T2') + MG (2!, T2’ , Tx') + \sG(z*, T2, Tx')
+ XeG (2!, Tz*, Tx*) + \G(2, Ta*, Tx*) + X\sG(z*, T, Tx')
+ XMG(2, T2, T2') + \oG (2, T2, T2") + M\1{G(z*, T2’ , T2)
+ G2, Tz*, Tz*) + G2, Ta*, Tx*) + G(z*, Ta', Tx')
+ G2, T2, T2") + G2, T2, T2')}
< MG(x*, 2 2") + MG (2", 2, ™)
+ XG(2, 2’ 7)) + G2, 2 7)) + NG (2", 2, o)
+ MG, 2%, %) + MG (2, 2%, %) + MG (z*, 2, 2)
+ XMG(2, 2’ 2) + MG (2, 2, 2") + M1 {G (2", 2, 2)
+ G2, 2", ") + G2/, 2%, 2%) + G(z*, 2, 2')
+ G2, 2"+ G2, 2, 2)}
< MGz, 2! 2)) + MG (a2 2!) + NG (2, 2, 2¥)
+ MG (2! 2", %) + AsG (2%, 2, 2") + M1 {G(a*, 7', ")
+ G2 2", 2" + G 2%, %) + G(a*, 2, ')}

(1 — A — A5 — g — 2)\11)G(3}*,J}/,$/) < ()\6 + A7+ 2)\11)G($/,ZL‘*,$*)
A6 + A7+ 211
1—X — X5 — Ag — 2211

G(z*, 2’ 2") < G2/, x*, x*)

which implies that 2* = 2’ so T has a unique fixed point.

Theorem 3. Let (X,d) be a complete G —metric space. let T' be a self mapping on
X such that

G(Tz,Ty,Tz) < o{G(z, Tz, Tx) + Gy, Ty, Ty) + G(2,Tz,T2)} + f{G(z, Ty, Ty) + G(z,Tz,Tz)
+ Gy, Tz, Tx) + Gy, Tz,Tz) + G(2, Ty, Ty) + G(2, Tz, Txz)} + Y{G(y, Ty, Ty)
+ Gy, Tz, Tx) + Gy, Tz, Tz)} + 0{G(z, Tz, Tx) + G(z, Ty, Ty) + G(x,Tz,T2)},
(5)

where «, 8,7, > 0 such that
48 4+ v+ 26 < 1,for every x,y,z € X,then T has a unique fixed point.
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Proof. Let g € X and {z,}22, be a sequence in X defined by the recursion.
Ty =Tx,_1 =T"xy for every n € N

Gz, Tnt1,Tny1) = G(Tap_1,Txn, Txy)
< o{G(xp-1,Txn-1,Tn_1) + G(@n, Txn, Try) + G(xn, Tan, Tx,)}
+ B{G(xpn-1,Txpn, Txy) + G(axp-1,Txn, Txy) + Gz, TTp—1,TTH_1)
+ Gz, Txy, Txy) + Gz, TTn, Txy) + G(xp, Top 1, TTH_1)}
+H{G(xn, Txn, Txy) + G(@n, Txn-1,Txn-1) + G(@pn, Txn, Tpy)}
+8{G(xp-1,Txpn_1,Txn_1) + G(@pn_1,Txn, Txy) + G(xn_1,TTH, Txy)}
< o{G(xn-1,Tn,xn) + G(Tn, Tnt1, Tnt1) + G(Tn, Tnt1, Tnr1)}
+ B{G(xn-1,Tn+1:Tnt1) + G(@n—1,Tn+1, Tnt1) + G(Tn, T, Tn)
+ G(Tny Tnt1, Tnt1) + G(Tny Tng1, Tng1) + G(@n, Tny @n) }
+ G (@, Toy1, Toy1) + G(Tn, Tny 2n) + G(Tn, Togr, Toy1)}
+ 0{G(xp-1,Tn,Zn) + G(@n-1,Tnt+1, Tn+1) + G(Tn_1,Tnt1,Tns1)}
< o{G(xp-1,%n, Tn) + G(Tpn, Tni1, Tnt1) + G(Tny Tnt1, Tny1)}
+ B{G(xn-1,Zn,xn) + G(Tn, i1, Tnt1) + G(@n—1,Tn, Tn) + G(Xn, Tni1, Tni1)
+ G(xn, Tn, zn) + G(Xpy Tt 1, Tnt1) + G(Tpy Tt 1, Tig1)
+ G(@n, T, )} + H{G (@, Tnv1, Tng1) + G(@n, Tn, @) + G(@0, Tngr, Tnga) }
+ H{G(xn-1,Zn, Tn) + G(Xn-1,Tn, Tn) + G(Tn, Tni1, Tnt1) + G(Tn—1, Tn, Tp)
+ G(:Cn,a?n+1,:cn+1)}
< o{G(xn-1,Tn, xTn) + 2G(Tpn, Tpt1, Tny1)} + B{2G(xp—1, Tpn, xn)
+ 4G (Tpny Trt1, Tna1) b + Y{2G(Tn, Trs1, Tna1) t + 0{3G(Tr—1, T, Tp)
+2G(Tpny Tpt1, Tnt1)

(1 =20 —48 — 27— 20)G(xpn, Tnt1,Tnt1) < (@ + 28+ 30)G(Xp—1, T, Tn)
a+26+ 30

1—2a—48—2y—20
= G(Tn, Tnt1, Tny1) < EG(Tp_1,Tpn, Tpn)
a+264 30

here k = 1
e = o a2y —2

IA

G(xnvmn+1,1'n+1) G(xnflaxnaxn)

= G(xn7$n+laxn+1) S kG(.’L’nfl, $n,$n)

= G(xn; mn+17xn+1) S kQG(xn—lvxn; xn)

continuing this process, we have

= G(xn; mn—&-lamn-i-l) < knG(zn—hxna an)
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Thus T is a contractive mapping
Now, we show that {z,}5; is a Cauchy sequence in X. Let m,n € N;m > n, then

G(Tn, Ty Tm) < G(@n, Tng1, Tnt1) + G(Xng1, T, Tntz) + G(Tnt2, Tnts, Tnis)
+ o+ G(@m—1, Tin, Tin)
< (B + BT 4 L+ EHG (o, 21, 21)
En
1-k

G(z0, 21, 1)

Letting n — oo,we get

lim G(zn, Tm,Tm) =0,
n—oo

as n, m — 00, since % <1
hence {z,}52, is Cauchy sequence in X. Since X is complete then Ju in X s.t.

lim z, =z"(€ X)

n— oo
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Now, we prove that z* is the fixed point of T'.

*

(", pt1, Tny1) + G(xpyr, Ta™, Ta™)

(", Tpna1, Tny1) + G(Txy, Ta*, Ta™)

(", Zpi1, Tnt1) + o{G(xn, Txp, Try) + G(a*, Ta™, Ta™)
(", Ta*, Tx")} + {G(xp, Tax*, Tx*) + G(xy, Tx*, Tx")
s Txn, Tay) + G(a*, Ta*, Tx"™) + G(z*, Tz, Tx")

2 Tan, Tey)} + y{G(a*, Ta*, Ta") + G(a*, Tay, Txy)
x*, Ta*, Tx*)} + 0{G(zp, Txpn, Txy) + G(an, Tx*, Tx™)
)}

(33 xn+1,xn+1) + a{G(zpn, Tnt1, Tny1) + Gla™, Ta*, Tx™)
(", Tx", Tx")} + f{G(xn, Tx", Tx™) + G(xp, Tx", Tx™)
Tny Tpt1, Tnt1) + G, T, Ta*) + G(a*, Ta*, Tx™)

5 g1, Tng1) F WG, Ta*, Ta™) + G(a™, Tpi1, Tnt1)
2, Ta*, Ta*)} + H{G(xn, Tnt1, Tnt1) + G(an, Tx*, Tx™)
s Tx*, Tax")}

(", Zpi1, Tna1) + {G(zy, 2", 2%) + G(a™, Zpy1, Tna1)
Tx*,Tx*) 4+ G(z*, Ta*, Tz")} + f{G(zp, z", )

2, Tx*, Tx*) + Gz, Te™, Tx") + G(zp, 2", x¥)

T Tpi1, Tnt1) + G, Ta*, Ta™) + G(a™, Ta™, Tx™)

5 Tpt1, Tnt1) ) FY{G(@", Tz*, Tx™) + G(z*, Tpy1, Trt1)
", Tx*, Tx*)} + {G(zy, 2", %) + G(x*, Tps1, Tni1)

x*) + G(a*, Ta*, Tx")

Tp, 2™, 2") + G(a*, Ta*, Ta™)}

G(z*, Tz, Tz")

~—~ o~~~
2~2 8
~
8
*
~
8

*

—~ o~~~
&

A+ F A+ IAA A
8

QDO QR

_|_

+ +

8
3

(I1-2a—48—~v—20)G(z*,Tz*,Tz") < (a+ 28+ 38)G(xy, z*, z")

<
+ (1 +a+ 25 +7+ 6)G(‘T*ﬂ zn+1axn+1)

a+28430
T 1-2a—48—~v—2§

l+a+28+v+6
1-2a—48—~v—20

G(z*,Tz",Tz") < G(zp,x",x%) + G(z", Tpt1, Tnt1)
Taking the limit as n — oo, we get

lim,, oo G(z*, Tx*,T2z*) =0

= Tx* =z*

= z* is the fixed point of T

Uniqueness of fixed point.

Further, let us suppose that z’ is another fixed point of T.Then Tz’ = z’and
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G(z*,2',2") = G(Tz*, T2, Tx")
< o{G(z*,Tx*,Tx*) + G2/, T2, Tx') + G(«', T2, Tx")}
+ B{G(z*, T2, T2') + G(z*, T2, Tx") + G(a', Tx*, Tx*)
+ G2/, T2, T2') + G(a', T2, Tx') + G(«', Tx*, Tx*)}
+ WG, T2, T2") + Gz’ , Tz*, Tz*) + G(«', T2, Tx")}
+ 0{G(z*, Tx*, Tx*) + G(z*, Ta', Tx") + G(z*, Tx', Tz")}
< o{G(z*, 2%, 2%) + G2/, 2", 2") + G2/, 2, 2')}
+ B{G(z*,2',2") + G(z*,2',2") + G(a', x*, ™)
+ G, 2 2"+ G 2, 2') + G2, 2", 2")}
+ G 2 2"+ G2, 2%, 2%) + G(o/, 2", ")}
+ 0{G(z*, 2%, 2*) + G(z*, 2, 2") + G(a*, 2, 2") }
< B{G(z*,2',2") + G(z*, 2", 2') + G(2', 2", z¥)
+ G2, 2%, 2%} + {G(2, 2%, 2*)} + 6{G(z*, 2", ")
+ G(z*, 2, 2")}
(1-28—-26)G(z*,2",2") < (28 +v)G(a,z*, z").

which implies that #* = 2’ so T has a unique fixed point.
Finally, we give an application of the Theorem 2.1.
Example 1. Let X = {0,1/2,1} and let G : X3 — [0,00) be defined by

G(0,1,1) = 6 = G(1,0,0), G(0,1/2,1/2) =4 = G(1/2,0,0)
G(1/2,1,1) =5=G(1,1/2,1/2), G(0,1/2,1) = 152
G(z,z,z)=0 VreX

(X, G) is a symmetric G-complete G-metric space.
Let T : X — X be defined by TO=1, T1/2=1/2, T1=0.

where A = 1/2, Ay =1/20, A3=1/25, A =1/30 X5 =1/6.

G(T0,T1/2,T1/2) = G(0,1/2,1/2) = 4; G(T0,T1,T1) = G(1,0,0) = 6
G(T1/2,T1,T1) = G(1/2,0,0) = 4; G(T0,T1/2,T1) = G(1,1/2,0) = 15/2
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we have

5=G(T0,T1/2,T1/2) = G(1,1/2,1/2)

g% (1,1/2,1/2) + 0G<1 T0,70) + G(1/2 T1/2,T1/2)
+ 3i (1/2,71/2,T1/2) + = {G(l T1/2,T1/2) + G(1/2,T0,T0)
+ G(1/2,T0,T0) + G(1, T1/2, T1/2) + G(1/2,T1/2,T1/2)
Y G(1/2,T1/2,T1/2)}
5 20 35
<2, 05
-2 6 6

Again,
6=G(T0,71,T1) = G(1,0,0)
1
iG(l 0,0) —l— G(l 7T0,70) + G(O T1,71)

1

+ %G(O,Tl,Tl) + 6{G(l,T1,T1) + G(0,T0,T0)

+G(0,T0,T0) + G(1,T1,T1) + G(0,T1,T1) + G(0,T1,T1)}
6 20 19

<-4+ ===
_2+6 3

Also,

4=G(T1/2,T1,T1) = G(1/2,0,0)

IN

G(1/2,0,0) + 5 G(1/2 T1/2,T1/2) + G(O T1,T1)

G(0,T1,T1) + 6{(;(1/2, T1,T1) + G(o, T1/2,71/2)

0,71/2,T1/2) + G(1/2,T1,T1) + G(0,T1,T1) + G(0,T1,T1)}
16_1
6 3

(AN S
w\mgg\pmw
+
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finally,
15
5= G(T0,7T1/2,T1) = G(1,1/2,0)
1 1 1
< iG(l’ 1/2,0) + %G(l,TO, T0) + %G(1/2,T1/2,T1/2)
1

1
+35G(0.TLT1) + £ {G(1,T1/2,T1/2) + G(1/2,T0,T0)

+G(0,70,70) + G(1,T1,T1) + G(0,T1/2,T1/2) + G(1/2,T1,T1)}
SRR}
— 4 6 4
Hence, all the conditions of Theorem 3.1 are satisfied and T has a unique fixed
point in X.
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