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ON LIE-DERIVATIVE OF M—-PROJECTIVE CURVATURE TENSOR
AND K—CURVATURE INHERITANCE IN GBK — 5RF,

A M.A. AL-QASHBARI, S.M.S. BALEEDI

ABSTRACT. This work introduces a new class of Finsler spaces F,, , character-
ized by a specific relationship between the Cartan fourth curvature tensor K;kh and
given fifth-order covariant vector fields. We call such spaces generalized B K —fifth
recurrent spaces. We prove that under certain conditions, the K;kh exhibits both
inheritance property and K-curvature inheritance with respect to the Berwald covari-
ant derivative of fifth order. Additionally, we explore properties of the Lie derivative
in F;, and its connection to tensor-curvature inheritance. Notably, we define the Lie
derivative for the M-projective curvature tensor W;kh and derive various identities
for it within the G®BK — 5RF;, framework.
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1. INTRODUCTION

Pandy’s 1982 paper [14] introduced the concept of the Lie derivative for the cur-
vature tensor. This derivative is defined as a specific infinitesimal transformation.
Pandy also showed that the Lie derivative for Weyl projective curvature tensor van-
ishes. Duggal (1992) [7] then studied curvature inheritance symmetry in Riemannian
spaces and found a number of applications, leading to increased research interest in
the following years. Finally, Singh (2003) [22]studied infinitesimal transformations
for which the Lie derivative of the curvature tensor is proportional to itself, naming
them ”curvature inheritance transformations.”

Curvature inheritance is a physical phenomenon that can be explained by the
Lie recurrence equation, a specific type of infinitesimal transformation. Building
upon this, Singh (2004) [20] introduced a special kind of curvature inheritance called
”projective curvature inheritance,” characterized by its connection to projective mo-
tions. Further research explored specific instances of this phenomenon. Mishra and
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Yadav (2007) [12] focused on projective curvature in an NP — F, space, while
Gatoto and Singh (2008) [10] delved into both k—curvature inheritance and pro-
jective k—curvature inheritance. Saxena and Pandy (2011) [18] generalized several
theorems related to Lie derivatives, further enriching the theoretical framework. In
2012, Singh [21] defined curvature inheritance in bi-recurrent Finsler spaces. Mishra
and Lodhi (2012) [11] delved into the nuances of curvature inheritance symmetry
and Ricci-inheriting symmetry in Finsler spaces, obtaining insightful results. No-
tably, Singh (2013) [19] introduced the study of curvature inheritance for the Weyl
curvature tensor field. Finally, Gatoto (2014) [9] defined and analyzed N —curvature
inheritance in recurrent Finsler spaces, uncovering valuable findings and discussing
special cases.

In recent year Calvaruso and Zaemi (2016) [5] studied some application of a
Lie-derivative for curvature tensors. Duggal (2017) [8] used mathematical models to
establish a connection between curvature inheritance symmetry and Ricci Solitons.
Opondo (2021) [13] defined and studied W —curvature inheritance in recurrent and
bi-recurrent Finsler space. Ali, Salman, Rahaman, and Pundeer (2023) [1]studied
a Lie-derivative of M-projective curvature and established some properties of this
curvature tensor.

In (1973) Sinha and Singh[23]| studied the properties of recurrent tensor in
recurrent Finsler space. The several works on recurrent Finsler space done in
(1973,1987). Finsler geometry reveals intriguing recurrence properties in its cur-
vature tensors: Verma (1991)[24] identified recurrence in Cartan’s third, Dikshit
(1992)[6] in Berwald’s, and Qasem (2000)[15] explored conditions for recurrence in
the general Berwald sense. Notably, Qasem and Abdallah (2016)[16] defined gen-
eralized -recurrent Finsler spaces, where both Berwald and Cartan’s fourth tensors
exhibit recurrence. Further, Qasem and Baleedi (2016)[17] introduced spaces where
Cartan’s fourth tensor exhibits a specific recurrence relation, proving the K-Ricci
tensor, curvature vector, and scalar to be non-vanishing. Al-Qashbari and Qasem
(2017)[2] extended this by studying generalized -trirecurrent Finsler spaces. Al-
Qashbari (2020)[3] introduced some relations of generalized curvature tensors for
B-recurrent Finsler Field. In (2023) Al-Qashbari and Al-Maisary [4] studied for
generalized B K —fourth recurrent in Finsler space.

Let us consider the infinitesimal transformation point given by [14]:

=2 ol (z)e. (1)
Within this framework, ¢ represent an infinitesimal point constant ,while v*(x) de-
notes a contravariant vector field solely dependent on positional coordinates z* ,de-
void of directional influence.infinitesimal method servves as a pivotal tool for con-
structing Lie-derivatives,invaluable for assessing the rate of change of a vector field
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as they traverse the flow of another vector or tensor field,denote by L, .The symbol
signifies the Lie-differentiation operator ,specifically tailored to operate within the
context of the transformation(1).
The vector 3 is Lie-invariant i.e.,

Ly =0. (2)

The M-projective curvature collineation along a vector field v*(x) satisfies the rela-
tion [1] :

The commutation formula for Lie-derivatives and other derivatives for tensors
is a mathematical identity that relates the Lie derivative of a tensor field to other
derivatives of that field. It is a powerful tool for studying the behavior of tensors TJZ
under transformations given by:

Ly(0T)) — Oi(L,T}) = 0. (4)

The Berwald curvature tensor’s H;kh covariant Lie derivative is proportional to the
curvature itself if and only if the following relation holds [13] :

LoH}y, = o(x)Hipy,- (5)

For a non-zero scalar function a(z) ,the infinitesimal transformation (5) is a type of
an H-curvature inheritance in 2R — F),,that is characterized by the constant, with
respect to the vector field vi(z). Also the Lie-derivative of the Berwald curvature
tensor Hj’:kh satisfies the relations:

a) LyHj), = o(x)H,

b) LoHJyy, = a(x)Hyyy,

c) LyHj, = ofx)H, (6)
d) LyH = a(x)H

e)L,H; = a(z)Hj.

In this paper, we consider an n-dimensional Finsler space F;, with the metric function
F satisfying the following conditions [17]:

(7) Positively homogeneous: F(z,ky) = kF(z,y), k> 0.

(ii) positively: F(z,y) >0, y#0.

(4i7) {&(%FQ (z, y)} gigl, 9= diyl is the positive definite for all the variables

3
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The following equation gives the relation between the metric function F' and the
components of the metric tensor g;; :

a) gijy'y’ = F?
b) 9i59’ = yi (7)
c) 0 = Oy’

0 if j#k.
Within the Finsler space under consideration, the metric tensor, along with Cartan’s
and Berwald’s connection parameters, exhibit symmetry in their lower indices and
demonstrate positive homogeneity of degree zero with respect to directional argu-
ments. Furthermore, Berwald’s covariant derivative applied to the metric function ,
the vectors y* , y; and the unit vector [?, results in an identically vanishing outcome,
mathematically expressed as follows:

a) BLF =
b) Bry' =
(8)
C) %kyi =0
d) Bl' =
The Cartan’s fourth curvature tensor K}kh satisfies the following relations:
a) K;:kh = ;‘kh - C}s Hp,
b) H;'kh = K}khﬂ‘ aj.Kﬁkhyr (9)
c) R;kh Y= K;'kh y = Hyp,.
The Ricci tensor Rjy is given by
Rjkyj = Hk. (10)

Let us explore GBK — RF,, for which Cartan’s fourth curvature tensor K;kh is
defined as [17]:

B K, = am Ky, + b <5Zgjk - 5}i;gjh>, Ky, # 0,

is called generalized 8 K — recurrent space, where 8,,, is covariant derivative of first
order (Berwald’s covariant differential operator) with respect to z". Taking the
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covariant derivative of the fifth order for above equation in the sense of Berwald

with respect to ™ , 2", z! , 27 and z® respectively, we obtain

%s%q%l%n%ml(;kh = asqlan;:kh + bsqlnm (6;19]]{2 - 5;@9]%) (11)
- qulnm (5;LC]kn - 512 thn) - dsqlnm (5;7,Cjkl - 5;@ thl)
— Esglnm (‘%Cjkq — 0 thQ) = 2bg1nmy" Br (%Cjks — 0y, thS) )

where Asqlnm = (%saqlnm) + aqlnm)\s ; bsqlnm = QglnmMs + (%sbqlnm)a
Csqlnm = (%scqlnm + qunmng) ) dsqlnm = (%sdqlnm + dqlnm%s) and
sginm = 2 (Bsbinmy" By + binmy"BsB,) are non-zero covariant vectors field of fifth

order.we identify such spaces as generalized 28 K-fifth recurrent space and denoted
GBK — 5RF,.

2. A K—CURVATURE INHERITANCE IN GBK — 5RF,

According to Singh’s (2003) findings, within the context of a bi-recurrent Finsler
space space 2R — I, , if the Lie-derivative for the Berwald curvature tensor H]z 1k, €X-
hibits proportionality to the curvature itself, a condition mathematically expressed
by relation(5) with respect to the vector field v'(z) and «(z) involving a non-zero
scalar function, then the infinitesimal transformation characterized by (5) is desig-
nated as an H-curvature inheritance within the designated space.

Taking the Lie- derivative of both sides of [(9)b] and using (2),[(7)c] and[(7)d] when
i # j also the Lie- derivative and partial derivative are commutative, we get

LoHjp, = LK. (12)
Using (5) in (12), we get
LvK;kh = O‘(x)Hjl:kh‘ (13)
Since a(x) is a scalar function , we obtain

Ly Kjpp, = a(x) Kjp,. (14)
Thus,the Cartan’s fourth curvature tensor Kji-k.h has the inheritance property, hence
it satisfying the relation(14).

K —curvature inheritance may be also called K—Lie recurrence. Singh(2012) [21]
has proved that in a Finsler space F}, if the space is an isotropic then the properties
does not different in directional , so that every K —curvature inheritance in 2R — F,
is also K —curvature inheritance in 5R — F,,.
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Definition 1. In a fifth recurrent Finsler space if the space is an isotropic and the
Lie-derivative of Cartan’s fourth curvature temsor K ’kh s equal the curvature itself

if and only if the relation (14) W.r.t the vector field v'(z) where a(x) is a non-zero
scalar function and K}kh # 0, then the infinitesimal transformation(14) is called
an K—curvature inheritance in bR — F,.

Taking the covariant derivative of 5! order for (14) with respect to z™ , z™, z!

, 9 and x® respectively in the sense of Berwald, we get

BB BB B (Lo Kjpp,) = (15)
[%s%q%l%n‘l%ma(x)]lfjkh + a(x) [‘Bs%q%l%n%ijkh].
Usig (11)in (15), we get
BB BB B (Lo Kpy,) = (16)
(5B, B1B, B2 (2) Ky, + () @i Kby, + boginm (958 — Shgn)
— csqtnm (5,Cjn — 01, Cinn) — dsqinm (9,1 — % Cjnr)
— eagmm (04.C5kq — 0k Cing) — 2bgimmy"Br (54,C;ks — 04 Cins) } .

Taking the Lie-derivative of bth sides of (11) and since the components of the Kro-
necker delta d; are constant functions (one or zero), so L,d; = 0, thus we get

+ vasqlnm) (5;7,93'14 - 5]igjh) + bsqlnm (52ngjk - 5]ingjh)

(
7(chsqlnm) ((%Cjkn - 6Iigcjhn) — Csqlnm (5iilLijkn - 6ligLUthn)
(

~(Luodsginm) (¢t — 0hejnt) — dsqinm (6, Lucjri — 81 LuCini)
_(Lvesqlnm> (6hcjkq 5kcth) esqlnm (52chjkq - 5]2chth)
_Z(vaqlnm) (5h jks — 5k ths) - 2bqlnmyr%r (52[/1)0‘]"68 - 51’2 Lijhs) .

Using [(7)d] when ¢ # j and (14) in (17) ,we get
Ly(BsB¢B1BnBmKiry) = (Lotsginm + (@) asqinm) K, - (18)
Using [(7)d] when ¢ # j in (16) ,we get
BB BB B (Lo Kipy) = [BsB¢B1BnBmo(x) + (@) asgnm] Ky, - (19)

Subtracting (18) from (19) ,we get

BB BB B (Lo Kipy,)— Lo (BsBBi1B B Kyp,) = [B5B¢B1B0Bma(2)— Lysqinm] K, -
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Which can be written as
BB BB B (Lo K ) — Lu(BsBqB1B,BmKp,) = 0. (20)
If and only if
Lyasginm = BsB¢B1 B, Bna(x). (21)
Thus, we conclude

Theorem 1. In GBK —5RF,, the K-curvature inheritance and the Berwald covari-
ant derivative of the fifth order are commutative if and only if the Berwald covariant
derivative of the fifth order of the scalar function o(x) is equal LyGsginm -

Applying commutation formula (4) for H]’ and using [(6)e |, we get
Lv(élH;) = a(m)(@lH;) (22)
Thus, we conclude

Theorem 2. In G*BK —5RF,,, wich admits the H-curvature inheritance the partial
derivative with respect to y' for the deviation tensor sz satisfies the inheritance

property .

We have the equation [13]:

LW! = a(z)W!. (23)

Since a(z) is a scalar function , we obtain
LW, = a(x)H}. (24)
Using [(6)e] in (24), we get
LW} = L,Hj,. (25)
Similarly, using (14)in (12) ,we get
LoHjy, = o(@) Ky (26)

Since a(x) is a scalar function , we obtain

LoHjy, = a(@) Wiy, (27)
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Also, we have [13]:

LW, = o)W, (28)

Using (28) in (27) ,we get
LoHjp, = LoWip,. (29)

By applying the precedent paces on any two tensors-curvature inheritance of the
same type we obtain that the Lie-derivative for any two tensors-curvature inheritance
of the same type are equal .

Thus, we conclude

Theorem 3. In GBK — 5RF,,wich admits tensor-curvature inheritance,the Lie-
derivatives for the tensors of the same type are equql .

Adding [(6)e] and (23) ,we get
Ly(W} + H}) = o) (W} + H}). (30)
Similarly,adding (5) and (28) ,we get

Ly(Wip, + Hipp) = (@) (Wi, + Higp)- (31)
By applying the precedent paces on any two tensors-curvature inheritance of the
same type we obtain that the addition for any two tensors-curvature inheritance of
the same type is also tensor-curvature inheritance .

Thus, we conclude

Theorem 4. In GBK — 5RF,,,which admits tensor-curvature inheritance,the ad-
dition for any two tensors-curvature inheritance of the same type is also tensor-
curvature inheritance .

3. A LIE-DERIVATIVE OF M —PROJECTIVE CURVATURE TENSOR IN
GBK — 5RF,

Definition 2. The M- projective curvature tensor W;kh is given by [1]:

1

Wien = Rjn — 6 (Rj0}, — Rindy + gjeRj, — gjnRy) - (32)
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Taking the covariant derivative of 5" order for (32) with respect to z™ , 2", x
, v and z° respectively in the sense of Berwald ,we get

BB BB B Wi, = BeBB1B,Bm Ry, (33)
1 . . . .
*E%S‘Bq%l%n%m (Rjkéizl — théllc + gijﬁl — gthz) .
Taking the Lie-derivative of both sides of (33), we get

Ly (BsBB1BnBmWip,) = Ly (B5B¢B1B,Bm Ry, (34)
1 ) ) ) )
Lo [B:B,B1B. B (Rjxd, — Rindy + gj6R), — gjn i) -

Thus, we conclude

Theorem 5. In GBK — 5RF,,, the Lie-derivative of B_erwald covariant derivative
of the fifth order for the M-projective curvature tensor W]?kh is giving by (34).

From (34) we have
Ly (BsB¢B1B0BmWjp,) = Ly (BsB¢B1BnBm Ry, - (35)

If and only if
1 , . . .
—5Lv [B5B,B1B, B, (Rjxd), — Rjndy + gjrR), — gjnRy)] = 0. (36)

Thus, we conclude

Theorem 6. In GBK — 5RF,, the Lie-derivatives of Berwald covariant derivative
of the fifth order for the M-projective curvature tensor I/V;kh and the Cartan’s third
curvature tensor R;kh both are equal if and only if (36) holds good .

Using [(9)a] in (34), we get
Ly (BsB¢B1BnBmWi) = Ly (BsBB1BnBm Ky, - (37)
If and only if
Ly [B:%8,%8:%8,Bm(C Hyyp)) (38)
~ Lo BB BB, By, (Rysd), — Rondh + gy — k)] = 0.

Thus,we conclude
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Theorem 7. In GBK — 5RF,, the Lie-derivatives of Berwald covariant derivative
of the fifth order for the M-projective curvature tensor W;kh and the Cartan’s fourth

curvature tensor K;kh both are equal if and only if (38) holds good .
Transvecting (34) by 3’ ,using (2), [(7)b], [(8)b], [(9)c] and (10), we get
Ly (BsB,B1B,BWiyy') = Ly (B:B,8:5, B, Hj,) (39)
—%LU [BB,8,8,B,, (Hy6j, — Hpoj, + ypR), — ynRp)] -
Thus, we conclude

Theorem 8. In GBK — 5RF,, the Lie-derivative of Berwald covariant derivative
of the fifth order for the tensor (W]Zkhyj) is giving by (39).

Taking the Lie-derivative of both sides of (32), we get

_ . 1 , . . .
Lijzkh = LvR;‘kh — ELU (Rjkfsz — th(;]z + gijﬁl — gth}f) . (40)
Taking the covariant derivative of 5" order for (40) with respect to 2™ , 2™, xb | 2t
and z° respectivelyin the sense of Berwald ,we get
BB BB B (Lo Wipy) = BsBB1B, B (Lo RSy ) (41)

1 4 , , .
_é%s%q%l%n%m [Lv (R]k(;;zl - th(;llg + gijz - gth}c)] .
Using (3) in (41) ,we get
. 1 , , . ,
BBy BB B (LyRigy,) = ESBSSBqSBl%nSBm [Ly (Rjk6}, — Rjndy, + gjx Ry, — ginRy) ]

Thus, we conclude

Theorem 9. In GBK — 5RF,, the Lie-derivative of Berwald covariant derivative
of the fifth order for the Cartan’s third curvature tensor Ry, is giving by (42) if the
M-projective curvature collineation along the vector field.
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