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MAGED G. BIN-SAAD, FATIMA A. MusA

ABSTRACT. In this paper, we attempted to present and study a novel Mittag-
Leffler-type function with two variables. Its numerous properties, including Euler,
Mellin, Laplace, Whittaker, and Mellin-Barnes integral representations, as well as
operational and integral relationships with other known Mittag-Lefller functions of
one variable, are established.
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1. INTRODUCTION AND DEFINITIONS

The Mittag-Leffler function has gained importance and popularity due to its appli-
cations in the solution of fractional order differential equations and fractional order
integral equations ( see for examples [5-7, 9-12,15,17,19-25]). Also, the Mittag-
Leffler function plays an important role in various branches of applied mathematics
and engineering sciences, such as chemistry, biology, statistics, thermodynamics,
mechanics, quantum physics, informatics, and signal processing. Besides this, the
Mittag-Lefler function of several variables appears in the solution of certain bound-
ary value problems involving fractional integrodifferential equations of Volterra type
[22], initial-boundary-value problems for the generalized multi-term time-fractional
diffusion equation [12], and initial-boundary value problems for multi-term time-
fractional diffusion equations with positive constant coefficients [11].

In the usual notation I'(z) for the Gamma function and (), = Fp(;r)n) ;>0
v #0,—1,-2, ..., the Pochhammer symbol. Mittag-Leffler introduced the function

E,(z) in form [15]:

Ea(z):zm, (@>0,z € C). (1.1)
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Note that, the Mittag-Leffler function is a direct generalization of the exponential
e” function to which it reduces for a = 1.

The Mittag-Leffler function (1.1) has since been extended by several workers.
Next, we mention some generalizations of the Mittag-Leffler function in (1.1). In
[25] Wiman introduced a generalization of E,(z) with two parameters in the form:

2) _RZOM, (a, B € C, R() > 0,R(B) > 0). (1.2)

Prabhakar [17] introduced the function E 5(2) of their parameter

n

z) _,;)F(MHB)M’ (1.3)

(o, B,7 € C,R(cx) > 0,R(B) > 0,R(~y) > 0).

Further, three interesting unifications and generalizations of the function E,(z) were
considered by Skukla and Prajapati [24]

EYY( Jng?" 1.4
ZFOMH-Bn" (14)

(o, 8,7 € C,R(x) > 0,R(B) > 0,R(y) >0,q € (0,1)).
Salim[20]

~,8 2) — . (V)nzn
Eab®) = 2 Nan+ 50 19)

(a, 8,7 € C,R(ar) > 0,R(B) > 0,R(vy) > 0,0 >0).
and Salim and Faraj [21]

o0

ELO =3 et (1.6

(o, 8,7 € C,R(ar) > 0,R(B) > 0,R(y) > 0,0 >0,(p,q) >0,qg < RN(a) +p).

For our present study, we recall the following Mellin-Barnes integral representa-
tion for the function E) 4(z) [17]
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L1 [TEra-9
Eapl2) = 271 F(v)/ I'(B— as) (=2)ds, (17)

(Jarg 2| < m,a € RT,v € C\Zy,R(B) > 0).

Mehmet Ali and Banu Yilmaz [14] we extend the Mittag-Leffler function as
follows :

[e.o]

By(yt+mnc—7) (o 2"
2 B(y,e—7) T(an+pB)nl’

n

B (z:p) = (18)

n=0
(p = 0;R(c) > R(7) > 0).

where for By(z,y) we have

1
Bp(:r,y):/ 711 — )y Lle T Dt
0

(R(p) > 0,R(x) > 0,R(y) > 0).

the extended Euler’s Beta function defined in [1](see also [2]).
Gauhar Rahman et all. [4] introduced the following further generalization of the
Mittag-Leffler function

ey = Bp(y +ng, ¢ — ) (¢)ng 2"
EYE(2) = nzo Bp(%c_ V)F(anw)qa, (1.9)
(z,8,7 €C).

Very recently Bin-Saad et all. [13] suggest investigating and studying the follow-
ing Mittag-Leffler function of two variables:

o o{ R

n=0 m=0

(R(B) > R(y) > R(a) > 0).

In this work, we aim to introduce and study the following Mittag-Leffler-type
function of two variables , in the form:

Mo g (21, 2 ZZ G (1.11)
,ﬁ’y 17 2 am+’yn+6)’ M

m=0n=0

o1
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(R(B) > R(7) > R(a) > 0).

It may be of interest to point out that the series representation (1.11), in par-
ticular yields the following relationships:

(i) Forn—0,8+— 1, we get

o m
z
Ma,l,’y(Z,O) = Z m — Ea(z)7 (112)
m=0
(ii) For n+— 0, we get
e ,m
OZB’Y Z 0 Z 1—\ Oém‘i‘ﬁ EO(,B(Z)7 (1]‘3)
m=0
(ili) For m — 0, we get
o0 zn
My p+(0,2) = — = F, 3(2), (1.14)
a8y nz:;) T(yn + B) 7,83
we infer from (1.11) and (1.2) that
oo
Magn(21,22) = Y Eyamis(22)27, (1.15)
m=0
and
[ee]
Maﬁﬁ(zla z9) = Z Ea,'yn-l-ﬁ(zl)'zg? (1.16)
n=0

Formulas (1.15) and (1.16) are very useful in obtaining other needed properties
for the function M, g (21, 22) . Note that the function Egﬁ(z) is a special case of
the Wright generalized hypergeometric function ,V¥, (see [7]):

1 (7:1)
Egﬁ(z) F(7)1W1 |:Z’ (B, ) :| (117)
where (see[24]):

P Ty + Ajn) 21

(Oél,Al),...,(Oép,AP); _ <
\I/q (BlﬂBl)v cevy (5quq)§ :| B Z Hj:OP(,Bj + BJTl) n!’

(1.18)
n=0
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and the coeflicients A1, ..., A, and B, ..., B, are positive real numbers such that

q p
Z — 4520
§=0

=
Hence the series expansions (1.15) and (1.16), can be rewritten in the forms

[ 1,1
Eop~(21,22) Z 107 | 22] (omg—i—l)i’ ") ] 1", (1.19)
and )
1,1
E ”37 Z1,Z2 ZI\DI 21‘ (’Yn("i‘ﬁ) a) ]Zin, (1.20)

respectively[10pt]

This paper is rather technical and is devoted to some analytic and computational
properties of the Mittag-LefHler function of two variables M, 5 (z1, 22). Indeed, this
work contains a variety of useful tools in analysis that are of interest to anyone
working in this type of special function. The layout of the paper is as follows.
In Section 2, we give several integral representations involving the bivariate Mittag-
Leffler function M, g (21, 22). In Section 3, we establish fractional calculus relations
and connections for M, g.(21,22) with other known Mittag-Leffler functions. In
Section 4, we obtain some differential and pure recurrence relations. In Section 5,
we discuss some useful integral transforms like Mellin transform, Laplace transform,
Euler transform and Whittaker transform.

2. INTEGRAL REPRESENTATIONS

In many situations, an integral representation of the Mittag-Leffler function is more
convenient to use than its series representation. First of all, we establish an integral
representation for M, g (21, 22) that is derived directly from Hankle representation

of Gamma function I'(z)
1 1 [,
= — t*dt 2.1
[(z) 2mi /ce ’ (21)

where the path of integration is a simple loop beginning and ending at —oco and
encircling the origin in the positive direction.

Theorem 1. :Let ®(5) > R(vy) > R(a) > 0, then

1 _ _ _
Moo, 22) = oo /ett B(1 — 21t 1(1 — 2pt)Ldt. (2.2)
C
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Proof. :By Letting z = am + yn + ( in (2.1) and multiplying both sides by z{"z%,
we get

271"25‘ _ L /ett—(ﬁ-&-am—i-wn)z{nzgdt (2.3)
F(am+yn+5) 2w

i i 271"23 / t —B Z Z th 2’2757 n
I( am—l—nv—l—ﬁ) 2ri

m=0n=0 m=0n=0

Hence

1
Maga(z1,2) = 35 /ettﬁ(l — 2t®) (1 — z0t7) N,

C

we led finally to the desired result (2.2).
Next, we express M, g~ (21, 22) as the Mellin-Barnes type integral.

Theorem 2. :Let R(5) > R(y) > N(a) > 0 be Satisfied. Then My g~ (21, 22) is
reper-sented via the double Mellin-Barnes-type integralas

D(1—s)T(1 —t)(—2z1) "t (—22)"*
S 6 s a) dtds,

M, B, ’Y(Z].a 22
L
t (2.4)

where {|arg(Z1)|,|arg(Z2)|} < m ; and we assume that the contour Ls is in the
s-plane and runs from ¢ — ico to ¢ + ico and the contour Ly is in the t-plane and
runs from c — 100 to ¢+ 100

Proof. :Starting from the assertion (1.15) and replacing E_ ﬁ(z) by its Mellin-Barnes
integral representation (1.7), in the when v =1 we get

o0

1 I'(s)I'(1 —s s m
Ma,g(21,22) = mZ::O {27” /Ls F(B(—g a(m — 7)3)(_22) ds] z1,

1 e 2"
=95 . L(s)I'(1 = s)(—22) {g:o F(,B—i—alm—’ys)}ds’
=5 L(s)I'(1 —8)(—22)""° {Ea,ﬁfVS(ZI)} ds,
1 [(s)I(1 — 5)(—22) ST (H)I'(1 —t)(—2z1) .
B / /Lt L(8—~s —at) s,

(T = s)T(1 = t)(=21) "(=22) "
(B — 75 — of) dtds,

=
»
)
—~
AN
N
[\&)
N—
—~
N
| =
=
<)
T
5\
—

o4
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which is the desired result. Further, we derive several integral formulas involving
Maﬁ;\/(zl, Z2).

Theorem 3. :Let R(B) > R(y) > R(a) > 0, then

IR _
Mo giany(21,22) = ) /O 9711 — )2 My 5 (218, 2017 ) dt, (2.5)

1 1
Moy girq(21,22) = / A1 = )P My g (21 (1 — 1), 22(1 — £)7)dt,  (2.6)
0

I'(v)
z
zﬁMa,BHn(wwa,wQ?ﬂ) :/ tﬁilMaﬁn(wltavwzt’y)dt’ (2.7)
0
-8 Z1\—1 Z22\_1 > —st,B—1 @ ot
s7(1— 370‘) (1- 377) = €T Mo gy (2117, 20t7)dt, (2.8)
0

(x — t)BM*lMa,gMﬁ(wl(m’ — )% wa(x —t)7)

- F(15) /tx(:v —5)°" s = )7 Mo g (wi(s — 1), wa(s — 1)V)ds,  (2.9)

ﬂj/\+ﬁ—1Ma’B+>\7’Y(wlxa’ le,fy)
1 x
RG] / A (@) Mo (w1 (2 = )%, (2 = )7) X Mo,giny (wit®, wat?)} dt,
0
(2.10)

Proof. : we have
1
/ 71— )M M, 54 (211, 20t ) dt

0
X > LM n 1
_ Z Z 1 ~2 / taer'ynJr,Bfl(l _ t))\fldt
= = T(am+yn+B) Jo

& P L(am +yn + B)T'(N)
n;):)l“(am+'yn+6) Flam+yn+ B+ A)

=T(A)Ma girq(21,22)

which is the proof of (2.5).
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we have
1
/0 A = )P My g4 (21 (1 — 1), 22(1 — £)7)dt

oo o0 1
_ Z Z Zinzg / t)\—l(l o t)am-i—'yn—i—,@—ldt
L = T(am+yn+B) Jo

v\ 212y LA (am +yn + B)
N Z Zf(am+’yn+ﬁ) Tlam+yn+ B+ A)

=T (A)Ma pgrrnq (21, 22).

which is the proof of (2.6).
we have

z
/ 97 M, 5. (w01t wot")dt

0
_ i i w{nwg ‘ tam-‘rvn-‘rﬁ—ldt
N I'(am +yn + f)
m=0n=0 v 0

B i i wwy Lam+yn+p
L e T am+'yn+[3) (am +yn + B)

5 (w1 2%)™ (wezY )"
=z ZZ am_{_r}/n_{_ﬁ_}_ )

m=0 n=0

=z Ma73+1,7(w120‘, woz™).

which is the proof of (2.7)
we have

o0
/ e HPTIM,, 5., (1%, 20t )dt
0
o x
_ Z Z Z{nzg /OO e—sttozm-‘rvn-‘rﬁ—ldt
T(lam+~yn+ B) Jo

_ Z Z’Zl s (am+yn+pB)

m=0n=0

A==

which is the proof of (2.8).
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Let u = =L in the left-hand side of the assertion (2.9), then

F(15) /tz(ﬂﬁ —5) (s = )7 Moy, g (wi (s — 1), wa(s — t)7)ds

1 1 s1 5.1 5 wmwnuam—i-'y( _ t)oam—i—'yn
= —1)°7 1 - Pl — )P Lz —1t) d
F(é)/o (x—6)°""(1—w)’ " (z (z ZZ T (am - v+ 5) U

m=0n=0

1 o UJTU)S(.T _ t)am+wn+5+ﬁ—1 /1 51 N -
- 1— am+vyn+3 1d
r'(5) mz_:m;) L'(am 4+ yn + B) x 0 (1=w)™ “
1 i i wwh (z — t)emTyn o+l F(é)F(am +yn + B3)
B I'(6) = — ['(am +yn + ) F(am yn 4+ +96)
i1 (wi1(z = 1)*)™ (wa(z —1)7)"
mZOnZO I'(am+yn+ +9)
— (2= O My g (0n w — 0%,z — 1)7).

which is the proof of (2.9).
Starting from the left-hand side of assertion (2.10), we have

A 1 (wi(x —t)*)"™(we(x — )Y (w1t®)P (wat )4
/Ot rnz:()nz;) I'(am +yn + ) pz;)qz;] C(ap +vq+ A) dt
[e’e} merp n+q x
— Z 1 > / tozp+’yq+)\fl(x . t)am+'m+,371dt
msre Flam +an+ B)I (ap +7¢+A)
_ i w;nerngJrq
mmeeo Llam +an+ B)(ap + g + A)

. Dlap +yg + NP (am + yn + B)aewrm et 251
C(a(p+m)+~(q+n) + )
)

wlxa m wa'y)n AB-1
B ZZ I(am+yn+ B+ A)

m=0n=0

AB8-1
= 2MPTIM, gy (w12, wa?).
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3. FrRACTIONAL CALCULUS IMAGES

In this section, we turn to some fractional calculus images for the Mittag-LefHer
function of two variables M, g (21, 22). Let us note that in mathematical treatises
on fractional differential equations, the Riemann-Liouville approach to the notion of
the fractional derivative of order p(p > 0) is normally used (see [22]):

(ﬁ”f)(x) = <jx>m (J")(x), m—1<v<m,méeN x>0, (3.1)
where
(JUF) (@) = F(lv) /:(a: @), v > 0,20,

(Jf)(z) := f(x), >0,

is the Riemann-Liouville fractional integral of order v. For the case when f(z) =

¢ a>—1, we get the results

x

- I'(a+1) _
DU a — a—v '2
* T Tla—vt1)° (3:2)

where bg = (d%)”7 z>0,a > —1,v > 0 is not restricted to integer values. Also,

we recall the following relations from [16, p.74-75]. Form—1 <p <m,n—1 < g <n,
we have

DYDIf(t) = DIDEF(t) = DY 1(1) = f9(0) =0, (3.3)
and

DYDEf(t) = DYt =3 [DF f(1)]

J=1

(t—a)™PJ
0T —p—3)’ (34)

By exploiting the results (3.1) to (3.4), we can derive the following fractional con-
nections for the function M, g~ (21, 22) with the different Mittag-Leffler functions
defined in (1.1) to (1.6) with one variable.

Theorem 4. Let R(8) > R(y) > R(a) >0,0<<1,0<d <1, R() > (N)p>0,
q > 0, then the following fractional relations hold :

tﬂ_lMaﬁgﬁ(zth, ZQt’Y)

o8
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=D, P(1 — 21D;*) 1 Ea(22(D5 1)), (3.5)

P M, g (217, 2017)

= (1= 2107 ) Basla(D; ) {77} (3.6)

tﬂ_lu‘s_lMaﬁﬁ(zltau, zotTu)

—T(§)DL-° {(1 - zlbga)flEgﬁ(22(153—%%))} {tﬂfl} : (3.7)

P70t M,, g (21t%ud, 2ot Tud)

— T(§) DL {(1 - zlﬁ;a)—lEé»ﬁﬁ(zQ(ﬁ;—Qﬁfwau))} {tﬁ—l} . (3.8)

07

LA M, g o (21t%U, 20t 70)

— ?Eg\))fxi)‘ {(1 — Zlﬁ;a)flE’izg(ZQ(ﬁf‘_'Ytau))} {tﬁfluéfl} 7 (39)

155_11{\_1M0£7577 (z1t%uP | 2ot uP)

— W pi-a {(1 - zlﬁ;a)_lEi‘:g’go(zg(ﬁﬁ_tha_'yto‘up))} {tﬁ_lu‘s_l} . (3.10)
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Proof. :we have
Dy P(1=2D; %) E, <z2<f>a‘”ta>>

:ﬁél D amZZ2

m=0

_ Z Z 21"z pramt(a=y)n—F+1,an
I'(an+1) D

x© X Zmzntam+7n+ﬁ 1

ZZ I'(am +yn + B)

om ’Yntom)

an—f—l

m=0n=0
Z Z tha m Zzt’y ntﬁ 1
i~ T(am +n+ f)

= tﬂ lMaﬁﬁ(tha, thv)

which is the proof of (3.5).
Next, we have

(1- zlf)t_o‘)*lEa,B (22(153—%0‘)) {tﬁ*l}

m=0
_ Z Z 21" 22 —am+(a )n nyam+f—1
T'(an + )
B i i z{nzgtam-l-’yn-‘rﬁ—l
L= = Tlam +n+B)
Z Z tha m ZQ[J;’Y nt’B 1
m=0n=0 am T+ 6)

= t’B Maﬂﬁ(zlto‘, th’y)

which is the proof of (3.6).
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r(é)ﬁi*‘;{(l—zm;“) LS (2D ) {7}
m fy—am N~ (Dnzg (D" ) | f 5y
{Zle Z n'Fozn+5) }{t }

Z Z Zl zy D—am+(a V) yan+f— (DL

m ntam+'yn+,8 1 n+5 1

_ZZ li(am—i-v (n—m)+ p)

m=0n=0
Z Z (tha zzt'yu)"tﬁ_l 6-1
m=0n=0 am Tant ﬁ)

= P10 1Mang77(zltau, 2ot u)

which is the proof of (3.7).

We have
r(5)b5*5{(1—21[);a) LES (25(DY DYt )}{tﬁ’l}
_ 215 o s —om N (8)ng 28 Dy (DT o) p-1
=T(6)D} {mZ:Ozl D; 7;) T an + ) {t }

1—\(5) i i 5)nqz7lnzg (D—am-l-(a—’Y)ntan—l—ﬁ—l)(ﬁl—cﬂ-(l—q)n n)

— U
= n!T(an+ B) " * v

z{n Zntam+'yn+,3—1uqn+5—1

I'(am +yn + B)

Z Z zlto‘uq (29t ud)™F =101
(am +yn+ B)

m=0n=0

= P10 1Ma75’7(21t°‘uq,22t7uq)

which is the proof of (3.8).
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‘We have

A) A - A e
P( )D(5—>\ {(1 _ ZlDt_a)_lEézg(ZQ(D? 'Ytau)} {t5—1u5—1}

TN 253 | o= L iy—am o= (Mn 25 (D" 0mum) 16—
= sz A {Z 21" Dy ngo (52) T(an + B) } {tﬂ 19 1}
)

m=0

RPN e [ A

o0 mzntam-l—'yn-l—ﬁ—l n+A—1

- ZZ f‘(o?m%—’y(n—m)—i—ﬁ)

m=0n=0

B i i (21t%u)™ (29t u)" P~ L T
fovarfowrd ['(am +~yn + )

_ B -

a, By (z1t%u, 29t u)

which is the proof of (3.9).
We have

T(\)

T0) DS {(1 — 2D 1EA 5‘1 (zQﬁﬁ*qu‘_vto‘up)} {tﬁflu‘s*l}

’1

—WQﬁan—Vntanupn

()‘ B S m am nZ TL B—-1,6—
r() ng{;oz Dr 7;) = GmT(an 5) }{t a7

_ 7)‘) — ()‘)nqzl Z2 —am~+(a—Y)n antf— d—A+np—ng, np+i—1
=) 22 @pllan+5) L

o oo _ _
Zinzgtaer’erﬁ Lynp+A—1

- ZZ T'(am +~(n —m) + B)

m=0n=0

—~

m=0n=0

(2t YuP)™MP Ty T

zlto‘up
SS e

m=0 n=0

= Py 1Ma,gﬁ(21taup,z2t7up)

which is the proof of (3.10).
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4. DIFFERENTIAL AND PURE RECURRENCE RELATIONS

By the definitions (1.11) and by employing the operator (3.2), we derive the following
interesting differential recurrence relations.

Theorem 5. : If R(5) > R(v) > R(a) >0, pe N, then

(o]
- 1
D2 {Mapo(z1,22)} =T(P+1) Y {E§;+W+ap(z1)} 2 (4.1)
n=0
oo
~ 1
DL {Mapo(z1,2)} =D(P+ )Y {BVEL )} (42)
n=0
or {tﬁ—lMam(zlta, ZQW)} = BN, 5 (1t 2t ), (4.3)

Proof. : From definitions (1.11) and (3.2) , we find that

mlzy" P2y
D, (agolon} = SN oy

m=0n=0
Sy e
m!T(a(m +p) +yn + 8)

m=0n=0

1
—T(P+1) Z {Eg;ﬂnwp(zl)} 2,
n=0

which is the result (4.1).

B M nl2zy P
o AMapa(21,22)} = ZZ (n —p)'T(am +yn + B)

m=0n=0
Sy e
n!T(am +vy(n+p) + 8)

m=0n=0

1
=T(P+1) Z {Ef;;ﬂpwm(@)} 21,
n=0

which is the result (4.2).
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Finally, from(1.11), we have

oo oo

A 22l

DY {9 Mg (18, 20t | = 30 L5 ppgemtynti-l
m=0n= OF(CM +7n+6)

»m ntam—l-'yn—l-ﬁ—p— 1

722Fam+’yn+5 P)

(21t%)™ (29t7 )PP~
ZZ I'(am+yn+ B —p)

m=0n=0

= PP, 5 (217, 20t7).

Now, we derive anotherdifferential recurrence relations for the Mittag-Leffler func-
tion Ma’gﬁ(zl, 2’2).
Theorem 6. If R(5) > R(y) > R(a) >0, then

d d
Mo g (27 7752) BMa, g1 (21 ,22)+z1 Maﬁ+1ﬁ('zixaZ;)+22%Ma,ﬁ+lﬁ(z?’z;)v

dzy
(4.4)
d d
Mg~ (21, 22) = BMa gi14(21, 22)+Zlad71Ma7/3+1,7(21, 22)+227d72Ma,6+1,7(21, z2),
(4.5)
d
Ma,lgﬂ,(zlta, ZQtﬁ/) = ﬁMa,B-Hq (tha, ZQtW) + t@Ma’ﬂ_A'_l’fy(tha, thv), (46)

Proof. : From the right-hand side of formula (4.4), we have
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d d
BMapi14(21,23) + 21 TlMa,B+1,7(Z?’ 2) + Z2d722Ma,6+1,7(2(11a 23)

,7

:Bzzram+7n+6+1)

m=0n=0

o o fy

d
+Zldlzz am—|—7n2—|—,6’—|—1 Z2dz2mzjz am+7n2—|—ﬁ—|—1)
B 200" (B + am + yn)
ZZ 1am+7n+5+1)
_ZZ am+’yn+ﬂ)

= MO@ﬁ?’Y(zl 72;)

which is the left-hand side of formula (4.4) and then the proof is completed.
Next, we have

d d
BMagi1y(21,22) + 21005— My gy14(21, 22) + 227%Ma,5+1,w(21, 22)

d21
[ SIENe ) m.n o0 X m—1
z1'% mz z)
=022 Tam i am taa) ) o
— Llam+n+5+1) L=~ T(am+yn+B+1)

n—1

o o0
nzizl
+ a2y ;Z)P am+yn+ B+ 1)

ii 2"25 (8 4+ am + yn)

Plam +n+ B +1)

Yy A
m=0n=0 F(am+7n+5)

= Ma,6,7(217 22)

which is the left-hand side of formula (4.5) and then the proof is completed.
Finally, consider the right-hand side of formula (4.6), we have
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d
BMa,p1.~(211%, 2287) +1—

dtMa By (21t%, 22t7)

zmtam nt'yn

zz zz o +5m)
v ot Fam—i—fyn—i—ﬂ—i—l Flam+yn+B+1)

B iz am+’yn+6)z tom nm
B Flam+yn+5+1)

myom ,ngyn

z
- T;; F(a1m+72+ﬂ)

= a,ﬁ,’y(zltaa ZQt’y)

which is the left-hand side of formula (4.6) and then the proof is completed.

5. INTEGRAL TRANSFORMS

In this section, we establish some useful integral transforms like Euler transform,
Laplace transform, Mellin transform and Whittaker transform. First, we introduce
a Mellin integral type for the function M, g~ (21,22). Recall that, the double Mellin
transform of the function f(z,y) is defined by [8]:

M ={f(x,y): st}

= /oo /oo flz,y)x* Lyt tdsdt = f*(s,t), R(s) > 0,R(t) >0, (5.1).
0 0

then

fz,y) = ;ri/L/Lf*(s,t)acsytdsdt. (5.2).

By using the above definition, we prove the following result.
Theorem 7 (Double Mellin transform). : If ®(8) > R(y) > R(«) > 0 ,then

T(s)D(£)T(1 — s)D(1 — ¢)
wiwsl(B —vs —at)

o (o.)
/ / u§ b Mo g (—wrun, —waug)dsdt = (5.3).
0 0
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Proof. : In the Mellin-Barnes integral representation (2.4), let z; = —wju; and

29 = —WoU2, We get

My g~ (—wiur, —waug)

(27i)? (B —vs—at)
1
= @ni? /L/Lf*(s, t)uy fuy Sdsdt,

where

T(s)T()T(1 — $)T(1 — 1)
wi w§ T(B — s — at)

f*(37t> =

Next, we aim to obtain Whittaker for the function M, g (21, 22).
First, we recall the definition of Whittaker function Wy, ,,(2) (see[24, p.39(24)]):

1
Wiu(2) = 3 exp (*%) 1F1 (u —k+ 5;2M +1; Z> ;
where 1 F is Kummer’s function [24] , and the integral formula:
I'(3+p+v)T (3 —p+o)

o, 1
2 W, (t)dt = R(v+ -,
/0 e 2 k,ﬂ( ) F(l o A + 'U) ) ('U /’L) > 2

Theorem 8 (Whittaker transform). If R(8) > R(y) > R(«) > 0, then

o —
/ €T P Wi (pt) x My g (wit®, wot®)dt
0
0 (3 +06m+p+p,0), (3 +0m+p— p,0);
=y 3t # | (
m=0 (B+am,y),(1+dm+p—Ao0);

Proof. : Let pt = u in the left-hand side of assertion (5.4), we get
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L) (2 (5) =) )
— ez | — Wi u(u) X M, wy | — | ,ws | — du
»Jo D k,u( ) By 1 D 2 D

Yy rgﬁ) () ) / TR W )
0

m=0n=0 am+7n+6
w1 m w2 " 1 1
:p_pf:f: () () LG Homtontp+ml(G+om+on+tp—p)
mzon,or(@m‘i"yn‘f‘ﬂ) Fl+om+on+p—2A)

o0 (3+0m+p+p,0),(5+6m+p—p,o0); o\
ZPPZ2‘1’2 wy (;)
p
m=0 (B+am,y),(1+0om+p—A0);
which in view of (1.18), yields the assertion (5.4).

bS]
QS

Theorem 9 (Euler transform). If R(5) > R(y) > R(a) > 0, then

/ / a1— 1 )b1flzgz—1(1 — ZQ)b2*1Ma,B’,Y(;clzf, xgzg)dzleQ

(a2, 6); I(ay +om) z

C(a; + by +om)’

= T(b)D'(by) Z 105
m=0 (B+am,v), (az + b2, 0);

(5.5)

Proof. : Denote the left-hand side of equation (5.5) by I, then from the defini-
tion(1.11), we get

I — Z Z .%'71711'3 » /oo Zo-m+a1 1(1 _ zl)bl_ldzl % /OO Z5n+a271(1 _ 22)b2_1d22
— I(am +n + f) o ! 0o
n=

Now, by using the Beta function ( see, e.g.[18] ):

1
B(z,y) :/O N1 —t)vldt =

we obtain

B F(Um + a1) (bl)l“(én + ag)r(bg) :L'Tln JJS
I= Z Zr(am+~yn+6) L(om+ay + b1)T(0n + az + b2)’

which because of (1.18), yields the assertion (5.5).

68



Maged G. Bin-Saad, Fatima A. Musa — (Bivariate Mittag-Leffler-type function)

Theorem 10 (Laplace transform). If R(5) > R(vy) > R(a) > 0, then

/ / 27 L1z z§”2_1 e 272 My g (127", 2252 )dz1d2zo

<a270—2);
sy " Z 19 xg $5°% | x T(ar +o1m) 21" 77", (5.6)
m=0 (B+ am,v);

Proof. : Denote the left-hand side of equation (5.6) by me, then from the defini-
tion(1.11), we get

—a1

mmxn oo 1 (o] 1
I = 1 +2 % z01m+a1— 6*8121 le % ZO’Q’VL-HIQ— 6782Z2d2’2
—~ Clam+yn+6) " Jo ™ o ’

(5.7)
Now, by using the integral representation of the Gamma function [18]

o
a* T(z) :/ =1 emat gt
0

we obtain
_ i i L(o1m + a1)T(oan + ag) = 24 s; ~(a1m+tar)
Kowifowrd I'(am +yn + )
o0 (az,09);
sy 2 Z 104 z2s, 7% | x T'(ay +oym) " sy 7M™
(B +am,v);

which because of (1.18), yields the assertion (5.6).
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