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SUBORDINATION RESULTS ON THE Q-ANALOGUE OF THE
FRACTIONAL Q-DIFFERINTEGRAL OPERATOR
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ABSTRACT. In this article, we presented the aspects related to applications of g-
calculus in geometric function theory. The study concerns the investigation of certain
g-analouge differential operators in order to obatin their geometrical properties,
which could be developed in further studies. Several interesting properties of the
g-analouge of the fractional ¢ - differintegral operator are obatined here by using the
differential subordination.
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1. INTRODUCTION

The theory of ¢g-calculus operators are used in describing and solving various prob-
lems in applied science such as ordinary fractional calculus, optimal control, g-
difference and g-integral equations, as well as geometric function theory of complex
analysis. The fractional g-calculus is the g-extension of the ordinary fractional cal-
culus and dates back to early 20-th century [8] and [3].

The geometrical interpretation of g-analysis involves studies of different g-analouge
differential operators. The g-analouge of the well-know Ruscheweyh differential oper-
ator was defined in [9] and following this idea, the g-analouge of Salagean differential
operator was defined in [6]. Those operators provided interesting results when they
were used to introduce new sets of univalent functions as seen in [10]-[14].

The differential subordination theory initiated by Miller and Mocanu [11] and
[12] is introduced to obtain the main results of this article.

Let A, be the set of all analytic and univalent fuctions in the open unit disk U
in the form of

fe)=z2+) az", apeC (1)
k=2
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and note that A; = A. The class of starlike functions is defined as

S*:{feA: Rezﬁz) >0}.

For any two functions f and ¢ such that

f(z)=2z+ Z apz® and g(z) =z + Z bp*
k=2 k=2
the Hadamard product or convolution of f and g, denoted by f x g, is defined by

(f*g)z:z+2akbkzk, zeU. (2)
k=2

A linear multiplier fractional ¢ - differintegral operator [4] is defined as

DIAf(2) = f(2)
Dy () = (1= VRS (2)

+ 2Dy (2 f(2))
DyAf(z) =D (D)

DL/ (=) =Dy (D331 (2) 3)

We note that if f € A(n) is given by (1) then by (3), we have

Dgﬁf(z) =z+ Z B(k, 0, \,n, q)akzl’C (4)
k=2
where
Bk, 6.\, q) = (Fq(lfq(_kéflq(_kg Y (], - DA + 1]) . (5)

Inspired by the results obtained in [1] using ¢- analouge of Salagean differential
operator, in the next section, we obtain results involing g-analouge of fractional ¢-
differintegral operator using the differential subordination theory.

2. PRELIMINARIES

To prove our main results we are using the following lemmas.
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Lemma 2.1: [12] Let h be an analytic and convex univalent function in U
with h(0) =1 and g(z) =1+ b1z + ba2® + --- , analytic in U.

D
If, g(z) + Py(9(2)) < h(z), z €U, c#0, then
c
¢ : c—1
g(z) < — [ t“ h(t)dt,
z¢ 0

for R(c) > 0.

Lemma 2.2: [13] Let u be any univalent function in & and 6, ¢ be analytic
functions in a domain D D ¢(U) with ¢(w) # 0 for w € ¢q(U). Consider

Q(z) = 2Dg(u(z))p(u(z)) and h(z) = 0(Q(z) + u(z)) supposing that Q(z) is a
starlike univalent function in ¢/ and

2Dgh(z)\ D,0(u(z)) 2DyQ(z) :
®() = () + (F5e) 7o =eu
If p(z) is an analytic function in & such that p(U) C D, p(0) = ¢(0) and

ZDy(p(2))9(p(2)) + 0(p(2)) < 2Dy(u(2))d(u(2)) + 0(u(2)) = h(2),

then p < u, and the best dominant is wu.

Lemma 2.3: [15] The function , (1 — 2)7 = ¢"9(1=2) ~ =£ (), is univalent in U
if and only if |y —1| <1 or Iy +1] < 1.

Lemma 2.4: [16] Consider the analytic functions f; € U of the form 1+byz+
boz? 4 -- -, that satisfies the inequality R(f;) > B;, 0 < B; < 1, i = 1,2. Then
f1 * fo is an analytic function in U of the form 14 bz + boz? + --- that satisfies
the inequality R(f1 * fo) > 1 —2(1 — 51)(1 — B2).

Lemma 2.5: [17] Consider the analytic functions f(z) =1+ byz + b2 +-- -,
with property R(f(z)) > 3, 0 < 5 < 1. Then

2(1-5)

TP eu.
1+ |z

R(f(z) >28—-1+

3. PRIME RESULTS
Theorem 3.1 If f € A and

) ()
DONf(2)  DOVTF(z) 1+ Az
+ « < )
z z 1+ Bz

(1-a)
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for a >0, -1<B<A<L1, z#0, then

1
a,n n 1
D \f(z)\" 1 /M 1 1-A n
R (‘”()> > </ yaa “du> >, (7)
z aq Jo 1— Bu
and the result is sharp.
DOV f(2) ) :
Proof: Let p(z) = —22—= = 1+ bz + bez® + --- for f € A. Applying the
z

logarithmic g-differentiation, we obatin

D,(p(2)) = D, {Dgiﬁf (2) } DY) — DR G)

qz> '
Consider
Dyp(z) 2 [P - D)) 1 [P
p(z) DOVf(2) qz* ¢ | DIVf(2) '
02Dy(p(2)) _ Dh"I)
p(z) Dgﬁf(z)
Dé,n+1 5
02D, p(2) + p(2) = ~22 L)
and
Dé’n Dé,n—i—l
- PefD P T ) b el Dyie) + (e

z z
= p(2) + aqzDy(p(2))-
The differential subordination ( 6), can be written as,

1+ Az

p(z) + agzDy(p(2)) < 5 Bs

Applying Lemma 2.1, we find

(2) < 1 = Zti_ll—i—At
z —2zaa g
b aq 0 1+ Bt

dt,

or by using subordination concept,

z aq

on
DAf(z) 1 /1ua1q_11+Auw(z)dw
0

1+ Buw(z)
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Taking into account that —1 < B < A < 1, we obatin

DY f(2 1! 1-A
&e{‘“f( )} > / wea T2 gy,
z aq Jo 1 - Bu

using the inequality %(w)% > (iR(w))%, for R(w) > 0 and n > 1. To prove the
sharpness of ( 7), we define f € A by

19
Dq’zf(z) oY 1 1+ Auz
———=— [ woq du.
0

z  ag 1+ Buz
For this function, we obatin
5, sn+1
DNf(z)  DINTf(2) 1+ Az
q7 q7
+a =
z z 1+ Bz

(1-a)
and

du as z — 1.

1)
D\ f(2) 1 /1 11— Au
PR S A, —_ — ueq
0 1 — Bu

z aq
Which completes the proof.

Corollary 3.2 If f € A and

, (8)

a,n d,n+1
D, \f(2) +aDq7A f(2) L1612
z

1_
( @) z 142

for 0 < <1, >0, then

sm > 1, >
R <D‘“f(z)) > ((25 _qy4+ 21 =H) /1 o du)  n>1.
0

z aq 14+u
D3/ (2)
Proof: Similler to the proof of Theorem 3.1, for p(z) = —22~—" the differential
z
subordination ( 8) passes into
14 (28 — 1)z

p(2) + aqzDy(p(2)) < T2

Therefore,

1
D)\ " 1 — o
P ( VA )) - (1/ uanql—F(Qﬁ 1)udu>
z aq Jo 14+u
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([ (s B )

_ 21-4) [lutit )"
_<@5—1y+ v A 1+um0 .

Theorem 3.3 Let 0 < p <1, and v € C\{0} such that

'2(1—/))7_1’§1 or ‘M—I—l'gl.
q q
If f € A satisfies the condition
d,n+1
D> z
R (q’;‘nf()> > P, 2 c Z/{,

then

z 2y(1—p) "’
q

o,n Y
<Dq,>\f(z)> < ; o= Z/[,
(1-=z2

and the best dominant is ——— 57—
(1 . Z) Y . P
RRSIONE
Proof: Taking p(z) = | —22—~ and applying logarithmic g¢-differentiation, we
& z

obtain

Diziﬂz))”‘l DI f(2) - D f(2)
2

%@@»—7<

z qz
and o,n+1
2Dy(p(2)) 7 D,y f(2) .
p(2) g | DXYf(2) ’
we obtain _—
D\ f(2) 14 q 2Dy (p(2))
DYV f(2) 7 p(2)
D6,n+1 »
Relation R <q,§\nf() > p can be written as

Sl
Dqﬁ—ir f(2) - 1+ (1—-2p)z

T 1 , z€U
'Dq:Af(Z) <
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which is equivalent with

q2Dqy(p(2)) - 1+(1- 2p)z.

1+
vp(2) 11—z
Assuming
1 q
u(z) = —————, o(w) = —, O(w) =1,
()= ) = 3 0

we find that u(z) is univalent from Lemma 2.3. It is easy to show that u 6 and ¢
meet the conditions from Lemma 2.2. The functions

Q(z) = 2Dg(u(2))p(u(z)) = 2(1:Z)Z is starlike univalent in & and h(z) =

1
B(Q(:) + u(z) = LT L7202

1 . Applying Lemma 2.2, we can complete the proof.
—z

Theorem 3.4 Let a <1, 1< B; < A; <1 and i=1,2. If f; € A serve the
differential subordination

on dn+1
D> fi(z D> (2 )
i )+a o fiz) 14 Az =1 2 ©)
z

1— < Q=
(1-a) p 1+ Bz

then

Dgﬁ(fl(z) * fa(z)) . aDgﬁH(fl(z) * fa(2)) L 1+(-2ye
z z 142

(1-a)

)

where * means the convolution product of f; and fo and

_ _ 1 a0
L MA = B4~ By) <1_1/ waa du>'
0

(1—-B1)(1—By) aq 1+u

on g on+1 o
Dq,)\fz(z) —i—oaDq’)‘ fz(z)
z

Proof: Let hi(z) = (1 — «)

The differential subordination ( 9) can be written as R(h;(z)) >
By Theorem 3.1, we obatin
on 1 ! 1 _q .
Dq:)\fi(z) = toa hi(t)dt, 1=1,2,
0

and

Dgﬁ(fl * fa)z = —z"ea [ tea Tho(t)dt,
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on % 6n+1 L L
ho(z) = (1_a)Dq,Af1(Z) f2(2)+a f1(2) * f2(2) _ 1oL 1t?q*1(h1*h2)(t)dt.

z z oq 0

Applying Lemma 2.4, we obatin hj * he is a function analytic in U written as
1+byz+bez?+- - that satisfies the inequality R(hi*hg) > 1—2(1—81)(1—52) = 3.
By Lemma 2.5, we obatin

IS
R(ho(z)) = / Wi IR (B # o) (uz)du
aq Jo
1 —_—
zi ua%z_l (25—1—}—2(16)) du
aq Jo 1+ ulz|
1 _
R (25—1+M> du
aq Jo 1+u
1
(281 2\ 20-p8) [lusd?
= < v (aq)(u) >0—|— o /0 1+udu
_oq_ 14 2=0) /11“’“‘
26-1+ aq 0 1+udu
we have
1_ 4(A1 — Bl)(A2 — BQ) n 4(A1 — Bl) A2 — B2 1/ uaq
(1 — Bl)(l — BQ) (1 - Bl) 1 - B2 «

— _4(A1*Bl)(A2*BQ) B 1 uaq B
T aoB)a- By (1 aq ru ) v,

as the assertion of Theorem 3.4, holds.

CONCLUSION

Here, in our present investigation, we have successfully introduced a differential
subordination results by using fractional g-differintegral operator. Many properties
and characteristics of this newly-defined function have been studied. The results
obtained during this research could be further used for writting sandwich type results
in the dual theory of differenatial subordination.
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