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Abstract. By making use of subordination between analytic functions
and the generalized Jung-Kim-Srivastava operator, we introduce and investi-
gate a certain subclass of p-valent analytic functions. Such results as inclusion
relationship, subordination property, integral preserving property and argu-
ment estimate are proved.
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1. Introduction

In 2006, Shams et al. [12] introduced and investigated the following two-
parameter family of integral operators:

Iδ
pf(z) :=

(p + 1)δ

zΓ(δ)

∫ z

0

(
log

z

t

)δ−1

f(t)dt (δ > 0) (1)

for the functions f ∈ A(p), where A(p) denote the class of functions of the
form:

f(z) = zp +
∞∑

n=1

ap+nz
p+n, (2)

which are analytic in the open unit disk

U := {z : z ∈ C and |z| < 1}.

We note that Iδ
1 is the well-known Jung-Kim-Srivastava operator [3]. In recent

years, Li [4] , Liu [5,6] and Uralogaddi and Somanatha [13] obtained many
interesting results associated with the Jung-Kim-Srivastava operator.
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It is readily verified from (1) that

Iδ
pf(z) = zp +

∞∑
n=1

(
p + 1

n + p + 1

)δ

ap+nz
p+n, (3)

and
z
(
Iδ

pf(z)
)′

= (p + 1)Iδ−1
p f(z)− Iδ

pf(z). (4)

Let P denote the class of functions of the form:

p (z) = 1 +
∞∑

n=1

pnz
n,

which are analytic and convex in U and satisfy the condition:

<(p (z)) > 0 (z ∈ U).

For two functions f and g, analytic in U , we say that the function f is
subordinate to g in U , and write

f(z) ≺ g(z) or f ≺ g,

if there exists a Schwarz function ω, which is analytic in U with

ω(0) = 0 and |ω(z)| < 1 (z ∈ U)

such that
f(z) = g(ω(z)) (z ∈ U).

By making use of the operator Iδ
p and the above-mentioned principle of

subordination between analytic functions, we introduce and investigate the
following subclass of p-valent functions.

Definition 1 A function f ∈ A(p) is said to be in the class Sδ
p(η; h) if it

satisfies the following differential subordination:

1

p− η

z
(
Iδ

pf(z)
)′

Iδ
pf(z)

− η

 ≺ h(z) (z ∈ U ; 0 ≤ η < p ; h ∈ P). (5)
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For simplicity, we write

Sδ
p

(
η;

1 + Az

1 + Bz

)
=: Sδ

p(η; A, B) (−1 ≤ B < A ≤ 1).

The family Sδ
p(η; h) is a comprehensive family containing various well-known

as well as new classes of analytic functions. For example, for δ = 0, we get the
class S∗

p(η; h) studied by Cho et al. [1], in case of δ = 0, A = 1 and B = −1,
we get the class S∗

p(η) consisting of all p-valent starlike functions of order η.
In the present paper, we aim at proving such results as inclusion rela-

tionship, subordination property, integral preserving property and argument
estimate for the class Sδ

p(η; h).

2. Preliminary Results

In order to prove our main results, we need the following lemmas.

Lemma 1 (See [2]) Let ζ, ϑ ∈ C. Suppose that m is convex and univalent in
U with

m(0) = 1 and <(ζm(z) + ϑ) > 0 (z ∈ U).

If u is analytic in U with u(0) = 1, then the following subordination:

u(z) +
zu′(z)

ζu(z) + ϑ
≺ m(z) (z ∈ U)

implies that
u(z) ≺ m(z) (z ∈ U).

Lemma 2 (See [7]) Let h be convex univalent in U and w be analytic in U
with

<(w(z)) ≥ 0 (z ∈ U).

If q is analytic in U and q(0) = h(0), then the subordination

q(z) + w(z)zq′(z) ≺ h(z) (z ∈ U)

implies that
q(z) ≺ h(z) (z ∈ U).
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Lemma 3 (See [9]) Let q be analytic in U with q(0) = 1 and q(z) 6= 0 for all
z ∈ U . If there exist two points z1, z2 ∈ U such that

−π

2
α1 = arg(q(z1)) < arg(q(z)) < arg(q(z2)) =

π

2
α2,

for some α1 and α2 (α1, α2 > 0) and for all z (|z| < |z1| = |z2|), then

z1q
′(z1)

q(z1)
= −i

(
α1 + α2

2

)
m

and
z2q

′(z2)

q(z2)
= i

(
α1 + α2

2

)
m

where

m ≥ 1− |b|
1 + |b|

and b = i tan
π

4

(
α2 − α1

α1 + α2

)
.

Lemma 4 (See [11]) The function

(1− z)γ ≡ exp(γ log(1− z)) (γ 6= 0)

is univalent if and only if γ is either in the closed disk |γ − 1| ≤ 1 or in the
closed disk |γ + 1| ≤ 1.

Lemma 5 (See [8]) Let q(z) be univalent in U and let θ(w) and ϕ(w) be
analytic in a domain D containing q(U) with ϕ(w) 6= 0 when w ∈ q(U). Set

Q(z) = zq′(z)ϕ(q(z)), h(z) = θ(q(z)) + Q(z)

and suppose that

1. Q(z) is starlike (univalent) in U ;

2. <
(

zh′(z)
Q(z)

)
= <

(
θ′(q(z))
ϕ(q(z))

+ zQ′(z)
Q(z)

)
> 0 (z ∈ U).

If p is analytic in U with p(0) = q(0) and p(U) ⊂ D, and

θ(p(z)) + zp′(z)ϕ(p(z)) ≺ θ(q(z)) + zq′(z)ϕ(q(z)) = h(z),

then p(z) ≺ q(z), and q is the best dominant.
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3. Main Results

We begin by presenting the following inclusion relationship for the class
Sδ

p(η; h).

Theorem 1 Let f ∈ Sδ−1
p (η; h) with

<((p− η)h(z) + η + 1) > 0.

Then
Sδ−1

p (η; h) ⊂ Sδ
p(η; h).

Proof. Let f ∈ Sδ−1
p (η; h) and suppose that

q(z) :=
1

p− η

z
(
Iδ

pf(z)
)′

Iδ
pf(z)

− η

 . (6)

Then q is analytic in U with q(0) = 1. Combining (4) and (6), we obtain

(p + 1)
Iδ−1

p f(z)

Iδ
pf(z)

= (p− η)q(z) + η + 1. (7)

By logarithmically differentiating both sides of (7) and using (6), we get

1

p− η

z
(
Iδ−1f(z)

)′
Iδ−1

p f(z)
− η

 = q(z) +
zq′(z)

(p− η)q(z) + η + 1
≺ h(z). (8)

Since
<((p− η)h(z) + η + 1) > 0,

an application of Lemma 1 to (8) yields

q(z) ≺ h(z) (z ∈ U),

which implies that the assertion of Theorem 1 holds.
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Theorem 2 Let 1 < ρ < 2 and γ 6= 0 be a real number satisfying either

|2γ(ρ− 1)(p + 1)− 1| ≤ 1

or
|2γ(ρ− 1)(p + 1) + 1| ≤ 1.

If f ∈ A(p) satisfies the condition

<
(

1 +
Iδ−1

p f(z)

Iδ
pf(z)

)
> 2− ρ (z ∈ U), (9)

then (
zIδ

pf(z)
)γ
≺ q1(z) =

1

(1− z)2γ(ρ−1)(p+1)
, (10)

where q1 is the best dominant.

Proof. Suppose that

p(z) :=
(
zIδ

pf(z)
)γ

.

It follows that
zp′(z)

p(z)
= γ(p + 1)

Iδ−1
p f(z)

Iδ
pf(z)

. (11)

Combining (9) and (11), we find that

1 +
zp′(z)

γ(p + 1)p(z)
≺ 1 + (2ρ− 3)z

1− z
. (12)

If we choose

θ(w) = 1, q1(z) =
1

(1− z)2γ(ρ−1)(p+1)
and ϕ(w) =

1

γw(p + 1)
,

then by the assumption of theorem and making use of Lemma 4, we know that
q1 is univalent in U . It now follows that

Q(z) = zq′(z)ϕ(q(z)) =
2(ρ− 1)z

1− z
,

and

θ(q(z)) + Q(z) =
1 + (2ρ− 3)z

1− z
= h(z).
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If we define D by

q(U) =
{
ω :

∣∣∣ω 1
ζ − 1

∣∣∣ < ∣∣∣ω 1
ζ

∣∣∣ (ζ = 2γ(p− 1)(p + 1))
}
⊂ D,

then, it is easy to check that the conditions (1) and (2) of Lemma 5 hold true.
Thus, the desired result of Theorem 2 follows from (12).

Theorem 3 Let f ∈ Sδ
p(η; h) with

<((p− η)h(z) + µ + η) > 0 (z ∈ U).

Then the integral operator F defined by

F (z) =
µ + p

zµ

∫ z

0
tµ−1f(t)dt (z ∈ U) (13)

belongs to the class Sδ
p(η, h).

Proof. Let f ∈ Sδ
p(η; h). Then, from (13), we find that

z
(
Iδ

pF (z)
)′

+ µIδ
pF (z) = (µ + p)Iδ

pf(z). (14)

By setting

q2(z) :=
1

p− η

z
(
Iδ

pF (z)
)′

Iδ
pF (z)

− η

 . (15)

we observe that q2 is analytic in U with q2(0) = 0. It follows from (14) and
(15) that

(µ + p)
Iδ

pf(z)

Iδ
pF (z)

= µ + η + (p− η)q2(z). (16)

Differentiating both sides of (16) with respect to z logarithmically and using
(15), we get

q2(z) +
zq′2(z)

µ + η + (p− η)q2(z)
=

1

p− η

z
(
Iδ

pf(z)
)′

Iδ
pf(z)

− η

 ≺ h(z) (z ∈ U).

(17)
Since

<((p− η)h(z) + µ + η) > 0 (z ∈ U).
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An application of Lemma 1 to (17) yields

1

p− η

z
(
Iδ

pF (z)
)′

Iδ
pF (z)

− η

 ≺ h(z),

which implies that the assertion of Theorem 3 holds.

Theorem 4 Let f ∈ A(p), 0 < δ1, δ2 ≤ 1 and 0 ≤ η < p. If

−π

2
δ1 < arg

(z
(
Iδ−1

p f(z)
)′

Iδ−1
p g(z)

− η
)

<
π

2
δ2,

for some g ∈ Sδ−1
p (η; A, B), then

−π

2
α1 < arg

(z
(
Iδ

pf(z)
)′

Iδ
pg(z)

− η
)

<
π

2
α2,

where α1 and α2 (0 < α1, α2 ≤ 1) are the solutions of the following equations

δ1 =

 α1 + 2
π

tan−1

(
(1−|b|)(α1+α2) cos π

2
t

2(1+|b|)( (p−η)(1+A)
1+B

+η+1)+(1−|b|)(α1+α2) sin π
2
t

)
(B 6= −1),

α1 (B = −1),

and

δ2 =

 α2 + 2
π

tan−1

(
(1−|b|)(α1+α2) cos π

2
t

2(1+|b|)( (p−η)(1+A)
1+B

+η+1)+(1−|b|)(α1+α2) sin π
2
t

)
(B 6= −1),

α2 (B = −1),

with

b = tan
π

4

(
α2 − α1

α2 + α1

)
,

and

t =
2

π
sin−1

(
(p− η)(A−B)

(p− η)(1− AB) + (η + 1)(1−B2)

)
.
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Proof. Suppose that

q3(z) :=
1

p− γ

z
(
Iδ

pf(z)
)′

Iδ
pg(z)

− γ

 (18)

with 0 ≤ γ < p and g ∈ Sδ−1
p (η; A, B). Then q3(z) is analytic in U with

q3(0) = 1. It follows from (4) and (18) that

[(p− γ)q3(z) + γ]Iδ
pg(z) = (p + 1)Iδ−1

p f(z)− Iδ
pf(z). (19)

Differentiating both sides of (19) and multiplying the resulting equation by z,
we get

(p−γ)zq′3(z)Iδ
pg(z)+[(p−γ)q3(z)+γ]z

(
Iδ

pg(z)
)′

= (p+1)z
(
Iδ−1

p f(z)
)′
−z

(
Iδ

pf(z)
)′

.

(20)
Since g ∈ Sδ−1

p (η; A, B), by Theorem 1, we know that g ∈ Sδ
p(η; A, B). If we

set

q4(z) :=
1

p− η

z
(
Iδ

pg(z)
)′

Iδ
pg(z)

− η

 , (21)

combining (4) (with f replaced by g) and (21), we easily get

Iδ
pg(z)

Iδ−1
p g(z)

=
p + 1

(p− η)q4(z) + η + 1
. (22)

Now, from (18), (21) and (22), we find that

1

p− γ

z
(
Iδ−1

p f(z)
)′

Iδ−1
p g(z)

− γ

 = q3(z) +
zq′3(z)

(p− η)q4(z) + η + 1
. (23)

Since

q4(z) ≺ 1 + Az

1 + Bz
(−1 ≤ B < A ≤ 1),

it is easy to see that∣∣∣∣q4(z)− 1− AB

1−B2

∣∣∣∣ < A−B

1−B2
(z ∈ U ; B 6= −1) (24)

273



A. Ebadian, S. Shams, Z.G. Wang and Y. Sun - A Class of Multivalent ...

and

<(q4(z)) >
1− A

2
(z ∈ U ; B = −1). (25)

We now easily find from (24) and (25) that∣∣∣∣∣(p− η)q4(z) + η + 1− (η + 1)(1−B2) + (p− η)(1− AB)

1−B2

∣∣∣∣∣ < (p− η)(A−B)

1−B2

(B 6= −1),

and

< ((p− η)q4(z) + η + 1) >
(1− A)(p− η)

2
+ η + 1 (B = −1).

If we set

(p− η)q4(z) + η + 1 = r exp
(
i
π

2
θ
)

,

where

−ρ < θ < ρ

(
ρ :=

(p− η)(A−B)

(p− η)(1− AB) + (η + 1)(1−B2)

)
(B 6= −1)

and
−1 < θ < 1 (B = −1),

then

(p− η)(1− A)

1−B
+ η + 1 < r <

(p− η)(1 + A)

1 + B
+ η + 1 (B 6= −1)

and
(p− η)(1− A)

2
+ η + 1 < r (B = −1),

Since q3 is analytic in U with q3(0) = 1, an application of Lemma 2 to (23)
yields q3(z) ≺ h(z).

Next, we suppose that

Q(z) =
1

p− γ

z
(
Iδ−1

p f(z)
)′

Iδ−1
p g(z)

− γ

 (0 ≤ γ < p). (26)
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Combining (23) and (26), we get

arg(Q(z)) = arg(q3(z)) + arg

(
1 +

zq′3(z)

[(p− η)q4(z) + η + 1]q3(z)

)
.

If there exist two points z1, z2 ∈ U such that

−π

2
α1 = arg(q3(z1)) < arg(q3(z)) < arg(q3(z2)) =

π

2
α2,

by Lemma 3, we know that

z1q
′
3(z1)

q3(z1)
= −i

(
α1 + α2

2

)
m and

z2q
′
3(z2)

q3(z2)
= i

(
α1 + α2

2

)
m

where

m ≥ 1− |b|
1 + |b|

and b = i tan
π

4

(
α2 − α1

α2 + α1

)
.

The following we split it into two cases to prove.

1. When B 6= −1, we have

arg(Q(z1))

= −π
2
α1 + arg

(
1− im

(
α1+α2

2

)
r−1e−i π

2
θ
)

= −π
2
α1 + arg

(
1− m

2r
(α1 + α2) cos π

2
(1− θ) + im

2r
(α1 + α2) sin π

2
(1− θ)

)
≤ −π

2
α1 − tan−1

(
m(α1+α2) sin π

2
(1−θ)

2r+m(α1+α2) cos π
2
(1−θ)

)
≤ −π

2
α1 − tan−1

(
(1−|b|)(α1+α2) cos π

2
t

2(1+|b|)( (p−η)(1+A)
1+B

+η+1)+(1−|b|)(α1+α2) sin π
2
t

)
= −π

2
δ1,

and

arg(Q(z2))

= arg(q3(z2)) + arg
(
1 +

z2q′3(z2)

[(p−η)q4(z2)+η+1]q3(z2)

)
≥ π

2
α2 + tan−1

(
(1−|b|)(α1+α2) cos π

2
t

2(1+|b|)( (p−η)(1+A)
1+B

+η+1)+(1−|b|)(α1+α2) sin π
2
t

)
= π

2
δ2.

2. For the case B = −1, we similarly obtain

arg(Q(z1)) = arg

(
q3(z1) +

z1q
′
3(z1)

(p− η)q4(z1) + η + 1

)
≤ −π

2
α1,
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and

arg(Q(z2)) = arg

(
q3(z2) +

z2q
′
3(z2)

(p− η)q4(z2) + η + 1

)
≥ π

2
α2.

The above two cases contradict the assumptions of Theorem 4. The proof of
Theorem 4 is thus completed.
Remark. Generally, all bounds in Theorem 4 are not sharp (see, for details,
[1] and [10]), the sharpness is still an open problem.
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